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Abstract

We show the Harris—Viehmann conjecture under some Hodge-Newton reducibility con-
dition for a generalization of the diamond of a non-basic Rapoport—Zink space at infinite
level, which appears as a cover of the non-semi-stable locus in the Hecke stack. We show also
that the cohomology of the non-semi-stable locus with coefficient coming from a cuspidal
Langlands parameter vanishes. As an application, we show the Hecke eigensheaf property
in Fargues’ conjecture for cuspidal Langlands parameters in the GLo-case.

Introduction

In [Farl6], Fargues formulated a conjecture on a geometrization of the local Langlands corre-
spondence motivated by a formulation of the geometric Langlands conjecture in [FGV02].

Let E be a p-adic number field with residue field ;. Let G be a quasi-split reductive group
over E. Then we can define a moduli stack Bung of G-bundle on the Fargues—Fontaine curve,
and a moduli Divﬁ( of Cartier divisors of degree 1 on the Fargues—Fontaine curve. Further, we
have a diagram

HeckeSH

y X\
Bung Bung xp, DiV}(,

where Hecke=* is a moduli stack of modifications of G-bundle on the Fargues-Fontaine curve
with some condition determined by a cocharacter p of GG, which is called a Hecke stack. For
a discrete Langlands parameter p: Wg — G, Fargues’ conjecture predicts the existence of a
sheaf .7, on BunGﬁq satisfying some conditions, the most intriguing one of which is the Hecke
eigensheaf property

Wo(h*Z, ® IC)) = Fp R (ry o),

where 7, is a representation of L@ determined by pu, and ICL is an object of the derived category
of sheaves determined by p via the geometric Satake correspondence. The conjecture is stated
based on some conjectural objects. However, in the case ¢ is cuspidal and p is minuscule, we
can define every object in the conjecture assuming only the local Langlands correspondence,
which is constructed in many cases.

Assume that ¢ is cuspidal and p is minuscule. Then the support of the sheaf .7, is contained
in the semi-stable locus Bungjq of BunG’Fq. The Hecke eigensheaf property then predicts that

—
supp hy(h*F, ®1C),) C Bunf 7, Xy Div .

This is non-trivial since the inclusion

—_ —_ .
h 1(Bunsciﬁq) Ch I(Bungﬁq XF, Dlvﬁ()

-
does not hold. The vanishing of hy(h
etry of a non-semi-stable locus of the Hecke stack HeckeS¥.

* 7, ®1C,,) outside the semi-stable locus involves geom-



One aim of this paper is to give a partial result in this direction. Assume that ¢ is cuspidal,
but u can be general in the following. Let B(G) be the set of o-conjugacy classes in G(F), where
E is the completion of the maximal unramified extension of E. Then we have a decomposition

into strata, where the the strata corresponding to basic elements of B(G) forms the semi-stable
locus. Let [b], [V/] € B(G). We define Hecke[gb}“ ] by the fiber products

Hecke[%]’f ) Hecke[gb]“ — Bun[Gb]’Fq xg, Div

.

<p__h _ -1
Heckqu — Bung X, Divy

I

V]
B n[ . ——Bun,= .
UsF, UG 7,

We assume that [b] is not basic, and [b'] is basic. Let Heckeﬁ)] ] be an open substack of

Hecke[gb]“ ] where the modifications have type p. We find that a generalization M}, of a
diamond of a non-basic Rapoport—Zink space at infinite level covers Hecke’[z} v

We can define a Levi subgroup L” of G such that [b] is an image of a basic element [byo] of
B(L’). Take a proper Levi subgroup L of G containing L. Let [bo] be the image of [byo] in
B(L). We assume that [¢'] is in the image of an element [bj] € B(L). Further, we assume that
([b], [t'], i) satisfies a twisted analogue of Hodge-Newton reducibility. Our main theorem is the
following:

Theorem. The compactly supported cohomology of M;fb, is a parabolic induction of the com-
pactly supported cohomology of Mgo y. With some degree shift and twist.
90

See Theorem 4.26 for the precise statement. This theorem is a generalization of the Harris—
Viehmann conjecture on cohomology of non-basic Rapoport—Zink spaces in [RV14, Conjecture
8.5] (¢f. [Har01, Conjecture 5.2]) up to a character twist under the Hodge-Newton reducibility
condition. We also show that the compactly supported cohomology of ij p does not contain
any supercuspidal representation. These results can be viewed as generaliiation of results in
[Man08]. Using the above theorem, we can show the following:

%
Theorem. The compactly supported cohomology of Hecke’[z] ] with coefficient in h*.F, van-
ishes.

See Theorem 4.30 for the precise statement. This result is partial, since we are assuming
Hodge—Newton reducibility. On the other hand, the assumption is automatically satisfied if
Hecke[gb]“ ) is not empty in the case where G = GLgy and pu(z) = diag(z,1). As an application,
we can éLllow the following:

Theorem. Assume that G = GLg and p(z) = diag(z,1). Then the Hecke eigensheaf property
for a cuspidal Langlands parameter holds.

During the course of this work, Hansen put a related preprint [Han21] on his webpage,
which shows the Harris—Viehmann conjecture for GL,, under the Hodge-Newton reducibility
condition. We learned his result on canonical filtrations and some consequences of Scholze’s



work [Sch17] on cohomology of diamonds from [Han21]. Note that the result of [Han21] is
enough for the application to Fargues’ conjecture in GLo-case. Our main points are proving
the Harris—Viehmann conjecture under the Hodge-Newton reducibility condition for general
reductive groups and making the relation to Fargues’ conjecture clear. Note also that our main
theorem on the Harris—Viehmann conjecture is independent of the work [FS21] of Fargues and
Scholze on the formulation of the geometrization of the local Langlands correspondence. After
this work was done, Fargues’ conjecture for cuspidal Langlands parameters in the GL,-case is
proved in [ALB21] by a different method.

In Section 1, we recall a definition of the stack of G-bundle on the Fargues—Fontaine curve,
and its structure. In Section 2, we recall a defintion of the Hecke stack. We explain a coho-
mological fromulation on the Hecke stack by Fargues, which is based on the work of Scholze.
In Section 3, we construct a Q,-Weil sheaf which satisfies properties (1), (2) and (3) of [Far16,
Conjecture 4.4] and explain the Hecke eigensheaf property in Fargues’ conjecture for cuspidal
Langlands parameters. We also prove the character sheaf property in this case.

In Section 4, we study a non-semi-stable locus in the Hecke stack. We find that a generaliza-
tion of a diamond of a non-basic Rapoport—Zink space at infinite level covers the non-semi-stable
locus in the Hecke stack. We show that the cohomology of the generalizad space can be written
as a parabolic induction of the cohomology of smaller space associated a Levi subgroup under
the Hodge-Newton reducibility condition. In particular, we see that the cohomology does not
contain any supercuspidal representation in each degree. As a result, we show that the coho-
mology of the non-semi-stable locus in the Hecke stack with a coefficient coming from a cuspidal
Langlands parameter vanishes.

In Section 5, we see that we can recover Hecke eigensheaf property on some part of the
semi-stable locus from non-abelian Lubin—Tate theory in the GL,-case. In Section 6, we show
that the Hecke eigensheaf property in the GLa-case, using the results in the preceding sections.
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1 Stack of G-bundles

In this section we recall various results regarding the stack of G-bundles on the curve. Let p be
a prime number. Fix E a finite extension of Q, with residue field F,. We follow the definition
of perfectoid algebra in [Fonl3, 1.1] (c¢f. [Sch12, Definition 5.1]). Let Perfr, be the category
of perfectoid spaces over F, equipped with v-topology (cf. [Schl7, Definition 8.1(iii)]). For
S € Perfp,, we have the relative Fargues—Fontaine curve Xg = Yg / ©” as in [FS21, Definition
I1.1.15]. For an affinoid perfectoid Spa(R, R") € Perfy, , we have also the schematical relative

Fargues—Fontaine curve Xg;l;( RR+) 38 defined just after [FS21, Remark I1.2.8]. The schematic

version Xg;};( R.E+) only depends on R and so we denote it by X§§h. We have an equivalence
between categories of vector bundles on Xgp,(g r+) and X%Ch by [KL15, Theorem 8.7.7].

