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Abstract
We study the mod ¢ Weil representation of a finite unitary group and re-
lated Deligne—Lusztig inductions. In particular, we study their decomposition as
representations of a symplectic group, and give a construction of a mod ¢ Howe
correspondence for (Sp,,,, O ) including the case where p = 2.

1 Introduction

Let g be a power of a prime number p. Weil representations of symplectic groups over
[F, are studied in [Sai72] and [How73] after [Wei64] if ¢ is odd. Weil representations of
general linear groups and unitary groups over [, are constructed in [Gér77] for any g.
The Howe correspondence is constructed using the Weil representations.

In [IT23], we construct Weil representations of unitary groups by using cohomology
of varieties over finite fields. More concretely, we consider the affine smooth variety X,
defined by 2¢ 4z = 27 2% in Aﬁ;l, where n > 2. Let F, = {x € Fp2 | 27+ 2 = 0}.
This variety admits an action of a finite unitary group U, (F,) and a natural action of

Fy+. Let £ # p be a prime number and ¢ € Hom(F,,,Q,) \ {1}. Then the ¢-isotypic
part V, = H(X, 5 . Q)[¢] realizes the Weil representation of U,(F,) with a natural

C

action of Gal(IF,/F,2). We can use this Galois action to construct Shintani lifts for
Weil representations as in [IT19]. Further V,, is isomorphic to middle cohomology of
a flg+1-torsor over the complement of a Fermat hypersurface in a projective space as
U, (FF,)-representations. Let S, be the Fermat hypersurface defined by the homogenous
polynomial 7 #%*" = 0 in Pﬁ;l. Let Y, = Pg; \ S,. Here let U, (F,) act on IP’I’F‘;1 by

multiplication. Let Y, be the affine smooth variety defined by S27 " = 1 in Ap .
q

The natural morphism f: Y, — Yo (z1,...,2) — [x1 1 -+ 1 @) 18 & pigqq-torsor. These
varieties appear as Deligne-Lusztig varieties.

Let A € {Q,F,}. Let 2%, denote the sheaf of A-modules on Y, associated to a
character x': p141 — A* and the pgqq-torsor f. We identify p,41 with the center of
U, (F,). For x € Hom(pg41,Q, ), we have an isomorphism V,,[y] ~ HY (Y, 5, Hy) as
U, (FF,)-representations (cf. (2.3)), which we can write using Deligne-Lusztig induction
([IT23, Proposition 6.1]). In this paper, we study a modular coefficients case of this
cohomology. Namely, we analyze

Hg_l(Yn,Fq7 ‘%/f)
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as U, (F,)-representations over F, for ¢ € Hom(uqH,FZ ). We show that these repre-
sentations are irreducible in the most cases, but it can be an extension of the trivial
representation by an irreducible representations when ¢ | ¢ + 1. This is contrary to the
Q,-coefficients case, where they are all irreducible (cf. Proposition 2.1). See Proposition
3.6 for a more precise result.

In [IT23], we consider a rational form of X, over F,, which is denoted by XJ,.
Using the Frobenius action coming from the rationality of X7, over F,, we can obtain a
representation of Sp,, (F,) x O3 (F,) on Hf”(Xén,Fq,@@)[w] (cf. [IT23, §7.1.1]), for which

we simply write W, ,,. We also consider a rational form of Y5,, which we denote by Y7, .

For x € Hom(pg41, A*), we can define a sheaf of A-modules %, on Y, similarly, and then

the cohomology HZ" (Y] = ,.%,) is regarded as an Sp,,, (IF,)-representation. Similarly as

",

above, we have an isomorphism W, ,[x] ~ HZ" (Y] - |
,Tq

for x € Hom(pig1,@Q, ). If x> = 1, we can define the plus part HZNY] =, )" and the

;g

minus part HZ"'(Y] -, )" as Sp,,(IF,)-representations using the Frobenius action.
= q

) as Spo, (F,)-representations

Any irreducible representation o of Oy (F,) over Q; is attached to

(€] € {€ € Hom(uy1, Fy ) | € #1}/(Z/22) or (%) € Hom(ugrr, p2(F)) x {£}

as [IT23, §7.2], where 1 € Z/27Z acts on Hom(pigs1,F, ) by € — €1, Then W, o] is
isomorphic to
BV, 5 ) o HPUY, o )

2n,F,’ 2n,F,?

accordingly. This realizes the Howe correspondence for the dual pair Sp,,(F,) x O3 (F,).

The aim of this paper is to propose the modular coefficients version of this corre-
spondence as a mod ¢ Howe correspondence for Sp,,(F,) x O3 (F,) (cf. §6.2) and study
the mod ¢ correspondence. Our main result is the following:

Theorem (Theorem 6.1). Assume that ¢ # 2. The Sp,, (F,)-representations

H (Y] o ) for [€] € {€ € Hom(uger F)) | € # 1}/(Z/22),
HZ Y], o He) for & € Hom(pger, io(F0)), & € {£}

2n,Fq
are irreducible except the case where { | ¢+ 1 and (§,k) = (1,4), in which case
]:lf”*l(YQ’nF , He )™ is a non-trivial extension of the trivial representation by an irreducible
=q

representation. Furthermore, the above representations have no irreducible constituent
m common.

In the following, we briefly introduce a content of each section. In §2.1, we recall
several fundamental facts proved in [IT23]. In §2.2, we recall general facts on étale
cohomology. In §2.3, we recall results on Lusztig series and ¢-blocks.

In §3, we investigate the mod ¢ cohomology of Y, as a U, (F,)-representation. Our
fundamental result is Proposition 3.3. To show this proposition, we need a transcendental
result in [Dim92] (¢f. the proof of Lemma 3.2). In §4, we prepare some geometric
results on cohomology of Y, . In §5, we study mod ¢ cohomology of Y3, as an Sp,, (F,)-
representation for ¢ # 2. In a modular representation theoretic view point, Brauer
characters associated to V;, and W, ,, have been studied in [GMST02], [GT04] and [HMO1]
etc. Using these results, we study the cohomology of Y,, and Yy, as mentioned above.
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In §6, we formulate a mod ¢ Howe correspondence for (Sp,,,, O3 ) using mod ¢ coho-

mology of Yy, and state our result in terms of the mod ¢ Howe correspondence.
This work was supported by JSPS KAKENHI Grant Numbers 15K17506, 17K18722.

Notation

Let ¢ be a prime number. For a finite abelian group A, let AY denote the character
group Hom(A,Q, ). For a finite group G and a finite-dimensional representation 7 and
an irreducible representation p of G over Qy, let 7[p] denote the p-isotypic part of . For
a trivial representation 1 of G, we often write 7% for 7[1].

Every scheme is equipped with the reduced scheme structure. For an integer ¢ > 0,
we write A’ and P? for the i-dimensional affine space over F, and the i-dimensional
projective space over F,, respectively. We set G,, = A\ {0}. For a scheme X over a
field k and a field extension [/k, let X; denote the base change of X to [.

2 Preliminaries

2.1 Weil representation of unitary group

In this subsection, we recall several facts proved in [IT23]. Let ¢ be a power of a prime
number p. For a positive integer m prime to p, we put

oy ={a € F, | a™ = 1}.

Let n be a positive integer. Let U, be the unitary group over F, defined by the hermitian
form

Foo x B — Fyer (), (2) = D afal,
i=1

We consider the Fermat hypersurface S, defined by " | 2 =0 in ]P)fqu’l. Let Y, =

)

IP]’FLq_l \ Sy Let U, (F,) act on PE_" by left multiplication. Let Y, be the affine smooth
variety defined by S22 = 1in A . Similarly, U, (FF,) acts on ?n,quQ‘ The morphism

=11

Yo = Yo (g, ... mp) =[xy 000y (2.1)

is a ftg+1-torsor and U, (F,)-equivariant.

Let ¢ # p be a prime number. Let wy, denote the Weil representation of U, (F,) over
Qy (cf. [Gér77, Theorem 4.9.2]).

Let O be the ring of integers in an algebraic extension of QQ;. Let m be the maximal
ideal of O. We set F = O/m.

