THE PRISMATIC REALIZATION FUNCTOR FOR SHIMURA VARIETIES
OF ABELIAN TYPE
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ABSTRACT. For the integral canonical model .#k» of a Shimura variety Shk,kr(G,X) of
abelian type at hyperspecial level Ko = §(Z,), we construct a prismatic F-gauge model for the
‘universal’ G(Z,)-local system on Shk,kr (G, X). We use this to obtain several new results about
the p-adic geometry of Shimura varieties, notably an abelian-type analogue of the Serre-Tate
deformation theorem (realizing an expectation of Drinfeld in the abelian-type case) and a
prismatic characterization of these models at individual level.
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INTRODUCTION

Shimura varieties Shk (G, X) are a class of varieties over a number field E = E(G, X) associated
to a reductive Q-group G, and a piece of ancillary Hodge-theoretic data X, which sit at the
intersection of differential geometry, algebraic geometry, and number theory. A guiding principle
concerning Shimura varieties is that they should be moduli spaces of G-motives.! In particular,
there ought to be a universal G-motive wpet. While even the precise formulation of this is
conjectural, for more well-behaved categories ¥ which approximate the theory of motives one
might still write down € -realization functors. In other words, G-objects wy in € which serve
the role of Ry o wmet for Ry the @-realization functor from motives to €.

Over C this idea has been mostly realized. Namely, one can construct a functor

WK,MHM * RepQ(G) — MHM(ShKc(G,X)), (I.l)

called the MHM realization functor (see [BW04, §2]). Here for a smooth complex variety X we
denote by MHM (X)) Saito’s category of mized Hodge modules on X (see [Sai90]), which serves as
a very close approximation to the theory of Q-motives over X. This is a remarkably powerful tool
in studying the geometry of Shx (G, X)c (e.g., see [BW04]) but, up to non-trivial foundational
issues, is easy to construct by the very definition of Shimura varieties. Indeed, Shimura varieties
start out life as complex analytic spaces of a very Hodge-theoretic flavor, and only after quite
sophisticated and inexplicit arguments obtain the structure of algebraic varieties over E.

For applications of Shimura varieties to number theory one must understand Shimura varieties
not just over C, but over p-adic fields and their integer rings. Until recently, finding an analogue
of (I.1) in this setting seemed completely out of reach since there was no good analogue for
MHM(X). But, recent deep work of Drinfeld and Bhatt—Lurie on integral p-adic Hodge theory
(e.g., see [Bha23]) has provided a good analogue of MHM(X) over a p-adic formal scheme X.
Specifically, they construct the category D (X%") of prismatic F-gauges on X, closely related
to the syntomic cohomology from [BMS19|, and built upon work of Fontaine and Messing. This
category promises to form a very close approximation to the category of Z,-motives over X.

However, finding a syntomic analogue of (I.1) remains challenging. Now the analytic origins
of Shimura varieties instead of helpful are a hindrance, as their Hodge-theoretic nature over C
does not lend itself well to the p-adic Hodge-theoretic setting. This is further complicated by the
inexplicit descent from C to E. So, except in the rare cases that one can unconditionally get at
the ‘true G-motive’ (e.g., if the Shimura datum is of so-called PEL type) it’s not at all clear
where to start. This makes the following theorem in the abelian-type setting significant.

Theorem A. Let (G,X) be of abelian type and p be an odd prime. Set Ko = G(Z,) where G is a
reductive Z,-model of Gq,. Then, for the integral canonical model Hx kv (G, X) at a p-adic place

of E, there is a syntomic realization functor on %OKp(G, X), i.e., an exact Z,-linear ®-functor
wKokr syn: Repz, (§) = Vect(Fikkr (G, X)) © Dye(Fkokr (G, X)),
which recovers the universal §(Z,)-local system wkkr ¢ on the generic fiber.

There are many applications of Theorem A discussed below. We highlight two here.

(1) Serre—Tate theorem: if R — R/I is a nilpotent thickening of p-nilpotent rings, then for an
R/I-point x of #k,kr(G, X) the deformations of = to an R-point of .#k ke (G, X) are naturally
in bijection with the deformations of the prismatic F-gauge with G-structure (wkp syn)z-

(2) A characterization of .“k,kr(G,X) at individual level: .#k kr(G,X) is the unique
smooth and separated model 2" of Shk,kr(G,X) which has a syntomic model of wk,kr 4t
such that (1) holds, and such that 38/”; is the (potentially) crystalline locus of wk,kr . We
emphasize that this characterization works at individual level KoKP, not requiring consideration
of the full prime-to-p Hecke tower (i.e., letting KP vary).

Iror general G this is not quite correct, and one should instead consider G°-motives for a certain modified
group G°. See [LS18, §3] and §2.3 for details. For the sake of simplicity, we ignore this subtlety in the introduction
and assume G = G°, but do not make this assumption in the main body of the article.
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For (1) the best previously-known versions of the Serre-Tate theorem (in this generality of R)
hold in the PEL case, where (unlike the abelian-type case) one may leverage the existence of a
G-motive. With respect to (2), previously the only characterization of integral canonical models
was for the entire family {#k,kr(G,X)}kr simultaneously, and involve a ‘(strong) extension
criterion’ which is less motivic in nature. We feel that both (1) and (2) make substantial progress
towards understanding Shimura varieties of abelian type as parameterizing motivic objects.

Syntomic realization functor. Let (G, X) be a Shimura datum of abelian type with reflex
field E. Fix a prime p > 2 and let E be the completion of E at a p-adic place. Set G = Gq,, and
fix a reductive Z,-model § of G, letting Ko = 9(Z,) be the associated hyperspecial subgroup.
For K = K,KP C G(A¢) a compact open subgroup, write Shk for Shx(G,X)g. Then,

I'&H SthKp — Shkke,
Kp&Ko
is a Ko-torsor on the pro-étale site of Shk ks, and we let
WKp 6t Repzp(S) — LOCZP(ShKOKl’);

be the associated exact Z,-linear ®-functor, an object of §-Locz, (Shk,k»). Here, for an exact Z,-
linear ®-category € we write G-C for the category of exact Zp-linear ®-functors w: Repzp (§) — C.

Let .“k» be the integral canonical model of Shk,kr over Of as in [Kis10] and 5/”,\@ its p-adic
completion. One may then consider the open subspace (-#k»); C Shi¢ k», and define
wkran: Repz, (§) = Locz, ((Fke)y), € wkean(§) 7= wke et (§)™] (7,

a §(Zp)-local system on (,%\(p)n, i.e., an object of the category S-Loczp((;’;p)n).

In [IKY24, Definition 2.27|, we define when a §(Z,)-local system on a smooth rigid analytic
variety X has prismatically good reduction relative to smooth formal model X of X. While it
requires non-trivial technical input, we show that wkr an has prismatically good reduction relative
to Fke by reducing to the Siegel case (see Theorem 2.10). Using the main results of [IKY24] we
are then able to deduce the existence of a prismatic realization functor

wir, : Repz, (9) — Vect@((%p) )s

where the target is the category of prismatic F-crystals on ﬁp (see [BS23|), unique with respect
to the property that Ty, o wke, = wWkp an, Where Ty is the étale realization functor from [GR24].

But, it is initially quite unclear whether wk» ~can be upgraded to take values in Vect((ﬁ/’ip)syn).

Remark 1. Our construction of wgr, utilizes abstract p-adic Hodge theory from [IKY24],
ultimately relying on [GR24| or [DLMS24]. In [Nie21]|, Nie constructs ‘absolute Hodge cycles’
in the prismatic cohomology of good-reduction abelian varieties over p-adic fields. This method
currently only works over a point and with inexplicit restrictions on p. If these conditions were
removed one might alternatively attempt to construct wge ~via this method (at least in the
Hodge-type case). This would yield an approach closer in spirit to that used in [Kis10].

In §1 we show that for a smooth formal O g-scheme X there is a bi-exact Z,-linear ®-equivalence
Vect(X9") = Vect#! (% ), (1.2)

(see Proposition 1.28), which is proven to be bi-exact in [IKY25] using our integral analogue

Derys of Derys from op. cit. Here Vect?! (% ) is the category of prismatic F-crystals (&, ¢) on
X which are locally filtered free (Iff): the Nygaard filtration on the Frobenius pullback ¢*€ is
locally free (see Definition 1.24).

Thus, to upgrade wkr, to an object of S-Vect((f’ﬁ;p)syn), it suffices to show that wkp
takes values in Vect“o’lﬂ((fﬂ;p) ). One can even hope for a stronger property: wgp, is of type
—pp. Here py, is the Hodge cocharacter of (G, X) and being of type —up means that locally

the Frobenius ¢ is in the double coset defined by —puyp, (see [IKY24, Definition 3.12]). By an
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Artin-approximation-like argument, it suffices to show w», is of type —puy, over the complete
local rings O ,, . for each F,-point = of #k». We achieve this by comparing the pullback of

wkr, to 0., » and a construction of Ito from [Ito25] using our integral analogue Derys of Derys.

Thus, by the equivalence in (I.2) we obtain a syntomic realization functor as in Theorem
A. In fact, one may use an enhancement of (I.2) (see Proposition 1.39) to show this syntomic
realization functor is of type —uj in an appropriate sense (see Definition 1.32).

Theorem B (see Theorem 2.14). There exists a unique G-object wkp syn 0of Vect((ﬁ;p)syn) of
type —pp, such that Te 0 Wkp syn > WKP an -

Remark 2. In [She24], Shen constructs a de Rham F-gauge on (pr)ﬁp when (G, X) is of
Hodge type. In the language of the next section, this is equivalent to a map (pr)ﬁp — BT%’fW‘,

whereas our syntomic realization functor is a map 45/’”:@ — BTg{”h. That said, Shen is able to
describe this object in more down-to-earth terms using the de Rham cohomology of abelian
varieties and the BGG complex. Our construction recovers Shen’s after base changing along

Spec(Fp) — Spf(Ofg) and truncating from an oo-truncated (i.e., untruncated) object to a
1-truncated one, i.e., base changing the composition .%x»r — BT&_“’I — BT%’_“h to fp.

Syntomic integral canonical models and the Serre—Tate theorem. The family of integral
canonical models {.#k» }kr are uniquely characterized as a system by a strong extension property:
for every regular formally smooth Og-algebra R, one has

lim Fkr (R) = lim Shyoke (R[!/])-

While this characterization is sufficient for many applications, it is incapable of characterizing the
models .Zk» for individual levels KP, and is far from a direct moduli-theoretic characterization.

Given our guiding principle for Shi ke, it is natural to expect that a canonical model .#k» of
Shkrk, should be a moduli space of §-motives in some sense. If one thinks of prismatic F-gauges
as being the ‘syntomic realization’ of (and good approximation to) the category of Z,-motives, it
seems not unreasonable to expect a characterization of such models in syntomic terms.

To make this precise, we use the moduli stack BTg;;‘“L of prismatic F-gauges with G-structure
of type —puy, suggested by Drinfeld, and developed by Gardner—Madapusi in [GM24].

Definition (see Definition 3.39). A syntomic integral canonical model of Shi,kr is a smooth
and separated Opg-model Zk» of Shk,kr such that

(1) (éﬂ\(p)n is the potentially crystalline locus of wkp 4,
2) there exists a syntomic model of wkp oy of type —up such that the resulting map
: H

pre: Lo — BTS 0 (1.3)
is formally étale.

Our ‘motivic’ characterization of #kr is then the following which additionally realizes an
expectation of Drinfeld (see [Dri24b, §4.3.3]) for abelian-type Shimura varieties.

Theorem C (see Theorem 3.34 and Theorem 3.40). The integral canonical model Fxp is a
syntomic integral canonical model, and it is the unique such model.

Of course, the syntomic model of wkp an on 5/”;;7 realizing the map pkr for the integral canonical
model #k» is the syntomic realization functor wkr gyn. And the formal étaleness of this map pk»
can be reinterpeted in terms of a Serre—Tate theorem.
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Theorem D (Serre-Tate theorem for abelian-type Shimura varieties, see Theorem 3.34). Let R
be a p-nilpotent ring and R — R/I a nilpotent thickening. Then, the diagram

Fir(R) —2— BT (R)

| |

Fxo(R/T) ——> BTEL#(R/T)

is Cartesian. In other words, the deformations of an R/I-point x of Skr to an R-point of Fk»
are canonically in bijection with the deformations of pgr(x) to an R-point of BTgC’)_’“l.

Remark 3. In [PR24], Pappas—Rapoport conjecture a method to characterize a system of
integral models of Shimura varieties in terms of shtukas which would apply even at non-
hyperspecial parahoric levels Ko. But, this approach only characterizes the full system (and
cannot work at individual level KoKP). Moreover, as the theory of shtukas is based off the
theory of v-sheaves which cannot distinguish between a ring and its reduced quotient, it is
impossible to use the approach of Pappas—Rapoport to obtain a result like Theorem D.

To understand the relationship between our work and that of [PR24], we observe the following.
In [IKY24, §3.3.4] we construct the shtuka realization of a G-object in prismatic F-crystals (or
F-gauges) over 2. Together with Theorem C one is able to recover this ‘universal shtuka’ at
hyperspecial level, giving a verification of the Pappas—Rapoport conjecture in this case.

Cohomological application. At the end of this introduction, we list some further applications
of Theorems B, C, and D. But, we wish to highlight here an immediate cohomological consequence.

It is a well-established conjecture that the cohomology spaces HY, ((Shk,ke ) wkr et (§)[1/p]) are
meant to realize the global Langlands correspondence for G (e.g., see [Kot90]). Thus, information
about these cohomology spaces should have implications for the local and global Langlands
programs. To this end, Theorem B recovers a result of Lovering (see Proposition 2.21) that says
that these cohomology spaces are crystalline when the Shimura variety is proper.

That said, in recent years much attention has been given to richer refinements of the classical
local Langlands program, which concerns ¢-adic representations of p-adic Galois groups, allowing
instead p-adic or even mod-p representations. For these purposes Z-refinements of the cohomology
of Shimura varieties are required, and Theorem B allows us to prove results in that direction.

To this end, let n be an element of NU{oo}. We say that an object A of Repz (Gal(E/E)) has
syntomically good reduction if there exists an F-gauge V in Vect(OZ"/p™) such that Ty (V) ~ A.
This is a refinement of the notion of being crystalline (cf. [Bha23, Theorem 6.6.13]).2

Theorem E (see Theorem 2.22). Suppose that Shk,kr is proper. Then, for any object £ of

Repz, () such that the pp-weights of £[V/p| are in [0,p — 3 — ], the Gal(E/E)-representation

Hét((ShKOKP)Q s wir ¢t (€)/P") has syntomically good reduction. In fact, there is an isomorphism
p

H((Shikr g e (€)/57) 2= Tex (3 (Fico O, i (€))7 )

Enhancement of Lovering’s crystalline realization functor. We return now to the setting
of abelian-type Shimura varieties. In [Lov17al|, Lovering constructs a functor

WKP crys * Repzp(g) - VeCtF%div((yKP)cryS)
called the crystalline realization functor, where the target is the category of strongly divisible
filtered F-crystals on #kr. There is a natural identification

Dcrys o WKP,ét[l/p] l> pr,crys[l/p]-

2In general the étale realization functor is not fully faithful on Vect(OF"/p™), and so one should really view

being syntomically good reduction as a piece of data instead of a condition. Thus, Theorem 2.22 should perhaps be

viewed as giving a ‘canonical’ syntomic model for the étale cohomology of various Z/p™-local systems on Shk,ke.
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Moreover, he shows that the lattices wikr ¢t (&) and wkr crys(§) are matched by Fontaine-Laffaille
theory when it applies (i.e., when wgpr ¢ (§) has HodgeTate weights in [0,p — 2]). Lovering’s
functor has found multiple applications (e.g., in [Lee21] and [SZ22]).

One main motivation for the construction of wkr syn Was to refine this construction to the
prismatic/syntomic setting and to remove the weight restrictions on the lattice-comparison
aspects of Lovering’s results. We can make precise the fact that wkp gyn recovers wgp crys and
allows one to remove the weight restrictions on Lovering’s results using the integral analogue
Derys 0f Derys from [IKY25].

Theorem F (see Theorem 2.18). There are canonical identifications
~Y
Dcrys O WKp syn = Dcrys O WKp, — WKP crys-

In particular for all €, the lattices wkp ¢ (&) and wip crys(§) are matched by Derys.

Remark 4. The functor Deyys: Vect((f”?p)syn) — VectF‘p’diV((j/”;p)Crys) from [IKY25| is an
equivalence on the Fontaine—Laffaille range, i.e. when restricted to objects with ‘weights’ in
[0,p — 2]. But, it fails to be fully faithful outside of that range. As wkp crys (being a tensor
functor) necessarily takes values outside of the Fontaine-Laffaille range, the existence of wkp syn
satisfying Theorem F is far from formal.

Further applications. Finally, we mention some further applications of the above results.

e In the forthcoming work [Mad24|, Theorem B is applied to understand derived cycles on
Shimura varieties with applications to special values of L-functions/automorphic forms.

e In the forthcoming work [LM24|, Theorem B is used to produce p-integral Hecke operators on
Shimura varieties of abelian type. This is used to solve a conjecture of Fakhruddin—Pilloni
and to give a conceptual construction of the fiber product diagram conjectured by Scholze,
and studied in [Zha23| and [DvHKZ24].

e Theorem B gives rise to a smooth morphism (kr: ke (G, X) — G-Zip ¥, the zip period
map, where k is the residue field E and the target is the category of (G, up)-zips (see Theorem
3.41). This is applied in [Rep24] to study the coherent cohomology of Shimura varieties.

e In [[no25], the ideas developed here are applied to construct a prismatic realization functor
for toroidal compactifications of integral canonical models of Shimura varieties of Hodge type.

e In [Yan25], Theorem B is further applied to obtain a refinement of the zip period map.
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Notation and conventions.

¢ The symbol p will always denote a (rational) prime.
o The functor Derys is the integral analogue of Derys from [IKY25], and we use the notation and
conventions concerning various categories of (crystalline) F-crystals as in [IKY25, §2.1].
o By a (derived) formal stack over Z, we mean a stack X on the big fpqc site of p-nilpotent
(animated) rings R, which we may view as a stack on the adic flat site Spf(Z,)34¢ (see [IKY24,
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§A.4]) by declaring X(R) := lim X(R/p"). For a formal stack X over Z, we have the induced
stack X,, on the fpqc site of Spec(Z/p™), and we say that X is a p-adic formal Artin stack if
each X,, is an Artin stack over the fpqc site of Spec(Z/p™).

o For a property P of morphisms of schemes (resp. Artin stacks), an adic morphism of formal
schemes X — 2) where ) has an ideal sheaf of definition J (resp. a morphism of p-adic formal
Artin stacks X — Y), is adically P (or J-adically P) if the reduction modulo J" (resp. the
morphism X,, — Y,) is P for all n. If A — B is an adic morphism of rings with the I-adic
topology, for I C A an ideal, then we make a similar definition.

o For an Artin stack 2" on the fpqc site of Spec(Z,,) and a subset T' C | 27| we define the formal
completion along T to be the substack on the fpqc site of Spec(Z,) to be

Zr(R) = {f: Spec(R) — 2 : f(|Spec(R)|) € T}.

If T is clear from context we shall often omit it from the notation.

¢ For a morphism f: X — Y we denote Rif*é and R"f*& by J‘Cizp (X/Y) and J-Cép (X/Y),
respectively. Similar notation will be applied for other cohomology theories.

¢ Our notation and conventions concerning derived algebraic geometry are as in [GM24].

¢ For a non-archimedean field K, a rigid K-space X is an adic space locally of finite type over
K. We denote the set of classical points by | X| := {z € X : [k(z) : K] < co}.

o For an R-module M and an ideal I C R (resp. principal ideal (a) C R) we often write M /I
(resp. M/a) as shorthand for M/IM (resp. M/aM).

o A filtration always means a decreasing and exhaustive Z-filtration (i.e., [J;c Fil' = M).

o For a ring A and an element a of A, denote by Fil} the filtration with Fil, = a" A for r > 0,
and Fil), = A for » < 0. Define Fil};, := Filg.

o A filtration of (sheaves of) modules is locally split if its graded pieces are locally free.

o For an F-algebra R (resp. Fp-scheme X), we denote by Fr (resp. Fx) its absolute Frobenius.

1. THE TANNAKIAN FRAMEWORK FOR PRISMATIC F-GAUGES

In this section we discuss the Tannakian aspects of Drinfeld and Bhatt—Lurie’s theory of
prismatic F-gauges and compare it with the Tannakian theory of prismatic F-crystals as developed
in [IKY24]. We refer the reader to [[KY24, §1], [Bha23|, and [IKY24, Appendix A| for preliminary
discussions of prismatic F-crystals, Tannakian theory, and stack-theoretic notions, respectively.

1.1. Some preliminaries on graded and filtered algebra. The extra structure present in a
prismatic F-gauge versus a prismatic F-crystal is that of a filtration with good properties. So,
we first describe some general results in the algebra of filtered rings/modules.

1.1.1. Basic definitions and results. We use standard terminology concerning filtered rings
(R, Fil%) on topoi .7 and filtered modules over them (e.g., see [Tsu20, Definition 10]), and only
comment on two pieces of terminology/notation not explicitly stated there:

e For filtered modules (M, Fil},;) and (N, Fily) over (R, Fily) the filtered tensor product
(M, Fil}y) ®(rris,) (N, Fily)
is the module M ® i N equipped with the filtration where
Filjyg oy = Y im(Fily; @ Filly - M @g N). (1.1.1)
a+b=r

When (N, Fily) = (S,Fily) is a filtered ring with the structure of a filtered module over
(R, Fily) via a filtered ring map, then this tensor product is a filtered module over (.5, Fily).

o A filtered crystal over (R,Fily) is a filtered module (M, Fily;) over (R, Fily) such that for
every morphism 7" — 7" in .7 the natural morphism

(M(T"), Fil3 (T") @(r(rr),Fing, (7)) (R(T), Filg(T)) — (M(T), Fil3(T))
7



is an isomorphism of filtered modules over (R(T), Fil%(T)).?

With the obvious notion of morphisms, denote by MF (R, Fil%) the category of filtered crystals
over (R, Fily). Note that MF (R, Fily) has the structure of an exact R-linear ®-category where
we define the tensor product by the same formula as in (1.1.1), and where

0 — (My,Fily, ) — (Ma, Fil},,) — (M3, Fily,, ) — 0,
is exact if
0 — Fily,, — Fily, — Filj, —0
is an exact sequence of R-modules for every r in Z.
The following freeness condition will play an important role in our paper.

Definition 1.1 (cf. [Tsu20, Definition 10]). Let .7 be a topos with final object , and (R, Fil%)
a filtered ring in .7. A filtered module (M, Fil;) over (R, Fily) is (finite) free if there exists a
filtered basis: a collection (e,,r,);_; where (e,)]_; is a basis of M as an R-module, and 7,
are integers, such that

n
Fily, = > Fil; " -e,. (1.1.2)
v=1

We say that (M, Fily,) is locally filtered free (Iff ) if there exists a cover {T; — *} such that the
restriction of (M, Filj,) to each slice topos .7 /T; is (finite) free for all i. We denote the full
subcategory of MF(R, Fil},) consisting of Iff objects by MF" (R, Fily).

For a filtered crystal (M, Fil},;) over the filtered ring (R, Fily) in a topos .7, we recall that
the r*P-graded piece (for r in Z) is defined as the R-module

Gr" (M, Fil},) = Fily,/ Fil};*.
Example 1.2. When Fil = Filf;, a filtered crystal (M, Fil},) is (locally) filtered free over
(R, Fil?,;,) if and only if finitely many graded pieces of Fil}; are non-zero and the graded pieces

are (locally) free R-modules, i.e., that Filj, C M is a locally split filtration.

It is not hard to show that the category MF" (R, Fil%) is closed under tensor product, and so
inherits the structure of an exact R-linear ®-subcategory from MF(R, Fil},).

We end by making an elementary, but useful, observation about short exact sequences of filtered
modules. First recall that a map f: (M, Fil}) — (Ma, Fil9) of filtered (R, Fil},)-modules is called

strict if the equality f(Fill) = f(M) N FilJ for all j (cf. [SP, Tag 0120] and [SP, Tag 05SI]).
Lemma 1.3. Let R be a ring, and let

0 — (M, Fil}) — (Ms, Fil3) — (Ms, Fil3) — 0, (1.1.3)
be a sequence of filtered (R, Fil§;,)-modules, which is a short exact sequence on the underlying

R-modules. Then, the following are equivalent:
(1) the maps (My,Fil}) — (Ms, Fil3) and (Ma, Fily) — (M3, Fil3) are strict,
(2) the sequence
0 — Fil} — Fil} — Fil}, = 0 (1.1.4)
is exact for all j (i.e., (1.1.3) is an exact sequence of filtered R-modules).
Suppose further that each of these filtered modules is strictly exhaustive (i.e., FiV = M for a
small enough j), then (1) and (2) are further equivalent to
(3) the sequence ‘ ‘ '
0 — Gr’/(Fil}) — Gr/(Fil3) — Gr/(Fil3) — 0 (1.1.5)
is exact for all j.