Let G a connected reductive group over F. Let Bung be the fibered category in groupoids
whose fiber at S € Perfy, is the groupoid of G-bundles on Xg. Then Bung has a reasonable
geometry. Let us just mention that, in particular it is a small v-stack (¢f. [FS21, Proposition
I11.1.3)).

Let E be the completion of the maximal unramified extension of . Let ¢ be the continuous
automorphism of E lifting the ¢-th power Frobenius on the residue field. For b € G(E), we have



an associated G-isocrystal
Fy: Repg — ¢-Mod; (V,p) = (V ®g E, p(b)o).
Let B(G) be the set of o-conjugacy classes in G(E). Then we have a bijection
B(G) — {the isomorphism classes of G-isocrystals over E}; [b] — [Fy]

by [RR96, Remarks 3.4 (i)].
Let S € Perfp,. We have a functor

@-Mod z — Bunxy; (D, p) — &(D, @),
where & (D, ¢) is given by
Y xp D — Y5 /% = Xg.
The composite
epg — ¢-Mod ; — Bunxy

gives a G-bundle &, x, on Xg. We simply write &, for &, x, sometimes. If b’ = gbo(g)~!, then
we have an isomophsim
tg: éabyxs — gb/,XS (1.1)

induced by the multiplication by g. The isomorphism class of &, x, depends only on the class
of b in B(G). Moreover by [FS21, Theorem III.2.2], this gives a complete description of the
points of Bung.

Let 71(G) be an algebraic fundamental group of G defined in [Bor98, 1.4]. Let E be a
separable closure of E and let I' = Gal(E/E) be its absolute Galois group. Let

K: B(G) — 7I‘1(G)F

be the Kottwitz map in [RR96, Theorem 1.15] (c¢f. [Kot90, Lemma 6.1]). Then [FS21, Theorem
I11.2.7]) provides a decomposition

- = o
BunGqu = H BunGJFq
aem (G)r

into open and closed substacks.
Let D be the split pro-algebraic torus over E such that X, (D) = Q. For b € G(E), we have
an associated homomorphism
Up: D B — G B

constructed in [Kot85, 4.2]. This gives a well-defined map

v: B(G) — (Hom(Dy, G)/G(E)); [b] = [3),

which is called the Newton map. We say that b € G(E) is basic, if 7, factors through the center
of G 3. We say that [b] € B(G) is basic if it consists of basic elements in G(E). Let B(G)pasic
denote the basic elements in B(G). We recall that the Kottwitz map induces a bijection

k: B(G)pasic AN m1(G)r.

Assume that G is quasi-split in the sequel. We fix subgroups A C T C B of GG, where A is
a maximal split torus, 7' is a maximal torus and B is a Borel subgroup. We write X,(A)" for
the dominant cocharacters of A. Then we have a natural isomorphism

X.(A)§ = (Hom(Dy, G)/G(E))°.
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Let b € G(E). We write v, € X*(A)a for the representative of [7%]. Let w be the maximal
length element in the Weyl group of G with respect to T'. Then the map

HN: B(G) = X.(A)L; [b] = w- (1)

is called the Harder—Narasimhan map. After equipping X, (A)a with the natural order topology,
as discussed in [RR96, Section 2|, the map HN is upper semicontinuous by [FS21, Theorem
I11.2.3].

We define an algebraic group J, over E by

Jy(R) = {9 € G(R@p E) | gba(g)™" = b}
for any E-algebra R. Then we have Jy(E) = Aut(F,). We define a v-sheaf .J, on Perfg by

To(S) = Aut(&,s)

for an S € Perfz . We note that the isomorphism class of J, and Jy depend only on [b] € B(G).
For a locally proﬁmte group H, we write H for v-sheaf on PerfIF associated to H. Then we
have an inclusion

Jy(E) C J.

Let jbo be the connected component of the unit section of jb. Then we have
Jo=J§ % Jy(E)

and jl? is of dimension (2p, 3,) by [FS21, Proposition IIL5.1]. In particular J,(E) = J, if and
only if b is basic.

Let Buny be the semi-stable locus of Bung. Then Bung is an open substack of Bung by
[FS21, Theorem II1.4.5)]. Let a € m1(G)r. Then the upper semicontinuity of HN provides a
stratification

Bun® - = H Bun®N="

G.F,
veX.(A)d

Take v € X, (A) and assume that Bung I%N is not empty. Then we have a unique [b] € B(G)

such that k([b]) = a and HN([b]) = v. Take any representative b of [b]. Then by [FS21,
Proposition I11.5.3] we have an isomorphism

zp: [Spa(F,)/Jy) = Bung%}j v

defined by &,. If b is basic, then Bun®N=" is equal to the semi-stable locus Bun®% of Bun®

G7]Fq Gqu GFQ
by [[S21, Theorem III.4.5]].
The Jb torsor .7, over Bun®

sends S € Perfﬁq to

a,HN=v

GF given by xp is the torsor defined by the functor which
q

(f S — Bung%m V,gb: éabﬁ = éaf),

where &% is the G-bundle on Xg determined by f, and g € Jp(S) acts on Z,(S) (on the right)
by
(f,¢) = (f,d09). (1.2)

Then we have Frob™ x, = 2, and Frob® 9, = ). Since we have o(b) = b~lbo(b), we have
a Weil descent datum
y: Frob* 9, — 9, (1.3)

induced by ty-1: &, 5 — @“’U(bf s in (1.1). Explicitly at the level of S-points, (1.3) sends (f, ¢) to

(f,poty-1). b = gbo(g)~", then t Uinduces an isomorphism .% — 7, which is compatible

with the Weil descent data wy, and wb/ Hence the isomorphism class of (%, wp) depends only
n [b] € B(G).



Remark 1.1. The jb—torsor Ty is isomorphic to Spa(Fq), however it is T}, that allows us to
define the Weil descent datum.

2 The global Hecke stack

Let Div}( be the moduli space of degree 1 closed Cartier divisors defined in [FS21, Definition
I1.1.19], which sends S € Perfr, to the set of isomorphism classes of degree 1 closed Cartier
divisors on Xg. By [FS21, Proposition I1.1.21], Div}, — # is representable in spatial diamonds
and we have an isomorphism
Spa(E)° /¢ — Divk,

where pgo is a ¢g-th power Frobenius action on E°.

We write X,.(T)" for the set of dominant cocharacters of T. Let p € X,(T)"/T. We define
a Hecke stack Hecke=* as the fibered category in groupoids whose fiber at an affinoid perfectoid
Spa(R, R") € Perfy, is the groupoid of quadruples (&,&”, D, f), where

e & and &' are G-bundles on X5,
e D is an effective Cartier divisor of degree 1 on Xf’;fh given by some untilt of R,

e the isomorphism
~ /

is a modification, which is bounded by p geometric fiberwisely.

Then we have morphisms

Bung Bung xr, Divﬁ(

defined by 1 (&,&,D, f) = & and T (&, &', D, f) = (&, D).

In the sequel, a diamond means a diamond on Perfp . Let ¢ be a prime number different
from p. As we will need the natural functor (i.e. relative homology) constructed in [FS21], let
us briefly review it. For X a small v-stack, the derived category of solid Q,-sheaves Du(X,Qy)
is constructed in [FS21, Definition VII.1.17]. For a map f: X — Y of small v-stacks, there is a
functor

fo: Dm(X,Qp) = Dam(Y, Q)

constructed in [F'S21, §VIL.3]. See [F'S21, Proposition VII.3.1] for basic properties of this functor.