Let A € {Q,,O,F}. For a separated and of finite type scheme Y over F, which
admits a left action of a finite group G, let G act on H{(Yz ,A) as (g*)~" for g € G. We
put _

Vi = Hgil(y F, 7@6)'

n,Fq
For x € Hom(p,—1,A*), let %, denote the A-sheaf on Yor, defined by y~! and the

covering (2.1). For x € p;_;, we have V,[x] = H!"'(Y, 5, #), which is the middle
degree cohomology in a Deligne-Lusztig induction by [IT23, (5.1), §6.1].
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Let X,, be the affine smooth variety over F,» defined by

21+ 2= Z It
i=1
in Ap"t = SpecFp(z1, ..., o, 2]. Let U,(F,) act on X, by
q

Xy = Xy (v,2) = (gv,2) for g € U,(F,),

where we regard v = (z;) as a column vector. We put F,. = {a € Fp | a + €a? = 0}.
We sometimes abbreviate +1 as +. Let F, ; act on X, by 2+ z+a fora € F 4.

Let v € Hom(F,.,A*)\ {1}. Let %, denote the A-sheaf associated to ¢~! and
21+ ez =t on Ay = SpecTF,[t]. We consider the morphism

m: AR = Ag s (Ti)1<i<n = zn:a:;ﬁl.
i=1
Then we have an isomorphism
Hy(X, 5, M[Y] = H{(A" 7 %,) (2.2)

for i > 0.
Proposition 2.1. Assume that n > 2.

(1) We have V,, >~ wy, as representations of U, (F,).

(2) For x € py,,, we have

¢"+ (=1)"q

dim Vax] = 0 9

(=D"

qg+1

if x =1,

if x # 1.

The U, (Fy)-representations {V,,[X]}yeny,, are irreducible and distinct. Moreover,
only V,[1] is unipotent as a U, (FF,)-representation.

Proof. We have
Vi @ HI 'Y, H5) ~ HI (A" 7°%,) (2.3)
XEHg 11

as representations of U, (F,) by [IT23, Lemma 4.3, Corollary 4.6, Lemma 4.7 (2)]. The
claim (1) follows from (2.2), (2.3) and [IT23, (2.6), Theorem 2.5]. The claim (2) follows
from the claim (1), (2.3) and [IT23, Lemma 4.2, Corollary 6.2]. O

2.2 General facts on étale cohomology

We recall a basic fact on cohomology of an affine smooth variety, which will be used
frequently.



Lemma 2.2. Let X be an affine smooth variety over Fq of dimension d. Let { # p. Let
F be a finite extension of Q. Let O be the ring of integers of F'. Let kp be the residue
field of Op. Let A € {Op,kp}. Suppose that F is a smooth A-sheaf on X.

(1) Assume A = kp. Then we have H (X, .F) =0 fori < d.

(2) Assume A = Op. The middle cohomology HY(X,.F) is a finitely generated free
Or-module.

Proof. The first assertion follows from affine vanishing and Poincaré duality. We show
the second claim. We take a uniformizer @w of Op. Then, we have an exact sequence

HYX, T [w) = HI(X, 7) = H{(X, 7).

Since we have H¥1(X,.% /w) = 0 by the first claim, the c-multiplication map is injec-
tive. Since H3(X,.%) is a finitely generated Op-module, the second claim follows. [

We recall a well-known fact, which will be used in the proof of Proposition 4.4.

Lemma 2.3. Let the notation be as in Lemma 2.2. Let G be a finite group. Let X —'Y
be a G-torsor between d-dimensional affine smooth varieties over F,,.

(1) We have an isomorphism HH(X, k)% ~ HY(Y, kp).
(2) Assume £1|G|. Then we have an isomorphism H: (X, kp)® ~ H{(Y, kp) for any i.
Proof. As in [I1181, Lemma 2.2], we have a spectral sequence
EY? = H?(G, H(X, kp)) = EP*" = HY(Y kp).

Since we have H!(X,kr) = 0 for i < d by Lemma 2.2 (1), we have an isomorphism
EY% ~ Fe. Hence the first claim follows.

We show the second claim. For any kp[G]-module M, we have H'(G, M) = 0 for any
i >0 by ¢1|G|. Hence the second claim follows from the above spectral sequence. [

2.3 Lusztig series and /-blocks

We briefly recall several facts on Lusztig series (¢f. [Lus77, §7]). We mainly follow [DM91,
Chapter 13].

Let G be a connected reductive group over F,. Let Irr(G(F,)) denote the set of
irreducible characters of G(F,) over Q,. Let G* be a connected reductive group over F,
which is the dual of G in the sense of [DM91, 13.10 Definition].

We fix an isomorphism F; ~ (Q/Z), and an embedding F; s Q, , where (Q/Z),
denotes the subgroup of Q/Z consisting of the elements of order prime to p. Let (s) be a
geometric conjugacy class of a semisimple element s € G*(F,). As in [DM91, 13.16 Defi-
nition], let £(G, (s)) be the subset of Irr(G(F,)) which consists of irreducible constitutes
of a Deligne-Lusztig character R%(), where (T),0) is of the geometric conjugacy class
associated to (s) in the sense of [DM91, 13.2 Definition, 13.12 Proposition]. The sub-
set £(G, (s)) is called a Lusztig series associated to (s). By [DM91, 13.17 Proposition],
Irr(G(F,)) is partitioned into Lusztig series. The following fact is well-known.



Lemma 2.4. Let f: G — G' be a morphism between connected reductive groups over
F, with a central connected kernel such that the image of f contains the derived group
of G'. Let G* and G™ be the dual groups of G and G'. Let s € G*(F,) be the image of
a semisimple element s’ in G™(F,). Then the irreducible constituents of the inflations
under f of elements in E(G', (s')) are in E(G,(s)).

Proof. This follows from [DM91, 13.22 Proposition]. ]

For a semisimple ¢'-element s € G*(F,), we define

&G ())= U &G (sh).

te(Cax(ry)(s))e

It is known that this set is a union of ¢-blocks by [BM89, 2.2 Théoreme|. Any block
contained in &(G, (1)) is called a unipotent ¢-block.

Lemma 2.5. Let s and s’ be semisimple {'-elements of G*(F,). Assume that s and s' are
not geometrically conjugate. Let p € E(G, (s)) and p' € E(G,(s")). Then p & E(G, ().
In particular, p and p' are in different £-blocks.

Proof. Assume p € &(G, (s')). Then there exists an element s” € Cg«(g,) (") of {-power
such that p € £(G, (s's")). Since p € £(G, (s)), the elements s and s's” are geometrically
conjugate by [DM91, 13.17 Proposition|. Let ¢* be the order of s”. By s” € Cg-m,)(s),
the elements s* and s are geometrically conjugate. Then s and s’ are geometrically
conjugate, since s and s’ are ¢-elements. This is a contradiction. ]

For an irreducible representation 7 of a finite group, let T denote the Brauer character
associated to a mod ¢ reduction of 7. For any integer m > 1, let m, be the largest power
of p dividing m and m, = m/m,,.

Lemma 2.6. Let p be an irreducible ordinary character of G¥. Assume p € £/(G, (s))
for some semisimple {'-element s of G*(F,). If

G(F,)ly
IR (1),
Coa sy "

then p is an irreducible Brauer character.

Proof. Assume that p is not irreducible and take an irreducible Brauer subcharacter x
of p. Then
G(Fy) |y
1 < x(1) < p(1)
|Caxr,)(8)]p
by [HMO1, Proposition 1]. This is a contradiction. H

We recall some results in [HMO1, §6]. Take a nonisotropic vector ¢ in the standard
representation of U, (F,). Let S be the subgroup of U, (F,) fixing the line (¢) and inducing
the identity on the orthogonal complement of (¢). Let S be the image of S in PU, (F,).
Then S and S are cyclic groups of order ¢ + 1. We follow [HMO1, §6] for a definition of
the Weil characters of SU,, (F,).