3For a filtered ring (R, Fil%), we observe that there is a natural equivalence between filtered modules over
(R, Fily) and filtered crystals for the filtered ring (Ogpec(r), Filk) in the Zariski topos on Spec(R). Thus, hereon
out we will treat the theory of filtered modules over a ring as a special case of the theory of filtered crystals.
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Proof. The equivalence of (1) and (2) follows from the definition of strictness. By the snake
lemma, (2) implies (3). We can check the converse by induction on j using the snake lemma. O

1.1.2. The Rees algebra construction. We now recall the Rees construction for a filtered
ring/module, and relate it to the notion of Iff filtered modules.
We begin by reviewing some terminology concerning graded rings.

o A graded ring is a ring R together with a decomposition R = @, ., R, as abelian groups such
that R, - Rs C R,45 for all r and s in Z. For a ring A, we say that R is a graded A-algebra if
there is a ring map A — R with image in Rj.

A graded module M over R = @, ., R, consists of an R-module M, and a decomposition
M = @rez M, as abelian groups such that R, - My C M, for all r and s in Z.

We say that a graded module M = @, ., M, over R = @, ., R; is finite projective if its
underlying R-module is finite projective.*

A graded ring map R — S is a ring map f: R — S with f(R,) C S, for all r.

For graded R-modules M and N, we define their graded tensor product by declaring

(M ®@r N), = {Zmi@)nieM@RN:miEMr, n; € Ng, andr+s:n}.
7

When N = S is a graded ring equipped with the structure of a graded R-module via a graded
ring map, then this tensor product is a graded S-module.

With the obvious notion of morphisms, denote by MG(R) the category of graded modules
over R = P, ., R;. Note that MIG(R) has the structure of an exact R-linear ®-category where

0= P, - P M, - @ M, — 0,

reZ reZ reZ
is said to be exact if
0— My, = My, — M3, —0
is an exact sequence of abelian groups for every r in Z.

We denote by MGP(R) the full subcategory of MG (R) consisting of finite projective objects.
This is clearly closed under tensor products, and therefore MG (R) inherits the structure of an
exact R-linear ®-subcategory from MG(R).

For a filtered ring (R, Fil%) we now wish to relate MFf (R, Fil%) to MG (S) for a certain
graded ring S associated to R which we now discuss.

Definition 1.4. Let (R, Fily) be a filtered ring. Then, its Rees algebra (e.g., see |LvO96,
Chapter I, §4.3, Definition 5]|) is the graded ring
Rees(Fily) := @ Filpt ™" C RItF].
reZ
For a filtered R-module (M, Fil},;) we define its Rees module (see loc. cit.) to be
Rees(Fil},) := @Fﬂﬁ/[ t7" C M ®g R[tTY],
reZ
which is a graded Rees(Fil%)-module.

Suppose that (R,Fily) — (S,Fily) is a map of filtered rings, and (M, Fil},) is a filtered
(R, Fily)-module. Then, by functoriality of the Rees algebra construction we obtain a natural
map Rees(Fily) — Rees(Filg) of graded rings. One thus obtains a canonical morphism

Rees(Fil};) ®Rrees(rily,) Rees(Fily) — Rees(Filj g 5), (1.1.6)

of graded Rees(Filg)-modules. This map is an isomorphism if the source has no non-trivial
t-torsion (e.g., if Rees(Fil},) is a flat module over Rees(Fil%)). Indeed, it suffices to verify this

4See [Lau21, Lemma 3.0.1] for why this terminology is unambiguous
9



map induces an isomorphism after applying the inverse to the equivalence in [LvO96, Chapter I,

§4.3, Proposition 7| (see also [LvO96, Chapter I, §4.3, Observation 6 (a)|). But, this is trivial.
Observe that as Rees(Fily) is a graded R-algebra, we have a natural action of the group

R-scheme G,,, p = Spec(R[z*1]) on Spec(Rees(Fil})) corresponding to the coaction map

Rees(Fil%) — Rees(Fil%) @ R[zH],
uniquely specified by declaring that an element a in Filt7" in Rees(Fil},) maps to a ® z". We
may then consider the Artin stack over R given by
R(Fily) := [Spec(Rees(Fil%)) /G, r]
called the Rees stack of (R, Fily). Given a graded Rees(Fil;)-module M = @, . M, there is a
natural action of G,, g on M corresponding to the coaction map
M — M ®g R[z*]

defined in the analogous way. This defines a quasi-coherent sheaf on R(Fil%) by the construction
in [SP, Tag 06WT]|. We denote this functor by (—)/G,, g.

Finally, suppose that R is J-adically complete with respect to a finitely generated ideal J C R.
We define the completed Rees stack ﬁ(Fil;%) (leaving the ideal J implicit) to be the completion
of R(Fily) along R(Fily) Xspec(r) Spec(RR/J). We then have a natural pullback functor

— —~

(=): Vect(R(Fily)) — Vect(R(Fily)) = 2-lim Vect(R(Fily) Xgpec(r) SPec(RR/J™)),
which is an R-linear ®-functor.

Proposition 1.5. Suppose that (R, Fil},) is a filtered ring. Then, the functors
MF! (R, Fil%) — MGP(Rees(Fil})), (M, Fil},) — Rees(Fil%;),
and
(—=)/Gpm: MGfp(Rees(Fil}g)) — Vect(R(Fily))
are 2-funtorial bi-exact R-linear ®-equivalences. Suppose further that R is J-adically complete

with respect to a finitely generated ideal J C R and that Fﬂ% C R is closed with respect to the
J-adic topology, for every i. Then, the functor

—_— ~

(—): Vect(R(Fily)) — Vect(R(Fily))
18 a 2-functorial bi-ezact R-linear ®-equivalence.

Before proving this proposition, we first establish that the Rees construction preserves and
reflects locally-free-like conditions. More precisely, we have the following.

Proposition 1.6. Let (R, Fily) be a filtered ring. Then a filtered module (M, Fily;) over (R, Fil},)
is Uff if and only if its Rees module Rees(Fil};) is finite projective over Rees(Fily).

Proof. Since the problem is local on R, we may assume that R is a local ring. Then (M, Fil},)
being lff is equivalent to it being finite free, and hence easily implies that Rees(Fil};) is free.
We show the converse. When Fil}, = Filzl), i.e., when Fil, = R for all ¢ in Z, the assertion is

obvious. So, we assume Fily, # FilZ1)v ie., that F 11}3 is contained in the maximal ideal of the local
ring R. We first observe that the assertion holds when Fil§ = Fil%;,, i.e., when Fill, = 0. Indeed,

trivs
note that P, .z Gry,,, being the specialization of Rees(Fil},) to t = 0 (see [LvO96, Chapter 1,
§4.3, Proposition 7]), is finite projective over R, and hence so is each Gry, . As R is local, this

implies that each Gry  is finite free, and hence (M, Fil},) is filtered free.
In general, consider the map (R, Fil%) — (R/ Filk, Fil%,;,) and the corresponding map
Rees(Fil%,) — Rees(Filf,;,) ~ (R/ Filk)[t].
We observe that the scalar extension along this map is described as follows.
SIndeed, this follows from the observation that if y is an element of R, then the Rees module for (R, Filk)|p(y),

where D(y) is the non-vanishing locus of y, is canonically identified with Rees(R, Fil)[!/y].
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Lemma 1.7. We have a canonical isomorphism

-r

Fil}
Rees(Fil};) ®@Rrees(rits,) Rees(Filf;, ) ~ M .
( M) Rees(Fily) ( t V) i‘é Zi>1 Fll}% ] Fll?\/;l

of graded Rees(Filf ., )-modules, where the multiplication-by-t map on the right-hand side is defined

triv
by the canonical maps induced by Fil}"\jl — Filj,.

Proof. This follows by considering the short exact sequence

0— Prigt e @ Fily't' - PFilE ¢ — @ R/Filpt' — 0,

>0 i<—1 i€Z i>0
Rees(Fil},) Rees(Filg ;)
and tensoring it with Rees(Fil};) over Rees(Fily). O

Now assume that Rees(Fil},) is finite projective over Rees(Fily). Then the tensor product
Rees(Fil},) ORees(Fil%,) Rees(Filyiy) is finite projective over Rees(Filf,,). In particular, the
multiplication-by-f map

: 1
——r+1 o Fll”]‘\;

_ Fil’;
Fil L = tM

> oy Fill - Filj i > oy Fill - Fill
is injective. This implies by [LvO96, Chapter I, §4.3, Proposition 7| that this graded Rees(Filf,, )-
module is the Rees module of some module with filtration of the form (M, Fil®) over (R/Filk, Fil?;,).
By loc. cit., the underlying module M is given by M/ Fil}z -M . Since we have already seen that
the assertion holds in the case where Fil}, = Fil?, , we deduce that (M, Fil') is actually free.
Let (&,,7,)"_; be a filtered basis of (M,Fil') over (R/ Filk, Fil®. ), and take a lift (e,)"_,
with e, in Fil"”, which is a basis of the R-module M.

Claim 1.8. The tuple (ey,r,))_; is a filtered basis of (M, Fily;) over (R,Fily). In other words,
n
Fily, = > Fill; ™ ey,
v=1

for every r in Z.

Proof. When r < r,, for every v, we have Fil}; = M by Nakayama’s lemma, and this is clearly
equal to the right-hand side of the claimed equality.

We show the equality by induction on r. Fix an r in Z and assume that the equality holds
for r. We show Fil’j\z,rl =>r, Fil’gl_r” ey. The right-hand side is evidently contained in the

left. Conversely, consider z =)  a,e, in Filgz,rl. Since z is in Fil};, we know by induction that
a, belongs to Fil}"{r”. For v with r = r,, we have that €, is in Fil’ \WH, and hence that a,
belongs to Fil}% = Fﬂ?l_”. We now consider z; = Eu:r>r,, aye,, which we know is both in
Fil}"\jl and ;- Filf, Fil}"\/}i. Thus, by the injectivity of the map o Fil', we get that z; is
in 3>, Fill; Fil}F' ™%, which by induction, implies that a, is in Fil);' ™ for v with r > r,, . O

In particular, this claim implies the filtered module (M, Fil},) is filtered free as desired. O

Remark 1.9. The proof of Proposition 1.6 shows the following. Assume that Fil}z is con-
tained in the Jacobson radical of R and that Rees(Fil};) @Rees(rits,) Rees(Filf;, ) is free over
Rees(Fil?;,) ~ R/ Filk[t]. Then Rees(Fil%;) is free over Rees(Fil%), or equivalently, the filtered

module (M, Fil},) is filtered free over (R, Filg).

Proof of Proposition 1.5. Given Proposition 1.6, the fact that the first functor is an R-linear
®-equivalence follows from [LvO96, Chapter I, §4.3, Proposition 7| together with the isomorphism
11



given by (1.1.6). Moreover, an explicit quasi-inverse to the first functor is given by by taking a
graded Rees(Fily)-module N = @, . N, to the module M = N/(t — 1) with

Filh, := (N, + (t — 1)N)/(t — 1)N.

The fact that this functor and its quasi-inverse are exact follows from Lemma 1.3, [LvO96,
Chapter I, §4.3, Proposition 8|, together with the observation that an exact sequence of projective
Rees(Fily)-modules is split and thus exactness is preserved by any additive functor.
The fact that the second functor is an exact R-linear ®-equivalence follows from the general
theory of stacks (e.g., see again [SP, Tag 06WT]). Its bi-exactness is clear by inspection.
Finally, to show the last functor is a bi-exact R-linear ®-equivalence we begin by defining a

~

functor Vect(R(Fily)) — Vect(R(Fily)). Noting that there is a canonical identification
R(Fil) Xgpec(r) Spec(R/J™) =~ [Spec (Rees(Fily) @r R/J") /G, R ,
so giving such a functor is equivalent to giving a functor

2-lim MG P (Rees(Fil%)/J") — MG (Rees(Fil})), (1.1.7)

which we now do.
In the following, we denote by O,(d) the graded Rees(Fily)/J"-module with underlying
Rees(Fily)/J™-module free of rank one, generated by a homogeneous element of degree d.

Claim 1.10. Let (M,, = @;c7 Mp,i)n>1 be an object of the source of (1.1.7). Then, the graded
Rees(Fily)-module M := im M, ~ @iez(l.&ln M,;) is finite projective.5 Moreover, the natural
map M @p R/J" — M, is an isomorphism.

Proof. By taking a finite set of homogeneous generators of M7, we may produce a graded surjection

@;:1 01(dj) — My for some 7 and some dy,...,d, which induces generators my 1,...,my, of
M;. This surjection of graded Rees(Fily)/J-modules is split by the projectivity of Mj.
Choosing compatible homogeneous lifts m,, ; of my ; for each n > 1 and j =1,...,7 we obtain

a compatible system of homogeneous maps ()_; On(d;) — My)n of Rees(Fily)/J"-modules.
As J is nilpotent in R/J™ we further see by Nakayama’s lemma that these maps are surjective
for all n and thus, using the projectivity of M, split surjections. By the assumption that Filﬁé
is closed in R for all 4, the inverse limit lim, @; O, (d;) is identified with 5, O(d;) as a graded
Rees(Fily) module, which is finite projective. As we have a split surjection B, O(d;) — M, the
inverse limit M is also finite projective as desired.

Finally, thanks to the system of split surjection constructed above, the natural morphism
M ®pR/J"™ — M, being an isomorphism is reduced to case when M = O(d;), which is clear. [

Claim 1.10 allows us to produce a functor as in (1.1.7) which we claim is quasi-inverse to

—

(=) On filtered finite free modules (i.e., the modules of the form €, O(d;)), this follows as

Fili, C R is closed for all 4. In general, let M be an object of MG (R(Fil%)). Then showing
that M — lim, M ®pr R/J" is an isomorphism can be reduced to the filtered finite free case by
taking a split surjection @ ; O(d;) — M. That the other composition is naturally isomorphic to
the identity follows from Claim 1.10. The fact that both of these functors are exact R-linear
®-functors is clear by inspection. O

1.2. Prismatic F-gauges in vector bundles. We now recall the two ways of describing
prismatic F-gauges in vector bundles: in terms of Rees algebras and in terms of formal stacks.

6Note that this first inverse limit is taken in the category of graded Rees(Filg)-modules, which is indeed
computed via this last direct sum.
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Description in terms of Rees algebras. We begin by recalling the natural filtration on a
prism used to construct the operative Rees algebras for prismatic F-gauges.

Definition 1.11. For a prism (A4, I), we define the Nygaard filtration on A as follows:

ot if =0

A D Fill, (A1) = {A ¢ ore

We often write Fil},,(A) or just Fil},, when there is no chance for confusion.

Lemma 1.12. Let (A, I) be a bounded prism. Then, Fily,,(A,I) C A is closed for all r.

Proof. 1t suffices to show that the ideals I" are closed, and that ¢4: A — A is (p, I)-adically
continuous. To see the former, it suffices by [Mat80, §23.B| to show that A/I" is J-adically
complete with J = (p,I)A/I". But, as J" C pA/I" C J we have that the J-adic and p-adic
topologies coincide. Thus, the claim follows from [IKY24, Lemma 1.2]|. For the latter claim, it
suffices to observe that ¢4 stabilizes (p, ) (see [GR24, Lemma 3.4]). O

Let R be a qrsp ring (see [BMS19, Definition 4.20]), and consider the initial object ( g, Ir) of
R (see [BS22, Proposition 7.2]). Associated to Rees(Filky,( r)) are the following two maps:
(1) the map of g-algebras
7: Rees(Filky( Rr)) = R, t—1,
(2) the graded homomorphism
o: Rees(Filky,( 7)) > @ Ipt™", D at™ =Y dla)t ™",
reZ r r

where the target is considered as a graded g-subalgebra of g[1/1x][t*1].

Remark 1.13. The functor

MG (@ Iﬁt’”) — gMod, M =DM, — M,
reZ reZ

is a bi-exact g-linear ®-equivalence whose quasi-inverse is given by

L Ll® (@Iﬁt"“) :

reZ

with the obvious grading. In fact, [Spec(ED, .z Ipt™")/Gm, ] is isomorphic to Spec( g).
We now give the Rees-algebra-theoretic definition of prismatic F-gauges over R.

Definition 1.14 (Drinfeld and Bhatt—Lurie). Let R be a qrsp ring. A prismatic F-gauge (in
vector bundles) over R is a pair (M, pys) where M is an object of MGfp(Rees(FﬂI’\Iyg( r)))
and ¢ is an isomorphism of g-modules (6* M)y — 7M.

A morphism (M, oar,) — (Ma, ¢ar,) of prismatic F-gauges over R is a morphism f: M; — Mo
of graded Rees(Fil}y,( r))-modules such that ¢y, o 0*(f) = 77(f) o pa,. We denote the
category of prismatic F-gauges in vector bundles over R by F-Gauge'**(R). The category
F-Gauge'*(R) is an exact Z,-linear ®-category with structure essentially inherited from
MGfp(Rees(Fﬂ'Nyg( R)), but where we decree that

Mo = Y2578 & P My

P ®Rees(Fi11°\Tyg( R))

(which makes sense as (0*(M1 ® _ Ms))o = (0"M1)o®  (0"Ma)o by Remark 1.13).
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A morphism of qrsp rings R — S gives a map Rees(FilRy,( r)) — Rees(Filky,( s)) of
graded rings compatible with both 7 and o. Thus, base extension provides an exact Zp-linear ®-
functor F-Gauge'**(R) — F-Gauge'***(S). So, if X is a quasi-syntomic p-adic formal scheme,
F-Gauge"" forms a natural prestack on Xqsyn which is a stack by [GL23, Proposition 2.29).

Definition 1.15 (Drinfeld, Bhatt—Lurie). For a quasi-syntomic p-adic formal scheme X, the
category of prismatic F-gauges (in vector bundles) over X is given by the 2-limit

F-Gauge"**(X) = Spf?é%ierg F-Gauge"***(R),
qrsp

equipped with the structure of an exact Z,-linear ®-category defined term-by-term.

Suppose that G is a smooth group Z,-scheme. One can then make sense of the category §-C of
G-objects in a Zy-linear ®-category C (e.g., see [IKY24, §A.5]).

Definition 1.16. For a quasi-syntomic p-adic formal scheme X, the category G- F-Gauge"*"(X)
of prismatic F-gauges with G-structure over X is the category of G-objects in F-Gauge'**(X).

Prismatic F-gauges in terms of formal stacks. We now compare Definition 1.16 to the
notion of a prismatic F-gauge with G-structure which implicitly appears in [Bha23|. Throughout
this section we fix a bounded p-adic formal scheme X.

Attached to X are the following formal stacks over Z,,:

e the prismatization X as in [BL22b, Construction 7.1] (cf. [Bha23, Definition 5.1.6]) classifying
Cartier—Witt divisors (see [Bha23, Definition 5.1.3]) which is equipped with a Frobenius
Fx:X — X (see|Bha23, Remark 5.1.10]),

e the Nygaard filtered prismatization X™ as in [Bha23, Definition 5.3.10] and [GM24, 6.4] (which
classifies filtered Cartier—Witt divisors as in [Bha23, Definition 5.3.1]) which has a structure
map mx: XV — X |

e the Hodge embedding and de Rham embedding jx mr and jx 4r (see loc. cit.) which are open
embeddings X < X*.

One has the equalities mx 0 jx qr = id, and 7x o jx yT = Fx. Whenever X is clear from context,

we shall omit the decoration of X on these maps.
As in [Bha23, Definition 6.1.1], we define the formal stack X% over Z,, the syntomification of

X, and the maps jx and j so that the following diagram is cocartesian:

X Ux JurUjar N

taut. IN
-

X — XV
J

If X = Spf(R) we shorten the notation of these objects to R , R, and R®". These constructions
can be further extended to the case when R is a p-complete animated ring (see [GM24]).

The following shows that these formal stacks over Z,, are more manageable when X is quasi-
syntomic and, in particular, are classical (i.e., don’t have non-trivial derived structure).

Proposition 1.17 (Bhatt-Lurie). Suppose that X is quasi-syntomic. Then, one has a canonical
identification of formal stacks over Z,:
X ~ 2-colim Spf XV = 2-colim R(Fil} )
SPE(R)EXqrep p ( R)7 Spf(R)EXqrep ( Nyg( R))
where for each R the topology on g and the completion ﬁi(Fil'Nyg( Rr)) are in terms of the
(p, Ir)-adic topology. Moreover, under these identifications jqr and jur are obtained by taking

the colimit over R of the maps T and o, respectively.
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Proof. When X = Spf(R) is qrsp, this follows from [BL22b, Theorem 7.17|, [GM24, Theorem
6.11.5] and [Bha23, Remark 5.5.5|. In general, it suffices to observe that if 8 is a quasi-syntomic
cover over X with each constituent of the form Spf(R) for a qrsp ring R then

X =2-colimS , X = 2-colim S™
Sese Sese

where 8° is the Cech nerve of 8 in the topos of formal stacks over Z,, which follows from
the covering properties discussed in [BL22b, Proposition 7.5] and [GM24, Corollary 6.12.8] (cf.
[Bha23, Remark 5.5.18]). But, as p,® ny, B8 RiBp,Rs (see [ALB23, Proposition 3.30]) and
a similar tensor-product compatibility holds for completed Rees stacks, the claim follows. O

Combining this with Proposition 1.5 and Lemma 1.12 we obtain the following.

Corollary 1.18. Suppose that X is quasi-syntomic and that G is a smooth group Z,-scheme.
Then, there are natural bi-exact Z,-linear ®-equivalences
F-Gauge’(X) =5 Vect(X™") =%  2lim  Vect(R™™).
Spf(R)EXqrsp
and natural equivalences
G-F-Gauge"*"(X) =5 G-Vect(X™") =  2-lim  §-Vect(R™")
Spf(R)EXqrsp

Due to Corollary 1.18, we shall use the notation F-Gauge"*"(X) (resp. §-F-Gauge"*!(X))

and Vect(X™") (resp. 9-Vect(X®™")) interchangeably when X is quasi-syntomic.

Remark 1.19. For a (classical) formal stack X over Z,, a vector bundle on X is a vector bundle
on (Xgpge, Ox) where Xepqe is as in [SP, Tag 06NU| and Oy is as in [SP, Tag 06TU|. Formally,
one has a bi-exact Zy-linear ®-equivalence
Vect(X) ~ 2-lim Vect(R),
Spec(R)—X

where R is a (variable) p-nilpotent ring (one can also replace this with Spf(R) — X where now
Spf(R) is an object of Spf(Z,))ad), where the right-hand side is endowed with the term-by-term
exact Z,-linear ®@-structure. So one may formally apply [IK'Y24, Theorem A.18| to deduce that
if (Ag, To) is a tensor package for G (see [IKY24, §A.5]) then §-Vect(X) ~ Twisto, (Ao, To).
In particular, this applies when X = X% for X a quasi-syntomic p-adic formal scheme.

1.3. Relationship to prismatic F'-crystals. We now clarify the relationship between prismatic
F-crystals and prismatic F-gauges on a base formal Og-scheme. We refer the reader to [IKY24,
§1.1] for standard terminology and notation concerning base formal schemes.

Notation 1.20. We fix the following notation:

k is a perfect extension of Fp, W := W (k), and Ky := Frac(W),

K is a finite totally ramified extension of K, with ring of integers O and ramification index e,
7 is a uniformizer of K and E = E(u) in Wu| is the minimal polynomial for = over Ky,

for a formally framed base O-algebra R we set (&g, (E)) to be the Breuil-Kisin prism.

Construction 1.21 (|[Bha23, Remark 6.3.4]). Let X be a quasi-syntomic p-adic formal scheme.
Then, there is a natural Z,-linear exact ®-functor

Ryx: Perf(X™") — Dgerf(% ), V= Rx(V) = (&, p¢),
which we imprecisely call the forgetful functor, constructed as follows.

Step 1: Set & := jjz"V, which we interpret as an object € of Perf(X ) via [BL22b, Theorem
6.5] so then F*E corresponds to ¢*&. More explicitly, for an object (A, I) of X , one can build
a morphism p(4 r): Spf(A) — X as in [BL22b, Construction 3.10] and then &(A,I) = Plan€ -
Step 2: Observe that there are natural morphisms
JirV — PPV = F*jigV,
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where the second map is the pullback along F' of the natural map m,V — jjzV coming from
the fact that jqgr is a section of 7, and the first map is obtained by adjunction from the map
TV — FijfpV using the fact that 7 o jyr = F. By [Bha23, Remark 6.3.4], this induces an
isomorphism after inverting the invertible ideal J,, C O, (see [Bha23, Construction 5.1.18]).