Let Dy, be a diamond over (C; with an action of a profinite group K. Let foo: Do — Spa (C';
be the structure morphism. Assume that the action of K on geometric points of D, is free and
the quotient diamond Dy, /Ky is an f-cohomologically smooth diamond over (C;. For an open
subgroup K of Ky, we put D = Do /K, and let fx: Dg — Spa (C?D be the induced morphism.
Then we put

H{(Doo, Qp) = lim R’ frc((f5 Q)"
KCKoy

for ¢ > 0. Let f: D — Spa C; be an ¢-cohomologically smooth morphism of diamonds. For
F € Du(D,Qy) and i > 0, we put

H{(D, F) = R fy(F ® (f'Qp)").



Let h: M — D be a Gg-torsor, where Gy is a locally profinite group. Let m be a smooth
representation of Gy over Q,. We define . %, € Du(D, Q) as the pushforward of M by 7. Then
we have a spectral sequence

H;(Go, HI(M, Q) ®@ ) = HI (D, Fx). (2.1)

This follows from [F'S21, Proposition VIL.3.1] as [Imal9, Lemma 1.4].

3 Fargues’ conjecture

We recall the Hecke eigensheaf property in Fargues’ conjecture in the case where the Langlands
parameter is cuspidal and g is minuscule. Up to some technicalities which were worked out in
[FS21], we refer the reader to [Farl6, Conjecture 4.4(4)] for the general case.

Let ¢: Wr — LG be a cuspidal Langlands parameter. We fix a Whittacker datum. For
b € B(G)pasic, let {ﬂ'%b,p}pegp be the L-packet corresponding to ¢ by the local Langlands
correspondence for the extended pure inner form .J, of G (¢f. [Kall4, Conjecture 2.4.1]). We
recall that we have a decomposition

Bungﬁq = H Bung’}sq
aem (G)r

into open and closed substacks. Let .%, be the Q,-Weil sheaf with an action of S, on BunGﬁq
determined by the following conditions:

e The support of .7, is contained in Bunng .
= 4q
e Let o € m1(G)r. Take a basic element b € G(E) such that o = x([b]). Let p € §<p. We put
Let p be the constant Q,-sheaf with action of S,, on Bung’%s associated to p. Let m,; , be
— s s P
the Q,-Weil sheaf on Bung’%b obtained as the pushforward of the J,(E)-torsor .7, under
= q -
Tpb,p, Where the Weil descent datum is induced by wy in (1.3). Then we have

ar —
Folpumess = P T (3.1)
G.Fq ~ —
PGSA/J’MZ(C’;‘)F:O‘

where we view a as an element of X*(Z (@)T) under the canonical isomorphism 71 (G)r ~
X*(Z(G)'). The isomorphism class of the right hand side of (3.1) as Q,-Weil sheaves
does not depend on the choice of b, since the same is true for (%, wp).

Then properties (1), (2) and (3) of [Farl6, Conjecture 4.4] are immediate. We check that .7,
satisfies the character sheaf property in [Farl6, Conjecture 4.4 (5)]. This is almost tautological
by the construction of .Z,. Let § € G(E) be an elliptic element. Then § € G(E) is a basic
element, and the morphism

zs: Spa(F,) —> [Spa(F,)/Js(E)] = Bung{{g " — Bungg,

q

is defined over F, (cf. [Farl6, 5]). In this case, the morphism t5-1: &5 — &5 in (1.1) is equal to
§~! € J5(E). Hence, the morphism w;s in (1.3) is induced from §~1. However (1.2) tell us that
this is precisely the action of ! on 5. Therefore, the Frobenius action on #}.%, is given by
§~1 € Js(E), which means that ., satisfies the character sheaf property.

Let IC, be the perverse sheaf on Hecke=* constructed from p via the geometric Satake
equivalence. We put IC), = D(IC,,)" as [FS21, IX.2].



Take a representative ' € X, (T)" of u. Let I” be the stabilizer of y/ in I'. We put
= Ind Gl Tu
where 7,/ is the highest weight y irreducible representation of G«
Now we can state the Hecke eigensheaf property in Fargues’ conjecture:

Conjecture 3.1. We have

—
hy(h* Fo0g,1C,) = F, R (ru o p)

as Q- Weil sheaves with actions of S, on Bungz Xr, Divl.
In particular, the conjecture implies

—
supp HO(hy(h*Z, ®1C),)) C Bunf & Xr, Div,

since the support of .%, is contained in Bun’3 GF
q

4 Non-semi-stable locus
Let b,b' € G(E). We have a natural morphism

Y [DiV;(,Fq /Jy] ~ [Spa(F )/Jb] xp, Div GLON Bung g X, Div .

Let
b [Spa(E)°/Jy] — [Divﬁq /] %Bungfq X, Divk

be the composite. We consider the cartesian diagram (i.e. every sub-square is cartesian)

<p <p N\ /T
Hecke; Hecke;, [Spa(E)°/Jy)
3
— < ﬁ 1
<u _ :
By b Heckqu — BunG’Fq xp, Divy
3

— ~ Tyr
[Spa(Fy)/Jy) 2 Bungz,
By the construction, for a perfectoid affinoid Fy-algebra (R, RT), the groupoid Hecke; 4+ (R, RT)
consists of quadruples (&, &”, D, f), where

e & and & are G-bundles on X}fh which are isomorphic to &, and &y fiberwisely over
Spa(R, R™).

e D is an effective Cartier divisor of degree 1 on Xlsfh given by some untilt of R,

o f: 8| Xsemp 8’| X5\ D is a modification bounded by p geometric fiberwisely over
Spa(R, R™).

Let 7; b, be the Jb torsor over Heckeb i obtained by considering an isomorphism ¢: &, = 6.
Let Grb p and Mb y be the Jb/—torsors over Heckeb y and 7;;, obtained by considering an



. . ~ . < . T . . =g <
isomorphism ¢': & — &' respectively. Then Mb*{f, is a Jy-equivariant Jp-torsor over Grg{f,.
We have commutative diagrams

<p
Mb b 7;;,1;'

N

Grb%{f, *>Heckeb§7b, [Spa(E)°/Jy),

2)°

where the sub-squares are cartesian.
By [Farl6, Proposition 3.20], ’E)Sbf‘ is a diamond. Furthermore by [Sch17, Lemma 10.13,

Proposition 11.5], ./\/lb—é‘, is a diamond if ' is basic.

Remark 4.1. The maps /\/lbb, Grb—é‘, and /\/lb by 'ﬁfbf‘ appearing in the above diagram are
generalized versions of the Hodge Tate pemod map and the Gross—Hopkins period map. Indeed
if ' = 1 and p is minuscule then Mb b Grbgl‘:, is the usual Hodge—Tate period map of a

Rapoport—Zink space at infinite level associated to the isocrystal b and /\/lb y 7;)%‘ 1s the usual
Gross—Hopkins period map. On the other hand if b =1 and p is minuscule then /\/lbg’{f, — Grb%{f/
1s the Gross—Hopkins map and Mbgl‘f, — 7; 5 the Hodge—Tate map associated to the isocrystal
b ’

For a finite dimensional algebraic representation V of G and a rational number «, we put

Filp V= P Va,

o' <—a

V=P

aeQ

where

is the slope decomposition given by v}, € X*(A)6 . This gives a filtration Fil; on the forgetful
fiber functor w: Rep G — Vectg (c¢f. [SR72, IV, 2.1]). The stabilizer of Fil,w gives a parabolic

subgroup PP of G. Let L® be the centralizer of v, € X, (A)(g Take a Levi subgroup L of G

containing L°. We put P = LP’. Then, P is a parabolic subgroup of G and [b] € B(G) is the
image of an element byy € LP(E). Let by be the image of by in L(E).

We take a cocharacter A\ € X, (A) so that P is associated to A in the sense of [Spr98, 13.4.1].
Then we have a filtration Fily on w associated to \.

We assume that [b'] is in the image of B(L) — B(G). Then Filyw induces the filtrations
Fily & and Fil) &y as fiber functors by the construction, because [b], [b] are in the image of
B(L) — B(G) and L is the centralizer of A in G.