Lemma 2.7. Assume that n > 3. The Weil characters of SU,(F,) consist of one
unipotent character xm-1,1) € E(SUy, (1)) of degree (¢" + (—1)"q)/(q + 1) and q non-
unipotent characters xs m-1) € E(SU,, (s)) of degree (¢" — (—=1)")/(q+1) for s € S\ {1},
where the elements of S give different geometrically conjugacy classes. We put

"+ (1" ¢" — (—1)”}
g+1 7 qg+1

N:min{

Let V' be a Weil character of SU_n(IFq). If the degree of V is N, then V is irreducible. If
the degree of V is N + 1, then V' is irreducible or has two irreducible constituents, one
of which is trivial. Further we have the following:

(1) Letn >4 be even. Then X,y 1y is irreducible if and only if {1 q+ 1.

(2) Letn >3 be odd. Then Xs,(n—1y s irreducible if and only if the order of s is not a
power of £.

Proof. Everything is explained in [HMO1, p. 755] except that the elements of S give
different geometrically conjugacy classes. Assume that different elements s and s’ in S
are geometrically conjugate. Then their lifts § and § in S are geometrically conjugate
modulo the center. Considering the eigenvalues of § and &', we have a contradiction. [J

Lemma 2.8. Let x € p/,, \{1}. Weview x as a character of the diagonal torus U, (F,)"

of Un(F,) under the first projection. Let § € S be the element corresponding to x by
[DM91, 13.12 Proposition]. Let s € S be the image of 5. Then we have V,[1]|su,®,) =

X(n—1,1) and Vn[X”SUn(IFq) = Xs,(n—1)-
Proof. This follows from Lemma 2.4 and Lemma 2.7. O

3 Cohomology as representation of unitary group

In this section, we investigate mainly Hf(Ynfq,E) as an Fy[U,(F,)]-module.
In this section, we often ignore Tate twists when it is not necessary to consider Frobe-
nius action. For an O-module M, let M[m] denote the O-submodule of M consisting of

elements annihilated by any element of m.

Lemma 3.1. (1) The cohomology Hi(SnFq, O) is free as an O-module for any i.

(2) The cohomology H'(S

.y O) is zero if i #n — 2 and i is odd, and is free of rank
one as an O-module if 0 < i < 2(n — 2) is even and i # n — 2.
(3) We have an isomorphism H'(S

n

»Fq’(/)) ®@F ~ HZ(S

n

7,. ) for any i.

Proof. We denote by S, ¢ the Fermat variety defined by the same equation as 5, in
P&’l. Let 7 be an integer. We have isomorphisms

H'(Spe, Z) ®7,0 ~ H'(S;%, 0) = H'(Sy ¢, 0),

where the first isomorphism follows from that O is flat over Z, and the second one
follows from the comparison theorem between singular and étale cohomology. By taking



an isomorphism C ~ Q,, we have an isomorphism H'(S, ¢, O) ~ Hi(Sn@p, ). Since
Sy, has good reduction at p and the reduction equals S, we have an isomorphism

n n

HZ(S 7@1),0) ~ HZ(S Fq,O)
by the proper base change theorem. As a result, we have
HZ( Z?Caz) ®z O ~ Hi(Sn,FLﬂO)' (31>

Hence the first claim follows, because H*( ", Z) is a free Z-module by [Dim92, Propo-
sition (B32) (ii)]. The second claim follows from (3.1) and [Dim92, Theorem (B22)]. We
have a short exact sequence

0— H'(S,5,,0) @0 F — H(S,5,F) = H*(S

q’ n nvlF(I’

O)[m] — 0.
Hence the third claim follows from the first one. O]

In the sequel, we always assume that O is the ring of integers in a finite extension
of Q¢(ttp(g+1)). Every homomorphism is U, (F,)-equivariant. Let the notation be as in
§4.1. We have a long exact sequence

RN Hi(Yqu, 0) — H' (P 0) — Hi(Snfq, 0)

= HY(Y,5,,0) = HT (P, 0) — HFY(S

n

£.0) e (3.2)

By Lemma 2.2 (1), the restriction map
H'(P"™,0) = H'(S,f,,0)

n

is an isomorphism for i < n — 2. By Lemma 3.1 (1) and Poincaré duality, we obtain an
isomorphism . A
fi H'(S,5,,0) = H*2(P"1,0)

forn—1<i<2n—4. Let s = [P"?] € H*(P"', O) be the cycle class of the hyperplane
P2 c P*!, and k' € H*(P" !, O) the cup product of k. For 1 <i <n — 1, the map
KO — H*(P"1,0); 1+ &' is an isomorphism. Let [S, 7] € H*(P""',0) be the
cycle class of S, 5 C P*~1. For n — 1 < 2i < 2n — 4, the composite

H2i(]Pm717 @) _rest. H2i(5nfq’ (’)) %) H2i+2(]P)n71’ (’))
equals the map induced by the cup product by [Snfq]- Clearly, we have [Sn,Fq] = (¢g+ 1)k
in H*(P" ! O). We write ¢ + 1 = ¢*r with (¢,7) = 1. By Lemma 3.1 (2), we have

HI(Y. = . 0) ~ 0 if 7 is even, (3.3)
nF T T O/ if s odd ’

forn<i<2n-—2.

For a character x: pg41 — O, we write X for the composite of x and the reduction
map O* — F*.

We have a short exact sequence

0 — HY (Y, 5,, H5) ®0 F — HI (Y, 5,, Hx) = HZ (Y, 5,, A)m] = 0. (34)
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By (3.3), we have

ifa>1.

. 0 if a =0,
dimg HZ (Y, 5,, O)[m] = {1_(_1>n (3.5)

By Proposition 2.1, Lemma 2.2 (2), (3.4) with x = 1 and (3.5), we have

L 40" ifa=0
dlm]F HgLi (Yn Fq, F) - n:](tll)n 14+ (—=1)" . ’ (36>
g i ifa > 1.
Hence, we have
1 1"
dimg H(Y, 5., ) [m] = LD 2 1and g =1 (3.7)

again by Proposition 2.1, Lemma 2.2 (2) and (3.4) with y. Note that a character y # 1
such that ¥ = 1 does not exist if a = 0. B
In the following, we investigate (3.4) when ¥ # 1. We set Y,,, = Yn,Fq/ILLga. We have

a decomposition fi,11 = pge X p.. We write as x = xpa X, with x € Hom(pe, O*) and
Xr € Hom(p,, O*). We have

0= H (Yo, i) @0 F — H N (Y, F) = HE (Yo, Hpa ) [m] = 0. (3.8)

The natural morphism Y,, , — Yn,Fq is a p,-torsor. By (¢,r) = 1, we have isomorphisms

Hé(Ynﬂ"v ‘%/Xea) = @ Hé (Yn,Fq’ ‘%/Xzaxr)v

xrEHom (pr,O%)

Hé(Yn,raF) = @ Hé(Yn,Fq> Ji/@)

XrEHom (pr FX)

(3.9)

for any integer i. By Proposition 2.1, Lemma 2.2 (2) and the first isomorphism in (3.9),

we have -
i Gk P if Ypa # 1,
ranko HZL_I(YTL’T, ‘%{Ea) — { qngj_ll)n XZ %

qu—lT’ + (_1)71 if Xpa = 1.

(3.10)

We show the following lemma by using a comparison theorem between singular and étale
cohomology and applying results on weighted hypersurfaces in [Dim92].

Lemma 3.2. The pull-back H(Y, 5,,O) — H{(Y,., O) is an isomorphism for n < i <
2n — 2.

Proof. Let f:Y,, — Y, r, be the natural finite morphism. We have the trace map
for H(Yn,, O) = H{(Y,5,,0). The pull-back map f*: Hi(Y,5,,0) — H(Y,,,O)
is injective by (¢,7) = 1, because the composite f, o f* is the r-multiplication map.
Therefore it suffices to show that the map is surjective.