Step 3: By the construction of X", we have a canonical identification jjjV ~ jigV. Thus,
altogether, we get an isomorphism

Fr& Vo ]~ gar VYo, [~ jae VI, 1=2¢€ [V, ]
which corresponds to an isomorphism @¢: ¢*E[1/7 | — E[1/1 ].
Finally, we observe by construction that Rx restricts to give a functor

Ryx: Vect(X™") — Vect?(X ). (1.3.1)

Remark 1.22. When X = Spf(R) for a qrsp ring R, one may understand Ry as in (1.3.1) as
the functor F-Gauge'**(R) — Vect?( g) explicitly described in [[t023, Propsition 8.1.9].

In [GL23, Corollary 2.31] (see also [I[t023, Propsition 8.1.9]), it is shown that Ry is fully faithful.
We now wish to describe the essential image when X is a base formal Og-scheme.

Definition 1.23. We make the following definitions.
(1) For a prism (A, I), and an object (M, @) of Vect¥ (A, I), set

Filiyg (9a M) := {zx € ¢4 M : pp(x) € "M},

which defines a filtration Fily,(¢% M) by A-submodules, called the Nygaard filtration.
(2) For a quasi-syntomic p-adic formal scheme X and an object (€, ¢¢) of Vect?(X ), we
define the filtration FilXy,(¢*€) C ¢*€ by O -submodules, called the Nygaard filtration,

so that Filky,(¢"€)(A, I) = Fil}y,(¢*E(A, I)), functorially in an object (A, I) of X T

By design (¢*&, Fil}, . (¢*€)) is a filtered module over (O ,Filj ).

[
Nyg

Definition 1.24. Let X be a quasi-syntomic p-adic formal scheme. We call a prismatic
F-crystal (€, pg) on X locally filtered free (Iff) if (¢ €, Filky4(¢*€)) is Iff over (O ,Filj ).

Remark 1.25. Note that (¢*&, Fil},,(¢*€)) is, a priori, only a filtered module over (O ,Filj )
and not a filtered crystal. But, in the Iff case this is true (see [[t023, Proposition 3.1.13]).

Denote the full subcategory of Vect¥ (X ) consisting of Iff objects by Vect®! (% ). It is stable
under tensor products, and so it inherits the structure of an exact Z,-linear ®-category.

Example 1.26. Let X be a base formal W-scheme. If w belongs to §-Vect?*(X ) for a
cocharacter p: Gy, — Sw (see [IKY24, Definition 3.12] or Definition 1.36 below), then w(A)
belongs to Vect?!f (X ) for all objects A of Repz (9), as can be easily checked by hand.

Proposition 1.27. Let X be a bounded p-adic formal scheme, and (€, ¢e) a prismatic F-crystal
on X. Then, the following are equivalent:
(1) the prismatic F-crystal (€, p¢) is Iff,
(2) for any object (A,I) of X, the filtered module (¢*E(A, I), Fil},,(¢*E) (A, I)) is lff over
the filtered ring (A, Fil7).
If X is a base formal O -scheme, the above conditions are additionally equivalent to the following:

(3) there exists an open cover {Spf(R;)} of X with each R; a base (formally framed) O -
algebra, such that if M; = E(Sp,, (E)) then (¢* My, Filky, (¢*M;)) is lff over (Sg,, Fily),

See [IKY25, Remark 1.13] for a remark about the terminology ‘Nygaard filtration’.
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(4) there ezists a quasi-syntomic cover {Spf(S;) — X} with each S; qrsp, such that if
M; == &( s;,1s;) then (¢"My, FilRy,(¢"M;)) ds Uff over (g, Fil7, ).

Proof. Clearly (2) implies (1). For the converse it suffices to show that the Iff condition is flat
local on an object of X . This follows from the fact that for a (p,I)-adically faithfully flat
map of prisms (A, I) — (B, IB) the natural map Rees(Fil; A) — Rees(Filig B) is (p, I)-adically
faithfully flat. Indeed, the natural map I" ® 4 B — I™B is an isomorphism as I B is an invertible
ideal, and hence Rees(Fil} A) ® 4 B — Rees(Fil}z B). The final claims concerning base formal
O g-schemes follows from [IKY24, Propositions 1.11 and 1.16]. O

We now come to the precise relationship between prismatic F-crystals and prismatic F-gauges
(compare with [[to23, Corollary 8.2.13]). In the following, let § be a smooth group Z,-scheme.

Proposition 1.28. Let X be a quasi-syntomic p-adic formal scheme. Then the essential image
of Rx is contained in Vect‘P’lﬂ(% ). If X is a base formal Ok -scheme, then Ry induces a bi-exact
Zy-linear ®-equivalence

Ry: Vect(X) =5 Vect!T(% ).
In particular, Ry induces an equivalence

G-Vect(X%1) = G-Vect®!T (% ).

Proof. Let Ilx: Vect?(X ) — Perf(X®") denote the functor from [GL23, Theorem 2.31].% Let
(€, pe) be an object of Vect?(X ). We first prove the following claim.

Claim 1.29. The object € := Ix(€, @e) is in Vect(X™) if and only if (€, p¢) is in Vect®!T (% ).

Proof of Claim 1.29. For each perfectoid ring S with a map Spf(S) — X, consider the conditions:

(1) the restriction &| g~ is a vector bundle on S¥, .
(2) Filkyg (" E(Aine(S))) is Uf over (Amf(S),Filg) (where ¢ is as in [IKY24, §1.1.1]).

Then € being in Vect(X*™") is equivalent to (1) being satisfied for any such S by [IKY24,
Proposition 1.11 and Lemma 1.15] and [Bha23, Remark 5.5.18|. On the other hand by Proposition
1.27, (&, pe) being Iff is equivalent to (2) being satisfied for any such S. By Proposition 1.6,
conditions (1) and (2) are equivalent, as desired. O

This together with the construction of Iy and [GL23, Proposition 2.52| gives an isomorphism
(IIx oRx)(F) = F (1.3.2)

for any F an object of Vect(X%¥). Thus, Ry induces a functor Vect(¥%") — Vect®' (% ).
Again by Claim 1.29, the functor ITy induces a functor Vect?!f(X ) — Vect(X%™). These
functors are quasi-inverse to each other: for an object F in Vect(X*™), we have the isomorphism
(1.3.2); on the other hand, for an object (&, p¢) of Vect¥! (X ), we have a functorial isomorphism
(€, pe) ~ (Rx oIx)(E, pe) by the constructions of Ry and Ilyx. This proves the claim that Ry is
an equivalence, and its bi-exactness is [[KY25, Proposition 2.17]. U

1.4. Prismatic F-gauges with G-structure of type u. In this subsection, we introduce the
notion of prismatic F-gauge with G-structure of type pu.

Convention 1.30. We make the following three conventions throughout this section.

(1) The tautological line bundle Opg,,{1} on BG,, corresponds to the trivial line bundle on
Spec(Z) with the G,,-action given by the inverse of the natural scalar multiplication of G,,.
So Opa,, {1} corresponds to the graded line bundle Z(—1) concentrated in degree —1. ?

8While this functor is only constructed in loc. cit. when X is smooth over Ok, the construction goes through,
mutatis mutandis, for X a base scheme using the cover from [IKY?24, Lemma 1.15].
9This convention agrees with [Bha23, Construction 2.2.1] and [GM24], but is opposite to that in [It023].
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(2) We normalize the isomorphism BG,, ~ Pic of stacks via idgg, + Ops, {1}. * So L in
Pic(Spec(S)) corresponds to the natural map Spec(S) — Spec(P;c2 L&) /Gy, — BGy,
where ¢ sits in degree 1.

(3) We identify BG,, and the the moduli stack of G,,-torsors in the standard way.

Notation 1.31. In addition to Notation 1.20 we fix the following notation:

e G is a smooth affine group Z,-scheme,

e 1: Gy w — Gw is a 1-bounded cocharacter (see [Lau2l, Definition 6.3.1]),

e for a line bundle £ on a stack 2~ together with a map a: 2~ — Spf(WW), we denote the
induced G-torsor on 2" via p by p.(£L,a) (we omit the a if it is clear from context or write
can. to emphasize that it is the structure map which is canonical in the given context),

o for b: £L = £’ we denote the induced isomorphism by . (b): ps(£,a) == pu. (L', a).

Additionally, we recall the following standard notions of Breuil-Kisin twists on a bounded p-adic
formal scheme X. Denote by O, {1} the pullback of O, {1} from [Dri24a, Definition 4.9.4] (cf.
P

[BL22a, Construction 2.2.11] and [Bha23, Remark 5.1.19]) along X — Z,,. Similarly, let Oz {1}
be the pullback to X of Ozy{l} =10 {1} ® t*Opg,, {—1} from [Bha23, Remark 5.5.15].11 If

X is clear from context we shorten O, {1} and Oxx{1} to O {1} and Oy{1}, respectively.
Let notation be as in Notation 1.31. We define

P, =y (Ogs,,{1}),

a G-torsor on BG,, . Equivalently, P,, corresponds to the trivial -torsor on Spec(W') with the
action of G, w = Spec(W[2%1]) given by left multiplication by u(z)~! in G(W[z*1]). Denote by
11 the base change of u along gb;[,l: W — W and by P, » the pullback of ’P#(_n by the map
W — BG,, w that corresponds to the Breuil-Kisin twist Oy ~{1}.

Definition 1.32. Fix an n in NU {oo}. Let X be a bounded p-adic formal W-scheme. Write
Xt = xsvn ®%p (Z/p™), and similarly for X

(1) An n-truncated prismatic F-gauge with G-structure on X is a G-torsor F on the (derived)
formal stack XY™ over Z,, (giving X" if n = oo, whence we drop the prefix ‘co-truncated’).

(2) An n-truncated prismatic F-gauge with G-structure F is of type p if the restriction to X))
(again giving X* itself when n = 00) is of type p, i.e., flat locally (equiv. quasi-syntomically
locally) on X, the restriction F|xx is isomorphic to Py |xx-

Denote by Torsg ., (X% the oo-groupoid of n-truncated prismatic F-gauges with G-structure

of type 1, a full co-subgroupoid of Torsg(Xy"). If n = oo we drop it from the notation.?

Remark 1.33. The Frobenius twist in the definition of P,  is necessary for P, x to have
filtration of type p (cf. Proposition 1.39).

Remark 1.34. Similarly to Remark 1.19, if X is quasi-syntomic, one may identify Torsg(X%")
with §-Vect(X*"), and consequently Torsg(fsyn) may be identified with a full subcategory
of G-Vect(X*™") which we denote by §-Vect*(X%"). In particular, if X is quasi-syntomic,
combining Proposition 1.17 and Corollary 1.18 we have natural identifications

~

Torsg(X™") ~ Spf(zé%ielgqrsp Torsg(R™), Torsg(X") ~ Spf(zé%ielgqrsp Torsg(R(Filjy,( Rr)))-

10Here Pic is the Picard stack, denoted by Picz,z in [SP, Tag 0372].

HThe definition of Ox{1} agrees with that in [GM24]: A!/G,, is formed using the inverse of the natural action
so the degree of the Rees variable ¢ is —1 in [GM24], and Opg,, {1} corresponds to Z(1); while we use the natural
action so here deg(t) =1, and Opg,, {1} corresponds to Z(—1), as in [Bha23|.

12\When X is quasi-syntomic, observe that Torsg (X%¥7) is a groupoid.
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We first compare the notion of n-truncated prismatic F-gauges with G-structure (of type u)
to the notion of prismatic G-torsors with F-structure of type p as in [IKY24, Definition 3.12|,
which we now recall using a slightly different presentation.

Let (A, Fil®*) be a filtered ring. Then, we have the natural closed immersion

v: BG,, x Spec(A/Fil') — R(Fil*),
defined by the surjection of graded rings

Rees(Fil*) — Rees(Fill,;, (4/Fil')) = A/ Fil'[t] =% A/ Fil' .

triv

Definition 1.35. We define the punctured Rees stack R°(Fil®) for (A, Fil®) to be the open
substack of the Rees stack R(Fil®) given as the complement of the above closed embedding ¢.

In the situation that Fil®* = Fil} for some invertible ideal I, the punctured Rees stack R°(Fil})
is also obtained as follows. Consider the open embeddings

Spec(A) = [Spec (@ I_iti> /Gm

1€Z

— R(Fil}), Spec(A) =5 {t # 0} C R(Fil3).

These two open embeddings induce an isomorphism
Spec(A) USpec(A[l/I]) Spec(A) =R (Fll;)

In particular, we obtain a 2-functorial identification of Torsg(R°(Fil})) with the category of
triples (Q, P,v: Q[1/1] = P[/1]) where Q and P are G-torsors on A and 1 is an isomorphism of
G-torsors on A[1/1], with the obvious notion of morphisms. We fix the direction of the isomorphism
1 so that the restriction of such a triple to {¢ # 0} gives the G-torsor P.

Definition 1.36. Let (A, ) be an object of W (in particular, A is naturally a W-algebra)

and p: Gy, w — Gw be a cocharacter.

(1) We say a G-torsor on R°(Fil}) presented as (Q, P,v: Q[1/1] = P[1/1]) is of type p if there
exists a (p, I)-adically faithfully flat cover A — A’ such that I A’ is principal, and there
exists trivializations 6: G4 — @ and #': G4 = P such that the isomorphism 't o106
is given by left multiplication by u(d) for a generator d of T A’.

(2) We say a G-torsor P on R(Fil}) is of type p if there exists a (p, I)-adically flat cover
A — A’ such that P restricted to R(Fil},/) is isomorphic to the u-typical G-torsor, i.e.,
the pullback of P, along the natural map R(Fil}, ) — BGp, w.

We denote these categories by Torsg (R°(Fil7)) and Torsg(R(Fil7)), respectively.

Lemma 1.37 (cf. [Bha23, Proposition 6.6.3|). Let (A,I) be a prism.
(1) Restriction along j: R°(Fily) — R(Fil}) induces a fully faithful functor
j*: Torsg(R(Fil})) — Torsg(R°(Fil})).

Fiz a W-structure on (A,I) (i.e., let it be an object of W ), and a cocharacter p: Gp, w — Gw .
(2) The functor from (1) induces an equivalence

Torsg (R(Fil7)) = Torsg (R°(Fil7)). (1.4.1)
Proof. To prove Claim (1), we observe that by the Tannakian formalism it suffices to prove the
claim for § = GL, z,. Then it suffices to prove that

j*: Vect(R(Fil7)) — Vect(R°(Fil})),
is fully faithful. Using [SP, Tag 06WT|, we are reduced to showing that pullback along
{t # 0} U Spec (@ I_iti> — Spec(Rees(Fil}))

1€Z
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induces a fully faithful functor between the categories of G,,-equivariant vector bundles on source
and target. But, the conditions of [(S24, Lemma 7.2.7] are satisfied, and so the claim follows by
applying loc. cit. with Y = Hom(V, V') for vector bundles V and V' on R(Fil7).

For Claim (2), first observe that P,,|go(pis) is of type u: using notation 1.31, it is presented as

(ps (I, can.), ps (A, can.), v = p,(id: I - A[Y/1] = A[Y/1])).

Replacing A by a Zariski cover on which I becomes principal, we may pick a generator d of I.
Then, with the tautological trivialization 6: G = (A, can.) and the trivialization

0: G = (A, can.) M (I, can.)

determined by d, the isomorphism 6’ 1o 1 00 is given by p(d). Thus, the functor j* does indeed
carry objects of type p to those of type p. We then only have to show that (1.4.1) is essentially
surjective. Let P° = (Q, P,+: Q[/1] = P[1/1]) be an object of Torsg (R°(Fil7)). By definition,
there exists a (p, I)-adically faithfully flat cover A — A’ such that I A’ is principal and there
exist trivializations 6: G4 — Qa and 0': G4 = Py such that 8/~ o o6 is given by left
multiplication of u(d) for a generator d of T A’. We consider the u-typical G-torsor P’ := TP#,R(FH;A/)
on R(Fil7 4 ). Note 6 and ¢’ induce an isomorphism P’ ‘yo(Fil;A/) = P9,. Then the descent datum
o: ‘.POA/ ®A’,pr’1‘ (A/ XA A/) = '.]3?4/ ®A’,pr§ (A/ XA A/)

for P° along A — A’ induces, by the full faithfulness from Claim (1), a descent datum on P,
which then gives a G-torsor P on R(Fil7) such that j*P ~ P° as desired. O

To relate the above consideration to the type u condition for prismatic F-crystals, we consider
the two A-lattices associated to an object of Tors‘g(A, I). More precisely, we consider the functor
Latg: Tors§ (A, I) — Torsg(R°(Fil}))
by sending (P, ¢p) to (¢*P, P, pp: ¢*P[1/1] = P[V/1]).

Definition 1.38 (cf. [IKY24, Definition 3.12]). Let X be a quasi-syntomic p-adic formal
scheme and (%, pp) be an object of Torsg (X ). We say that (P, pp) is of type p if for any
object (A, I) of the site X , the object Latg(P, pp) of Torsg(R°(Fil7)) is of type p. Denote
the full subcategory of Tors{ (X ) of objects of type u by Torsg* (X ).

Let X be a quasi-syntomic p-adic formal scheme over W and consider the forgetful functor
Rx: Torsg(X™") — Tors{ (X ),

from Construction 1.21, which can also be interpreted in terms of G-objects as in Remark 1.34.
The result below says this induces an equivalence on objects of type w if X is sufficiently regular.

Proposition 1.39. Let X be a quasi-syntomic p-adic formal scheme over W.
(1) Let P be an object of Torsg(X™™) of type pu. Then the associated object (P ,p ) = Rx(P)
of Tors‘gp(% ) is also of type .
(2) Assume that X is either (a) Spf(R) for a perfectoid ring R or (b) a base formal scheme over
Spf(W). Then the forgetful functor induces an equivalence of categories
Ry: Tors’é(%syn) = Tors‘g’”(.’{ ).
Proof. For Claim (1), by the definitions of the type u conditions, we may assume that X = Spf(R)
for a qrsp ring R. We consider the following commutative diagram of categories

PP

Torsg(R™)

Tors;( r,Ir)
?'—)(f)*f}’j\[i iLatg
Torsg(R(Fily,)) e Torsg(R°(Fil},)),
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where the left vertical arrow is the natural pullback functor along the composition
R(Fil},) & R(Filg,,) = R — R,

Recall that P being of type u means that Latg(P ) is of type u, which, by the commutative
diagram, happens if and only if j*¢*Py is of type u. Now, by Lemma 1.37, this is equivalent to
¢*Px being of type p. On the other hand, P being of type p means that Py is of type p. As
scalar extension preserves the type u condition, Claim (1) follows.

To prove Claim (2), observe that as in Example 1.26 any object of Torsg’“ (X ) corresponds

to an object of 9—Vect‘p’hcf(.’£ ), and so, by Proposition 1.28 and its proof, we only have to show
that the converse of Claim (1) also holds under the assumption of Claim (2). We may now
assume that X = Spf(R) for a perfectoid ring R (in case (b), take a perfectoid cover as in [ITKY24,
Lemma 1.15]). Then the assertion follows since ¢ is now an isomorphism. (]

1.5. Relationship to the theory of displays. To utilize the works [[t023] and [Ito25], we
need to compare the notion of prismatic F-gauge with G-structure of type u to that of prismatic
G-F-gauge of type p introduced by Ito in [[to23, Definition 8.2.5]. We maintain the notation
from Notation 1.31 throughout.

1.5.1. Prismatic G-u-displays. Let R be a quasi-syntomic W-algebra. Following [[to23], for
an object (A,I) of R , and a generator d of I, we define the sheaf

Su(an: Spec(A)s — Grp, B {g € §(B) : p(d)gu(d)™" € §(B) C §(B[1/d))},
which does not depend on d. For d generating I, define an action of §,, (4 1) on G4 := G by

Sa xS — Gds (x,9) = g~ w(u(d)gu(d) ™).
For another generator d’ of I there exists a unique unit u of A with d = ud’ and the morphism
Sa — Ga given by sending = to x¢(pu(u)) is a G, (4 r)-equivariant isomorphism of sheaves. Thus,
S an = l&n S, is a sheaf of sets carrying a canonical action of §,, (4 1)

As in [[t023], a G-u-display on (A, I) is a pair (Q(AJ),O[Q(AJ>) where Q4 1y is a G, (4, )-torsor
and Qg , )¢ Q—9 (anisa§,n-equivariant map of sheaves. There is an evident notion of
morphism of §-u-displays on (4, I), and we denote by §-Disp,, (4, I) the category of prismatic
G-u-displays on (A, I). For a morphism (A, I) — (B, .J), where both I and J are principal, there
is an obvious pullback morphism §-Disp,(4,I) — §-Disp, (B, J) and Ito defines a prismatic
G-u-display on R to be an object (Q, ag) of the category

§-Disp, (R ) := 2;lim 9-Disp,, (4, 1),
which makes sense as every object (A, ) of R has a cover (A,I) — (B, J) where J is principal.

This definition extends, mutatis mutandis, to a quasi-syntomic formal scheme, and we denote

the resulting category by §-Disp,, (X ).

1.5.2. Relationship to prismatic 9-torsors with F-structure. We now show that G-u-
displays are precisely the prismatic G-torsors with F-structure bounded by p. More precisely, we
construct

§-Disp,,(4, (d)) = Tors;" (A, (d)),
functorial in an object (A4, (d)) of R .

We first construct an equivalence between the category of banal (see [[t023, §5.1|) G-p-displays
on (4, (d)) and the full-subcategory of Tors{*(A, (d)) consisting of those (A,p4) with A
trivializable. Let (G, (a,n,X: 9,4, = 9 ,a,n) be a banal §-u-display on (A, I). Choose a
generator d of I, and write X4 in §(A) for the d-component of X (1). Define Px 4 to be the
trivial G4-torsor and ¢g, , to be the composition

*Sapsa = Gap/g — Sapjag — Sapa
where the first map is left multiplication by Xy and the second map is left multiplication by

u(d). For another generator d’ of I with d = ud’ with u € A a unit, the left multiplication by
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p(u) defines an isomorphism (Px g, QDTX,d,) = (Pxa, ©py.d)- Define (Px, pp, ) to be the inverse
limit T&nd(ﬂjxvd, PPy 4) With transition maps given by p(u).

The pair (Px, 7, ) is then seen to be an object of Tors{™ (A, (d)) whose underlying G-torsor is
trivalizable. This defines a functor as for an element g of G, (4 (4)), we have an induced morphism
((d)gu(d)™Ya: Px.g — Px, which is functorial and preserves the Frobenius structures by
construction. This functor is clearly fully faithful.

Stackifying this association gives us a functor

§-Disp, (4, (d)) — Tors; " (A, (d)),
which is compatible in G and (A4, (d)). So, for a quasi-syntomic W-algebra R, we obtain a functor
9-Disp, (R ) — Tors{"(R ), (1.5.1)
functorial in § and R.

Proposition 1.40. The functor (1.5.1) defines an equivalence of categories
§-Disp,(R ) = Tors{"(R )
functorial in G and R.

Proof. As we have already observed, this functor is fully faithful, it remains to show that it is
essentially surjective. As both the source and target are stacks on X | this fully faithfulness
allows us to reduce ourselves to showing that the functor is essentially surjective on banal objects
over some (4, (d)). Let (P,¢p) be an object of Tors;" (A, (d)) with P trivializable. Then by
definition, @9 is defined by Y pu(d)X for some X and Y in §(A). But left multiplication by Y
then defines an isomorphism Pyy(yy 4 — P in Tors;" (A, (d)), from where the claim follows. [J

1.5.3. G-F-gauges of type p. Asin [[t023, §4.1], set Ag to be the ring O(Gy ) and denote by
Ag = @,z Ag,i the weight decomposition with respect to the p-conjugation p(z)gu(z)~*.** As G
is defined over Z,, there is a natural identification ¢*Ag = Ag, and so we obtain a decomposition
_ (—1)
45 =D Agi s
1€Z
where, by definition, Aé;l) is the base change of Ag; along dTL W = WL
For a qrsp ring R, set
Gun(R) = {g €9( r):9": Ag — g satisfies g*(Aéfl.l)) - Filﬁ;g rforallie Z} :
For a generator d of Ir C g, let G( R)x,q denote the group §( g) with the right G, »(R)-action
given by X - g := g7 X0, xa(g), where 0,,.a(g) := pu(d)¢(g)p(d)~!. We define G( g)x to be
the inverse limit l£n y S( R)w.d, where d runs over the set of generators of I, and when d = ud’
for a unit u € g the transition map §( gr)xa — G( Rr)qa is given by X — Xpu(u).
Let X be a quasi-syntomic p-adic formal scheme. By [It023, Lemma 8.2.4], the groups G, ~(R)
form a sheaf of groups G, » on Xqsp together with an action on the sheaf of sets §  defined via
the association R — G( g)x.