We define a closed subspace Cb y of Grbg’l’f, as a functor that sends a perfectoid affinoid

F,-algebra (R, RT) to the isomorphism classes of (&,&”, D, f,¢'), where
o (£,8',D,f)is asin Heckebgl’f/(R, R™),
o ¢/: & = & and f are compatible with Fily &}, and Fily &, geometric fiberwisely in the
sense that following holds for any geometric point Spa(F, F™) of Spa(R, RT): Take an

isomorphism & — & over X5, Let D be a Cartier divisor of X5¥ determined by D
Then the composite

~ f / !
Eblxsem\pp — Elxsem\pp = | x30m\ p. = S| x3em p.

respects the filtrations Fily &3 xen\p, and Fily &y | X5\ Do+

9



Remark 4.2. The condition that ¢’ and f are compatible with Fily &, and Fil\ & is independent
of choice of an isomorphism &, — &, because the automorphism group Jy of &, respects the
filtration Fily &,.

For pn € X.(T), we put

1
A=) > Tw),

Tel'/Ty,
where I',, is a stabilizer of y in I', and let pf denote the image of y in m (G)r.

Definition 4.3. (¢f. [RV14, Definition 2.5]) We say that [b] € B(G) is acceptable for (u,[V'])
if vy — vy < Ti. We say that [b] € B(G) is neutral for (u, [V']) if ka([b]) — ke ([b]) = ub.

Let B(G, p, [b']) be the set of acceptable neutral elements in B(G) for (u, [b']).

Remark 4.4. The set B(G, i, [V']) is a twisted analogue of the set B(G, ), the latter due to
Kottwitz. We refer the reader to [Kot97, §6.2] for this definition.

To state our main results we need the notion of Hodge-Newton reducibility.

Definition 4.5. (c¢f. [RV14, Definition 4.28]) A triple ([b], [V'],n) such that [b] € B(G, p,[b'])
and V' is basic is called Hodge—Newton reducible, if there is a standard proper Levi subgroup L
of G and [byl, [by] € B(L) such that [b] and [b'] are the images of [by] and [by] respectively, p
factors through L, [bo] € B(L, i, [bj]) and the action of vy, on Ry(B) is non-negative.

Lemma 4.6. Let R be a DVR with the maximal ideal m, and M be an R-module such that
M ~ @,;c, R/m*, where ky > .-+ > ky, is a sequence of non-negative integers. Let N be
a quotient of M generated by j elements, where j < n. Then we have I(N) < ki + --- + k;.
Further, if the equality holds, then N is a direct summand of M.

Proof. This follows from [Han21, Lemma 3.2] by taking the Pontryagin dual. O

The following proposition is a slight generalization of [Han21, Theorem 3.1], where the slope
of a semi-stable bundle is assumed to be zero.

Proposition 4.7. Assume that G = GLy. Let (k1 > -+ > ky) be the sequence of integers
corresponding to p € X.(T)". Let (R, R") be a perfectoid affinoid Fy-algebra. Let

. ~ /
[+ Elxzemp — & xsem p

be a modification of between G-bundles & and &' over stfh along an effective Cartier divisor of
degree 1 which is equal to p geometric fiberwisely. We view & and &' as vector bundles of rank
n. Let & be a saturated sub-vector bundle of & such that

deg(&) + Y. kg1 =1k(ET)s (4.1)
1<j<rk(6+)

for every point x of Spa(R, RT).
Assume that &' is semi-stable of slope s geometric fiberwisely. Let j: XIS%Ch \D — X]S%Ch be
the open immersion. We put

& = ]*f(]*@@Jr) née'.
Then &'t is a semi-stable vector bundle of slope s such that tk(&'") = rk(&T).

10



Proof. We follow arguments in the proof of [Han21, Theorem 3.1].
Take a modification fi: (’)[X;zch\D = O(l)‘XIs{ch\D of degree 1 along D. For a large N,

changing &’, f and (k1,...,k,) by &'(N),
(ids @fPY) 0 f+ | xgmp = &' (N)xzem

and (k1 + N, ..., k, + N) respectively, we may assume that f extends to an injective morphism
f: & — &', which induces a morphism f*: &t — &, Weput &~ = &/&ET and &' = &'/&'T.
Let f=: & — &'~ be the morphism induced by f.

First, we treat the case where R is a perfectoid field. In this case, &'T and &'~ are vector
bundles such that rk(&'") = rk(&™) and rk(€'~) = rk(& 7). Let Q1 and Q~ be the cokernel of
h* and h~ respectively. Then we have

Q™) < Z ki
1<i<rk(6-)
by Lemma 4.6, since @)~ is generated by rk(&~)-elements. Hence we have
Z(Q+) > Z kn-i—l—j'
1<j<rk(£+)
By this and (4.1), we have
deg(&'™) = deg(&1) +1(QT) > rk(&T)s.

On the other hand, we have deg(&'") < rk(€™)s, since &” is semi-stable. Therefore, &'" is a
semi-stable vector bundle of slope s.
The general case is reduced to the above case by the same argument as in [Han21, §3.2]. O

Lemma 4.8. Let (R, RT) be a perfectoid affinoid F-algebra. For any element a of HL (X3, 0),
there is a pro-etale extension (R',R'™") of (R, R") such that the image of  in Hét(Xf%‘ih,(’)) is
zero.

Proof. Any extension of O by O on X%h splits after a pro-etale extension of (R, R™) by [FF14,
6.3.1] and [Farl6, Theorem 2.26] (c¢f. [KL15, Corollary 8.7.10] ). This implies the claim, since
HY (X8, ©0) parametrize the extensions of O by O on X35 O

Assume that V' is basic. Let U be the unipotent radical of P. Note that we have a surjection
P— P/U~L,
where the second isomorphism is given by L <— P — P/U.

Lemma 4.9. Let (R, R") be a perfectoid affinoid F,-algebra. Let Ep a P-bundle on X?fh such
that &p x¥ L ~ ‘fbé' Then we have an isomorphism &p ~ @@% xL P after a pro-etale extension

of (R,R™).

Proof. We follow arguments in the proof of [Far20, Proposition 5.16]. Let P act on U by the
conjugation. We put
U =& P ><P U.

Then H} (X%", %) parametrizes the fiber of
He (X5, P) — Hy(X5", L)

over the image of &p. Hence, it suffices to show that HL (X3!, %) is trivial after a pro-etale
extension of (R, R™). This follows from Lemma 4.8, since % has a filtration whose graded
subquotients are semi-stable vector bundles of slope zero. O
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Lemma 4.10. Let pu1, po € Xo(T)T such that py < ps. Then HeckeS*1 ¢ Hecke=*? is a closed
substack.

Proof. By [Farl6, Proposition 3.20], it is enough to prove Gré“ e Gré“ % is closed substack.
The latter follows from the semi-continuity of the map |Gr| — X, (T)" /I in [Farl6, 3.3.2] (cf.
[SW20, Proposition 19.2.3]). O

We define a substack Hecke” of Hecke=* by requiring the condition that modifications are
equal to p geometric fiberwisely. Then Hecke” is an open substack of Hecke=* by Lemma 4.10.
We use similar definitions and notations also for other spaces.

Let X be a scheme over E. Let FilVectx be the category of filtered vector bundles on X.
We consider the functor

wy: Repy — FilVectx; V — (V ®g Ox, (Fil, V) ®g Ox).

Let Fil,\Bung’; be the category of functors w: Reps — FilVectx which are isomorphic to wy
fpqc locally on X. Let Bunl; be the category of P-bundles on X.

Lemma 4.11. There is an equivalence of categories
Fil,Bun§ — Bun¥; w — Isom% (wy, w),

where Isom?}(w)\,w) is a functor from the category of schemes over X to the category of sets
which sends X' to the set of isomorphisms wy|x — w|x: as filtered tensor functors.

Proof. This follows from [Ziel5, Theorem 4.42 and Theorem 4.43]. O

Proposition 4.12. Assume that ([b], [b'], ) is Hodge—Newton reducible for L. Let (R, R™)
be a perfectoid affinoid Fy-algebra, and (£,&",D, f) € Heckel',, (R, R"). Then, after taking a
pro-etale extension of (R, RT), there is a reduction

fp: Eplxsemp — Eplxsenp
of f to P such that &p ~ &, xL P and &) ~ &y, xLp.