We regard S, as a closed subscheme of S, defined by z,11 = 0. We take £ € Fe
such that €91 = —1. Then 17” is isomorphic to the complement S, \ S, over F,. by

~

g = (Suir \ Su)i s (@i = [0 c oo g 2 €.
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Let p441 act on Sn+1,]pq2 by [21 1+ Tpya] = w100 @y 0 (] for € € pgr. We

have the well-defined morphism 7: Sy — P55 2y 1+t @pga] > [z 00 ). We
q

have a commutative diagram

YTL,FqQ - n—‘rl,FqQ I — STL,FqQ

N

n—1
Yn,F 2 IP)IF 9 STLJF 2°
q q q

By considering the base change of this to F, and taking the quotients on the upper line
by e, we obtain a commutative diagram

Yor —= Spi15,/ e < S5, (3.11)
] |-
n.F, pr-t Sy T,

Let w = (1,...,1,0%) € Z%}" and P(w) be the weighted projective space associated to

w over F,. Then the quotient S, +1.7,/Hee is isomorphic to the weighted hypersurface
defined by

X4 X, =0 (3.12)
=1

in P(w) ~ P"/pp.. Let Uy C S, .5, be the open subscheme defined by z; # 0 for
1 <4 < n. Then we have Sn+1,Fq = U_, U;. For each 1 <i < n, the quotient U; /i is
defined by

T s s st st T = 0

in A", This is smooth over Fq by p ¢+ 1 and the Jacobian criterion. Hence S, HF, / fga

is smooth over Fq.

We consider the smooth hypersurface defined by the same equation as (3.12) in the
weighted projective space P(w) over QQ, which we denote by S’. Then SE" is strongly
smooth as in [Dim92, Example (B31)]. Hence the integral cohomology algebra of it is
torsion-free by [Dim92, Proposition (B32) (ii)]. Clearly, S’ has good reduction at p, and
the reduction is isomorphic to S, 5 /4« over F,. In the same manner as (3.1), we have

an isomorphism

H'(S¢",2) ®2, 0 ~ H'(S, 1 5,/ e, O).
Hence, H'(S, +1.7,/Hee, O) is a free O-module of rank one for any even integer ¢ # n — 1

and H'(S, ., F,/te, O) = 0 for any odd integer i # n — 1 by [Dim92, (B33)]. By (3.11),

n
we have a commutative diagram

H2i (]mel7 (f))

H%(Snfq? O) - H(:2i+1(YnFq’ O) —0

H2"(Sn+1ﬁq/,uga, 0)— H*(S,5.,0) — H>**"(Y,,,0) —0

n,l'q

for n — 1 < 21 < 2n — 3, where the horizontal lines are exact. Hence the right vertical
map is surjective. Hence the claim for any odd integer i follows.
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By (3.3), it suffices to show H*(Y,,,,O) =0 for n < 2i < 2n — 2. We have an exact
sequence

n

for n < 2i < 2n — 2 by Lemma 3.1 (2). If H*(Y,,,,O) # 0, the cokernel of g; is torsion,

because H* (S, 5, /e, O) is a free O-module of rank one. Since H* (S, 5 ,0) is a free

O-module by Lemma 3.1 (1), we obtain H?(Y,,,., O) = 0. O

0 = HZ (Yo, O) = H¥(S, 15,/ Hes, O) = H(S,5,,0)

We show a fundamental proposition through the paper.

Proposition 3.3. (1) Assume £ { ¢+ 1. Let x € Hom(pgy1,0%). We have an iso-
morphism
Hg_1<yn,?qv ‘%/x) Qo F = Hg_l(Ynﬁqv ‘%/Y)

as F[U,(F,)]-modules.
(2) Assume (| q+ 1. We have a short exact sequence
0= HI LY, 5, Hors) 0 F = HIN(Y, 5, e ) = HE(Yy 5 Hon, ] = 0
as F[U,(F,)]-modules. Furthermore, we have
if xr # 1,

dimg H' (Y, 5, Hpex, )] = § HEif o =1 and xe # 1,
— if xr =1 and xp = 1.

Proof. By (3.3) and Lemma 3.2, we have

0 if ¢ is even,

3.13
O/¢* if i is odd (3.13)

HZ:(YTL,W O) “— Hci(Ynqu O) = {

for n < i < 2n — 2. Hence, by (3.8) with x. = 1 and (3.10), we have

== noifag=
==+ (1) ifa=0
dimg H? ™ (Yo, F) = § 0 900 n ’
w HY (Yo, ) {q;(:)?"*m;l) ifa>1.

Hence we have
0 if a =0,
dimp HM(Y,,,p, Hye)[m] = ¢ HED if 0 > 1 and ye # 1,
ifa>1and ym=1

by (3.8) and (3.10). According to (3.5) and (3.7), we have the same formula for
dimp H'(Y,, 5, #y,. ) [m]. Hence we have

HE(Y, 5, Ao )] =0 if x, # 1 (3.14)

by (3.9). Hence the latter claim in the claim (2) is proved. The former one is (3.4). By
(3.4) and (3.14), we have an isomorphism

H?_I(Yn,ﬁp ‘z/XeaXr) Qo F ~ H?_I(Yn,ﬁp ‘1/%) if x, # 1. (3'15)
The claim (1) for x = 1 follows from (3.4) with x = 1 and (3.5), and the one for
x # 1 follows from (3.15). O
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Lemma 3.4. Assume (| q+ 1.
(1) Assume that n is odd. Then HJ(Y,5 ,O)lm] is a trivial representation of Un(Fy).

(2) Assume that n > 4 is even and € # 2. Let xp € Hom(pg41, O) be a non-trivial
character of {-power order. Then H?(Ynfq, Hro )M is a trivial representation of
Un(Fy).

n

[HM78, Theorem 1], H;'(Y, 5 ,O) is so by (3.2). Hence, the first assertion follows.
We show the second claim. By Proposition 3.3 (2), we have isomorphisms

Proof. Assume that n is odd. Since H" (S 7,» O) is a trivial U, (F,)-representation by

H Y (Y,5,,0) @0 F ~ H'(Y, 5 ,F),

C n

. e > (3.16)
Hc I(Ynqu O) ®o @E = HC I(Yn,mﬂ Qf)

and a short exact sequence
0— H?_I(Ynfqa jgxm) Qo F — ch_l<ynfq7F) - H?(Yn,Fqﬂ%/Xza)[m} — 0.

By these and Lemma 2.7, H(Y, 5 , #y,.)[m] is a trivial F[SU,(F,)]-module. Hence,
U, (F,) on it factoring through det by n > 4 and [Gér77, (1), (8) in the proof of Theorem
3.3]. In the sequel, we need the assumption ¢ # 2, because we apply [FS82]. Let

x € w. \ {1}. Then there exists a semisimple ¢-element s, in the center of U, (F,)
such that the character x odet of U, (F,) belongs to the ¢-block corresponding to an(Fq)
in the notation in [FS82, the first paragraph of §6]. Then s, is non-trivial by [FS82,
p. 116, Theorem (6A)] using the fact that the 1-dimensional unipotent representation
of U,(F,) is trivial. Recall that Hg—l(Ynfq,@g) is a unipotent U, (IF,)-representation
by Proposition 2.1. Hence it belongs to the block corresponding to 1V»(a). The blocks
corresponding to sg”(FQ) and 1V»(Fo) are distinct by [FS82, Theorem (5D)]. Hence, Y odet
can not appear as a quotient of H?~' (Y, z , ) by (3.16). Therefore, the claim follows. []

n

Corollary 3.5. We have V,[x] = Hg—l(Yqu, Hy) for any x € pyyy if (4 q+1, and

1+ (-1)" —= 1

—(=1)" .
Vialxea] + =V, [1] + (T) = Hf’l(Ynfq,IFg) for any xe € pja \ {1},

Valxexrl = Vool = HE 7Y, 5, Hxr)  for any xe € pga and x, € i) \ {1}
if ¢ | ¢+ 1 as Brauer characters of U, (F,).
Proof. The claims follow from Proposition 3.3 and Lemma 3.4. ]

We deduce the following proposition by combining the above theory with Corollary
3.5.

Proposition 3.6. We assume that n > 3.

(1) Assume € {q+ 1. The U,(F,)-representations
HY (Y, 5, He)  for & € Hom(jigs1, F,)
are irreducible. Moreover, these are distinct.