Definition 1.41 (|Ito23, Definition 8.2.5]). Let X be a quasi-syntomic p-adic formal scheme.
A prismatic G-F-gauge of type p on X is a pair (2, ag) consisting of a G, x-torsor 2 on Xqrsp
and a G, y-equivariant map of sheaves ag: £ — G .

Prismatic G-F-gauges of type p form a groupoid 9-F—Gaugeﬂ(3€). There is a natural functor
R 9-F-Gauge,(X) — §-Disp,,(X),
(see [Ito23, Proposition 8.2.11]).

13We take the opposite convention from [[to23]: the weight decomposition in loc. cit. is taken with respect to
the inverse p-conjugation. We do so as the variable ¢ is declared to have degree —1 in [[t023, Definition 8.1.1].
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Remark 1.42. There exists a canonical isomorphism

[Spec (@ Ag7i> /G

i€z

) Aut(P,)

of group stacks over BG,, 1. In fact, the action of G,, v on Gy by p-conjugation is identified
with the natural action of G,, - on the group scheme Aut(iP“]Spf(W)). In particular, for a qrsp
ring R, we have a canonical identification

G (R) 5 Aut(P,,1))(RY) = Mappe, , (R, Aut(P, ),

where R is regarded as a stack over BG,, w by the Rees structure map ¢: RN — BG,, .

1.5.4. Comparison to G-torsors on the syntomification. We aim to prove the following.

Proposition 1.43. Let X be a quasi-syntomic p-adic formal scheme. Then, there exists an
equivalence of categories

Torsg (X™") = §-F-Gauge,, (%),
2-bi-functorial in X and G.

To construct this equivalence we give a different notion of prismatic §-F-gauge of type u (see
Definition 1.46) and show it is equivalent to that in [[t023] (see Proposition 1.47).

To this end, for each qrsp ring R we let Lr denote the invertible g-module that corresponds
to O {1}V via the canonical isomorphism R =~ Spf( g) from Proposition 1.17, which comes
with a canonical isomorphism ¢*Lp — Ip ® n Lg.

Consider the perfectoid ring O := Z,(up~). Then L := Lo is generated by [¢] — 1, where €
in O is as in [IKY24, Notation 1.1]. Then, for a qrsp ring R that admits a map from O, the
expression g[l/L] makes sense.

Definition 1.44. For a qrsp O-algebra R, we define the following groups:
o (B) = {g € S Rl/)) : g (AGY) S Fil, L'}
5, (B) = {g€5( rl/)): g"(A5") C L'},
S (R):={g€5( rlYr)):g"(Ag:) C L'}
Lemma 1.45. There is a canonical commutative diagram
Aut(77P, ) <—— Aut(Pp ) —2> Aut(o* P, )
- - -

Sy, (B) =——— G, x(R) Sy, (R).

Proof. We first note that, by Remark 1.42, the group Aut(P, ) is canonically identified with

the group Mappg,, ,,, (R¥{1}, Spec(D;c7 Aé;l))), where R™{1} denotes the stack R™ with the
BG,,, w-structure R — BG,, w given by the line bundle Oy{1} (with the canonical W-structure).
This structure map corresponds to the G,,-torsor Spec(ED;c, Fili;g-L") over R(Filyy,) via
Convention 1.30 together with Proposition 1.5. Thus, this group is identified with the group of

. . —4 ; -1 .
Gy-equivariant W-maps Spec(;.» FllN;g L") — Spec(P;cz Aé,i ))714 i.e., the group of graded

MAg RY is identified with the completed Rees stack ﬁ(Fill'\Tyg), the group G{u}(R”) is, a priori, identified with
the group of compatible systems of G,, equivariant maps Spec(@ieZ(Fﬂi;g LY/ (p, D) — Spec(P; e Aé;,l)).
But, since each Filg;g .L* is complete (see Lemma 1.12), giving such a system is equivalent to giving a G-

equivariant map as claimed.
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W-algebra homomorphisms ,., A(gfil) — @iez(Filﬁég -L"), which is identified with the group

L,N(R). The other isomorphisms are obtained similarly. (]

We now consider the sheaf of sets A on Rgsp defined by the association
R — Isom((a*‘P#,NﬂR, , (T*?“7N>’R, ).

It admits a natural right action of Gj,  defined by the rule X’-¢" := ¢’ 1 X'¢(g') where ¢’ belongs
to G, x(R) and X" is in A(R).

Definition 1.46. Let R be a qrsp ring. By a choice-free prismatic G-F-gauge on R of type p
we mean a pair 2 = (£, ag) consisting of a §), \-torsor 2 on Ry, and a G, \-equivariant
map of sheaves ag: 2 — A.

Set G-F —GaugeL(R) to be the groupoid of choice-free prismatic §-F-gauges on R of type pu.
In the following we let 1/ denote the twist p(=1).

Proposition 1.47. Let R be a qrsp O-algebra and choose a generator w in L. Let d, denote the
element ¢(m)/m in  g.

(1) The following diagram commutes

O—NyNwdw

S( r) == Gux(R) ——=5( &)
i () -conj. i w (m)-conj. lu(w) -conj.
/ / ¢ "
5, (R)~— G,n(R) =9 (R).

where 0y, .4, 5 the map from §1.5.5.
(2) The choice of m induces an isomorphism of categories

G-F-Gauge(R) = G-F-Gauge'(R).

Proof. Claim (1) follows from the definition of the weight decomposition. Indeed, the natural
map g/ (m)gp/ () ~t: Ag — [1/L] sends a in A(g,_il) to w'g*(a).

To see Claim (2), we identify §( g)x := @dS( Rr)n.d with A(R) as follows. We have the
canonical projection §( r)x — S( )n.d,, so it suffices to identify G( g)a, with A(R). Let
0a.: G R)na. = S( r) — A(R) be the map sending an element X of §( g) to the isomorphism
X" 0*Pyn — 7P, defined as composite

7'(71' . ;7r- %
P = (0 {1) LD 0 )= X g =0 ) ETh 100 (1)) = 7P

By Claim (1), this bijection is equivariant for the action of G, (R) on the left-hand side and that
of G}, v(R) on the right-hand side via the identification G},  (R) = Gux(R) from Claim (1). O

Proof of Proposition 1.43. By Proposition 1.47 and quasi-syntomic descent, it suffices to construct
an equivalence Torsg (R) = G-F —GaugeL(R) for qrsp rings R in a functorial way.

Suppose first that P is an object of Torsg (R™™) presented via an isomorphism pg: 0*Py —
7*Py for Py a G-torsor on RY. Say that P is banal if Py is isomorphic to P, . Suppose P
is banal and choose an isomorphism 6: P, — Py. Consider the element X in A(R) that
defines pp via . We then define a choice-free prismatic §-F-gauge 2 = (<2, ag) of type p as
follows. Define 2 to be the trivial §j, \-torsor on Ryysp. Further define a §j, \-equivariant map
ag: 2=0G), — A by sending 1 to X. By the definition of the action of G, \(R) on A(R), the
object (2, ag) is independent of the choice of § in the sense that, if we pick another isomorphism
¢': P, = Py and o, denotes the similarly defined map, then ¢’ 160, viewed as an element of

. x(R) via Lemma 1.45, gives an isomorphism (2, ag) = (2, ). One may check this defines
an equivalence Torsg (R panal — G-F —GaugeL(R)banal. This equivalence is 2-functorial in R,

and so we obtain the desired equivalence passing to the quasi-syntomic stackifications. O
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1.5.5. Summary of equivalences. We summarize the above results as follows.

Proposition 1.48. Let X be a quasi-syntomic p-adic formal scheme.

(1) There exists a commutative diagram of categories
Torsg (X™") —=— §-F-Gauge,,(X)
lR;isp (1.5.2)

§M(X ) —35— 9-Disp,(X)

Tors o

2-bi-functorial in G and X, where the horizontal arrows are equivalences and the vertical
arrows are fully faithful.

(2) Assume further that X is either, (a) Spf(R) for a perfectoid ring R or, (b) a base formal
W -scheme. Then the vertical arrows in (1.5.2) are equivalences.

Proof. The only remaining part which is potentially unclear is the 2-commutativity of (1.5.2). It
suffices to work with objects P = (Py, pp) over X = Spf(R) with R a qrsp ring admitting a map
from O = Z,(pp~) and which are banal, i.e., there exists an isomorphism P, = Py. Choose
such an isomorphism 6: P, =5 P, and let Xy denote the element of Isom(c* Py, », 7P px)
that defines @9 via 6. Then the Frobenius structure of the associated prismatic G-torsor with
F-structure is, via 6 given by the composition

can.

* % X *
O T P [lf1] == 0" Pun[/1] =5 TP [1/1].
Choose a generator 7 of the ideal Lr and set d := ¢(m)/m. Then, via the identification

g, =m(0)

the above composition is identified with the composition

(0 {1}) = 7" Pu,

6" S[/1) =~ Sy 4 gy 24 gy,

where X7 := p/(m) ' Xgu(m).

On the other hand, the associated object (2, a2) in §-F-Gauge,,(R) is canonically isomorphic
to (Gun — G( r) : 1 = X7), and hence the associated object of §-Disp,(R) is given by
(Su, = 9( r): 1= ¢(X])), whose associated prismatic G-torsor is canonically isomorphic to
(§ ,<p) where ¢ corresponds to left multiplication by p(d;)¢(X[). Left multiplication by X
on 9 gives the desired commutativity isomorphism. O

2. PRISMATIC REALIZATION FUNCTORS ON SHIMURA VARIETIES OF ABELIAN
TYPE

In this section we construct an object wg», of 9—Vect“0((5/”;p) ), called the prismatic realization
functor, where #kp is the integral canonical model of a Shimura variety of abelian type, and
show it can be upgraded to a syntomic realization functor wkp syn in G-Vect((Fkr)™™).

2.1. Notation and basic definitions. Throughout this section, we fix the following.

Notation 2.1. Define the following notation:

o G is a reductive group over Q,
o Z denotes the center Z(G) of G,
¢ S := Resc/r G c is the Deligne torus,
(G,X) is a Shimura datum (see [Mil05, Definition 5.5]),
o E = E(G,X) C C denotes the reflex field of (G, X) (see [Mil05, Definition 12.2|),
o K C G(Ay) is a (variable) neat (cf. [Mil05, p. 288|) compact open subgroup.
25
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As in [Del79] (cf. [Mo0098]), associated to this data is the (canonical model of the) Shimura
variety Shy (G, X), which is a smooth and quasi-projective E-scheme. For K and K’ of G(Ay),
and g in G(Ay) such that g7'Kg C K’, denote by tk k/(g) the unique finite étale morphism of
E-schemes Shk (G, X) — Shk/ (G, X) given on C-points by

tkk (9) (G(Q)(z,¢)K) = G(Q)(z, ¢ g9)K'.

We shorten ty k/(id) to 7k and tk ,-1k4(9) to [g]x. The morphisms 7k k/ form a projective
system {Shk (G, X)} with finite étale transition maps, and the morphisms [g]x endow

Sh(G, X)) = lim Shy (G, X)
K

(cf. [SP, Tag 01YX]) with a continuous action of G(Ay) (in the sense of [Del79, 2.7.1]).
We shall often fix the following additional data/notation/assumptions:
¢ p is a rational prime and p a prime of E lying over p,
¢ E is the completion E,, Op its ring of integers, and k its residue field,
¢ G := Gq,, and § is a parahoric model of G over Z,,,
o Ko € G(Qp) the parahoric subgroup given by 9(Z,),
o KP C G(A?) a neat compact open subgroup.

The triple (G, X, 9) is a parahoric Shimura datum, and is an unramified Shimura datum if G
is reductive. For an unramified Shimura datum, the extension E/Q, is unramified (see [Mil94,
Corollary 4.7]) and we identify O with W = W (k). Moreover, G is quasi-split and split over E.
We shorten Shk (G, X)g (resp. Sh(G, X)g) to Shk (resp. Sh).

Let (G,X,§) be a parahoric Shimura datum. Associated to X is a unique conjugacy class
of coharacters G, c — Gg¢ (see [Mil05, p. 344|) whose field of definition is E. Using [Kot84,
Lemma 1.1.3| this corresponds to a unique conjugacy class p;, of cocharacters Gm,E — Gz which
one checks has field of definition E. If (G, X, §G) is unramified then one may use loc. cit. to show
the existence of a unique conjugacy class j of cocharacters Gm,Zp — 92p modeling py,.

We often denote other Shimura data with numerical subscripts (e.g. (G1,X1)) and use the
same numerical subscripts to denote the objects defined above (or below) for this Shimura datum
(e.g. Shy, ke or G1). A morphism of Shimura data a: (G1,X1) = (G, X) is a morphism of group
Q-schemes a: G; — G such that ar(X1) C X, and is an embedding if v is a closed embedding. By
[Del79, §5], for a morphism « one has E C E; and there is a morphism Sh(G1,X;) — Sh(G, X)g,
of Ei-schemes equivariant for a: Gi(Af) — G(Ay) and such that if a(K;) C K then the induced
map ok, k: Shk, (G, X) = Shx(G, X)g, is given by

ak, Kk (G1(Q) (7, 91)K1) = G(Q)(aro 2, a(g1))K

on C-points. If the induced map «: G"fer — G is an isogeny, then each ok, k is finite étale, as
can be checked on connected components (cf. [Shel7, p. 6620]).

By a morphism a: (G1,X1,51) — (G, X, 9) of parahoric Shimura data we mean a morphism
a: (G1,X1) = (G,X) of Shimura data together with a specified model §; — G of G1 — G,
which we also denote . We say that « is an embedding if §; — G is a closed embedding.

2.2. Integral canonical models. We consider the following objects:

¢ a symplectic space Ag over Z, o set Ao := Ao ®z,) Zp,
o set Vg 1= Ay ®zQ, o set Vg 1= Vo ®q Qp = Ao[V/p].

We then have the Siegel Shimura datum (GSp(Vo), h*) (see [Mil05, §6]) with reflex field Q. For
a neat compact open subgroup L C GSp(V()(Ay) there is an identification of Sh (GSp(Vy), h*)
with Mumford’s moduli space of principally polarized abelian schemes with level L-structure (see
[Del71, §4]). Set Lo = GSp(Ag). Then, Shy,1» admits a smooth model .#»(Ag) over Z,, with a
similar moduli description (see loc. cit.).

Recall that (G, X) is of Hodge type if there exists an embedding (called a Hodge embedding)
(G, X) < (GSp(Vy), bT) for some symplectic space Vg over Q, and of abelian type if there exists
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(G1,X1) of Hodge type and an isogeny G‘lier — G9°r inducing an isomorphism of adjoint Shimura,

data (G4, X3d) — (G2, X2d). As in [Lov17b, 2.5.14] (cf. the proof of [Kis10, Corollary 3.4.14]),

if (G,X,§) is an unramified Shimura datum of abelian type then (G1,X1,G1) may be further

chosen so that G‘fer — G9er admits a central isogeny model Siler — Gder - For such well-chosen

data, we say that (G1,Xy) (resp. (G1,X1,51)) is adapted to (G,X) (resp. (G, X, 9)).
Suppose now that (G, X, §) is an unramified Shimura datum of abelian type. Set

ShKo = @ShKOKP — Sh/Ko,
Kp

which is a scheme with a continuous action of G(A?). In |Kis10], there is constructed an Og-
scheme . = Yk, with a continuous action of G(A’;) whose generic fiber recovers Shi, with
its G(A‘?)-action. For a neat compact open subgroup KP C G(A?) write ke = % /KP, and
for neat compact open subgroups K? and K of G(N;p), and an element g of G(A];) such that
(g?)"'KPgP C K'P denote by o kv (g”) the induced map Sk» — Fy/p, subject to the same
notational shortenings as in the generic fiber case. Then, . is a so-called integral canonical
model: the Op-schemes .#k» are smooth (and quasi-projective), the maps to kv (gP) are finite

étale, and for any regular and formally smooth Og-scheme 2~ any morphism %, — Shg, of
E-schemes lifts uniquely to a morphism of Og-schemes 2~ — . (the extension property).

Example 2.2. When (G, X) = (GSp(Vy),h*), and Lo = GSp(Ag), then the integral canonical
model is precisely the system {.#»(Ag)} (cf. [M0098, Corollary 3.8]).

If a: (G1,X1,91) — (G,X,9) is a morphism of unramified Shimura data of abelian type,
then the morphism Shg,, — (Shk,)g, has a unique model /1 — y@El equivariant for the map

G1(A}) = G(A}) . If a(K]) C KP we denote by ayr kp the induced morphism Fr — (Fkr)o, -
Lemma 2.3. If a: 9(11er — Gder s o central isogeny, then each Qe K 1s finite étale.

Proof. 1t suffices to show the maps szl,(giier, X)) = Fir (G4, X) (with notation as in [Kis10,
(3.4.9)]) are finite étale. Let (Ga, X2, §2) be an unramified Shimura datum of Hodge type adapted
to (G1,X1,51) and thus to (G, X, 9) and fix a sufficiently small neat compact open subgroup
KE. As the map VKzln(S‘fer, X)) = Fir(Gder, X 1) fits into a commutative triangle with maps
of the form YKg(Sder, X3) — YKzf(Siler, X7) and YKg(Sger, X3) — Fke (G4, XT) it suffices to
show these maps are finite étale. But, this follows from [Lov17b, 2.5.14] as the group AY is finite
and acts freely by [Lov17b, Proposition 2.5.9 and Lemma 2.5.10]. O

For an unramified Shimura datum (G, X, §) of Hodge type, an integral Hodge embedding is
an embedding ¢: (G,X,G) < (GSp(Vy),h*,GSp(Ag)). By [Kim18b, 3.3.1], such an integral
Hodge embedding always exists. As each .#|»(Ag) is a fine moduli space of principally polarized
abelian varieties it has a universal abelian scheme » compatible in LP. If ((KP) C LP,
(suppressmg ¢ from the notation) denote by @r — .#kr the pullback of 4 » along LKp Lp- Denote

by JZpr — pr its p-adic completion (equiv. the pullback of @/, along pr — Zkr), and by
Akr — Shk,kr the generic fiber of @k — Fko.
We finally observe that the connected components of . are homogeneous in a suitable sense.

Lemma 2.4 (cf. [Kisl0, Lemma 2.2.5]). The action of G(A]}) on mo(Fo,,) is transitive.

2.3. Etale realization functors. Following [KSZ21, Definition 1.5.4], for a multiplicative Q-
group T denote by T, the largest Q-anisotropic subtorus of T, and by T,. the smallest subtorus
of T, whose base change to R contains the maximal split subtorus of (T,)r. For a reductive
Q-group G denote by G¢ the Q-group G/Z,., and by G¢ the group G6p~

Fix a parahoric Shimura datum (G, X, §G). There is a canonical map of Bruhat-Tits buildings
B(G,F) — B(G°, F). Let x denote a point of B(G, F') corresponding to G, and x¢ its image in
B(G¢, F) (see |[KP18, §1.1-1.2] and the references therein). Set §¢ to be the parahoric group
scheme associated to z¢ (denoted by GS. in [KP18, §1.2]). By [KP18, Proposition 1.1.4], G is a
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central extension of G¢, and so one is reductive if and only if the other is.'® Denote by pf the
conjugacy class of cocharacters of G¢ induced by py,, and if (G, X, §) is unramified let § be
conjugacy class of cocharacters of 962 induced by .

P

Lemma 2.5. A morphism a: (G1,X1) = (G,X) (resp. a: (G1,X1,51) = (G, X,9)) of
Shimura data (resp. parahoric Shimura data) induces a morphism G§ — G¢ (resp. §§ — G¢).

Proof. The claim concerning Shimura data would follow from &(Zj ac) € Z,.. To show this, it
suffices to show that if S = (& (Zac) N Z1.ac)°, then Sg contains the split component of (Z »)r.
Suppose not and that R* C (Z; ,)(R) is not contained in S(R). If a(R*) is not contained in Zg
then we arrive at a contradiction as in the proof of [Lov17b, Lemma 3.1.3]. As R* C (Z;,)(R)
this then implies that a(R*) C Zac(R) which is again a contradiction. The claim concerning
parahoric Shimura data then follows by applying [KP18, Proposition 1.1.4]. U

Remark 2.6. If (G, X) is of Hodge type, then G is equal to G¢. Indeed, this can be checked
explicitly for Siegel datum, and follows by functoriality for arbitrary (G, X). Shimura data of
abelian type need not enjoy this equality in general.

For a Shimura datum (G, X), and a neat compact open K = K,KP C G(AZ}), the map

T&l ShK;Kp — Shg

K}, CKp
is a Ky/Z(Q)-torsor on (Shk,kr)proet, Where Z(Q)y is the closure of Z(Q) NK in K (see [KSZ21,
§1.5.8]). If K denotes the image of K}, in G°(Qy), loc. cit. shows that K, — K factorizes
through K),/Z(Q) . Denote by Tk the K-torsor obtained by pushing forward @ Shk ke
along K,/Z(Q)x — Kj. We obtain an object vk ¢ of G*Locg,(Shk,k») given by sending
p: G¢ — GL(V) to the pushforward of Tk along p: K — GL(V). Fix g in G(Ay), and suppose

g 'Kg C K. If g = gpg*, and Int(gy) is the inner automorphism of G associated to the image
gy of gp in G¢(Qp), then

tK,K’ <9>*(VK’,ét(P))) = vke(po Int((gf,)*l)). (2.3.1)

We call the system vy := {vk,kp et} the (rational p-adic) étale realization functor on Shy,.
Let a: (G1,X;1) — (G, X) be a morphism of Shimura data. If a(K;) C K one obtains a
morphism Tk, — Tk X(sny) B Shk, equivariant for a“: K, — K and, thus an isomorphism of

/
K}, CKp

K7-torsors al(Tk,) = Tk x (Shi) iy Shk,. This is compatible in K in the obvious way. Equivalently,
for p in Repq, (G°) there is an identification

o, k (ke (P)E) = vy ee(p o ), (2.3.2)

compatible in Kj, K, and £ in the obvious sense.

For a parahoric Shimura datum (G, X, 9), and K = KoK? (recall Ky = §(Z,)), there are
analogous integral objects. Again by [KSZ21, §1.5.8|, Z(Q)k C Z..(Q) and so Ko — §%(Z,)
factorizes through Ko/Z(Q).

Denote by Skr the push forward of I'&HKPCKO Shy ke along Ko/Z(Q), — 5°(Zp). From the

contents of [IKY24, §2.1.1], we obtain an associated object of G°-Locz,(Shk,kr):
WKp 6t : Repzp(gc) — Locz, (Shk,ke)-

Fix g = gpg” in KOG(AP) and suppose (g?) " KPgP C K'P. If Int(gy) is the inner automorphism
of §¢ associated to the image gy of g, in §9(Z;), then
(

£))) = wire(€ o Int((g5) ). (2.3.3)

tKPKO,K'PKo( )" (Wert

L5For the reader less familiar with Bruhat-Tits theory, [KP18, Proposition 1.1.4] shows that when § is reductive,
= §/Z, where Z is the Zariski closure of (Z)q,
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We call the system {wkr ¢} the (integral) étale realization functor on Shg,. That this is an
integral model of vk kr ¢ is made precise by the observation that

wkr et [1/p] = VKokr et (2.3.4)

compatibly in a neat compact open subgroup KP C G(A’}).

Let a: (G1,X1,91) — (G, X, 9) be a morphism of parahoric Shimura data. If a(K}) C K one
obtains a morphism S,z — Skr X (Shigkp) i, SDKo K equivariant for o 94(Z,) = 9°(Z,) and,
thus an isomorphism of §¢(Zp)-torsors ag(Sk1) — Sk X

S ShKo,lK’f' This is compatible

in K? in the obvious way. Equivalently, for £ in RepZP(SC) there is an identification

ayr ke (Wkr 6t (§) ) = wip 6t (€ 0 %), (2.3.5)
compatible in K}, KP, and ¢ in the obvious sense.
Proposition 2.7. The §°(Z,)-local system wkp ¢ belongs to SC-LocCZIS,Nz(ShKOKp).

Proof. That wkpr ¢ is de Rham follows from [LZ17, Corollary 4.9] and the claim about cocharacters
is reduced to the case of special points which follows from [LZ17, Lemma 4.8|. O

Let (G,X,9) be an unramified Shimura datum of Hodge type, and fix an integral Hodge
embedding ¢: (G, X, §G) < (GSp(Vy), b, GSp(Ag)). By [IKY24, Theorem A.14] there is a tensor
package (Ag, To) with § = Fix(Ty) (in the sense of loc. cit.). As in [Kim18b, §3.1.2], one may
construct from Ty ® 1 C VO® tensors ’]T(é)fp on iHép (Akp /Shkyke)" as an object of Locg, (Shi k),
which are compatible in KP.