Proof. By taking a pro-etale extension of (R, RT), we can take an isomorphism &, ~ &. We
put &p = &, xL P. Then &p and the isomorphism

spxPa=2g, xta=g =&

give a reduction of & to P. We put ¢p = idO@bOXLP. Then ¢p is a reduction of ¢ to P.

For any irreducible V' € Repg, the vector bundle &’(V) is semi-stable geometric fiberwisely.
By Proposition 4.7, we have a functorial construction of a filtration of &”(V') that is compatible
under f(V') with the filtration of &(V') coming from &p by Lemma 4.11. Since the category
Repg; is semi-simple, the construction extends to all V' € Rep; in a functorial way. Hence, by
Lemma 4.11, we have a reduction

. ~ /
fp: £P|X§§h\D — 5P|X§;h\D

of f to P for some P-bundle &}. By Lemma 4.9, &}, is isomorphic to @@b{) xL P after taking a
pro-etale extension of (R, RT). O

Let Py be the stabilizer of Fily & in J,. Then Py = Py (E) for a parabolic subgroup Py of
gy
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Proposition 4.13. Assume that ([b], [V], 1) is Hodge-Newton reducible for L. Then the action
be/ on Grb y Sstabilizes Cb v and we have a natural Jb/ -equivariant isomorphism

Cpy <™ Jy = Gr), .
Proof. The first claim follows from the definitions of ﬁb/ and Grg - The morphism
C;;tb’ x P Jy — Gr’éib,

induced by the action of jb/ on Grfj p is an epimorphism by Proposition 4.12.

We show the injectivity. Let g € Jy (R, RT) for a perfectoid affinoid F,-algebra (R, RT).
Assume that ¢ sends a point of Cb y (R, RT) to a point of Cb y (R, RT). Then g stabilizes Fil, &

outside the Cartier divisor corresponding to R". This implies ¢ stabilizes Fil &, on Xffh, since

g stabilizes & itself. Hence, we have g € ]Bb/(R, R™). O
Let Pb y be the inverse image of C}',, under M} ,, — Gry ..

Corollary 4.14. Assume that ([b], [V'], 1) is Hodge-Newton reducible for L. Then the action of
Py on M;fb, stabilizes Pé‘b/, and we have a natural (Jp X Jy)-equivariant isomorphism

ngb/ ><13b/ <7b/ ;) M;)/L,b/
Proof. This follows from Proposition 4.13. O

We define a subsheaf ij of J, by
JU(8) = {g € J(S) ‘ g‘Fﬂi 6 = 1dF11] . mod Filg\+1 &y for all j}

for S € Perqu

Let Uy be the unipotent radical of Py. The inner form of L determined by b’ gives a Levi
subgroup Lb’ of Pb"
We use a notation that
gry = Fil} / Fil{™
for any integer i. Let py be the half-sum of the positive roots « of T" such that —«a occurs in

the adjoint action of 7" on Lie(U). We put Ny = (2pu, vs).

Definition 4.15. Let F be a non-archimedean field with a valuation subring FT. Let f: D —
Spa(F, F')® be an £-cohomologically smooth morphism of locally spatial diamonds (cf. [Sch17,
Definition 23.8]). We say that D is {-contractible of pure dimension d if f'Fy = Fy(d)[2d] and
the trace morphism Rfif'Fy — Fy is a quasi-isomorphism.

Remark 4.16. In the situation of Definition 4.15, by [FS21, Proposition VII.5.2] filF, =
Rfif'F,.

Let @ be a uniformizer of £. Let B denote the v-sheaf on Perfg, given by B(S) = O(Yy)
(¢f. [FS21, Proposition I1.2.1]).

Lemma 4.17. Let d and h be positive integers. Let fqp: B#'==" x Spa(E)° — Spa(E)° be the
natural morphism.

(1) The v-sheaf Be'="" x Spa(ﬁ])<> is an £-cohomologically smooth £-contractible locally spatial

diamond of pure dimension h over Spa(f‘?)o.

(2) The action of E* on fy4.1Zy is given by || - ||¢
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(8) Let F be a perfectoid field over E and a € Be'==' "(F"). Let fanm: Be'="" x Spa(F®) —
Spa(F”) denote the base change of fq1,. Then the action of a on Jan o 1Ze induced by the
addition on B?'=%" is trivial.

Proof. We may assume that d = 1 replacing E by the unramified extension of degree d (cf.
[FF18, Remarque 4.2.2]). We proceed by induction on h > 1. For h = 1, the diamond
B¥=% x Spa(F)° is isomorphic to Spa(Fy[[z'/?™]]) x Spa(E)® by [Farl6, 1.5. 3] The action
of @ on Spa(F,[[z'/7]]) x Spa(E)® is induced from the morphism

m—1

Spa(F[[e!/7"]]) = Spa(Fq[la"/"])); 2!/ s 2!

of degree ¢ by taking limit with respect to m > 0. On the other hand, the action of O on
Spa(F,[[z/7™]]) x Spa(F)° is induced from an isomorphism on Spa(F,[[z'/7"]]) by taking limit
with respect to m > 0. Further the addition of a € Spa(F,[[z'/?™]])(F”") on Spa(F’[[2'/?™]]) is
induced from an isomorphism on Spa(F,[[z'/?"]]) by taking limit with respect to m > 0. Hence
the claims hold for A = 1 by [Imal9, Lemma 1.3].

Assume that the result is true for B¥=%""'. We have an exact sequence

0 — B*==""" x Spa(E)° — B~ x Spa(E)° — AL" — 0 (4.2)

of diamonds which splits pro-etale locally on Ago as in [SW20, Example 15.2.9 (4)]. Therefore
BP==" x Spa(E)° satisfies the claims (1) and (2), since AE’Q is an ¢-cohomologically smooth
{-contractible diamond of pure dimension 1 over Spa(lv?)<> and the action of ¢ € E* on A%’o is
induced from the isomorphism Al — AL; 5 T

The action of a € BP=%" (Fb) on fd’thb’!Zg depends only on the image a € AE’Q(Fb) of a

under (4.2) since the claim (3) is true for B#=="""_ Hence it suffices to show that the action
of @ on fu 17y is trivial, where fa: A};o — Spa(F b) is the natural morphism. This follows from

that the addition by @ on A};o is induced from an automorphism on A}; by [SW20, Proposition
10.2.3]. O

Let 6p: P(E) — Q, be the modulus character of P(E). Let A, be the split center of
Jy. Since Jy is an inner form of L?, we can view A, as an algebraic subgroup of Lb. We put
dp.a, = 0p|a, (k). Let g € Jy(E) act on Jg by the conjugation right action u — g~ lug.

Lemma 4.18. Let f;: ij x Spa(E)° — Spa(E)° be the natural morphism.

(1) The functor ij X Spa(ff?)<> is an £-cohomologically smooth £-contractible diamond of pure
dimension Ny, over Spa(E)°.

(2) Let k: Jo(E) — Q, be the character of the action of Jy(E) on f11Qy induced by the

conjugation right action of Jy(E) on ij. Then we have K| 4,(p) = 613141).

(3) Let F be a perfectoid field over E. Then the action of ij(Fb) on f11Qq induced by the
addition on JY is trivial.