12



(2) Assume l | g+ 1. Moreover, we suppose £ # 2 if n is even. The middle cohomology

Héﬂ‘*l(Yn,Fq,E) has two irreducible constitutes one of which is a trivial character.

The U, (F,)-representations
ch_l(ynfq? He) for € Hom(MszX) \ {1}
are 1rreducible and distinct.

Proof. Let S be as in §2.3. Let S’ C S denote the subgroup of order r. We have

{Valxellsvn@y [ xr € W\ {13} = {Xon1) [ s € "\ {1}}

by Lemma 2.8. Hence all the claims other than distinction follow from Proposition 2.1,
Lemma 2.7 and Corollary 3.5.

It remains to show that X(,_; 1) and X; (,_y) for s € S"\ {1} are all different. This
follows from Lemma 2.5 and Lemma 2.7. O]

4 Cohomology as representation of symplectic group

4.1 Geometric setting

Let n be a positive integer. The variety Sy, is isomorphic to the projective variety S5,
defined by Y0 | (zy; — zyf) = 0 in ]P’%’:‘l. We set Yy, = IP)IQFZ_l \ S%,. Then we have

Yo, >~ Y2/n,1Fq2- Let
0, £E,
J = <—En 0n> € GLy,(F,).

Let Sp,,, be the symplectic group over F, defined by the symplectic form
Fy x Fy = Fg; (v,0") = ‘oo’

Let Sp,,(F,) act on P]%Z_l by left multiplication. This action stabilizes Y7, . Let }72’” be

the affine smooth variety defined by > (2fy; — z;yf) = 1 in AF". This affine variety
admits a similar action of Sp,,, (IF,). Similarly to (2.1), we have the Sp,, (F,)-equivariant
fg+1-COVEring

}72’n—>Y2’n; (T1y ey Ty Yty ey Yn) > [T st s yg e Y (4.1)

Let Fr, € Gal(F,/F,) be the geometric Frobenius automorphism defined by  — 7
for z € F,. For a separated and of finite type scheme Z over F,, let Fr, denote the pull-
back of Fr, on H(Zg , Q).

Let X be the affine smooth variety defined by

n

-z = (ziyl — aly)

=1

in AI%ZH = SpecF [z, ..., Zn, Y1y, Yn, 2]. We write v = (21,...,Zn, Y1, ..., Yn). Let
Us,, be the unitary group over F, defined by the skew-hermitian form
Fi x Fra — Fpes (v,0') = 0J0.
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The group Uy, (Fy) acts on X3, , by (v,2) = (gv, 2) for g € U, (Fy). Let F, act on
X, by z+—= z+n forn e F,. '
We put
Wag = H (X, = Tulm))[].

We identify ji,41 with the center of Uy, (F,). By [IT23, Lemma 3.4], the geometric
Frobenius Fr, stabilizes W, 4[x] for x € p7,, such that x> = 1 and acts on it as an
involution. Let k € {£}. For such x, let W}, ,[x]" denote the r-eigenspace of Fr,.

Let v be the quadratic character of p,4q if p # 2.

Lemma 4.1 ([IT23, Lemma 7.1]). Let n > 1. We have

. (¢" + k)" +Kq) . ¢*" —1
1 K pr— p—
dim W), (1] g+ 1) , dim W, 4[x] |
for v € {£} and x € puj, \ {1}. Further,
2n
. " —1
dim W, "=
1 ,1/1[’/] 2<q _|_ 1)

for k € {£} if p # 2.
Let A € {Q,,F} and ¥ € Hom(F,, A*) \ {1}. Let

n

AR = A (@)1<icn, (i<icn) = > (zay! — 2ly;).
=1

Then we have a natural isomorphism

H2M (X!

2nF,?

A)[W] =~ HZ"(A*", 7% .%,,). (4.2)

Let 0 € AZ" be the zero section. Let U’ = 7'~ (Gyp,), Z' = 7'~*(0) and Z" = Z'\ {0}.
In the following, for a ji,4;i-representations M over A, let M[1] denote the fi,41-fixed
part of M.

Lemma 4.2. Assume that q + 1 is invertible in A and n > 2. Then we have

H*™ (Y]

2nfq ?

A) =0, HINUg . .7"Z)[1] =0.

Proof. The first claim follows from (3.3) using the isomorphism Y,,5 ~ Y] = and the

assumption that ¢+ 1 is invertible in A. The second claim follows from the first one and
[IT23, Lemma 4.3, Remark 7.11]. O

Lemma 4.3. Assume that g + 1 is invertible in A. We have an isomorphism

HZMA™ 7" L) 1] = H (Y, 5  A(=1))

2n,Fq )

as representations of U, (F,) and Gal(F,/F,).
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Proof. Since n"*.%,;|z = A, we have an exact sequence
H (A 7" Zy)[1] — HZ(Zg , A)[1] =0

by Lemma 4.2 and the assumption that ¢ + 1 is invertible in A. By n > 1 and [IT23,
Lemma 4.4 (3), Remark 7.11], we have

H(Zg N1 = H(Zg  A)[1] = HZ"(Zg), A).
We have a morphism

HZ'(Z2,8) — H (S}, 5 (A(~1))

2n,Fy’

by [IT23, Lemma 4.4, Remark 7.11], whose cokernel is a sum of trivial representations.
Further we have a surjective morphism

H*" (8,2 A=1)) — H (Y, 5 A(=1))

2nfq )

by the long exact sequence for Y, = ]P’?F’:_l \ S%,,. Consider the composition of the above
morphisms

H (A 7" Zy)[1] — H (Y, 5., A(=1)). (4.3)
We have
o prngaln ik Crrn—1 ¢*" +q
dim HZ" (A", 7" ZLy)[1] = dim H"( 2nﬁq’A(_1)) YIS S (4.4)

by [IT23, (2.6), Proposition 2.6, Lemma 4.2], Proposition 2.1 (2), (3.4) and (3.5). The
Uy (Fy)-representation H*"~'(Y] -, A(—1)) is irreducible of dimension greater than 1

by Proposition 3.6 (1) and (4.4). Hence (4.3) is surjective, since the cokernel of (4.3) is
a sum of trivial representations. Therefore (4.3) is an isomorphism by (4.4). O

4.2 Invariant part

In this subsection, we study some invariant parts of H2"~'(Y, - ,F).
g

Let U be the unipotent radical of the Borel subgroup of SLy consisting of upper
triangular matrices. Recall that we have the isomorphisms

AR JUF,) = AR (z,y) — (27— 2™, y),

2y — xy"2> (4.5)

A]%?q/ SLy(F,) = AIQFq? (z,y) = (qu -y xly — xy?

(cf. [Bonll, Exercise 2.2 (b), (e)]).
We regard a product group SLo(FF,)" as a subgroup of Sp,,(F,) by the injective
homomorphism

a; bz diag(a1 . an) d1ag(b1 ce bn)
SLa(F,)"™ — Spy, (Fy); e Y . T :
2(Fy) Pan(Fo); ((CZ di>)19§n <d1ag(cl, ooy Cp)  diag(dy, ..., dy)
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We understand the quotients Yy /U (F,)™ and Y]/ SLy(IF,)™, respectively. By (4.5), we
have the isomorphisms

)A}Q/n/U(Fq)n = {((Si)lgigm (ti)lgign) S AleZQ Z sit; = 1} 3

i=1

((@r<i<n: Wi)1<icn) = (& — 28 i<icn, (W)1<i<n) |

n 4.6
Zsizl}:A?F”;l; (4.6)

=1
q

2 q2
(2:)1<im (Ui)1<izn) (mzyi — 2y 1<i<n, <M> ) -
1<i<n

Yy,/ SLa(F)" = {((81)199, (ti)i<i<n) € AIQFZQ

a a
T;Yi — iy,

The actions of U(F,)" and SLy(F,)" on Y] are not free if n > 2.
The following proposition plays a key role to show Proposition 5.8 and corresponding
results in the case where p # 2.