Proposition 2.8. There is an isomorphism of Z,,-local systems wir ¢ (Ao) = J-C%p(AKp/ShKOKp)V
carrying wkr ¢ (To) @ 1 in wke ¢ (Ao)[Y/p] to T(éfp in j{ép(AKp/ShKOKp)V.

Proof. First suppose that (G, X, §) = (GSp(Vy), b, GSp(Ag)) and ¢ is the identity embedding.
Then, by the moduli description of Shk,kr» one observes that there is an identification

Sk = Isom ( (Ao €7, Zp, to), (Ty(Ake), 1))

where t( is the tensor as in [Kim18a, Example 2.1.6], and ¢ is the analogous tensor built from the
WEeil pairing coming from the principal polarization on Akr. We deduce a natural identification
between wkpr ¢t(Ao) and J-C%p (Akr/Shkykr)Y. The desired isomorphism for general (G,X,9)
comes from the compatability in (2.3.5). To prove that the induced isomorphism of Q,-local
systems takes wkr t(To) ® 1 to TE | we observe that these constructions admit globalizations

0,p
over E in the obvious way, in which case it suffices to check the claim on C-points. But, this

then follows from [Mil05, Theorem 7.4]. O

As a result of Proposition 2.8, we see that ’]T(é)fp actually lies in the image of the injective map
J’C%p (Akr/Shgykr)Y — J—Cép (Akr/Shg,kr)Y. We deduce from the contents of [[KY24, §2.1.1] that
wkr ¢ 1s the object of 9—Loczp(ShK0Kp) associated to the torsor

Isom ((AD ©2, Zy, To ® 1), (K} (Axr /Shiorr)”s Tg‘;p)) ,

which thus is independent of any choices. Similar claims may be verified for vk ¢.
We end this section by describing a method, applying ideas from |[Lov17b, §4.6-4.7|, which
will allow us to reduce statements about Shimura data of abelian type to those of Hodge type.

Lemma 2.9. Let (G,X,9) be an unramified Shimura datum of abelian type, and (G1,X1,91)
an adapted unramified Shimura datum of Hodge type. Then, there exists an unramified Shimura
datum (T, {h},T) of special type and an unramified Shimura datum (G, X2, G2) of abelian type,
both with reflex field Eq1, such that
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(1) there exists a morphism of unramified Shimura data
a=(a',0?): (G2,X2,92) = (G1 x T, Xy x {h},G1 x T)

such that a: G5 — G1 x T¢ is a closed embedding,
(2) there exists a morphism of unramified Shimura data : (Ga,X2,92) — (G, X, 9) such
that Bk kv Sz — (Fke)og, is finite étale.

Proof. Choose a connected component Xf of X7 and an element hg of Xi’. Let (Gg,X2,92) be
the unramifed Shimura datum of abelian type obtained by applying the construction in [Lov17b,
§4.6] to (G1,X1,91) and the choice of X, and set

(T, {h},T) = <ResE1 /@ Gmgy. {hi}, (Resog, /2 G, ) > ,
D

with hg as in [Lov17b, 4.6.4]. The map « is then constructed from the natural inclusion of
Gy, =Gy X gab T into G x T. To prove that o€ is a closed embedding, observe that as (G, X1)
is of Hodge type that (Z1)ac is trivial, and as Z; — G#" is an isogeny that (G§P),. is also trivial.
From this we deduce that Z§ = T,. and so the claim follows. The map f is constructed as in
[Lov17b, §4.7.2|, the second claim follows from Lemma 2.3. U

2.4. Prismatic and syntomic realization functors. For an unramified Shimura datum
(G,X,9) of abelian type, and a neat compact open subgroup KP C G(A?), we associate the

smooth p-adic formal scheme 5/4;% and the open embedding
SKp = (97(1))77 Q S ?Izla,

with quasi-compact source, which is an isomorphism when #k» — Spec(Opg) is proper (see
[Hub94, Remark 4.6 (iv)]). The morphisms t,, «/»(¢7) induce morphisms on the adic spaces Sk»
compatible with those maps on the Shis, and we use similar notational shortenings for them.
We may also consider the functors

WKP an - Repzp(SC) — LOCZp (SKp), A pr7ét(A)an|5Kp,

which enjoy the same compatabilities for varying level structure and morphisms of unramified
Shimura varieties as the G°-local systems wkp ¢t

Prismatic realization functors. By a prismatic (F'-crystal) realization functor at level KP| we
mean an exact Zy-linear ®-functor (unique up to unique isomorphism, as Ty is fully faithful)

wkr, : Repz, (5°) — Vect‘P((:;’;p) )

together with jkr: T 0 wke, = wKp an- If the isomorphisms jkr are chosen compatibly in K?,
we call the collection {(wkr, ,Jkr)} a prismatic (F-crystal) canonical model of {wkp an}, Which is
unique up to unique isomorphism. We often omit the data of jkr from the notation.

Fix prismatic canonical models {wkr, } and {wyr  } for unramified Shimura data (G, X, §)
and (G, X1, G1) respectively. If a: (G1,X1,51) — (G, X, 9) is a morphism, then for any ¢ in
Repz,(5¢), and neat compact open subgroups K? C G(A%}) and K} C Go(A%) with a(KY) C K?,
one has canonical, compatible in K, K| and &, identifications

a*KiKP (wke, (§o,) =we, (o). (2.4.1)
This follows by appropriately applying Tézl and the isomorphisms jkr and Jkp to (2.3.5).
Theorem 2.10. Suppose that (G,X,SG) is an unramified Shimura datum of abelian type. Then,

for any KP, the functor wkr an takes values in Locz;gr(SKp). In particular, the collection

Tyt o wie an =: Wk, Repz, (5°) — Vect?((“kr) )
forms a prismatic canonical model of {wkp an}-
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Remark 2.11. If (G, X, 9) is of special type this theorem was (implicitly) obtained by Daniels
in [Dan22|, and his construction agrees with ours by the unicity of canonical prismatic models.

We first prove a refined version of this theorem when (G, X, §) is of Hodge type using [IKY24,
Theorem 2.28|. Choose an integral Hodge embedding ¢: (G, X, §) — (GSp(Vy), h*, GSp(Ao))
and write Akr — Skr for the generic fiber of whkr — Fkr. Define

0 = (T6) " s € (32, (Are /Skr) )%
By Proposition 2.8, we have a canonical identification
(ke an (o), kv an (T0)) = (Hz, (Ake /Ske)”, T,).

Combining [ALB23, Corollary 4.64] and [GR24, Theorem 1.10 (i), we deduce that 33 (Ak»/Sk»)"
has prismatically good reduction with a canonical identification

Tézl(j'fép(AKp/SKp)v) =3t (o | -Sr)",
compatible in KP. Applying Tézl to T§, gives rise to a set T, of tensors on the object

H! (JZZZP / j;p)v of Vectso((ﬁ/”EP) ). The following is a consequence of [I[KY24, Theorem 2.28],
and immediately implies Theorem 2.10 for (G, X, G) of Hodge type by [IKY24, Proposition 1.28|.

Theorem 2.12. Suppose that (G,X,9) is an unramified Shimura datum of Hodge type. Then,
som ((Ao &z, 0, To & 1), (3" (shor/ Fr), Ty )

s a prismatic G-torsor with F'-structure on (5/’1;;7) , compatible in KP.

To reduce from the abelian type case to the Hodge type case, we require a simple lemma
concerning prismatically good reduction local systems. We use the notation from §1.

Lemma 2.13. Suppose that X2 — X is a finite étale cover where X1 — Spf(Og) is smooth.
Then, an object Ly of Locz,(X1) has prismatically good reduction if and only if Ly := Li|x, does.

Proof. 1t suffices to prove the if condition. We may assume that X; = Spf(R;) where R; are
(framed) small Og-algebras. That L; is crystalline is clear. Let (V', py:) denote the object
Tgil(LZ-) of Vect®™¥((%X;) ). Then, by the flatness of X9 — X1, we have that

. 1 S 2
(e, (BN V(6n, (£) ©6r, O = (&, (£)<Vien, ()

The right-hand side is a vector bundle by [IKY24, Proposition 1.26] and thus so is the sheaf
(j(GRlz(E)))*’V%GR (B))- Thus, L has prismatically good reduction again by loc. cit. O
1

Proof of Theorem 2.10. We freely use notation from Lemma 2.9. We first prove the claim for
(G2, X2, G2). Choosing a faithful representation & = & ® & of G; x T¢, where & (resp. &) is a
faithful representation of G (resp. J¢), we obtain the faithful representation &3 := &} o a© of G5.
Choosing neat compact open subgroups K} C G1(A%) and K’ C T(A%) such that a(K5) C K x Ky,
we see from (2.3.5) that

ng,an(§2) = (0‘|1(12’K0’2,K11’K0,1)*(WKf,an(fl)) ®Zi (OZQKIQ’KOQ,KfKO,t)*(wa7an(§t))'

But, wkr an(§1) has prismatically good reduction by Theorem 2.12. Moreover, as ,5/”:(? is of
the form J[Spf(Ogr), for connected finite étale Op-algebras Ops (e.g. see [DY24, Proposition
3.22)), wavan(gt) has prismatically good reduction by [GR24, Proposition 3.7|. Thus, as having
prismatically good reduction is preserved by pullbacks and tensor products, the claim follows
from [IKY?24, Corollary 2.30].

Now, to prove the claim for (G, X, §) it suffices to prove that for each compact open subgroup
K? and each connected component € of .#kr that wkr an(& )|</7n has prismatically good reduction.

By Lemma 2.4 and Equation (2.3.3), we may assume that there exists some neat compact open
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subgroup K§ C G(A%) such that S(K5) C KP and € lies in the image of Syp k. As Bo kp i
finite étale the claim follows from (2.3.5) and Lemma 2.13. O

Syntomic realization functor. We now discuss the existence of an upgrade of wk», to a
syntomic realization functor. By a syntomic realization functor at level KP, we mean an object
WK syn Of 96—Vect((§/”;p)syn) (which is unique up to unique isomorphism, as R Gy 1 fully faithful)
with jkp: Rj,}p O WKP syn = wke, . Such jk» are unique if they exist, and so we often omit them
from the notation. The collection {wkr syn} is called a syntomic canonical model of {wkp an}
By Proposition 1.28 to show such wkp gyn exist it suffices to show that wk», takes values in

Vect“"’lﬁ((ﬁ/”;p) ). This is true (see Corollary 3.7) but we delay its proof until §3.2.

Theorem 2.14. Suppose that (G,X,SG) is an unramified Shimura datum of abelian type. Then,

for any KP, the functor wke, s of type —puj, and so takes values in Vect@’lﬁ((%p) ). In
particular, the collection

R owkr =: wke syn: Repz (59 — Vect((f”kp)syn)
pr bl ) D
forms a syntomic canonical model of {wkp an}

2.5. Potentially crystalline loci and comparison of stratifications. Let K be a complete
discrete valuation field with perfect residue field, and let X be a quasi-separated adic space locally
of finite type over K, and ¥ be either Z, or Q,. For an object L of Locy(X) we call a point z of
|X | (potentially) crystalline for L if L, is a (potentially) crystalline representation of Ch(a)-

There exists at most one quasi-compact open subset U C X such that |U| is the set of
potentially crystalline points of L (cf. [Hub93, Corollary 4.3]). In this case we call U the
potentially crystalline locus of L. For a K-scheme S locally of finite type, and an object L of
Locy(5), if we speak of the potentially crystalline locus of L we mean the potentially crystalline
locus of L*". These definitions apply equal well for G-objects (or G-objects) w in these categories. '

Observe that potentially crystalline points satisfy pullback stability: for a map f: X' — X, a
classical point 2’ of X’ is potentially crystalline for f*(L) if and only if z = f(2') is a potentially
crystalline point for L. If k(z2')/k(x) is unramified (e.g. f = f, for a finite étale model f: X’ — X),
one may replace ‘potentially crystalline’ by ‘crystalline’.

For a Shimura datum (G, X) of (pre-)abelian type, and a neat compact open subgroup
K C G(Ay), the existence of a potentially crystalline locus Ux C Shi" for vk ¢ was established
in [IM20, Theorem 5.17] (see [IM20, Remark 2.12] and [LZ17, Theorem 1.2]). If (G,X,9) is
an unramified Shimura datum of abelian type, and K = KgKP, we abbreviate Uk to Ukr which
coincides with the potentially crystalline locus of wkpr .

We now describe Uk for unramified Shimura data of abelian type, generalizing results of
Imai-Mieda in the PEL setting (see [IM20, Corollary 2.11 and Proposition 5.4] and [IM13, §7]).

Proposition 2.15. Let (G,X,9) be an unramified Shimura datum of abelian type, and KP C
G(A?) a neat compact open subgroup. Then, Uxp = (Fkp)n and all the classical points of Uy
are crystalline for wgp .

Proof. We know that all the classical points of Sk» are crystalline for wgr ¢ by Theorem 2.10.
Moreover, the full claim holds in the Siegel-type case by [IM20, Theorem 5.17| and its proof.
Assume that (G, X, 9) is of Hodge type and choose an integral Hodge embedding ¢: (G, X, §) —
(GSp(Vo), h*, GSp(Ag)), and a level LP with +(KP) C LP and tk,ke L,L» is a closed embedding. By
the construction of .#k» (see [Kisl0, Theorem (2.3.8)]), -#kr is obtained as the normalization of
a closed subscheme of .#]»(Ag), and so finite over .#»(Ag).'” So, if z is a classical point of Shi%

16Although as observed in [IKY24, Proposition 2.20], this will coincide with the set of potentially crystalline
points for the value of w on any faithful representation of G or G.
L7More precisely, as a closed subscheme of . » (Ao) is finite type over Og, it is excellent (see [SP, Tag 07TQW]),
and thus Nagata (see [SP, Tag 07QV]) and so one may apply [SP, Tag 035S].
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not in 8kr then the image of x in Sh{¥y is a point outside Sy» (see [Hub96, Proposition 1.9.6]).
Hence x is not a potentially crystalline point by the Siegel case, and pullback stability.

Assume now that (G, X, §) is of abelian type. We use notation from Lemma 2.9. Let x be a
classical point of Shig; not in Skr. By Lemma 2.4 and Equation (2.3.3), we may assume that there
isalift zoof zin S ﬁ%, but not in SKg, for some neat compact open subgroup K5 C Go (AZ}). The
image x1 of g in Shff;} for an appropriate K{ C Gl(AI;) is a point outside Sy» because Fy is finite
over Sy (cf. [Hub96, Proposition 1.9.6]). Take a faithful representation ¢34 of G4, inducing

faithful representations €24 and £59 of G* and G54 respectively as G = G34 = G34. By [IM20,
Corollary 2.11 and Proposition 5.4], WKf,an(g%d)z1 is not potentially crystalline. Hence wip an(£29),
is not potentially crystalline too by pullback stability, as the pullbacks of pr,an(fad)x and
WKP an (€34),, to x9 are both isomorphic to WK an (€34),,. Thus,  is not potentially crystalline. [

For neat compact open subgroups K? C G(A?) and K, C G(Q,), we may define functions
ZKprZ ’UKPKP‘CI — B(GC)

<resp. Yot |U|<0Kp|Cl — C(9c)>

(where C(G¢) is the quotient of G¢(Q,) by the action of §°(Z,) by o-conjugacy), associating to
x the element of B(G®) (resp. C(3G¢)) associated with the F-isocrystal (resp. F-crystal) with
Ge-structure (resp. G-structure) given by D..,yc 0 (Vk, ke st)z (1eSP. Doy 0 (wkr ét)z) (see [TKY25,
Example 1.5] for this latter notation). These functions are equivariant via the map I'y — T,
when the source (resp. target) is endowed with the natural action of I'p (resp. I'y). On the other

hand, we may define functions
Skr: e (k) — B(G°)

(resb. S i) = €(99)

in the analogous way using the the G-object in Vect?((-%kr i )crys) given by D,
is equivariant with respect to the actions of I'y.

In the following, we use the notion of an overconvergent (also known as wide, partially proper,
or Berkovich) open subset of a rigid E-space, as in [FK18, Chapter II, §4.3] .

crys © Wkp,  which

Proposition 2.16. The functions Yk ke and X, are overconvergent locally constant.*® Moreover,
SKoKp = LK OSP,  Likp = Lgp O SD, (2.5.1)
where sp: ](5/”;;))77]‘:1 = |Uk,ke < = Fko (k) is the specialization map.

Proof. The second equality in (2.5.1) follows essentially by construction. To prove the first
equality, it suffices to check that for a point x of ’UKOK}O’CI the F-isocrystals with G-structure
given by D, © (Vkokr)z and that induced by Dy © (wkrét)e agree. It suffices to find an
isomorphism between their values at Ay matching the tensors Ty. But, this can be reduced to
the second equality in (2.5.1) considering (2.3.3).

The claim concerning overconvergent local constancy for Yk k» and Xy, follows from the
equations in (2.5.1) as the the tube open subsets sp~!(x)°, for z in #k»(k), are overconvergent

open and contain every classical point of (.-#k»), (see [ALY22, Proposition 2.13|). To prove that
Yk, ke is overconvergent locally constant for all K;, observe that for K;, C K, we have that
2k Kp = K,Kp O TKLKP K,KP-
Using this, and that TTKLKP, K KP is finite étale and so preserves overconvergent opens under both
preimage and image (cf. [Hub96, p. 427 (a)]), one reduces to the previous case K, = K. O
18i.e., for every classical point = there exists an overconvergent open neighborhood U, C Uk,ke such that these

functions are constant on |U,r|°1.
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Remark 2.17. Beware that the overconvergent local constancy in Proposition 2.16 does
not imply constancy on each connected component as the overconvergent subset | J, U,, with
notation as in Footnote 18, need not equal Uk k» (and may not even have the same number of
components). This is because an overconvergent open subset of a rigid space U which contains
all classical points need not be all of U. For example, it is possible that this union could be
sep~ L (UBk — {y}), where sep: U — UPX is the separation map as in [FK18, Chapter 0,
§2.3.(c)|, and y is a non-classical rank 1 point. For example, compare with the overconvergent
open subset of the closed unit ball Bép given by the complement of the closure of the Gauss
point, which is not even a connected subset.

2.6. Comparison with work of Lovering. In this subsection we compare our work to that in
[Lov17a], and derive several consequences about Shimura varieties of abelian type when p > 2.

2.6.1. Comparison result. In [Lov17a], Lovering constructs a so-called crystalline canonical
model {wkp crys} of the system {wkp an} for an unramified Shimura datum of abelian type. More
precisely, with notation as in [IKY25, §2.1.2|, he constructs exact Z,-linear ®-functors

wkr crys: Repz, (§9) — VectF“"’diV((S/”Ep)Crys)
compatible in KP| together with compatible identifications of filtered objects of §-MIC(8k»):
iKP : DdR o WKP,an[l/P] 1> WKP,crys[l/P]-

Moreover, he shows that for all finite unramified E’/FE, and points z: Spf(OQg/) — 5/”;;7 that:
(ICM1) for all £ in Repz, (5°), the morphism of isocrystals on Spa(E’)

ike,z (Derys © Wkp an[Y/p])(§)x = WKP,cryS[l/p] )z

is Frobenius equivariant,lg
(ICM2) for all { in Repz, (5¢), the morphism ik , matches the lattice wip crys(§)s With

M/UM — (Dcrys © WKP,an[l/p])<£):v7
where M = ¢*M(wkp an(€)z), and this embedding is as in [Kis10, Theorem (1.2.1)].
As explained in [Lov17a, Proposition 3.1.6], these conditions uniquely characterize {wkp crys}-

Theorem 2.18. There is an identification Depys © wie, = WKp crys compatible in KP.

To prove this, we will require the fact that wk», takes values in Vect“"’lﬁ((f”p\@) ) the proof
of which, as mentioned before Theorem 2.14, we delay until §3.2 (see Corollary 3.7).

Proof of Theorem 2.18. 1t suffices to show that {Dcrys © wkr, } is a crystalline canonical model.
Using Corollary 3.7, the fact that it is an exact tensor functor valued in VectF‘P’diV(SEcrys) follows
from [IKY25, Proposition 2.16]. Furthermore, by [IKY25, Theorem 2.10], there are isomorphisms

in IsocF¥ ( (yKP )crys)

(Dcrys O WKp, )[1/17] = Dcrys o (Tét O WK, )[1/17] ]*Kp_) Dcrys o WKP,an[l/p]a (261)

and we denote the inverses by ji;°, which are compatible in KP. As 7" is an isomorphism

of filtered F-isocrystals, condition (ICM1) is automatic. Condition (ICM2) follows from the
compatability of Tg with pullbacks, and [IKY25, Example 2.12]. O

We provide an explication of this result when (G, X, 9) is of Hodge type. Fix an integral
Hodge embedding ¢: (G, X, G) — (GSp(Vo), h*, GSp(Ag)) and a tensor package (Ag, To) with
Fix(Tp) = §. By [Kim18b, §3.1.2] and [Kis10, Corollary 2.3.9], one may construct tensors

dR 1 V\®
To,p © (Har(gke/Fkr) )",
19We are implicitly using the fact that for a Z,-local system L on a smooth rigid space X with a smooth formal

model over an unramified base, the underlying vector bundles Dggr(L) and Dcrys(L) on (X, Ox) are the same.
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which are compatible in KP. By pulling back T§", we obtain a set r]fgg of tensors on chllR(eszp / 5/’1\@)\/.
Using the canonical isomorphism from [BO78, Theorem 7.23 and Summary 7.26.3],

Koo | Far) > Kol i) T

crys

of vector bundles with connection, we obtain tensors T * in J‘Ccrys(szzzp /Fkr)Y. By [Kim18b,

Proposition 3.3.7] these are tensors in fJ-CcryS(&/Kp /pr) considered as an object of VectF“”(J/”Ep).
Proposition 2.19. There is an isomorphism

Dcrys(“KP, <A0>) =K e&;?/ﬁp)v

crys(

in VectF“”’diV(ﬁ/ﬂEp), compatible in KP and carrying Derys(wke, (To)) to Tg5".

Proof. By Theorem 2.12, there is an isomorphism wx», (Ag) — H* (szzzp /5/”;;7)\/ in Vect“o((j/”;p) )s
compatible in KP, and carrying wkr, (To) to T p- Thus, it suffices to construct an isomorphism

Derys (H (o[ Ficr) ) Hhyolio [ Fro) .

in VectF?(F») carrying Derys(Tg ) to T, That there is an isomorphism in VectF? (Fw)
follows from [ALB23, Theorem 4. 6 2] and [BBM82, (3.3.7.3)| via [IKY25, Theorem 4.8|.
Thus, it suffices to show that this isomorphism carries Derys(Ty ) to Tcrys As KL (dw | Fir )Y

crys

is a vector bundle on YKp, there is an injection
r (LS/’T(IO?%cryS('Q{Kp/pr) > - T <8Kp7g{crys('de/°§ﬂKp) ) )

and so it suffices to show that the images of these two sets of tensors agree. But, by [IKY25,
Theorem 2.10] the image of DcryS(T()’p) may be identified with DcryS(Tét(T()’p)) = Dcrys(’lfgfp).
The claimed matching is then given by [Kim18b, Proposition 3.3.7]. U

By Theorem 2.12, wkp, is associated with the prismatic G-torsor with F-structure
Isom ((Ao ®z, 0.7, »To®1), (! (JZ/KP/«VKP)V7T0,p)> ;
compatibly in KP. Thus, by Proposition 2.19, we may identify Derys 0 wkr, with

Isom ((Ao ®2, 0 7, 100 To ® 1), (Hhy(r [ Ficr) " STZS)) | (2.6.2)

with Frobenius and Rees structure (see [Lov17a, §2.4]) inherited from 3 (d?;p /ﬁ;p)v, com-

crys
patibly in KP. But, this is Lovering’s construction of wkr crys in the Hodge type case.

2.6.2. Cohomological consequences. To obtain cohomological implications of Theorem 2.18,
it is useful to recall that the group-theoretic description of when a Shimura variety is proper.

Proposition 2.20. For a neat compact open subgroup KP C G(A’}), the following are equivalent:
(1) G* is Q-anisotropic,

(2) Shg,kr — Spec(E) is proper,
(3) Fkv — Spec(Og) is proper.