Proof. For i > 0, we define an algebraic subgroup U; of P by
Ui(R) = { g€ P(R) ‘ 9l vy = gy v, mod Fill™™ Vi for all j and V € Rep G}

for any E-algebra R, where VRNZ \%4 QR R. Then Uy = U, and U; are normal in P for all 7.
Similarly, we define a subsheaf Jlijz' of Jp for i > 0 by

jg]ﬂ-(S) = {g e Jy(S) ) g|Fﬂ]A~ 5 = 1dF11] . mod Fil{\“Jrl &y for all j}
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for S € Perqu. Then JNbUO = ij. Let ¢ act on G and its subgroup U, by g — boa(g)bal.
Let S be a perfectoid space over Spg(f?)o. By the internal definition of a G-torsor on the

Fargues—Fontaine curve, we see that Jgi(S ) is equal to the sections of
Y xp U, p — Xg.
Hence, (j}[z/j;UzH)(S) is equal to the sections of
Ys %o (U; /U1, 5) — Xs-

Let L act on U; by the conjugation. Let Lie G be the adjoint representation of G. Then the
action of L on Lie G induces an action of L on LieU;/U; 1. We have an isomorphism

Ui/Ui+1 >~ Lie(U/L'/UZ'Jrl)

as representations of L, since U; /U, isomorphic to Gflli for some d; as linear algebraic groups.
We have the equality
LieU; = Fil} LieG

by the definition of the both sides. Hence we have an isomorphism
Lie(U;/U;41) ~ gry Lie G
as representations of L. As a result we have an isomorphsim
U;/Uiy1 ~ gl Lie G (4.3)

as representations of L. The element by € L gives an L-bundle &, g: Rep L — Bunx,. Then
we have

Ys X (U; /U 41,12) = G, (ery Lie G)

by (4.3). Hence, (%%/%%+1)(S) is equal to the sections of
&b 5 (gry Lie G) — Xg.

Then D acts on grg\ Lie G via v, and the conjugation. This action gives a slope decomposition

gry LieG = @ Voo

1<j<m;

where «; ; are positive rational numbers, since L contains the centralizer LY of v,. Then we
have an isomorphism

o (g1 Lie G) =~ @ O(aj). (4.4)

1<j<m;

Hence (ijZ / ijZ 41) X Spa(E)° is an f-cohomologically smooth ¢-contractible diamond by (4.4)
and Lemma 4.17. y

We show that Jgi x Spa(E)® is an {-cohomologically smooth ¢-contractible diamond by a
decreasing induction on 7. The claim is trivial for enough large i, since ijl X Spa(Eu)<> is one point
for such i. We see that U, ; is isomorphic to U, ; 5% (U, j5/U,,, j5) as schemes over U, /U, .,
with actions of ¢ by [SGAT0, XXVI Proposition 2.1] and its proof. Hence, ijl x Spa(E)° is
isomorphic to jgiﬂ X (%UZ/QZ)UZH) x Spa(E)° as diamonds over (%UZ/%UZH) xSpa(E)°. Therefore,
we see that ijl x Spa(E)° — (ijz/jb%H) x Spa(E)° is an (-cohomologically smooth morphsm
with ¢-contractible geometric fiber, since ijZ 41 X Spa(Eu)<> is an f-cohomologically smooth /¢-

contractible diamond by our induction hypothesis. Then we see that ijl X Spa(f?)<> is an
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¢-cohomologically smooth ¢-contractible diamond, since we know that (J~bUl / ijl 41) X Spa(E)° is
an f-cohomologically smooth ¢-contractible diamond. The claim on the dimension follows from
the above arguments. The claim (2) follows from the arguments above, Lemma 4.17 (2) and a
calculation of dp (cf. [Renl0, V.5.4]). The claim (3) follows from Lemma 4.17 (3) by induction
on i for ijZ in the same way as the proof of Lemma 4.17 (3). O

Remark 4.19. Some integral version of jb is studied in [CS17, Proposition 4.2.11].

Let X.(T)** be the set of L-dominant cocharacters in X, (7). We put
Tyo byl = {[/[] € X.(T)¥* /1 | i/ is G-conjugate to p and [bg] € B(L, 1/, [bg])}

We claim the set 1, bo,bl i1, L consists of a single element. To prove this we begin with a preliminary
lemma.

Lemma 4.20. Given two cocharacters u, i’ € X.(T) which are G-conjugate, then there exists
an element w of the absolute Weyl group of T in G such that w - p = pu'.

Proof. Let L, be the centralizer of the cocharacter G,, 5 T — G and define similarly L,.
Then, since ' = gug~! for some g € G(E), it follows that L, = gL,g™ 1. Since gTg™! C L, is
a maximal torus, there exists [ € L,/ such that gTg~' = IT1~'. This means that [~!'¢ normalizes
T and gives an element w in the absolute Weyl group of T in G. Then we have w-pu = p’. O

Lemma 4.21. Ibo,bg,u,L consists of a single element.

Proof. By the definition of Hodge-Newton reducibility, we have [u] € Iy, 4 . Let W] e
Tyg by, De another element. Let A(G,T') be the set of simple roots of G with respect to 7,
where the positivity of roots is given by B. Since p is G-dominant, i/ is G-conjugate to p and
wu# ', we have that p/ is not G-dominant and

p—p = > naa (4.5)

aeA(G,T)

where n, > 0 by Lemma 4.20, [Hum78, 10.3 Lemma B] and [Bou81, VI §1 Proposition 18]. Since
p is not G-dominant, but L-dominant, there is ap € A(G,T) \ A(L,T) such that (u/, ap) < 0.
Then we have

(u— ', ag) > 0. (4.6)
Substituting (4.5) to (4.6), we have

Z na(a’, ag) > 0.

aeA(G,T)

This implies nq, > 0, since we have (a¥,ag) < 0 for a # ag by [Hum?78, 10.1 Lemma]. Recall
that

m(L) = X(T) ) oearnr) L, (4.7)
by the proof of [Bor98, Proposition 1.10] (cf. [RR96, §1.13]). Let &* and ﬁu be the images in
wl(L)& of i and ¢/ in X*(T)&.

We show that 7 # ﬁh. We write

P Y
aeA(G,T)



where m, € Q. Then the equation

f—pf =[:TunTpl ™ | (w—p)+ D 7lp—u)
1£7€l/(Tunl )

implies My, > 0, since ny, > 0 and n, > 0 for all & € A(G,T). Thus when passing to 71 (L)"

the term o is not killed according to (4.7) and so L ﬁh as claimed. This implies
ph# p e m(Lr,

since 7i? and ﬁu are images of pf and 1/ under the map

1
m(L)r — 771(L)<5? 9] — wrerz/rg 7(9),

where g € 71 (L) and I'y is the stabilizer of g in I'. This contradicts that [p/] € Ty by 1,1+ Decause
we have

' = k(o)) — rr([bp]) = p* € m(L)r
by [bo] € B(L, i/, [bg]) and [bo] € B(L, u, [by))- O

Definition 4.22. Let R be a DVR with uniformizer m, and quotient field F'. Let k1 > --- > ky
be a sequence of integers. We say that the type of g € GL,(F) is (ki,...,ky) if we have

k1

g9 € GLn(R) GLn(R).

Lemma 4.23. Let R be a DVR with uniformizer w, and quotient field F'. We consider the
subgroups
GL,, GL,, 0

GL,,, * GL,,,
of GLy,. Let g € P(F), and g1, be the image of g in the Levi quotient. We regard gr, as an
element of L(F). We put Ny=nq +---+mny for0 <1 <m.
Let ky > -+ > ky be a sequence of integers. Assume that the type of
(9ij)Ni+1<ij<n € GLy— N (F)
is (kn+1, ..., kpn) for 0 <1 <m—1. Then we have g;lg € P(R).
Proof. By multiplying a power of 7 to g, we may assume that k, > 0. By the assumption, we
see that the type of
(9i3)Ni+1<ij<nig, € Gy, (F)
is (kny+1,- - .,kNl+1) for 0 <1 < m — 1 using Lemma 4.6. Hence, we may assume that gr =
diag(7F, ... wkn).
Let v be a normalized valuation of F. Then, it suffices to show that v(g;;) > k; for all
1 < j < i < n. Assume it does not hold, and take the biggest iy such that there is jo < g
satisfying v(giqj,) < ki,- Then the type of
(9ig)io+1<ij<n € Glin—io (F)
is (kig+1,- .-, kn). Using this and Lemma 4.6, we can show that the type of
(9ij)1<i.g<io € GLig (F)

is (k1,...,ki,). This implies that v(g;;) > ks, for all 1 <4,j < ip. This contradicts the choice
of io. L]

17



In the sequel, we simply write (D, f) for
(@(dbv @ﬁb'a D7 f7 idéb;ﬂ idcfb/) € Mﬁb’(R7 R+)

Every point of Mff y (R, R™) is represented by a datum of the above form, since we have an
isomorphism of data

(6,6",D, f,6,¢) = (&, 8y, D, ¢/ " o f 0 h,idg, ids, )

for

(57 éa/a D> f7 ¢, d)/) € Mg;b'(Rv R+)

We define a morphism
. M TU Jz
D Mbo,bg X Jy —> Pyy

by sending
((vaL)ag) € (Mgo,bé X j[;U) (R, R+)

to
(D, (fr x* P)og) € Py (R, RY)

for a perfectoid affinoid F,-algebra (R, RT).
Proposition 4.24. The morphism
. TU
[OX Mg(),bé X Jb — Pll)fb’
18 an isomorphism.