Proposition 4.4. (1) We have

HZ Y o F)SE" — 0, g2y o BV~ F
(2) We have
HZ (Y, g B ) =0, H2TN(Y, g F)UED" T,

Proof. We show the claim (1) by induction on n. The action of SLy(IF,) on Y] is free
by [Bonll, Proposition 2.1.2]. Hence, the claim for n = 1 follows from Lemma 2.3 (1),
(4.6) and H!(G,,,F) ~F.

Assume n > 2. We consider the closed subscheme Rj,, of }é,nF defined by y, = 0.

This is isomorphic to A x }é’n_QF . Let Qa, = 572’71? \ Ray,. Similarly to (4.6), the
quotient Qs,/U(F,) is isomorphic to A2"~2 x G,. Therefore, H!(Qa,, F)V ) is zero for

t=2n—1,2n by n > 2. Hence, we have isomorphisms

F)U(Fq) ot HCQn—l(R2n7F)U(IFq) ~ Hf"_?’(i;’

2n—1 /171
HC (Y 2n—2Fy?

2n,Fq’

F),
which are compatible with the actions of SLy(F,)"~*. Hence, the claim follows from the
induction hypothesis.

We show the claim (2). By applying Lemma 2.3 (1) to the pi,41-torsor (4.1), we have

F) ~ H> (Y] — [ F)**'  for any n > 1. (4.7)

2n—1 /
HC (Y 2n,FF

2n,Fy’

We have HCQ"_I({;Q’nF ,F)SP2n(Fa) — 0. By (4.7), we have the inclusion HZNY) o F) C
2n—1(y 2n—1 Span (Fq) —
H; (Y2’ME,IF). Hence, we have H; (YQ’qu,]F) P2n(Fa) — ().
The action of 1441 on Yy, commutes with the one of U(F,)". By the above proof, we
have an isomorphism

H2n71 (Y/

2nfq

JVED" ~ gy, TF)
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as Fljg41]-modules, where f1,41 acts on G, by the usual multiplication. Hence jiq41 acts
on H" (Y] =, F)VF)" trivially. Therefore, we have
g

2n—1 !
}¥é (};nﬁ}’

by (4.7). 0

EvL“qulCi f{?n—l(i;/

_ UFq)™ Xpg+1 ~
2n,]Fq’F) ~F

4.3 'Trace computations

In this subsection, we assume p # 2. An aim in this subsection is to show Proposition
4.9, which implies that the Brauer characters associated to W, ,[v|t and W), 4[v]” are
distinct in the case where ¢ # 2 (cf. Proposition 5.5).

Let (F%) =a"7 forac Fx. For ¢ € Hom(IF,, A*) \ {1}, we consider the quadratic

Gauss sum
cwy=3 (Ff) b(z) € A,

zEF; 1

As a well-known fact, we have G(¢)? = (%—ql)q. In particular, we have G(v) # 0.
Let X be the affine smooth surface defined by 2¢— 2z = zy? — 2%y in A%q. We consider
the projective smooth surface X defined by

287y — 2,28 = 2y 2% — 787,
in IP’%Q = ProjF,[Zy, Z1, Zo, Z3). We regard X as an open subscheme of X by (z,v, z) —
[z:y:2:1]. Let D =X\ X. Let

w— (é D € SLy(F,), (4.8)

which is of order p. Let F' denote the Frobenius endomorphism of X over F,. Let n € IF,
and ¢ € pig1. Let f, . denote the endomorphism Fn¢u of XFQ- This endomorphism

extends to the one of YFq given by

Joc: YFQ — YE; (Zo: Zy 1 Zo: Zs) v [(Zo+ Z1)7 : ZY : ((Za +nZ5)T : (Z1].
This endomorphism f;, - stabilizes DFq'
Lemma 4.5. We have

F+qg+1  ifn=0,
Tr(fn,C§H*(7Fq>@Z)) =<{2¢°+q+1 ifn#0and 1/({)(%—:) =1,
g+1 ifn#0 andu(g)(ﬁ):—l.

Proof. By the Grothendieck-Lefschetz trace formula, it suffices to count the number of
the fixed points of f, . on X 7, With multiplicity. The set of the fixed points of f, . equals
the union of the two sets

Si={lrry:z ] €P ot — (o= —Cy, ¥ =Cy, y"" = -, 2T -2 =},
Yo ={[0:2:1:00€P?|29=Cz}u{[0:1:0:0]}.
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Assume that 1 # 0 and V(()(%) = 1. We have

Si={lpyrz ] €P 2" — (o= —Cy, ¥ = —n/C, 2 —z=—n}

and |X;| = 2¢®. One can check that the multiplicity of f, ; at any point of ¥; U, equals

one. Hence the claim in this case follows. Assume that n # 0 and v(() (%—Z) = —1. Then

we have 21| = 0. The claim is shown in the same way as above. The other case is
computed similarly. O]

We simply write f¢ for foc. Let ¢ € FY \ {1}. we simply write £ for the pullback
of %, under A% — Al (z,y) — zy? — 2%y.
Corollary 4.6. We have
1
o] v(Q) Tr(fe; HX (A%, Z)(1))) = G(v).

CEHg+1

Proof. For any i, we have isomorphisms
H (A%, Z)(1)) = He(Xz,, Qu(1))[¥] = Ho(XF, Qu(1))[¥],

where the second isomorphism follows, since the group [F, acts on D trivially. By the
Kiinneth formula and [IT23, Lemma 3.3], we have

Y VO T(fe HXA Z)(1) = Y v(Q) Te(fe HI(A®, (1))

CEHg+1 CE€pg+1

— Z V() Tr(fe; H (X, Qu(1)) [¢])

CGHqul

:é DO DT ) Te(fye H (X, Qul1))):

CEUg+1 YIS

The last term equals

; S olee+arn 3 vmar) Y v

Cengpn ne(Fy)2 n¢(Fg)?

_qlz Soled+a+) Y v +@+1) D vm) | =@+ 1DGW)

CErgin n¢(Fy)? ne(Fy)?
by Lemma 4.5 and }_ ., . v(¢) =0. O

Lemma 4.7. We have

Te(Fn¢; H (X5,, Q)

(¢+1)(¢*+1) ifn=0,
P +q+1 ifn # 0.
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Proof. The set of the fixed points of F'n{ on YF«; is the union of the three finite sets

S =A{lz:y:z:1]ePP |2l —z =y —aly = —n, 27 = (x, y' = Cy},
So={[z:y:1:0]€P’|a?=(x, y" = (y},
23 = {[ZO . Zl :0: 0] € ]P)d ’ [Zo : Zl] € ]P)ﬂl;q(ﬂi?q)}

We have X1 = 0 if n # 0 and |Z;| = ¢® if n = 0. The multiplicity of Fn¢ at any point of
U?:l >; equals one. Hence the claim follows. O

Corollary 4.8. Let ¢ € Fy \ {1}. We have Tr(F¢; HZ (A% £)(1))) = q.
Proof. Similarly to the proof of Corollary 4.6, we have
Te(FG HI(A®, Z)(1))) = Tlf(FC'H”‘(A2 Z,(1)))
Z Z o () Te(Fn¢; H (X, Q1)) = ¢

YIS

by Lemma 4.7. O]

Proposition 4.9. Let gy = (u,1,...,1) € SLyo(F,)™ C Sp,,(F,), where u € SLy(F,) is
as in (4.8). We have

W] (90) = Wawlv]™ (90) = "' G ().
In particular, we have W, 4[] (g0) # Wahu[v] (o).