Proof. The equivalence of of the first two conditions is classical (e.g. see [Pau04, Lemma 3.1.5]).
The equivalence of the first and third conditions is [MP19, Corollary 4.1.7] when (G, X, 9) is of
Hodge type, and one quickly reduces to this case using Lemma 2.3. U

So combining [IKY25, Corollary 3.11| and Corollary 3.7 reproves |Lov17a, Theorem 3.6.1].
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Proposition 2.21 ([Lov17a, Theorem 3.6.1]). Suppose that GI° js Q-anisotropic. Then, for any

object § of Repz, (5°), the Galois representation H ((Shkoke)g »wkr.e(§)[Y/p]) of E is crystalline,
P

and there is a canonical isomorphism of filtered F-isocrystals

Derys (Hiu((Shioko)g sk st (O)[Yn)) ) = Hire ((Fh0)z, / Zp)eryss o enys(©)[1]) - (2:6.3)
If the p§ -weights of {[Y/p] are in [0,p — 3 — 1], then the isomorphism in (2.6.3) sends the lattice
HE (Shioko g, wicr () to the lattice Hiyys ((Fh)z, /Zp)eryss k. erys(€)).

We obtain a syntomic refinement of the above result. To this end, let us say that a Z/p™-
representation of Gal(E/E), with n in N U {oo}, is of syntomically good reduction if it belongs
to the essential image of the functor Ty : Vect(03"/p") — Repyz,»(Gal(E/E)), which when
n = oo is a refinement of the crystalliness condition (cf. [Bha23, Theorem 6.6.13] and Footnote
2). The following is an immediate corollary of [IKY25, Proposition 3.12].

Theorem 2.22. Suppose that G is Q-anisotropic. Then, for any object & of Repzp(gc) with

ps -weights of £[1/p] in [0,p — 3 — i] the Gal(E/E)-representation Hét((ShKOKP)G ,wir & (§)/p")
P

has syntomically good reduction for any n in NU {oo}. In fact, there is an isomorphism

1, (Shicgke ), o1 (€) /) = Tat (Hiyu( T /O, e n(€)/97))

2.6.3. Comparison of stratifications. In [SZ22|, Newton stratifications and central leaves are
defined on the special fiber of #kr, extending all previously known cases (see the references in
op. cit.). This gives functions

Tkr: Fke(k) = B(G°), ko ke (k) = C(9°).
equivariant with respect to the actions of I'y. By the results of [SZ22, §5.4.2 and §5.4.5], Tk k»
agrees with the function to B(G¢) defined using wkp crys, and agrees with the function C'(5¢)
defined using wikr crys When (G, X) is of Hodge type or Z(G) is connected. Combining this with
Proposition 2.16 and Theorem 2.18 then gives the following corollary.

Corollary 2.23. Suppose that (G, X, SG) is an unramified Shimura datum of abelian type (resp.
of Hodge type or of abelian type and Z(G) is connected). Then, for any neat compact open
subgroup K, C Ko and neat compact open subgroup KP C G(AZ}) we have that

Yk,kr = Tkp 08P O TK,Kp,KoKP 5 (resp. Ykr = Tio 0 sp).

Remark 2.24. While some of the rational (i.e., B(G®) related) results in Proposition 2.16
and Corollary 2.23 could have been proven using results in [Lov17a], the integral (i.e., C'(5°)
related) results could not, as Lovering is only able to establish matching between the lattices
wkr 6t (A) and wip crys(A) for low Hodge-Tate weights.

3. PRISMATIC CHARACTERIZATIONS OF INTEGRAL MODELS AND SERRE—TATE
THEORY

We formulate and prove two characterizations of integral canonical models for unramified
Shimura data of abelian type: one in terms of prismatic F-crystals and the other in terms of
prismatic F-gauges. The first is both stronger and less sophisticated, but the second is more
conceptual and naturally leads us to a version of the Serre-Tate deformation theorem for such
integral Shimura varieties. Throughout this section we assume that p > 2.

3.1. The universal deformation spaces of Ito. To formulate our prismatic characterization
of Shimura varieties, we need a deformation space of prismatic F-crystals with G-structure of
type p. This is furnished by a construction of Ito which we now recall.?

20Tto’s work is in terms of prismatic G-u-displays. That said, given the contents of §1.5.2 we glibly state his
work in terms of prismatic §-torsors with F-structure.
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Notation 3.1. We fix the following notation:

k is a perfect field of characteristic p,

W =W(k),

§G is a smooth group Z,-scheme (assumed reductive in §3.1.2),

p: Grw — 9w is a 1-bounded cocharacter (see [Lau2l, Definition 6.3.1]),

Cw is the category of complete Noetherian local rings R equipped with a local ring map
W — R with k — R/mp an isomorphism, and with morphisms maps of local W-algebra,
G;?,g is the full subcategory of Cy consisting of regular local rings.

We consider objects Cyy of as p-adic topological rings unless stated otherwise.

3.1.1. Universal deformation spaces. Denote by U, the unipotent group scheme over W

~

associated to p via the dynamic method (see [Conl4, Theorem 4.1.7]). Set Rg, := O(U,), which
is a p-adically complete ring non-canonically isomorphic to Wty, ..., t4] for some d (see [[t023,
Lemma 4.2.6]). If f: 91 — G is a morphism of reductive groups over Z, mapping 1 to p then
we obtain an induced continuous morphism of W-algebras Rg , — Rg, ,,. Furthermore, if the
map G324 — G induced by f is an isomorphism, then the map Rg, — Rg, ,, is an isomorphism.

Fix an element b of G(W)u(p)~1G(W). The pair (Gw,ws), where ¢ corresponds to left
multiplication by b, defines an element of Torsy" #(k ). As in [[t025, Definition 1.1.2], for an
object R of €%, a deformation of (Sw, ¢p) over R is a pair ((A, ¢a), ) where (A, p,) is an object
of Torsg *(R ), and v: (A, 0a)lt — (Sw, ) is an isomorphism. In [[t025, Theorem 1.1.3|

(using Proposition 1.40), Ito shows that there is a universal deformation ((A™Y, ¢ Agniv),’yuniv)

over Rg,, which means that for any other deformation ((A,4),v) over an object R of C#,

there exists a unique morphism h: Rg , — R such that h*((AgniV, © Agniv), /™YY s isomorphic to
((A,4),7)- Define wi™V to be the object of §-Vect?(R ) associated to (A, @A;mv).

Lemma 3.2. For a morphism of reductive groups f: G1 — G sending pu1 to u, and by to b, the
induced map f: Spf(Rg, ,.,) — Spf(Rg,,) satisfies the following, with £ an object of RepZP(S):

(A o) X5 G S5 AP, o), FH (@A (€)) = W™ (€ 0 1),

Proof. Tt suffices to show the first isomorphism. By [[t023, Theorem 6.1.3], it suffices to construct
an isomorphism after evaluating at (Rg, ., [t], (p —t)). By the construction in the proof of [It025,
Theorem 4.4.2], both evaluations are isomorphic to Q F(Xpmivy; where XMV is XUV in the proof
of [Ito25, Theorem 4.4.2|, when applied to (Sw, s, ), 91 and p;. O
If g is in G(W) then conjugation by ¢g~! induces an isomorphism ¢g: Rg o — Rg g,9-1 and

Cq (wpmiv) = w;l?giﬁl. If ' is another element of G(W[/p]) and ¢ is an element of G(W') such that
V' = gbo(g)~! then left multiplication by g induces an isomorphism (Sw, ) = (Sw, ey ) and
thus there is an isomorphism w™V = wi¥™V. Thus, the pair (Rg, ., wp™) only depends, up to

isomorphism, on the G(W)-conjugacy class of p, and the o-G(W)-conjugacy class of b.

3.1.2. Comparison to Faltings universal deformations with Tate tensors. We now wish
to use the functor De¢ys to compare the work of Ito to that of Faltings on universal deformations
of p-divisible groups with Tate tensors in the reductive case. Below we use the notation for
Dieudonné theory as in [IKY25, §4|. Most specifically, D(H) denotes the filtered Dieudonné
crystal of a p-divisible group H (see [IKY25, Definition 4.6]).

We use the notation 3.1.1, but now assume that k is algebraically closed and G is reductive.
We write w;rcli;s for the composition Depys © w,‘)‘ni", which is a G-object in VectF?((Rg ,)crys)-
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3.1.2.1. Universal deformation of p-divisible groups. Fix a p-divisible group Hy over k, and
choose any lift Hy of Hy over W. Set My := D(Hy)(W — k), and let by in GL(My[1/p]) such
that o(bg) corresponds to the Frobenius on My. From Hy we obtain the Hodge filtration:

Fill oage € D(Hy)(id: W — W) = D(Ho)(W — k).

From the Cartan decomposition, we know that by lies in G(W)ug ' (p)G(W) for a cocharacter
to: G w — GL(Mjp) uniquely determined up to conjugacy. We take the unique cocharacter p
such that Fﬂ]l;[0 Hodge is induced by g in the sense of [Kim18a, Definition 2.2.1].

Choose an isomorphism Rqr,(a),u0 = W(ty, ..., tq] and equip it with the usual Frobenius
¢o. From the above considerations we obtain the following data on Rar,(a),ue

b = Rav(m) o ©w Mo, FI' MR = 1@ Fil' My, pygunie i= 1, 0 (1@ by),

where u; corresponds to the tautological element of ﬁHO(RGL( Mo),u0)7 and Pppgniv is considered as
0

univ

a map ¢y My — M}j;“i". As explained in [Mo098, §4.5], Faltings produced a (unique) Pragniv-

horizontal integrable connection VME{]“V on Mlbléliv with (M;)l;liV’ Pragy Fili/-[gniv) VMggiv) a filtered
0

Dieudonné crystal on Rgr,(azy),, and so corresponds to an object H l‘)loniv of BTp(Rar(aMo),u0)-
As explained in [Kim18a, §3.3], this notation is not misleading as H&)ni" is a universal defor-
mation of Hy (in the sense that it (pro)represents the functor in [Kim18a, Definition 3.1]).

Proposition 3.3. There is a natural isomorphism

~

wll)l(?,ic‘;ys (MO) (RGL(Mo),;Lo) — ( })lgliv’ SDM;(‘)“"? Fﬂl.v[;)x(r)nv )
Proof. This follows from [IKY25, Theorem 4.8] and [It025, Theorem 6.2.1]. O

3.1.2.2. Deformations with Tate tensors. Fix a triple (G,b, 1) as in §3.1.1. We assume that
(G, b, ) is of Hodge type: there exists a faithful representation ¢: § — GL(Ag) such that ¢ o u has
only weights 0 and 1. Set (bg, po) := ((b), ¢ 0 u)V. Further fix isomorphisms

Rara)o — Wit tal,  Rgy = Wist, ..., si

such that the natural map Rqy, AY Yo Rg ,, is Frobenius equivariant when the source and target
are given the (usual) Frobenii induced by these isomorphisms.?! Finally, fix a tensor package (in
the sense in [IKY24, §A.5]) (Ao, To) with § = Fix(Ty).

As explained in [Kim18a, §2.5| associated to (G, b, u) and ¢ is a p-divisible group Hp, over k
together with an identification D(Hp,)(W) = Ay where Frobenius acts by by. Moreover, under
this identification the set T is a set of tensors on D(Hj,) as an F-crystal. Set

univ :11 R univ . :11
(Mb ) (pMzniv, FllMEniv) p— ( bO 5 SOMlbjénv y FIIMESIV) ®RGL<A(\)/)HMQ R97M’
and let H b“ni" be the pullback of H. ,;t)ni" to Rg,. Then,
) A 1
D(Hll).lnlv) (R97M) — (MEIIHV’ gngniv, FllMlblniV, ngniv),
for some connection VM;;niv. Observe that Ty naturally defines a set of tensors on M})‘éﬂv and

(by base change) on M})mi", which we denote Tgal’/ and ToFal, respectively. The tensors TOFal on
D(H@) are Frobenius equivariant and lie in the 0''-part of the filtration (see [Kim18a, §3.5]).

By work of Faltings (see [Kim18a, Theorem 3.6]) H, b“ni" satisfies a universality property. Suppose
that Rg = Wui,...,u,] for some r, and X is a p-divisible group over Ry deforming H;,. By the
universality of Hbuoni", there exists a unique map fx: RaLay),ue — o such that fx (H,;;ni") is
isomorphic (as a deformation) to X. Then, fx factorizes through Rai, AY )0 Rg ,, if and only

21This is possible, for instance, by the discussion in [Ito23, §4.2], which shows that U, is isomorphic to Lie(U,,)
as W-schemes, and Lie(U,,) is a direct summand of Lie(GL(Ay)).
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if there exists tensors {to} on D(X)(Rp) lifting those on Ty on D(Hy,), and which are Frobenus

equivariant and lie in the 0'"-part of the filtration. In this case {t,} = f% (T, T 7).

Consider now the obvious morphism f: (G, b, u) = (GL(AY), bo, to). Combming Lemma 3.2
and Proposition 3.3, there is a canonical identification

Wherys(Ag)(Rg,u) = f*(D(Hy™))(Rs )
= D(H““”)(Rs )
= (M, gy, il ),
of naive filtered F-crystals.
Proposition 3.4. The isomorphism of naive filtered F'-crystals on Rg,

Werys (A0) (Rg,10) = (MG, g, Fily i)
carries w;)uclg’,s('ll’g)(Rgvu) to TEa.

Proof. Under this identification wi™ (Ty)(Rg,,) constitutes a Frobenius-equivariant tensors

b,crys
lying in the 0'-part of the of the filtration and lifting those on D(Hbo). Thus, by the universality
statement from above, wl‘jf;ir;s(’lfo)(Rg ) must be equal to f*(T T ") = Tkl O

3.2. Comparison to Shimura varieties. We now show that for the integral canonical model
“kr, the prismatic realization functor w recovers Ito’s universal prismatic §°-torsor with F-
structure at the completion of .#k» at each point of .#k»(F,). This may be seen as a prismatic
refinement of [Kis17, (1.3.9) Proposition], in the general abelian type setting.

Suppose that (G,X,9) is an unramified Shimura datum of abelian type, and x is a point
of Zkr(Fp). As in §2.5 we have the associated element by crys = Dirys © (wkret)z in C(5).
Additionally, choose an element pf in our conjugacy class § of cocharacters szp — 9%}).

Lemma 3.5. The element by crys lies in the image of the map
§°(Zp)o (1 (p)) 1 S°(Zp) = C(S°).

Proof. If (G, X) is of Hodge type this follows from [Kim18b, Lemma 3.3.14]. In the special-type
case, we may assume that the torus in the Shimura datum is cuspidal following the argument
given on |Dan22, pp. 31-33|. From there the claim follows from [KSZ21, Proposition 4.3.14 and
Corollary 4.4.12].

For the abelian type case, we take (G1,X1,91), (T, {h},T) and (G2, X2, 92) as in Lemma 2.9.
The question is reduced to the case of (Ga, X3, G2) by functoriality. For the reduction to the
case of (G1 x T,Xy x {h},G1 x 7), it suffices to show the injectivity of

55(Zp)\95(Qp)/55(Zy) = S5(2,)\55(Qp)/55(Zy),

where we put Gz = G1 x 7. Fix a Borel pair 71 C B; C G;. This gives Borel pairs T, C By C G5
and T3 C B3 C G§ by the constructions of §§ and G§. The injectivity of this map of double cosets
follows from the Cartan decomposition since the unipotent radials of By and B3 are same. [

Choose an element b, in SC(Zp)uﬁ(p)_ISC(Zp) such that o(b,) maps to by crys in C(9°).
Theorem 3.6. There exists an isomorphism iy: Rge ;¢ = 6%@@ such that

i (wp™) = (wier, )|65”Kp,w'

Note while the pair (Rgc“uz , “mv) depends on the choice of b, and puf, the isomorphism type
of the pair (Rge ¢ “m") does not, and therefore neither does the statement of Theorem 3.6.

Proof of Theorem 3.6. We perform a devissage to the Hodge and special type cases.
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Hodge type case. Let (G,X,§) < (GSp(Vy), b, GSp(Ag)) be an integral Hodge embedding,

and whr — Fke the associated abelian scheme. Let Ty be the tensors on the filtered F-crystal

Hrys(Fir | Ficr) = Do [p™))

(see |BBMS82, (3.3.7.2)] for this identification), as in §2.6. The triple (G, by, up) is of Hodge
type relative to the embedding ¢: § — GL(Ag). By work of Kisin, there exists an isomorphism

ig: Rgp, — 65/@@ together with an isomorphism i;(Hg‘zniV, T5) = (o [p™], Tgfz};s)@y,(p,x (see
We

[Kim18b, Proposition 4.1.6]). We claim that i} (wj™") is isomorphic to w := (wke, N, -
KD T

consider the following isomorphisms
wAg) = M (™5, ) ipM (H™) < i (wp™) (AD),
where the first isomorphism is from Theorem 2.12, the second is the one obtained by applying M
to the above isomorphism of Kisin, and the third one is obtained as follows. By [I[to25, Theorem
univ i

6.2.1] we have a canonical isomorphism M (HL(bI)\/) = wf(%:’)v(/\(\)/). Then, by Lemma 3.2, we

get the third isomorphism as the restriction of this isomorphism along

[N
Ranay)w(un)¥ = Bgum = Ot .-

univ

By [IKY24, Proposition 1.28] it suffices to show the above composite carries w(To) to i} (wy™)(To)
It further suffices to show Depys(w(To))(Rg,y, ) is matched to Depys (i, (wl‘jfi")(']To))(Rgﬁh) as

Vect((Rg,,) ) — Vect(Rg,,), €+ E(Rg,,)

is faithful as follows from [dJ95, Corollary 2.2.3] and the second equivalence in [IKY?24, Equation
(2.3.2)]. But, this matching follows by combining Proposition 2.19 and Proposition 3.4.

Special type case. Write (T, X, T) for the unramified Shimura datum. In this case .#kr is a
disjoint union of schemes of the form Spec(Og/), for a finite unramified extension E’ of E (see
[DY24, Proposition 3.22]), and so there is a tautological identification Rge 0 = Zp =0 Fiep,z- We
show that under this identification that the prismatic T¢-torsors with F-structure are matched.

By Remark 2.11, Lemma 3.2, and the argument given in [Dan22, pp. 31-33] we are reduced
to showing the following. Let T = Resy ,/z, Gm,0,,, T := Tq,, and p the Q;'-cocharacter of T
with weights (1,0,...,0). Then, bg = (p~',1,...,1) represents the unique class in the image
of T(W)u~(p)T(W). Then, we must show that Ty o WiV restricted to the inertia subgroup
I'gr o agrees with the Lubin-Tate character ag: I'gr g — T(Z,) (see the discussion before [Dan22,
Proposition 4.9]), or equivalently that their compositions with embedding ¢: T(Z,) — GL(Og/)
are equal. But, as (T, bg, u~!) is the Lubin-Tate triple, we know by [[t025, Theorem 6.2.1] that
this w;;;ﬁ"(L) is M (Xyr), if Xy is the p-divisible group with O g-structure over Spf(W) coming
from Lubin-Tate theory. Thus, the composition of the character I'gr g — T(Z,) = GL(Og)
corresponding to Ty o w,‘jgﬁ" is Tey (M (Xpr)) = Tp(Xur) (see [DLMS24, Proposition 3.35]). But,
this is the composition of ag with T(Z,) — GL(Og) (see the proof of [Dan22, Proposition 4.9]).

Abelian type case. Let (G1,X1,51) be an unramified Shimura datum of Hodge type adapted
to (G, X, §). Consider the morphism of Shimura data obtained in Lemma 2.9. Then, as the map
ac: (G5)4e — (G x T€)9" is an isogeny, it induces an isomorphism

~Y
R927“Z,2 — R91 XTCo 1 X, 5

Moreover, for the same reason, for any z3 in #k2(F,) we obtain an induced isomorphism
P

e n -~
Q- Ong,l’Q — OinyxKg’(xl’xT)’

as agp kr is finite étale by Lemma 2.3. Thus, we may use Lemma 3.2, together with the claims in

~

the case of Hodge and special type, to deduce the existence of an isomorphism iz, : Rge —

B, o

0 Fp s such that the prismatic §-torsors with F-structure wys and 7y, (w;;g") for G§

G
,VKIQ;,IQ
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agree when pushed forward along a®: §§ — G; x T¢. As they have further natural identifications
when pushed forward to G2, this implies they are isomorphic (see [DY24, Proposition 2.1.6]).

Finally, as the morphism 3: G3° — G4 is an isogeny, it again induces isomorphisms Rgg pe , —

Rgc“ui and (‘)ng 22— O.9p 2, Where z is the image of xo. If i, : RSC,uZ = 0.9« 1s the resulting
isomorphism, then there are isomorphisms between wgp, |6y and % (wi™V). While arbitrary
Kp @ v

x may not be the image of such an x9, we may reduce to this case by Lemma 2.4 and (2.3.3). O

We observe an important corollary of the above proof, which was used previously several times
(see Theorem 2.14 and Theorem 2.18).

Corollary 3.7. The prismatic realization functor wge, belongs to Torsgfuz((éﬁ\(p) ). In

particular, wkr,  takes values in Vect‘p’lﬂr((%p) ).

Proof. Tt suffices to show that for each small open subset Spf(R) of ﬁ;p, and for every point x
of the special fiber of Spf(R), there exists a p-adically etale neighborhood Spf(S) — Spf(R) such
that the Frobenius for wxes, over G is in the double coset §¢(&g)us (E)15¢(Sg).

By moving to an étale neighborhood if necessary, we may assume without loss of generality
that the underlying G°-torsor is trivial on Spf(R). Write g for the element of §¢(Sg[1/E])
corresponding to the Frobenius for wk», on & = R[t]. Consider the functor

F: Alggpy — Set, A {(h,1') € G°(A) x §°(A) : hgh' = puf(E)~" € §°(A[1/E])}.

Let y be the point of Spec(R[t]) equal to (z,t), with the obvious meaning. Observe that we have
the equality Ogpec(r[e]),y = Ospf(r)z[t]- Thus, as a result of Theorem 3.6 (and the description of

the universal deformation in [[to25, Theorem 4.4.2]), we have that F (6Spec( R[4]),y) 18 non-empty.
The claim then follows from Artin approximation.

More precisely, first note that R[t] is excellent (see [IKY24, Proposition 1.12]). Moreover, the
functor F' is clearly limit-preserving as G¢ is. Thus, by Artin approximation for an excellent base
(see [AHR23, Theorem 3.4]), there exists some affine etale neighborhood Spec(B) — Spec(R[t])
containing y in its image and with F'(Spec(B)) non-empty. Let A be the (p,t)-adic completion
of B, so that Spf(A) — Spf(R[t]) is a (p,t)-adically etale neighborhood of y. Set S = A/tA.
Then, Spf(S) — Spf(R) is a p-adically etale map, and there is a unique deformation (by the
topological invariance of the etale site of a formal scheme) to a (p,t)-adically etale map over
Spf(R[t]) and, in fact, it must be Spf(S[t]). Thus, in fact, A = S[t] where Spf(S) — Spf(R) is
a p-adically etale neighborhood of x. Observe then that, by set-up, F(S[t]) is non-empty, but
this means precisely that the Frobenius is in the double coset of p§(E)~! over S as desired. [

3.3. A prismatic characterization of integral models. Throughout this section we fix
notation and conventions as in §2, and in particular fix (G, X, §) to be an unramified Shimura
datum of abelian type.

3.3.1. Characterization of integral canonical models. Throughout this subsection let us
fix a neat compact open subgroup KP C G(A}}). Recall from §2.5 that there exists a potentially
crystalline locus Uk» € Shik» of vkokp ¢t 0T, equivalently wge et

Consider a smooth formal Og-model Xk» of Ukr, and a prismatic model (kr of wkp an, i.e., an
object of G%-Vect?((Xkr) ) with T o (ke isomorphic to wkp an. For z in Xke(F,), there is an
element by crys in C(5°) associated to the F-crystal with Ge-structure given by D,y 0 (Ckr )z Fix
py in pg. Then, we have the following property of by crys.

Lemma 3.8. The element by crys lies in the image of the map
5°(Zp)o(uf,(p))'G°(Zp) — C(5°).

Proof. As X is smooth over O, we know that the specialization map sp: |Uks|? — Xke(F,)

is surjective. Let y be a point of |Uk»|® such that sp(y) = x. Then, a simple specialization
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argument shows that b, v is equal to the element associated to the isocrystal with G-structure

associated t0 D,ys © (Wkp ét)y- But, the claim then follows from Lemma 3.5. (]

Choose an element b, in G°(Z,)us (p)~'G%(Z,) such that o (b,) maps to by erys in C(G°).

Definition 3.9. A prismatic integral canonical model of Ukr is a smooth and separated
formal O-model Xk» such that there exists a prismatic model (kr of wkr an With the following

property: for each KP and each z in Xkr (Fp) there exists an isomorphism 6, : Rge, s = Oxpp 2
such that (©,)*(wy™) is isomorphic to the pullback of (kv to 63€Kp7x.

We now aim to show that the unique prismatic integral canonical model of Ukp is 177@. Our
proof relies on providing a slight extension of the fully-faithfulness portion of [GR24, Theorem
A] to certain semi-stable formal schemes, mimicking the argument in [DLMS24, Theorem 3.29].