Proof. Let (R, RT) be a perfectoid affinoid F,-algebra, and
(D, fr),9) € (M} ), % T ) (R BY).

Then we have @((D,fL),g) xP L = (D, fr). Further, (D, fr) and @((D,fL),g) recover g.
Hence, we have the injectivity of ®.
Let
(D, f) e P{:b,(R, RT).

By the definition of P}',,, we have a reduction
L ~ L
fPZ (éabo X P)|X;§h\D — (é%lo X P)|X15%ch\D

of f to P. We put fr = fp x* L.
We show that
(fo x* P)" o fp e J{ (R, RY). (4.8)

For this, it suffices to show (4.8) after taking realizations for all V' € Reps. Hence, we may
assume that G = GL,,.

We view GL,-bundles as vector bundles. We take the diagonal torus and the upper half
Borel subgroup as 1" and B. Then we have

GL,, GL,, 0
L= CcCP= c GL,, .
GL,,, * GL,,,

We write
bo = (b1,...,bm), by = (by,...,b),) € GL,, (E) x - GL,,, (E).
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Then we have a decomposition
i= @ s &= D 4
1<i<m 1<i<m
as vector bundles. We put

Fi &= @ &, FiVé = P &y,

j<i<m j<i<m

for 1 <j<m+1. Then f: gb’x]s%ch\D — gb/’X%ch\D respects these filtrations. We can write

f = @ fl] . gb’xls%ch\D — ébb/’Xlszch\D’

1<i<j<m

where fij: &b, | xsan p = 6y [ xsen\ p- Then the morphism

-1
fi5 e fig: €l xsamp — € [xsem p

extends to a morphism &, — &, by Lemma 4.23. Hence we have (4.8) (cf. the proof of [Han21,
Theorem 4.1]).

It remains to show that (D, f1) € /\/l’;&bé)(R, R™). Tt suffices to show that the type of the
modification fr, is equal to p geometric fiberwisely. Let ' be the type of f1 at a geometric
point of Spa(R, RT). The type of fr x* G is equal to p by (4.8). Hence, we have p/ = p by
Lemma 4.21. O

For a diamond D over Spa(E)°, let D¢y denote D X Spa(f)o Spa (CE,. Let k: Jp(F) — @Z be
P
the character in Lemma 4.18.

Lemma 4.25. We have an isomorphism

) 12 — ~ i+2NU,b w —~
H(ZJ (Mb07b67(cg’ QZ) QK — HC (Pb,b’7(C;’ QZ)

as representations of Jy(E) X Ly (E).
Proof. This follows from Lemma 4.18 and Proposition 4.24. O

Theorem 4.26. Assume that ([b],[V'], ) is Hodge-Newton reducible for L. Then we have an
isomorphism

i+2Ny, SN o 1l (B) i =
Hc b (MZb’,(CQ,’ QE) - Indpl;,(E) Hg (M/g()’bé)’(c??’ Qﬁ) ® K
as Jy(E) x Jy (E)-representations.
Proof. This follows from Corollary 4.14 and Lemma 4.25. O

Lemma 4.27. Let (R, R") be a perfectoid affinoid Fy-algebra. Let
(&,&,D, f,¢,¢') € Mg"b,(R, RT).
For any g € Uy(E)(R, R"), there exists h € ij(R, R™) such that go f' = f' o h, where we put

f/ = (z)/*l [e) fo (ZS: éab’X?%ch\D — éab/|X}q%ch\D.
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Proof. Let j: X%Ch \D — X}S?‘fh be the open immersion. Let V' € Rep G. We have an embedding
é"b(V) — ]*j*é"b(V) — j*j*éab/(V),

where the second isomorphism is induced by f’. We have an action of g on j.j*&y (V). It
suffices to show that g stabilizes Fil} & (V') and induces the identity on grl &(V) for all 1.

We show this claim by a decreasing induction on i. For enough large i, we have Fil &,(V) =0
and the claim is trivial for such 7. Assume that the claim is true for ¢ + 1. We have the natural
embedding

g1k (V) = Guf” grh G(V) < g s & (V)

where the second isomorphism is induced by f’. We have a commutative diagram

gry & (V)i gri &y (V)

gl J{j*j* grig

(gFily &(V))/ Filst &,(V)— juj* grl &y (V),
where the bottom morphism is induced by the natural inclusion
gFily &,(V) C g(j.5* Fily & (V) = j.j* Fil} & (V).

By this diagram, we see that g Fil} &,(V) = Fil} &(V), since gr’, g is the identity on grf & (V).

Hence, g stabilizes Fil§ &(V). Further, g induces the identity on grf &,(V) again by the above

diagram, since grf g is the identity. O

Lemma 4.28. The action of Uy (E) on H. (P{:b,,q,@g) 18 trivial.

Proof. Let pag: 775 y = Mgo p X ij — M;fo p. be the projection, where the first isomorphsim
) Yo 70

is given by Proposition 4.24. It suffices to show that the action of Uy (E) on ppQy is trivial.
It suffices to show this after the pullback to each geometric point of MZ‘O y.- 1t follows from

90
Lemma 4.18 (3) and Lemma 4.27. O

Proposition 4.29. Let m be a smooth representation of Jy(E). Assume that ([b],[V/], p) is
Hodge—Newton reducible for L and that the Jacquet module of m with respect to Py wvanishes.
Then we have

Homj,, (g) (W, H (Mﬁb,@),@e)) =0.
Proof. This follows from Theorem 4.26 and Lemma 4.28. O

We define 3 72’2,’@% — [Spa(F,)/Jy (E)] as the composites

Ty, — Ty — Heckel,, — [Spa(Fy)/Jy (E)].

%
We put b = Tpr O Lppr.

Theorem 4.30. Assume that b is not basic and ([b],[V'], ) is Hodge-Newton reducible for L.
Then we have

(2 _
H! (72,17/,@;’ t oy Fp) = 0.
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Proof. We have

—*
Loy Fo = tyytyFp =ty @ POToYp

pe:g:ﬂu p|z(§)l—‘:"£(bl)

by (3.1). We take p € :S’}, such that p|Z(@)p = k(b"). Then it suffices to show that

% © * _

The pullback of 7y , to Mfib, is a constant sheaf, since the map ./\/l’bfb, — [Spa(F,)/Jy (E)]

factorizes via Spa(F,). Hence, there is a Hochschild-Serre spectral sequence
(0 (B), H (MY 0 T0) ©7p0) = B (T ot
by (2.1). We show that
Hi(Jy (B), HL (M3 ) @) © ) =0
for all ¢ and j. Take a projective resolution

e — —>‘/0—>Hg(7)£fb,7©;7@2)

as smooth Ly (E)-representations. By Lemma 4.25 and Theorem 4.26 we have

. — Ju (E 1 e}
HY (M}, o, Q) = Indyy (5 HI (P, o, @)

as smooth Jy (E)-representations. Moreover, the induction on the right-hand-side is parabolic
by Lemma 4.28. Parabolic induction preserves projective objects, since it has a Jacquet functor
as the right adjoint functor by Bernstein’s second adjoint theorem (c¢f. [Bus01, Theorem 3]) and
the Jacquet functor is exact. Note also that parabolic induction is exact. Thus we obtain the
projective resolution

Jy (E)
Py (E)

Jy (E)