Proof. Let k € {£}. Let v, be the character of y,41 x Gal(F

2/F ) extending v by the
condition v, (Fr,) = k. For g € Sp,,(F,), the trace W, ,[v]"(g) =

Whs[vil(g) equals

! S n)  Wa(hg)

|ttg1 X Gal(F e /F,)] e
! N J n no /¥
- 20q+ 1) Z v(¢) (TT(CQ; H?"(A*™ 7 %y (n))) + k Tr(FCg; H(A* 7 g¢(n))))

CEUg+1

Hence we have

Waw[v]"(90) = Wau[v]™ (g0)

O Q) TP HE (A 7 )
CEHg+1
:q%lg V(C) Te(FCu; HAA, 29(1))) Tr(FC; HA(A, 29(1))"
Efg+1
n—1
- 5+1 S Q) T(FCu; HA(A2, 22(1)) = 4" G(w),
CELg+1

where the second equality follows from the Kiinneth formula, the third one follows from
Corollary 4.8 and the last one follows from Corollary 4.6. [
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5 Representation of Sp,,(IF,)

5.1 Weil representation of Sp,,(F,)

Assume that p # 2 in this subsection. Let i) € F/\ {1}. A Weil representation of
Sp,, (F,) associated to ¢ is studied in [Gér77] and [How73], which we denote by wy.
This has dimension ¢", and splits to two irreducible representations wy 1 and wy —,
which are of dimensions (¢" 4+ 1)/2 and (¢" — 1)/2, respectively by [Gér77, Corollary 4.4
(a)]. For ¢ € F/ and a € F,, let ¢, denote the character of F, defined by z + v (ax)
for x € Fy. For ¢ € FY \ {1}, it is known that wy . >~ wy, . if and only if a € (F))* by
[Shi80, Corollary 2.12].

For an element s € SOq,41(F,), let Spec(s) denote the set of the eigenvalues of s as
an element of GLg,+1(F,). For k € {£}, let s, € SO2,41(F,) be a semisimple element
such that Spec(s,) = {1,—1,..., =1} and Cso,,,#,)(5x) = O5,(Fq).

Lemma 5.1. We have wy,, € E(Spy,, (sx)) for k € {£}.

Proof. We know that there are two irreducible representations in €(Sp,,,, (sx)) of degree
(¢" + k)/2 by [DM91, 13.23 Theorem, 13.24 Remark]. Hence the claim follows from
[LOST10, Lemma 4.9)]. O

By Lemma 2.6, these wy, remain irreducible after mod ¢ reduction. These mod
¢ irreducible modules of Sp,, (F,) are called Weil modules in [GMST02, §5]. We will
use this terminology later. There are just two Weil modules for each dimension (cf.
[GMSTO02, p. 305]).

Lemma 5.2. Assume that p # 2. We have wy . ¢ Ei(Spy,, (1)) for any o € F/\ {1}
and r € {£}.

Proof. This follows from Lemma 2.5, Lemma 5.1 and ¢ # 2. O

Remark 5.3. Ifn =2, p # 2 and { = 2, the representation wy ,, belongs to the principal
block by [Whi90, p. 710].

5.2 Frobenius action

In the sequel, every cohomology is an Sp,,, (]Fll)-representation, and every homomorphism
is Spy, (F,)-equivariant. Let A € {Q,, O,F;}. Let ¢ € Hom(F,,A*) \ {1} and x €
Hom(p441, A*) such that x* = 1. We set

210y H Y o AT if x =1,

n— _ K — n,lq

I U U P
n,tq

for k € {£}.

Lemma 5.4. (1) We have a decomposition

2n—1 /
HC (}gn,ﬁq’

) = HP (Y]

2n,Fq? ‘%/X>+ @ an_l (Y,

2n,Fq?

H)”
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(2) If A = O, we have isomorphisms
H" (Y5, )" @0 Fe = H (Y, 5, )",

2n—1 /! K ay K (51>
Hc (anqu C%/X) X0 QZ = Wn,’t/} [X]

for ke {£}.

Proof. The claim (1) for A = @, and the second isomorphism in (5.1) follow from Lemma
4.3 and [IT23, Lemma 3.4, Lemma 4.3, Corollary 4.6]. Then the claim (1) for A = O
follows from Lemma 2.2 (2). Further, the claim (1) for A = F; and the first isomorphism
in (5.1) follow from Proposition 3.3. O

5.3 Non-unipotent representation

In the following we assume that ¢ # 2. For x € u1/,,, let 5, € SOq,,1(FF,) be a semisimple
element corresponding to x such that Spec(sy) = {1,...,1,(,, C;l} for ¢, € p1g+1 and

SO2-1(Fy) x Ur(Fy) if x> # 1,

5.2
SOg,—1(F,) x O3 (F,) if p# 2 and x =v. (52)

C'So2n+1(IFq) <SX) = {

We have

WXl € E(SPan. (5)) 1 X* # 1L, Way[x]" € E(Spyy, (5y)) Hx*=1  (5.3)
by [IT23, Proposition 7.12]. We write as ¢ + 1 = {*r with ({,7) = 1.

Proposition 5.5. Let x € p1 . We write as x = xe X, as before.

(1) If x? # 1, the Brauer character W, 4|x] is irreducible.

(2) Assume p # 2. For k € {£}, the Brauer character W, ,[v]|* is irreducible.

Proof. To show the claim (1), we may assume that x, = 1 by Corollary 3.5. Then the
claims follow from Lemma 2.6 using Lemma 4.1, (5.2) and (5.3). O

Lemma 5.6. The Brauer characters W, ,[v]T and W, ,[v]~ are different.

Proof. 1t suffices to show that the characters W, ,[v]" and W, 4[v]~ are distinct re-
stricted to the subset consisting of f-regular elements of Sp,, (F,). The element gy in
Proposition 4.9 is of order p and f-regular by (p,¢) = 1. Hence the claim follows from
Proposition 4.9. O

5.4 Unipotent representation

Lemma 5.7. Assume that n > 2. Then the Spy,,(F,)-representation HZ* (Y] - JFy)~
",tq

18 1rreducible.

Proof. The Sp,, (F,)-representation W,[1]~ is irreducible modulo ¢ by Lemma 4.1 and
[GTO04, (6), Corollary 7.5] if p = 2 and [GMSTO02, Corollary 7.4] if p # 2. Hence the
claim follows from (5.1). O
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Assume that ¢ | ¢+ 1 and n > 2. By Proposition 3.3 (2) and Lemma 3.4 (2), we have
a short exact sequence

0— H> (Y] F)31-0 (5.4)

2n,Fy’

Hrya) @0 Fyp — HZ'(Y,

2n,Fy’

for any non-trivial character xs.. By Lemma 5.7, the restriction of 6 to HZ" ' (Y] - JFo)~
waq

is a zero map. We denote by 6" the restriction of d to H2" (Y] - F,)". Then we have
n,tq
a short exact sequence
0= kerd™ — H" (Y, 5 Fo)" =1 0. (5.5)
Proposition 5.8. Assume thatp =2 andn > 2. If{{ q+1, the Sp,,(F,)-representation
HZNY] = Fo)*t s drreducible.
g
Assume (| g+ 1. Then, the Spy,(F,)-representation ker 0" 1s irreducible. The repre-
sentation HZ""'(Y] — ;)" is indecomposable of length two with irreducible constitutes
n,q

1 and ker ™.

Proof. We have
Wayll]” = an, Wnﬂb[l]—i_ = B

in the notation of [GT04, Definition (6)] by Lemma 4.1, [GT04, (4)] and [TZ97, Lemma
4.1).
Assume ¢ 1 ¢+ 1. By Proposition 3.3 (1), we have

Hgn_1<Y;nF ’O> ®O ]1_?4 = Hzn_l(Y;nF ’

7).

The representation HZ" (Y] - ,Fy)* is irreducible by (5.1) and [GT04, Corollary 7.5
(1)]- _

Assume £ | ¢ + 1. By (5.1) and [GT04, Corollary 7.5 (i)], H2"~'(Y; = ,F,)* has two

irreducible constitutes. Hence, ker §* is irreducible by (5.5).
We show that HZ"~'(Y] = ,F,)* is indecomposable. Assume that it is not so. Then
n,xq

it is completely reducible, and is isomorphic to a direct sum of ker 4™ and 1 by the
Jordan—Holder theorem. This is contrary to Proposition 4.4 (2). Hence, we obtain the
claim. O]

Proposition 5.9. Assume thatn > 2, p# 2 and ¢ | ¢+ 1. The Sp,,(F,)-representation
ker 0% is irreducible. The Spy,(Fy)-representation HZ" (Y, - )t is indecomposable
n,Tq

of length two with irreducible constitutes 1 and ker §+.