To state this let us fix a complete discrete valuation ring O with fraction field K and perfect

residue field k. Set W to be W (k), and fix a uniformizer w of K.

Proposition 3.10. Set R to be Ok[x1,...,24]/(x122 - Ty — @), where d and m are integers
with 1 <m < d. Then the étale realization functor

Ty : Vect?(R ) — Locz,(R[1/p])
is fully faithful.
As in [Ito23]|, we consider the following Breuil-Kisin type prism. Let &g be the ring
Wlz1,...,z4] equipped with a Frobenius lift ¢ determined by ¢(z;) = 2¥, and E in G be the

polynomial E_(z1x2 - xy,), where E is the minimal polynomial of w relative to Frac(W).
Then the pair (Sg, (E)) defines an object of R .

Lemma 3.11. The object (SR, (E)) covers the final object * of Sh(R ).

Proof. Similarly to [IKY24, Proposition 1.16], the assertion follows from [IKY24, Proposition
1.11] (using [ALB23, Proposition 5.8| in place of [IKY24, Lemma 1.15]). O

Thus, we can regard a prismatic F-crystal on R as a finite free Breuil-Kisin module equipped
with a descent datum. More precisely, we let 6%) be (& R@QZPG R) {%}Q where

J := ker (GR(@szR — Gr = 6Rr/(F) = R) .

As in [DLMS24, Example 3.4], it represents the self-product of &g over * in Sh(R ).

For i« = 1,...,d, let g; denote the product of z; for 1 < j < d excluding 7. Denote the
ring R[Y/s]) by R;, which is a base ring in the sense in [IKY24, §1.1.5]. Using the map
(‘)K<:cjd;j # i) — R; given by sending x; to z; as a formal framing, we obtain the relative
Breuil-Kisin ring &, which we denote by &;. Then we have a morphism (&g, (E)) — (6;, (Ex))
sending z; to E% and z; to x; for j # i.

We let O¢ (resp. Og;) be the p-adic completion of Gg[l/E] (resp. &;[l/E=]). We use the
following lemma to reduce Proposition 3.10 to the case of R;.

Lemma 3.12. Let S(;) denote the intersection &; N O¢ in the ring O¢ ;. Then the inclusion
Sr C ﬂ?zl &) in O¢ is an equality.

Proof. We put &’ := ﬂle S(;). Since &g and &' are p-adically complete, it suffices to show that
the containment S C &’ is an equality modulo p. We consider the commutative diagram

6r/(p) = k[z1,...,24] (k[zj55 # i][Y/=5;7 # 4]) [u] = &i/(p)

| |

Oc/(p) = kl21, - wal[Ywram) —— (Klaj; 3 7 il[Ya5;5 7 4]) [ul[Yu] = Oei/ (p),
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in which all the maps are injective. Setting &;) to be the intersection of &;/(p) and O¢/(p) in

O¢.i/(p), we have Gr/(p) = ﬂle &(;). We claim that the induced surjection &'/(p) — ﬂle S
is an isomorphism. This is equivalent to the equality

POe N[ 60 =p- (180

We note that the right hand side is equal to [, (pG(l-)) as p is a nonzerodivisor in O¢. Hence, it
suffices to show the equality pOg N & ;) = pS;) for all i. But this follows from the injectivity of
the right vertical map in the above diagram. O

Proof of Proposition 3.10. By the proof of Lemma 3.11 the faithfulness portion of the claim is
reduced to the case of a perfectoid base, which is clear. Thus, it suffices to check fullness. Let F
and J’ be two objects of Vect?(R ) and let Ty (F) — Ty (F) be a morphism in Locz, (R[1/p]),
which, by [BS23, Corollary 3.7], corresponds to a morphism F[1/s |7 — F'[1/3 ]} of prismatic
Laurent F-crystals on R (cf. [IKY24, §2.2]). Let M and 9 (resp. M and M’) denote the
evaluation of & and J” (vesp. F[1/s |} and F[1/5 ]})) at the prism (&g, (E)).

Since the étale realization functor

Vect?(R;, ) — Vect(R; ,0 [/1]))) = Locz,(R;[1/p])

is fully faithful by [DLMS24, Theorem 3.29 (1)], the restriction of F[1/5 |} — F'[1/1 |} to R;,
induces a morphism F|g,  — JF’|g. . In particular, the map

M; == M ®p, Oc;i = M, =M ®0p, O

sends M; := M R 6; into M, := M’ ®s &;. Then, by Lemma 3.12, we get that the map
M — M sends 90 into .

Since the prism (&g, (E)) is a cover of the final object by Lemma 3.11, it suffices to show
that the map 9 — 9V is compatible with the descent data for ¥ and F’. To see this, we observe

that the natural map Gg) — Gg) [/E];) is injective. Indeed, it can be checked after passing
modulo p, where it is reduced to showing that E is a nonzerodivisor in Gg)/ (p), which follows

from the flatness of &z — 6(2), cf. [DLMS24, Lemma 3.5]). Thus, the assertion follows from

the compatibility of the map M — M’ with the descent data for F[1/s |7 and F'[1/5 ]} O

We are now ready to prove our uniqueness claim concerning prismatic integral canonical models
of Ukr. We roughly follow the strategy employed in [Pap23, Theorem 7.1.7|, with some key
differences owing to the more formal geometry and p-adic Hodge theory nature of our setup.

Theorem 3.13. The unique prismatic integral canonical model of Ukp is Y?p

Proof. That 5/”;;7 is a prismatic integral canonical model of Ukp follows from combining Theorem
2.10, Proposition 2.15, Proposition 3.6. Thus, it suffices to show that if Xk» and X}, are two
prismatic integral canonical models of Uk», then they are isomorphic.

Denote by X}, the normalization of Xks XSpf(05) XY, in Uke. More precisely, we set Xy, to
be the relative formal spectrum Spf(A) — Xkr Xgp(0,) X}, where A is the integral closure of
O X spr(0 ) Xfep 11 s*((‘);}m)), where s: (Ukp, ijKp) — Xkr X8pf(0) Xkp 18 the composition of the
following map of locally ringed spaces

+

4 A
(Ukr, Opy,) = (Ukr Xspa() Ukes O, U

) 2) %Kp Xspf(oE) %kp.

As F is a discrete valuation field, and therefore the local rings of each formal scheme and rigid
space are excellent, these normalizations are finite over their original base and so topologically
of finite type and normal (cf. [SP, Tag 0AVK]| and [SP, Tag 035L]). Let m: X}, — Xkr and
' X, — Xk, be the natural projection maps. We show that 7 and 7’ are isomorphisms.
To prove this, fix a point 2” in Xjt,(F,) and let x and 2’ be their images in Xx» and Xj,,
respectively. Let by crys and by orys be as in the definition of a prismatic integral canonical model.
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Observe that b, crys actually equals by orys. Indeed, from the diagram of isomorphisms
Spec(k(x)) <= Spec(k(z")) = Spec(k(z")),
and the identification of Tz o (kr and Ty o (l’(p with wkp an, We obtain an isomorphism

Ty 0 (ng)m” =T 0 (le(p) "y
from where the claim follows by [GR24, Theorem Al. Denote this common class of by, b, by
b crys, and choose an element b, of G¢ (z )15 (D)~ 19‘3( p) such that o(by») maps to by crys.
Let O, O, and O” be the complete local rings of x, ', and 2" of their respective formal schemes.
By excellence each of these complete local rings is normal and formally of finite type over O (see
[SP, Tag 0C23]). Choose isomorphisms ©, and ©, as in the definition of a prismatic integral
canonical model. We claim that the following diagram commutes:

Spf(0”)

Spf(0) Spf () (3.3.1)

To prove this, we first make the following observation.

Claim: There exists an epimorphism of formal schemes of the form Spf(R) — Spf(0”), where
R = OK[[tl,...,tn,xl,. . .,.%'m]]/(.%'l T —w),

with notation as in Proposition 3.10.

Proof. Let Spf(A) be an affine open neighborhood of 2" in Xy,. As Spf(A), is an open subset of
the smooth rigid space Ukp, it is smooth, and so by Elkik’s algebraization theorem (see [Elk73,
Théoréme 7]) there exists some finite type smooth morphism Spec(B) — Spec(Og) such that A is
isomorphic to the p-adic completion of B over Op. Let f: Y — Spec(B) be a strictly semi-stable
over O (for some finite extension K of F) alteration of Spec(B) as in [dJ96, Theorem 6.5], and

choose any closed point y of of Y mapping to z”. Then Oy, is isomorphic to

Ok[z1,...,zd] /(21 2m — @)
over Ok for some integers d and m with 1 < m < d. We then claim that the induced map
f: Spf (ny) — Spf(0”) is an epimorphism, from where the conclusion will follow. But, the map
f: Spec(Oy,,) — Spec(B;) is dominant by assumption, and thus induces an injection B, — Oy,.
As both the source and target are regular local rings we deduce from [GD71, I, Corollaire 3.9.8|
that 0" — Oyy is an injection. Since Oyy and O” are complete local rings, the claim follows. [

To prove that Equation (3.3.1) commutes, it thus suffices to show that the outer square of the
following diagram commutes

where f and f’ are defined to make the triangle diagrams they sit in commute. But, observe
that as R is a complete regular local ring, it suffices by the universality condition of Spf (R9°,ui)v
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and our definition of a prismatic integral canonical models, to show that f*({ks) is isomorphic to
(f")*(¢kp)- But, by setup we know that

Tew o f*(Cke) = Tev © (') (Cko)
and so the claim follows from Proposition 3.10.
Given the commutativity of (3.3.1), we can now argue as in [Pap23, Proposition 6.3.1 (b)]
to show that 7: Spf(0”) — Spf(0) and n’: Spf(0”) — Spf(O’) are isomorphisms. Indeed, the
commutativity of (3.3.1) is equivalent to 7 ® 7’: O@o 0" — " factorizing through the map

O/ a®1dol O ® . O/ A O/

O0®0 B
where a denotes the isomorphism (@m,) 00,. Let R denote the image of 7 ® 7’. Then, we see
that this factorization gives rise to a surjection O’ — R.

We claim that O” has the same Krull dimension as O’. Observe that dim(0”) = dim(Ox» ;)
and dim(0’) = dim(Ozs ,/). As these are closed points on integral formal schemes of finite type
over O, they have the same dimension as X” and X', respectively. But, dim(X”) and dim(X’)
each decrease by 1 when passing to the rigid generic fiber, but these generic fibers are isomorphic.

On the other hand, the dimension of R is equal to the dimension of O”, as R — 0" is an
integral embedding (see [SP, Tag 000K]). Thus, combining these two claims we deduce that
the dimension of R and O are the same. Thus, the surjection O — R must be an isomorphism,
being a surjection of integral domains of the same finite dimension.

We then get a finite map O’ = R — 0”. We claim that this map is an isomorphism. This
follows from taking A = Oy ;v and B = Ox» ,» in the following lemma.

Lemma 3.14. Let (A,m) and (B,n) be normal local Noetherian rings flat over Z,). Suppose
that (A, m) — (B,n) satisfies: (1) Am — By is finite, (2) A[\fp] — B[Vp| is an isomorphism.
Then, Aym — By is an isomorphism.

Proof. As Am — By is a finite map between normal domains, it suffices to show that the map
Xm[l/p} — En[l/p] is an isomorphism. Let us begin by observing that the map A — B is
automatically injective as the source and target are both Z,-flat and the map A[l/p] — B[/p|
is injective. As (A, m) is a normal domain, we deduce from [GD71, I, Corollaire 3.9.8] that
Aw — By is injective, and thus that Ag[1/p] — Ba[l/p] is injective. Thus, it suffices to show that

Aw[l/p] = Ba[l/s] is surjective. But, observe that as A[l/p] — B[/p] is an isomorphism that the
map Aw[l/s] = (Am ®4 B)[l/p] is an isomorphism. As one has a factorization

An[V/p] = (Aw ®4 B)[V/s] = BalV/a),

with the second map being the obvious one, it suffices to show that the map Em ®a B — én is
surjective. But, by Nakayama’s lemma, using the fact that E is a finite A\ -module, it suffices to
show this surjectivity modulo m. But, as B is a finite A module its topology agrees with the
m-adic one. Thus, one has that B /mB is naturally equal to B /mBn, and thus the surjectivity
of Am ®a B — Bn modulo m is clear. O

From the above we deduce that the map 7’: Spf(O0”) — Spf(O’) is an isomorphism and, by
symmetry, the same holds for m. We are then done by Lemma 3.15 below. O

Lemma 3.15. Let a: Y1 — Y2 be a morphism of finite type flat formal O-schemes such that:
(a) oy is an isomorphism of rigid E-spaces, (b) for every point yi of D1(Fp) with yo = a(y1) the
induced map Oy, , — Oy, 4, is an isomorphism. Then, a is an isomorphism.

Proof. For each n > 0 let ot D1,n — P2, denote the reduction of o modulo p"tL. Tt suffices

to show that a,, is an isomorphism for all n. Indeed, we first observe that as the flat locus of

each «y, is open, and contains every closed point of the scheme 2) ,,, which are evidently dense

by consideration of the variety 219, we deduce that c, is flat. Thus, to prove that it’s étale, it

suffices to prove this claim for ag (see [SP, Tag 06AG]). But, in this case the fact that (b) implies
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« is étale is classical. To prove that g, and thus each a, (see loc. cit.), is an isomorphism it
suffices to show that the fiber over each Fp-point yo of 92(F,) is a singleton (see [SP, Tag 02LC]).
But, as 9)2 is a finite type and flat over O, the specialization map sp: [(D2)y|" = Va,0(Fp) is
surjective. Thus, there exists some finite extension E’ of E and a morphism Spf(Og/) — 9o
whose special fiber is the underlying point of y3. As « is étale, we know that a~!(yz) is a disjoint
union of copies of Spec(F,), and so by the topological invariance of the étale site, this implies
that )1 xyg), Spf(Opr) is a disjoint union of copies of Spf(Opr). As a,, is an isomorphism though,
this number of copies must be one. The claim follows. O

There is also a characterization of the scheme .“k» itself, using the notion of a prismatic
F-crystal (&', (,¢) on a p-adic scheme as in [[KY24, §3.3.4], which we use freely below.

Definition 3.16. Let X be a finite type separated E-scheme, U C X?" an open adic subspace,
and wg, a G-object in de Rham Z)-local systems on X*" (resp. X).
e A locally of finite type separated flat Og-scheme 2" is a model of (X,U) if there is an
isomorphism X — 2% carrying U isomorphically onto ,é";
e A prismatic model (of type p) of w (resp. w*) is a G-object in prismatic F-crystals (one
of type p) (w',¢,¢) on 2" with w’ isomorphic to w (resp. w™®).

We often identify a prismatic model (w', {,¢) of w with just its prismatic F-crystal component
on 2, i.e., with just . So, we informally speak of ( being a prismatic F-crystal model of w.

Definition 3.17. A smooth and separated Og-model Zk» of Shkkr is called a prismatic
integral canonical model if it is a model of (Shk,kr, Ukr) and there exists a prismatic model (kp of

wkpr ¢ such that for every point x of Zk»r (ﬁp) there exists an isomorphism O, : R967M2 = 02p .z
such that (@m)*(wg:i") is isomorphic to the pullback of (kr to O D

Said differently, a smooth separated Og-model Zk» of Shk,kr is a prismatic integral canonical

model if 51?;@ is a prismatic integral canonical model of Ukp.
The following is an immediately corollary of [IKY24, Proposition 3.6] and Theorem 3.13.

Corollary 3.18. The unique prismatic integral canonical model of Shk,kr s Fkp.

3.3.2. Relationship to work of Pappas and Rapoport. We now discuss the relationship
between our work and that in [PR24|. Below we shall refer to the conjunction of [PR24, Conjecture
4.2.2] and [Dan22, Conjecture 4.5| as the Pappas—Rapoport conjecture.

We begin by formulating a version of a prismatic integral canonical model as in Definition
3.17, but for the entirety of the system {Shk,kr}kr. Namely, by a smooth G(N;@)—model of
{Shkrk, }kr, we mean a collection { Zkr }kr of separated smooth Opg-schemes together with finite
¢tale morphisms fy, (¢?) modeling b ko' (gP).

Definition 3.19. A prismatic integral canonical model of {Shk,kr ke is a smooth G(A?)—model
{Zkr }ke such that Zkr is a prismatic integral canonical model of Shy,k» for all KP.

We have the following which is an essentially trivial corollary of Theorem 3.13.

Theorem 3.20. The system {Fkr ke is the unique prismatic integral canonical model of
{ShKOKp}Kp.

That said, independent of Theorem 3.13 we can show a prismatic integral canonical model
satisfies the conditions of the Pappas—Rapoport conjecture.

Proposition 3.21. Suppose { Zkr ke is a prismatic integral canonical model of {Shkrk, tke-
Then, { Zkr }kr satisfies the conditions of the Pappas—Rapoport conjecture.

Proof. That condition (a) of [Dan22, Conjecture 4.5] holds for { Zk»r }kr follows by combining
[IKY24, Proposition 3.6] and the Néron-Ogg—Shafarevich criterion (see Lemma 3.22 below). To
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show that condition (b) of loc. cit. holds, set (Pkr, ¢ 7, ) = Tsnt(Ckr ), with notation as in [IKY24,
§3.3], an object of G°- Sht e (Zks). By definition, we have that (Pkr)r = Ust (Wi ¢) = Pke B,
and thus condition (b) is satisfied. Finally, to verify condition (c) of loc. cit., it suffices by setup
to show that there exists an isomorphism

. Aint ~
O M(ge b, s /g — SPA(Rge pi ),

in

with the property that Ty (©%(wp™Y)) is isomorphic to the universal shutka. Here M(Stc b))
T WETHM R

is the integral moduli space of shtukas as in [SW20, Definition 25.1], and J\A/Ei(%tc bt /2o 15 the
s0x 5y,

completion at the neutral point zp in the sense of [Gle22]. But, the existence of such an
isomorphism follows from [Ito25, Theorem 5.3.5] and its proof. O

Lemma 3.22 (Néron-Ogg—Shafarevich criterion). Let R be a discrete valuation ring over O of
mized characteristic (0,p). For an element {xkr} of lim, Shy,ke (R[1/p]), each induced morphism

o Spa(R[s]) > Shilleo
factorizes through Ukp.

Proof. As {“kr} satisfies the extension property, there exists a unique element {yxr} in

@KF Fr(R) with (yke)y, = xke. Let Ykr: Spf(R) — Fkr denote the completion of yke.
Then, we observe that zi, = (Ykr)n. But, (Jkr), takes values in Ugp by Proposition 2.15 O

Remark 3.23. The usage of the system {#kr} and its extension property in the proof of
Lemma 3.22 is not strictly necessary. One could also use the method in the proof of Proposition
2.15 to reduce to the Siegel-type case, and thus to the classic Néron—-Ogg—Shafarevich theorem.

3.4. A syntomic characterization of integral models and Serre—Tate theory. We now
discuss how the material from §3.2 can be upgraded to the realm of prismatic F-gauges. We then
use this to realize an expectation of Drinfeld and in doing so produce a syntomic characterization
of integral canonical models and an analogue of the Serre-Tate theorem.

3.4.1. The stack BT&“. We begin by recalling Gardner—-Madapusi—-Mathew’s representability of
the moduli space of prismatic F-gauges with G-structure of type p, which is based off of previous
ideas of Drinfeld as in [Dri24a).

Notation 3.24. Fix notation as in Notation 3.1 and additionally set P_,, C § to be the parabolic
given by the dynamic method for the cocharacter u=! (see [Conl14, Theorem 4.1.7]).

For a bounded p-adic ring R and an element n of N U {oc}, the notion of an n-truncated
prismatic F-gauge with G-structure of type p over R is defined as in Definition 1.32.

Definition 3.25 (cf. [GM24]). A p-adically complete ring R has p-finite differentials if the
R/p-module Q%R I0)/Fy is finitely generated.

For example, this condition is satisfied when R is a base W-algebra (see [dJ95, Lemma 1.3.3]),
R is an object of Cyy, k is a characteristic p field with finite p-basis (see loc. cit. for the definition),

or R is perfectoid. We let Alggfn denote the category of p-adically complete rings with p-finite
differentials, which we equip with the flat topology.

Definition 3.26 (cf. [GM24]). For n in NU {oo} we consider the derived prestack
BT Alg’é’f“’(’p — Grpd,,, R~ BT9*(R),

of n-truncated prismatic F-gauges with G-structure of type pu.
47



We then have the following remarkable theorem of Gardner—-Mathew. In the following, we
use the notion of Weil restriction as in [GM24]: for a prestack Y on Alggfn, set Y™ to be the

prestack on Alggfn given by R— Y (R ®Ep Z/p").

Theorem 3.27 ([GM24]). Fiz n in NU {oco}.
(1) If n is finite, the prestack BT,SZ’“ is a quasi-compact smooth p-adic formal Artin stack of
dimension 0 with affine diagonal.
(2) For finite n, the natural map BTi’J’fl — BT9# is smooth and surjective.
(3) [Grothendieck—Messing theory| For (R’ — R,7) a (nilpotent) divided power thickening in
Algg{,ﬁn there is a Cartesian diagram of groupoids

BTS#(R') —— BP")(R)

l J (3.4.1)

BT9*(R) —— XA(R — R)

where X4 (R — R) := BS™(R') X Bg(n)(R) BPETL (R).

Proof. The only thing not addressed by [GM24] is Grothendieck—-Messing theory for n = co. But,
as a limit of Cartesian diagrams is a Cartesian diagram, this follows by passing to the limit: for
a(n affine smooth) Z,-group scheme H and a p-complete ring R, the natural maps BH(R) —
BH(Spf(R)) — lim,, BH(R) are isomorphisms (see [HLP23, Proposition 2.1.4]). O

In diagram (3.4.1), the vertical maps are the natural ones, the top horizontal map is the
restriction along the Nygaard de Rham point (see e.g., see [IKY25, Definition 1.11]), and the
lower horizontal map is such that the projection, denoted o, to B g (R') is constructed using
the map Zar: Spec(R') = R from [GM24, Lemma 6.8.1]. The map Zqr: Spf(R') = R
is an extension of prismatic de Rham point (e.g., see [IKY25, Definition 1.11]). The extension
T4R,y depends on 7.

From Theorem 3.27 we see that BT9# = lim BT9# is the projective limit of smooth quasi-
compact p-adic formal Artin stacks, with smooth surjective transition maps. This is just as in
the case of the formal Z,-stack BTZ:gO of p-divisible groups of height A and dimension d, which
is the limit of the smooth Artin formal stack over Z,s BTZ:g of n-truncated p-divisible groups of
height h and dimension d (cf. [Wed01, §1]). This is reasonable as the following result shows.

Theorem 3.28 (|[GM24, Theorem A|, [Mon24, Theorem 1.11]). Let pq be the cocharacter
(14,04 of GLp,z,. Then, there is a canonical isomorphism
~ G ,
Myn: BTIA 2 BT "0
which agrees with Anschutz—Le Bras’s filtered Dieudonné functor M (cf. [ALB23] and specifically
[ALB23, Remark 1.9|, as well as [Mon24, Proposition 3.45|) on grsp rings R. Moreover, the
functor Mgy preserves duals.

Example 3.29 (see [GM24, §11.6|). Let us say that (G, u) is of Siegel type if it is of the
form (GSp(Ao), p1g) for some symplectic Z,-lattice Ay of rank 2¢. For a p-nilpotent ring R, we
then define p—Dng’“(R) to be the groupoid of quasi-polarized p-divisible groups over R. By
definition, such a quasi-polarized p-divisible group is a triple (H, L, A) where H is a p-divisible
group over I, L is a rank 1 Z,-local system on R, and A: H = HY ® L such that under the
canonical double-duality isomorphism H ~ HYV we have that AV corresponds to —\.??

One may then deduce from from Theorem 3.28 that Mgy, induces an equivalence of categories
BT9#(R) — p-Div9*(R) given by P+ (H, L, \). More precisely, (H, L) is uniquely defined so

22Note that precisely H ® L denotes the tensor product in fppf Z,-modules, which is still a p-divisible group
as this can be checked locally, which reduces us to the case when L is trivial.
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that fuP = (Mgyn(H), Msyn(L)) where f: § — GL(Ag) x Gy, z, is the tautological map, and
where in the expression Mgy, (L) we are abusing notation and implicitly identifying L with its
associated étale p-divisible group.

3.4.2. Deformation theory of prismatic §-F-gauges. We now show that Ito’s universal
deformation (A}]mi", %) Agniv) from §3.1.1 is universal not only for C‘fl{;,g but the larger category Cyy,
when interpreted using prismatic F-gauges with G-structure of type pu.