.o —> Ind A

Vi — Ind Vo — HI (M Q@)

b,/

as smooth Jy (E)-representations. Finally the right adjoint of — ® 7,3 , in the category of
smooth Jy (E)-representations is — ® 7752 b op where 7T:; b p I the smooth dual of 7, ,. Both
functors are exact and so in particular — ® m,, , preserves exact sequences and projective
objects. Thus we obtain the projective resolution

Jy (E)
Py (E)

(E)

Sy ; w oy
.. — Ind V1 ® Ty, — Indy) () Vo ® Ty, — HY (/\/lb’b,,(c;, Q) ®Tpp p

Note that Py is a proper parabolic subgroup of Jy, since b is not basic. For ¢ > 0, we have
Jy (E)

(ﬂtp,b/,p & Inde/(E) ‘/z) Ty (B) = O,

since 7, , is cuspidal. Hence we have the claim. O
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5 Non-abelian Lubin—Tate theory

Assume that G = GL, and u(z) = diag(z,1,...,1). In this case, S, is trivial and Hecke=* =
Hecke!. We simply write 7, for 7,1 for any [b] € B(GLy)basic: We put

00 - 0 w
10 -~ 00

by=|(0 1 - 0 0] cGL,(F)
0 0 10

Then we have a bijection
Z— B(GLn)basic; N — b{V

The following proposition is a consequence of non-abelian Lubin—Tate theory.

Proposition 5.1. We put b = by for an integer N. Assume that N = 0,1 mod n. Then we
have

yy hy(h*F, @1C),) = y; (F, K ).

Proof. We show the claim in the case where N = 1 mod n using arguments in [MFO16, Chapter
23]. See arguments in [Far16, 8.1] for the case where N = 0 mod n. Since the natural morphism

Spa(E)°/Ji] — [Div g, /73]
induces an equivalence of étale sites (c¢f. [MFO16, 22.3.2]), it suffices to show that
e ~%
Uy hy(h*F, ®1C),) = 43 (F, K o). (5.1)

Suppose that N = mn+1 for some m € Z. The following lemma provides an explicit description
of the stack Heckebg“ )

Lemma 5.2. Let Spa(F, FT) be a geometric point in Perfﬁq. Let & be a vector bundle of rank

n on XIS;Ch having a degree one modification fiberwise by &,
0—>& & —F —0,

where F is a torsion coherent sheaf of length 1. Then & is isomorphic to O(—m)™.

Proof. This follows from [FF14, Theorem 2.94] by dualizing the modification and twisting by
O(—m). O

We put & = ™. Then, we have isomorphisms
Heckebél’j, ~ Heckebgu

by Lemma 5.2.

Lemma 5.3. Let My be the Lubin-Tate space over E at infinite level. Then we have an
isomorphism ./\/lbgl‘f, ~ My°, that is compatible with actions of GL,(E) x Jy(E) and Weil
descent data.

Proof. For a perfectoid affinoid Fy-algebra (R, R¥), the set /\/tbS {/(R,R™) consists of 6-tuples
(6,8, R, f,¢,¢), where

o (&,& RV f) € Heckebg(g)
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e ¢: & = & and ¢': & = &' are isomorphisms.

Hence, the claim follows from [SW13, Proposition 6.3.9] by dualizing the modification and
twisting by O(—m). O

Let
py: SpaCy — Spa(E)° — [Spa(E)°/J) (5.2)
be the natural projection. The equality (5.1) is equivalent to the equality

*"’*% %* k ~%
Pyl hy(h*F, @ 1C),) = py 3 (Fp W @) (5.3)

with action of J,(E) x Wg. Then the right hand side of (5.3) is 7, ® ¢ as a representation of
Jp(E) x Wg. Hence it suffices to show that the cohomology of the left hand side of (5.3) vanishes
outside degree zero, and is equal to 7, ® ¢ in degree zero as representations of J,(E) x WEg.

We note that 1C), = Qy in this case. The i-th cohomology of the left hand side of (5.3) is
equal to

n—1
Hl+n 1(7;)1)/(@)7 tbb"/@)( 2 )

We have -
thyFo = thyTel

by (3.1), since 7,y = 7,1 in our case. We have a Hochschild-Serre spectral sequence
1, (GLa(B), HI (M} 0 Q) © i) = B (T3, thmon )
by (2.1). We put
GL,(E)? = {g € GLu(E) | det(g) € OF}.
Then we have ‘ QL.(E)
H] (MLT (C“Qz) = C- Ind n( ) HJ (MLT (Cb ,Qg)

for a connected component ME%( ) of MG (cf. [Far04, 4.4.2]). By Lemma 5.3, we have

, < — GLn(E ©
HI (ME,{:’,Q,’Q@) ® Tp1 = (c IndGL EE§0 HJ( LT C)ﬁ,@z)) @ Tp,1

= c-Indgp" (2, (HJ (M) Py

<E>0)

Therefore one has

H’i <GL7L(E)7 Hj (M by, (Cb ’ QZ) b2y T, 1) = HZ (GLn(E)07 H(j: (MEOT:E([O:)I;;<>7 @Z) ® Tp,1 GLn(E)())

by Shapiro’s Lemma. Now 7r<p,1|GLn( g)0 1s a compact representation and thus it is a projective
object in the category of smooth GL, (E)%representations. Hence no higher homology groups
appear and so

(HE (M5 Q) © ) oy = 1 (T3 ey thmon).

Hence, the claim follows from the non-abelian Lubin—Tate theory. O

23



6 Hecke eigensheaf property

Assume that G = GLg and p(z) = diag(z, 1) in this section.

Lemma 6.1. Let Spa(F, F'") be a geometric point in Perfr, . Let
0—& —& —F —0

be an exact sequence of coherent sheaf over X}?h, where & and &' are vector bundles of rank
2 and .F is a torsion coherent sheaf of length 1. Assume that & is not semi-stable and &' is
semi-stable. Then & ~ O(m) ® O(m — 1) and & ~ O(m) & O(m) for some integer m.

Proof. The vector bundle & is isomorphic to O(m + 3) or O(m) & O(m) for some integer m,
since it is semi-stable.

If & is isomorphic to O(m + 1), then & is isomorphic to O(m) & O(m) by [FF14, Theorem
2.9]. This contradict to the condition that & is not semi-stable.

Assume &” is isomorphic to O(m) @ O(m). Then & is isomorphic to O(m1) & O(mz) with
my,ma < mor O(n+3) with n < m—1 by [FF14, 6.3.1]. By considering deg(&)+1 = deg(&”),
the possible cases are O(m) & O(m—1) or O(m—1). However, the latter case does not happen,
since & is not semi-stable. O

Proposition 6.2. Then we have
% e
supp hy(h*F, ®1C),) C BunGIF x Divk .

Proof. Take a non-basic element [b] € B(G). Then it suffices to show that p;g; hh X F, =0,
where py is defined at (5.2). We consider the following cartesian diagram:

<p,ss <p b
7;,@; b,Ch Spa(Cy)
YboPp
<u B 1
— <p _ :
7 bss Heckeﬁq — BunG,Fq x Divy
"
Jss
BunG 7, — Buntq .

%
Let hy: Sk Bun, F, be the morphism which appears in the above diagram. Then it suffices

b,C,
to see that e
HZ(7;C,,, hb%) =0.
On the other hand, we have
S =
Hz(ncb’ hb‘g ) HZ(7;)<(C/T)SS’ hb,ss]ssyw)

by Z, = JjsspiesF - We have a decomposition
<M ss
b (Cb H T bN (Cb
Ne2zZ

by Lemma 6.1. Hence, we have
< oF
HZ (7; (cltj; SS’ h b,ss]ssy‘#’) =0

by Theorem 4.30. 0
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Theorem 6.3. Then we have

Proof. By Proposition 6.2, it suffices to show the equality on Bun

Ho(h* 7, 010,) = Z, K¢,

Ss

GF, < Div. The equality

on the semi-stable locus follows from Proposition 5.1, since we have N = 0,1 mod 2 for any

integer N. O
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