Proof. Let U be asin §4.2. Since U(F,)" is a p-group and ¢ # p, any U (F,)"-representation
over F, is semisimple. By Proposition 4.4 (2) and (5.5), we have
dim(H2 (Y]

2n,Fy?

Fp)H)VED" = 1. (5.6)

We set m = (¢" — q)(¢" — 1)/(2(q¢ + 1)). We assume that ker §* has more than one
irreducible constitutes. By the assumption p # 2, £ # 2 and ¢ | ¢ + 1, we have ¢ > 3.
We have dimker 6™ = m + ¢" — 1 < 2m. Hence we can take an irreducible constitute
of ker 0 whose dimension is less than m, for which we write 5. By (5.5) and (5.6), we
have dim V4" = 0. Hence, 3 is not a trivial representation of Sp,,, (F,). By [GMSTO02,
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Theorem 2.1], # must be a Weil module. The Sp,, (F,)-representation HZ" (Y] Q)
is unipotent by (4.2), Lemma 4.3 and [IT23, Corollary 7.13]. Hence ker §* belongs to a
unipotent block. Since 3 and ker 6 belong to the same block, this is contrary to Lemma
5.2. Hence, we obtain the first claim. B

By (5.5) and the first claim, HZ"'(Y] - ,F;)* has length two. The sequence (5.5)

is non-split by Proposition 4.4 (2). Hence the second claim follows. ]
Lemma 5.10. Let ¢ € Hom(F, ,F*)\ {1}. The canonical map

HI(A", m*%,) — H"(A", m*.%})
18 an isomorphism.

Proof. Let C be the affine curve over F, defined by 27 + 2 = ¢7*! in AZ . We have
H (Cg,, F)[Y] ~ HI (A, £,). Hence by the Kiinneth formula, we have

HY (A" 7" %) ~ (He (Cg, F)W])*",  H"(A",7"Z,) = (H'(C5,, F)[¥])*".

Hence it suffices to show that the canonical map Hé(CFq, F)— H 1(Can [F) is an isomor-

phism. The curve €' has the smooth compactification C defined by XY + XY = Z9+!in
P%q. The complement C'\ C' consists of an F,-valued point. Hence, the claim follows. [

Lemma 5.11. Let ¢» € Hom(F,,F*) \ {1}. Then H?"(A*™ " %,)[1] is a self-dual
representation of Sps,, (IF,).

Proof. By Poincaré duality, we have an isomorphism
H?" (A 7% %) ~ HZ(A*" 7™ Ly1)V.
Hence the claim follows from (2.2), (4.2), Lemma 5.10 and [IT23, Remark 3.2]. O
Proposition 5.12. Assume thatn >2, p#2 and £ {q+ 1.
(1) The Sp,,, (F,)-representation H’f”‘l(Yz’nﬁq,E)Jr is irreducible.

(2) For each k € {x}, the Sp,,, (F,)-representation Hf”fl(yénjq,

Fo)* is self-dual.
Proof. For k € {£}, we simply write W* for Hf"‘l(YQ’njq,E)“.

We show the first claim. Assume (n,q) = (2,3). We have |Sp,(F3)| = 27-3%-5 and
dim W+ = 15 by Lemma 4.1. By the assumption, we have ¢ # 2, 3. Hence, the claim in
this case follows from the Brauer—Nesbitt theorem.

Assume (n,q) # (2,3). Let m be as in the proof of Proposition 5.9. Assume that
W is not irreducible. By (n,q) # (2,3), we can take an irreducible component 8 of
W+ whose dimension is less than m. Then § is a trivial module or a Weil module by
[GMST02, Theorem 2.1]. We know that /3 is a trivial module by Lemma 5.2. By the last
isomorphism in Proposition 4.4 (2), W* has at most one trivial module as irreducible
constitutes. Hence, W7 must have length two by a similar argument as above. By
(W+)SP2n(Fa) = () as in Proposition 4.4 (2), we have a non-split surjective homomorphism
Wt — 1. Weset W =W+ @ W~. Since W is self-dual by Lemma 4.3 and Lemma
5.11, we have an injective homomorphism 1 — W. By taking the Sp,, (IF,)-fixed part
of this, we have WSP2(Fa) £ (0 which is contrary to Proposition 4.4 (2). Hence W is
irreducible.

We show the second claim. For each x € {£}, the Sp,,(F,)-representation W* is
irreducible by Lemma 5.7 and the first claim. Since the dimensions of W' and W~ are
different, we obtain the claim by the self-duality of W. O
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6 Mod / Howe correspondence

We formulate a mod ¢ Howe correspondence for (Sp,,, O ) using mod ¢ cohomology of

Y;,. and show that it is compatible with the ordinary Howe correspondence.

6.1 Representation of O, (F,)

Let W = Fp2. We consider the quadratic form Q: W — F,; = ~ 29t'. Recall that
O, is the orthogonal group over F, defined by ). Clearly, we have Q((x) = Q(z) for
any v € W and ¢ € p,41. Hence, we have a natural inclusion p,1; — O3 (F,). We
regard Fyy: W — W; x +— 27 as an element of O; (F,). We can easily check that
tg+1 N (Fw) = {1}. This group O, (F,) is isomorphic to the dihedral group of order
2(q + 1) by [KL90, Proposition 2.9.1]. We fix the isomorphism

far1 X (Z)22) = O3 (Fy); (C.) = CFyy.
For a pair (&, k) € Hom(pugy1, pa(Fy)) x {£} such that x2 = 1, the map
(&,5): Oy (Fy) —= pa(Fe); (2, k) = K*xo0()

for x € pg41 and k € Z/27 is a character. For a character £ € Hom(uqH,FZ) such
that &2 # 1, the two-dimensional representation o¢ = IndSﬂF ’1)5 is irreducible. Note

that o ~ o¢-1 as O, (IF,)-representations. Any irreducible representation of O (IFy) is
isomorphic to the one of these representations.

6.2 Formulation

Let Irrg, (O5 (Fy)) be the set of irreducible representations of O (Fy) over F,. Let 1 €
7.)27 act on Hom(jiy.1,F, ) by € — €. Then Irrz, (05 (F,)) is parametrized by

{€ € Hom(pyor, B} ) | € # 1}/(Z/22) U{(€, x) | € € Hom(juge, po(F2)). 5 € {£})

as in §6.1.
Assume n > 2. We define a mod ¢ Howe correspondence

O Irrg, (O3 (F,)) — {the representations of Sp,,(F,) over F}

by
€] = H (Y,

2n,Fy’

He), (& r) > HIH(Y,

2n,Fy’

He)"

Theorem 6.1. Let 7 be an irreducible representation of Oy (F,) over Fy. Then ©,(7) is
irreducible except the case where € | g+1 and T corresponds to (1,4), in which case O,(T)
15 a non-trivial extension of the trivial representation by an irreducible representation.
Furthermore, if ,7" € Irrg, (O (F,)) are different, ©,(7) and ©,(7') have no irreducible
constituent in common.

Proof. The first claim follows from Proposition 5.5, Lemma 5.7, Proposition 5.8, Propo-
sition 5.9 and Proposition 5.12.
By Lemma 2.5 and (5.3) for x € 1/, the representations HZ" (Y] -, %) of Spy,,(F,)

for £ € Hom(ur,EX ) have no irreducible constituent in common. Therefore the second
claim follows from Lemma 4.1, (5.1) and Lemma 5.6. O
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We extend © to the set of finite-dimensional semisimple representations of Oy (F,)
over [F, by additivity. Let © be the Howe correspondence for Sp,,(F,) x O3 (F,) (cf.
[IT23, §7.2]).

Proposition 6.2. Let 7 be an irreducible representation of Oy (F,) over Q,. We have
an imjection

O(m) = 0y(T),
where (—) * denotes the semi-simplification of a mod ¢ reduction. The injection is an
1somorphism except the cases where m corresponds to X = X,Xe« and we have x, = 1,

Xee 7 1.
Proof. This follows from (5.1). O

Remark 6.3. A mod ¢ Howe correspondence is studied in [Aub9j] in a different way
and in a general setting under p # 2 up to semi-simplifications.
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