We continue to use the notation from Notation 3.24 and further fix an element b of §(W)u(p) ~1G(
The pair (Sw,¢p), where ¢, corresponds to left multiplication by b, defines an element of
TorsZ (k) which by Proposition 1.39 is equivalent to an object P of BT #(k).

Given a functor of groupoids F': 4 — % and an object x of % we denote by fib(4 — %;x)
the fiber over x which, by definition, means the groupoid of pairs (y,¢) where y is an object of
%y and ¢: F(y) = z is an isomorphism, where a morphism (y, ) — (y/,¢') is an isomorphism
o:y —y such that // o F(o) = ¢.

Definition 3.30. Let Y be a formal stack over Z,. Let y a point of Y(k) for some k perfect
extension of F,. Set W = W (k). Define the deformation functor associated to the pair (Y,y)
to be the contravariant functor

Def,: €% — Grpd, R~ fib(Y(R) = Y(k);y)

We say Y has discrete deformation theory if for each p-nilpotent ring R, nilpotent ideal I of R,
and point y of Y(R/I), the fiber fib(Y(R) — Y(R/I);y) is a discrete groupoid.

For Y = Bng)_“ and b as above, we shorten the notation Defp, to Def,. We then have the
following result which underlies the rest that follows.

Proposition 3.31. The formal stack BTg’;“ over Z, has discrete deformation theory.

Before we prove Proposition 3.31 we give the following interpretation of Grothendieck—Messing
theory that will be used many times below. Fix a PD thickening (R’ — R,7) of objects of

Alg’z"pﬁn. Let 2/ be an object of BG(R’) and set
BT (R )y = BTI () %,

dR,R’’

Bg(r) @'y BT H(R)y := BT #(R) X, po(r) @
Then, we have the following natural Cartesian diagram

BT M(R)y —— Qu/Pu(R))

l i (3.4.2)

BT&_M(R):B’ — Qz’/P#(R)

Here Q,/ is our shorthand for the G-torsor ay (') on R’, which carries a natural action of P,.
Here we are interpreting Q,//P, as a quotient stack. We observe that (3.4.2) being Cartesian
implies a natural isomorphism of groupoids

fib (BT (R)) — BTE#(R);2) = fib (90 /F)(R) = (Qu/B)(R)it),  (343)

for z in BT9"#(R),s and t, the image of z under the bottom arrow in (3.4.2).

This is quite helpful as Q,//P, is actually a smooth algebraic space (cf. [SP, Tag 06PH| and
[SP, Tag 0AHE|). Moreover, by [SP, Tag 06GE], every surjective morphism R — R’ of Artinian
objects in Cy may be factorized as a sequence of small surjections in the sense of [SP, Tag 06GD)|.
But, such a small surjection is, in particular, a square-zero thickening and so has a unique (and
so canonical) PD structure (;) with 7; = 0 for ¢ > 2, which we denote by v in all cases.

Proof of 3.31. Applying [SP, Tag 06GE] to R — R/I it suffices to show that if " — R is a small

extension and an object x of BT #(R), then fib (BTE{“(R’) — BT%#(R); x) is discrete. But,

given (3.4.3) this is clear as the right-hand side is a discrete groupoid. (|
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Consider the ring Rg ,, from §3.1.1. We abuse notation and conflate Spf(Rg ,) (where Rg , is
endowed with the topology defined by the maximal ideal) with the natural functor G?,E — Set it
represents. Using Proposition 1.48, the pair (Agm", %) Agmv) from §3.1.1 upgrades to a deformation

(.A;)‘giy‘;, P gpniv ) of Py and so defines a morphism p,: Spf(Rg, ) — Defy.
) ,8yn

Proposition 3.32. The morphism
Pb: Spf(Rguu) — Defb

is an isomorphism. In particular, the pair (Spf(Rg ), (A;)“;,‘;, goﬂgréiyvn)) represents Defy.

)

Proof. We use the results of [GM24] to show that Def}, is represented by an object Ry™Y of €j¥.

This is sufficient, as the morphism p; induces a bijection when evaluated on any object R of G;?,g

by the universal property of the pair (Spf(Rsg,,), A}jg;‘;l, P gpniv ) (again utilizing Proposition 1.48).
,syn

As the source and target of pp belong to Gl{f,g"’p, this implies that p, is an isomorphism by the

Yoneda lemma. To show that Def, is (pro)representable it suffices by Schlessinger’s criterion
(cf. [SP, Tag 06JM]) to show that Def; satisfies condition (RS) as in [SP, Tag 06J2] and that
dimy, TDef, is finite, where this tangent space is as in [SP, Tag 0612].23

To show that Def; satisfies condition (RS) we show that whenever we have a diagram of
Artinian objects of Cy Ry — R < Rj such that the left arrow is a small surjection, that

Defb(R1 XR RQ) — Defb(Rl) XDefb(R) Defb(Rg) (3.4.4)

is a bijection of sets. This is indeed sufficient by [SP, Tag 06J5]. As (3.4.4) is a map of sets over
Defy(Ry) it suffices to show that for each s in this set that the map in (3.4.4) induced on fibers
over s is a bijection. But, this is naturally interpreted as the map of sets

(D150 ) BT 6 (B0 B0

where S is the image of s in Defy(R). But, note that Ry X Ry — R is a small surjection by [SP,
Tag 06GH]. So, using (3.4.3), if 2’ = o (s) and T’ = (), we must show that the natural map

fib ((Qar/Pu)(R1 X R Ra) = (Qr/Fu)(R1)sts) = fib ((Qz/ Pu)(R2) = (Qz / Fu) (R); ts)

is a bijection, where we are using the fact that Q. base changes to Q5. But, this is clear as
Q,//P, is a smooth algebraic space.

For dimy TDef;, < oo, it suffices to observe that, as a special case of (3.4.3), we have an
isomorphism of k-spaces T'Def, — T'Def,,, where Defy, is the deformations of ¢, in (Qy/P,)(k)
inside Qp/ P, with Qp := a:ER’kin. But, as Q,/P, is a smooth algebraic space over k this is clear.

Finally, to show that the universal deformation ring R},‘niv is an object of %, it suffices by
[SP, Tag ODYL] to show that Def} is unobstructed in the sense of [SP, Tag 06HP|. But, by [SP,
Tag 06HH]|, we may restrict to small extensions. We may then apply (3.4.3) again to deduce
unobstructedness as each Q,//P, is a smooth algebraic space. (]

Remark 3.33. Given Proposition 3.32 we shall often conflate (A™Y, ¢ Albmiv) and (Aggi,‘;, ® AEE;VH),

only using the extra decoration when clarity is needed.

3.4.3. Serre—Tate theory in the abelian-type case. We now verify an expectation of Drinfeld
using results obtained so far. This allows us to further establish an analogue of the Serre-Tate
theorem in the setting of abelian-type Shimura varieties at hyperspecial level.

Throughout this section we adopt the notation and conventions of Notation 2.1 and §3.2. In
particular, we fix (G, X, 9) to be an unramified Shimura datum of abelian type. We further fix
an element pj of the conjugacy class from § from §2.1.

23Note that condition (a) in Schlessinger’s criterion is equivalent to condition (RS) by definition, as evidently
Def is a predeformation category in the sense of [SP, Tag 06GT] as Def, (k) is a singleton. Moreover, condition
(c) is vacuous as W surjects onto k.
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3.4.3.1. Serre—Tate theory. Let us begin by observing that the syntomic realization functor
WKp syn ON Skp as constructed in §2.4 is a prismatic F-gauge with G%structure of type pj by
Corollary 3.7 and Proposition 1.39. Thus, we obtain a canonical morphism

— 9c7_ c
prp: T — BT '™,

of formal stacks over Z,,. The existence of such a morphism was expected by Drinfeld (see [Dri24b,
§4.3]). The main theorem of this section is the following result.

Theorem 3.34 (Serre-Tate theory). The morphism
PKp - Q;/?p — BTi’_“h

is formally étale, i.e., if R is a p-nilpotent ring and R — R/I a nilpotent thickening, then

o (R) —2 s BT 7Hi(R)

j |

Fo(RJT) —— BT "H(R/T)
is Cartesian.

To prove this theorem we need some preliminary setup. To this end, fix = to be a point of

Fkr(Fp). As in §3.3.1 we have the associated element by rys in C'(9¢). Additionally, recall that

we have the associated conjugacy class } of cocharacters G, 7, 9’32 . Then, by Lemma 3.5
’ P

the element by crys lies in the image of the map
9°(Zp)a (15, () 1 G°(Z,) = C(S°).

Fix b, in SC(ZP)MZ(p)*lgc(Zp) with o(b;) mapping to by crys in C(5°), e.g., by = pkr ().

Consider the functor

Def,: Gy — Set, Def, := “krley, -

Note that Def, parameterizes the deformations of z within #k» and is (pro)represented by the
formal spectrum Spf(0 .4, ») = Spf(Oes,ip’m).

The following is an immediate consequence of Theorem 3.6 and Proposition 3.32. Indeed,

Proposition 1.39 implies that (with notation as in these results) that pke , = ps, ©ir, as both
pull back the universal object over Defy, to isomorphic deformations of Py, = (wkp syn)|z-

Lemma 3.35. The induced map
pkr i Defy — Defy,
18 an isomorphism.

Proof of Theorem 3.34. By inducting on the minimal n > 2 such that I™ = (0), we may assume
without loss of generality that n = 2.

So, suppose that R is a p-nilpotent ring and I C R is square-zero ideal, then we must show
that for any R/I-point x of .#kr that the natural map

fib (Fe (R) — Fke(R/I); ) — fib (BTS;“‘*“?L(R) 5 BT ""(R/I); pr(x)) . (34.5)

is a bijection of sets (where the right-hand is discrete by Proposition 3.31). The proof will proceed
in several steps. But, before we start those steps, we make the following observation.

Lemma 3.36. Suppose that (G, u) is as in Notation 3.1. Then if R = colim; R; is a filtered
colimit of rings and I = colim I; an ideal with I and each I; square-zero. Then the commutative
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diagram

colim; BTZ#(R;) BT#(R)

| |

colim; BT9#(R;/I;) —= BTI#(R/I)

is Cartesian.

Proof. The natural map from colim; BT9#(R;) to the fiber product is evidently injectivity. To
show surjectivity, fix an object P of BT9#(R) and consider the G-torsor z = Tip pP which is the

image of some z; in BG(R;) for sufficiently large i (see [Ces15, Lemma 2.1]). Consider

2-colim BT9#(R;),, —— BTY#(R), —— (Qz/P_.)(R)

| | J

2-colim BTY#(R;/1;)e, — BTIM(R/1)e — (Q/P-.)(R/I).

Jjzi

Here the left-hand square is the obvious ones, and the right-hand square is the Cartesian square
as in (3.4.2). Observe that Q,/P_, = (Qu,/P-,)r and Q,, /P_,, is of finite presentation over R;,
we have that the outer rectangular diagram (ignoring the central nodes) is obtained by passing
to the 2-colimit over j > i of the Cartesian diagram as in (3.4.2) applied for R; — R;/I;. As
2-colimits of Cartesian diagrams of groupoids is Cartesian, we deduce the outer rectangle is also
Cartesian. Thus, we deduce the left-hand square is Cartesian as desired. O

Step 1: restriction to Zp—algebras. Observe that it suffices to show that (Y?p)zp — BT —#n
is formally étale. Indeed, this follows from the following general observation as well as the fact
that Z, — Z,, is ind-étale modulo p" for all n.

Lemma 3.37. Let

X
fx
YT>CT‘~

be a diagram of fpgc-stacks, where X and Y are schemes. If f is surjective and pro-étale and p is
formally étale, then q is formally étale.

Proof. We begin by making the following observation. Consider a commutative diagram
q

y —*% 7
o b (3.4.6)

Spec(R/I) —— Spec(R).

As f is surjective and pro-étale, there exists an ind-étale cover ¢: R/I — C and a map

v: Spec(C) — X such that f oy =aoc. By [SP, Tag 097P| there exists an ind-étale R-algebra

C such that C' = C/IC, which necessarily induces a surjective map c: Spec(C) — Spec(R). We
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thus obtain the following commutative diagram

v ”T (3.4.7)
Spec(R/I) —— Spec(R)

A~
e |

Spec(C/IC) SN Spec(C).

We use of this diagram twice below.

We first show that ¢ is formally unramified. Suppose that «,5: Spec(R) — Y are two
morphisms whose addition to (3.4.7) preserves commutativity. Using the fact that f is pro-étale
and surjective we may (after possibly enlarging C) produce o/, 5’: Spec(C) — X whose addition
to (3.4.7) preserves commutativity. But, by the formal unramifiedness of p we deduce that o/
equals A, and thus that

aoc=fod =fof =poc.
As c is an epimorphism of schemes, we deduce that « equals 8 as desired.

We now show that ¢ is formally étale. As we know that ¢ is formally unramified, it suffices
to show that there exists a map «: Spec(R) — Y such that €« oi = a and go o« = b. Now,
as p is formally étale there exists a unique morphism 6: Spec(C) — X whose addition to
(3.4.7) preserves commutativity. By a simple diagram chase, it suffices to show that the map
fod: Spec(C) — Y descends to a morphism Spec(R) — Y. As Spec(C') — Spec(R) is an fpqc
cover and Y is a sheaf for the fpqc topology on S, it suffices to show that f o § equalizes the
two natural maps 71, m2: Spec(C ®p C') — Spec(C'). But, reducing f o § o m; modulo I gives the
same map, as the map ao¢: Spec(C/IC) — Y does descend to a map Spec(R/I) — Y. Thus,
by the formal unramifiedness of Y — JF it suffices to show that go fodom =qo fodoms. But,
this is clear as the map g o f o 0 does descend to a map Spec(R) — F (namely b). O

Moreover, let us observe that if Spec(R/I) — (ﬁp) 7, is a morphism, then we have a map

Spec(R/I) — Spec(Z,), and by the formal étaleness of Z,/p"™ — Z,/p"™ for all n there exists a

unique extension to a map Spec(R) — Spec(Z,). Thus, we see that without loss of generality,
we may assume that R is a Z,-algebra.

Step 2: reduction to finitely generated Zp-algebras. Suppose that R is an arbitrary

Z,-algebra and I is a square-zero ideal. Observe that we may write R as a filtered colimit

R = colim; R; where R; ranges over all finitely generated Zp—subalgebras of R. If I; ;== INR;
then I = colim; I;. Moreover, Ii2 C I? = (0), so IZ-2 is also square-zero. Suppose that we have
shown that the map in (3.4.5) is a bijection for all finite-type Zp—algebras. Then, in particular

colim fib (S (R;) — Fkr(Ri/1;); x) — colim fib (BTg:’_”i(RZ-) — BTS M (R; /1), pr(x)>

is a bijection. But, the source is fib (.#k» (R) — -Zkr»(R/I); ) by the finite presentation of .#k»
and the latter is fib (BTEO’_Mh (R) — BT i (R/I); pxr (x)) by Lemma 3.36. The claim follows.

Step 3: the Hodge-type case. We now assume that (G, X, G) is of Hodge type. We will then
apply the following lemma for an integral Hodge embedding.
Lemma 3.38. Let X — 2) be a closed embedding of topologically of finite type formal Z,-schemes

9]

and let R be a p-nilpotent finite type Zy-algebra. Then a morphism Spec(R) — ) factorizes

through X if and only if for every mazimal ideal m of R the composition Spf(ﬁm) — Spec(R) = %)
factorizes through X.
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Proof. Let g C Og be the ideal sheaf corresponding to X. It suffices to show that JOgpec(r) 18

zero. But, for this it suffices to check this vanishing on each R,. Moreover, as Ry — Ry is
faithfully flat (see [SP, Tag 00MC]) it further suffices to check that J Ogpt(R,,) I8 zero. But, this

follows from the existence of a factorization of Spf(Ry) — Spec(R) — 2) through X. O
Choose now an integral Hodge embedding ¢: (G,X,§) < (H,h*,3) and let p be a (choice
of) integral Hodge cocharacter for the Siegel-type Shimura datum base changed to W. By [Xu20,
Theorem 1.1.1] this integral Hodge embedding induces a closed embedding
ﬁp(G, X) — 9{1’ (H7 bi)
for an appropriately chosen neat compact open subgroup L? C H(A’}). By Step 2 it suffices to
prove (3.4.5) for R finite type over Zp. But using Example 3.29 we may interpret the composition

Spec(R) — BT #n — BTo

as a quasi-polarized p-divisible group (H, L, \) over R deforming (Ao[p*], Lo, o), where we write
(Ag, Lo, Mo, o) for the point of A »(H, h*)(R/I) corresponding to the composition

Spec(R/I) = F» (G, X) — .Z1»(H,b5),
where o denotes the KP-level structure. By the classical version of Serre-Tate theory (e.g., see
[Kat81, §1]) there exists a unique deformation (A, L, \, ) in .A»(H, h*)(R) of (Ag, Mo, Lo, o)

such that (A[p™],L,\) = (H,L,\). By Lemma 3.38 we will be done if we can show that for any
maximal ideal m of R the restriction of (A[p], L, ) is in the image of

Fr(G,X)(Rin) = S0 (H, 55) (Rin)
Note that Ry is an object of 62p~ As we have a morphism Spf (Em) — BTY% % extending the
map Spec(R/m) — 5/’;1) we deduce from Lemma 3.35 that such an extension exists.

Step 4: the special type case. Suppose now that (G,X,G) is of special type. Then the
bijectivity of (3.4.5) may be checked by hand. Indeed, in this case k»(G, X) is isomorphic to a
disjoint union of the form Spec(Or), where F' is an an unramified extension of Q, (e.g., see [DY24,

Proposition 3.22]). Working component by component, we may replace 5/”;;7 with Spf(Op). As
Spf(Or) — Spf(Z,) is formally étale, we see that the morphism Spec(R/I) — Spf(Or) for the
Z,-algebra R, uniquely lifts to a morphism Spec(R) — Spf(Or). We will thus be done if we
can show that the composition Spec(R) — Spf(Or) — BTgo’_Mh agrees with the given one from
(3.4.5). But, it’s clear that the two maps induce the same map Spec(R/I) — BTgo’_“h. So, the
claim follows from (3.4.3) as, in this case, we have that Q.. / Py is trivial, as §¢ is a torus, and
so there is a unique lift of this Spec(R/I) — BTS ™ to a point Spec(R) — BT,

Step 5: the abelian type case. Suppose now that (G, X, 9) is of abelian type. Consider
the objects as in Lemma 2.9. For an appropriate neat compact open subgroup and MP C
G1(A}) x T(A}) the map a induces a closed embedding

ac: ng (GQ, Xg) — yMp(Gl X T, X1 X {h}) (348)

To prove this it suffices to pass to Zp. Now, it’s evident that (G1,X1,91) is an adapted Hodge
type datum for both (Gg,X2,92) and (G; x T,Xy x {h},91 x 7). Thus, by construction of
integral canonical models as in [Kis10, (3.4.11)], we have that at infinite level, the choice of a
connected component T of (pr,l)Zp gives an identification of the map Yk, , = Yk, xL,

(base changed to Z,) with the map
(7 X A (G A (52)° = [#F x (31 x D/ (S1 % T,

with notation as in loc. cit. We claim this map is a closed embedding. Indeed, from the
fact that G9 — G x T and Go — G1 x T are closed embeddings inducing isomorphisms on
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derived subgroups (and so induce isomorphisms on adjoint groups and has the property that
Z(G1) = Z(G1 x T) N Gy and the integral analogue) we see that the map o/ (G2) — «7(G1 x 7)
is a closed embedding. We are then done as the group .7 (B)° only depends on B (e.g., see
[KP18, Lemma 4.6.4 (2)]), so that «7(92)° = &7 (51 x T)°. We then deduce the existence of the
desired MP by arguing as in |Del71, Proposition 1.15|.

Fix a finite index subgroup of M? of the form K¥ x LP, and so we obtain a finite étale morphism

ny(Gl,Xl) X pr(T, {h}) ~ yKZfXLp(Gl X T,Xl X {h}) — yMp(Gl X T,Xl X {h})

As we have already verified formal étaleness for Hodge and special type, it follows that formal
étaleness holds also for the source. Applying Lemma 3.37 we deduce also that formal étaleness
holds at level MP. One may then apply the same argument as in Step 3 to the closed embedding
in (3.4.8) to deduce the formal étaleness result holds for (Ga, X2, G2).

Finally, to deduce the result for #k» (G, X), we observe that we have a finite étale morphism

,82 ng(G27X2) — pr(G,X),

for an appropriate choice of neat compact open subgroup K§ C Gg(A’}). Moreover, we know

that pkr o B agrees with m o pycr where 7 BT 2y BTY " is the natural map. We
already know that P is formally étale, and we claim that 7 is as well. Indeed, this follows
from the identification in (3.4.3) as 9§ — G¢ is a central isogeny, and so the natural morphism
Qwé / Pye, — Q. / P,¢, where the notation has the obvious meaning is an isomorphism. Indeed,
this may be checked over an étale cover, in which case we may assume that szz and Q. are

trivial, so that this is the natural map 9§ / PMZQ — G¢/ Pﬂi . But, this is obviously an isomorphism

as the flag variety does not change under central isogenies.?*

We deduce that 7o Pre 18 formally étale, and so pkp is formally étale by Lemma 3.37 on the
connected components lying in im(3). But, we may then deduce the formal étaleness of pkpr over
all connected components, using a translation argument (see the proof of Theorem 2.10). U

3.4.3.2. Syntomic characterization. We now formulate a more conceptual, but a priori stronger,
version of the notion of prismatic integral model from Definition 3.17. We use the notion of a
prismatic F-gauge with G-structure of type pu modeling a G-object in de Rham local systems
on Zp, for a (formal) scheme 2" over Og. This is a straightforward generalization of that in
Definition 3.17, and we follow similar conventions as in the prismatic F-crystal setting.

Definition 3.39. A smooth separated model Xk» (resp. Zk»r) of Ukp (resp. Shg,ke) is called
a syntomic integral canonical model if there exists a prismatic F-gauge with G%structure of
type —uf modeling wkp an (resp. wkr ¢) such that the induced map

Xkr — BTgZ’iMz, <resp. 37,”,;;, — BTg’“2>
is formally étale (resp. and is also a model of (Shk,kr, Ukr) in the sense of Definition 3.16).

From Proposition 1.39 and Proposition 3.32 any syntomic integral canonical model is a prismatic
integral canonical model. So, the following is a consequence of Theorem 3.13 and Theorem 3.20.

Theorem 3.40. Let (G,X,9) be an unramified Shimura datum of abelian type and KP a neat-
compact open subgroup ofG(A?). Then Fkp (resp. ke ) is the unique syntomic integral canonical
model of Shk,kr (resp. Ukp).

24Indeed, let f: G — H be a central isogeny of reductive group schemes over a base scheme S and let Z C Z(9)
be its kernel. Then, for a cocharacter p1 of § the morphism Pyfo, — I is the result of quotienting P, — G by Z.
Thus, as §/P, = (§/Z)/(P./Z) this implies the desired claim.
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3.5. Applications to the theory of G-zips. In [Oor01]|, Oort defined stratifications of the
special fiber of integral canonical models of Siegel-type Shimura varieties in terms of the group-
theoretic properties of the p-torsion of the universal abelian scheme. To generalize this idea
to integral canonical models .#kp for other unramified Shimura data, in [PWZ15], the authors
defined the Artin stack H-Zip* of (I, pu)-zips for a reductive group H/F, with cocharacter p.
The generalization of Oort’s ideas should take the form of a map Ckr: Lkr — G°-Zip~#» where
kv is the reduction modulo p of .Zk». Such a map was constructed by Viehmann-Wedhorn
in [VW13] for PEL-type Shimura varieties, and by Zhang in [Zhal8| for Hodge-type Shimura
varieties. In fact, Zhang was able to show that the map (kr is smooth.
One can use the syntomic realization functor wke gyn to generalize such results to the abelian-
type setting. Namely, by reducing modulo p we obtain a formally étale
Bkrsyn: Pre — BT (3.5.1)

[e.e]

where again we are using ﬁi?_“ " to denote the reduction of BTg:’_MZ modulo p. By passing to
the 1-truncation (i.e., pulling back a §-bundle along R*¥" @ F, — R®"), we obtain a morphism

BT " — BT) (3.5.2)
which is formally smooth by [GM24, Theorem D|. By [GM24, Theorem E| there is a morphism
BT, " — ge.zZip#, (3.5.3)

which, in fact, is a gerbe for an explicit group scheme (and so smooth). Composing the above
maps, we arrive at the following result.

Theorem 3.41. Suppose that p > 2 and (9, G, X) is an unramified Shimura datum of abelian
type. Then, composing (3.5.1), (3.5.2), and (3.5.3) gives a smooth morphism

Ckr s Fkp — GC-Zip~Fh.
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