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Abstract

For a non-archimedean local field F' and a connected reductive group G over
F equipped with a parabolic subgroup P, we show that the dualizing complex
on Bunp, the moduli stack of P-bundles on the Fargues—Fontaine curve, can be
described explicitly in terms of the modulus character of P. As applications, we
identify various characters appearing in the theory of local and global Shimura
varieties, show the Harris—Viehmann conjecture in the Hodge-Newton reducible
case, and carry out some computations of the geometric Eisenstein functors for
general parabolics.
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1 Introduction

Let G/F be a connected reductive group over a non-archimedean field F'. Let p be the
characteristic of the residue field, ¢ denote its cardinality, and k denote its algebraic
closure. Let A be a torsion ring of order prime to p unless otherwise stated. We let
Bung denote the v-stack parameterizing G-bundles on the relative Fargues—Fontaine
curve Xg, for S € Perfy, the category of perfectoid spaces over k. It is known [FS21,
Theorem IV.1.19] that this defines an ¢-cohomologically smooth Artin v-stack of pure
(-dimension 0. Concretely, this translates into the fact that, étale locally on Bung, the



dualizing complex Kpy,, € D(Bung) is isomorphic to the constant sheaf A on Bung.
On the other hand, Bung admits a locally closed stratification into Harder—Narasimhan
(abbv. HN) strata i®: Bun < Bung, indexed by elements b € B(G) in the Kottwitz
set of G. These HN-strata are isomorphic to [*/G,], where G, is a group diamond
admitting a surjection éb — Gu(F) with kernel given by an f-adically contractible

unipotent part denoted éfo. Pulling back along the induced map [/Gy] — [x/Gy(F)]

induces an equivalence D(Bun%) = D([*/G4(F)]), and the RHS is in turn isomorphic to
the unbounded (left-completed) derived category of smooth A-representations of Gy(F)
[FS21, Theorem V.0.1 (ii)-(iii)]. It follows that one has a semi-orthogonal decomposition
of any object F € D(Bung) into complexes of Gy(F')-representations, for varying b €
B(G).

It is a natural question to wonder what the G, (F')-representations corresponding to
the dualizing complex Kpyy,, under the semi-orthogonal decomposition are. In particu-
lar, any sheaf on the classifying stack D([x/G}(F')]) corresponding to a smooth character
of Gy(F') will be étale locally constant, but not constant on the nose. Our first result is

as follows.

Proposition 1.1 (Proposition 3.18). For G/F any connected reductive group, we have
an isomorphism
KBunG =A

of objects in D(Bung).

Remark 1.2. This is claimed in a footnote in [FS21, V.5] indicating an argument, which
1s close to the one in Remark 3.19.

The idea for proving this is to note that, on the semistable locus Bung, we have a
decomposition

Bung = |_| [*/Gy(F)],

bEB(G)basic

and the dualizing complex on such classifying stacks [*/G,(F)] is given by a module of
Haar measures on G,(F’), which is trivial as a G,(F')-representation since Gy is unimod-
ular. We can then extend to all of Bung using the following result, which is interesting
in its own right.

Proposition 1.3 (Proposition 3.16). For G/F a connected reductive group, we have a
well-defined equivalence of categories

E(Bung) = Loc(Bung)
A Rje.(A),

where Loc(X) C D(X) denotes the category of local systems on X with respect to the étale

topology, I/JBE(Bunsg) C Loc(Bung) denotes the subcategory of étale local systems which
admit a trivialization induced from an étale covering of Bung, and ji : Bung — Bung
1s the natural open immersion.

Remark 1.4. A proof of this result and the previous result through a different but less
explicit method has been carried out for GLy in the Masters Thesis of Ruth Wild [Wil24].
The idea of Wild generalizes and we sketch this in Remark 3.19. Our argument is very
similar, but fits in more naturally with the other calculations we carry out.
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Remark 1.5. The restriction to the subcategory L/;)?:(Bung) implies (non-obviously)
that R%jg.(A) is also an étale local system so that the map is well-defined. In gen-
eral, the inclusion I/JE)/C(BunSC?) C Loc(Bung) is strict. For example, consider a finite-
dimensional smooth irreducible representation p of the division algebra D% . This defines

a sheaf on a connected component of Bungy, . Suppose p is the mod {-reduction of a Q-
representation p such that the mod € reduction of the semi-simplified Harris—Taylor pa-
rameter (= Fargues—Scholze parameter) of p is supercuspidal (i.e does not factor through
a proper Levi) then it follows, since the Fargues—Scholze parameter correspondence is
compatible with mod (-reduction (by the A-linearity of the maps appearing in [FS21,
Theorem 1X.5.2]), that the Fargues-Scholze parameter of p is supercuspidal, and it in
turn follows that its x-pushforward to all of Bung is the same as its !-pushforward (cf.
[BMHN24, Lemma 2.26]). Therefore, we see that Rjg.(A) does not lie in IT(\)T:(Bung)
if A € Loc(Bung:) has such p as a constituent.

The proof we give of Proposition 1.3 is in fact related to the computation of the
dualizing object on certain /-cohomologically smooth charts m,: My — Bung, as studied
in [FS21, Section V.3]. These can be viewed as subspaces of the moduli stack of P-
bundles, where P is a parabolic. In particular, consider such a parabolic P with Levi
factor L and the natural diagram

Bunp LN Bung

Jo

Buny,

where Bunp parameterizes P-bundles on Xg. The v-stack Bunp is an ¢-cohomologically
smooth Artin v-stack, and the map ¢p induces an isomorphism on the set of connected
components. Moreover, each connected component is pure of some fixed /-dimension
(Proposition 3.5, Corollary 3.6). We write dim(—): | Bunp | — Z for this locally constant
function. It is natural to ask for an explicit description of the dualizing complex of Bunp.
As in the case of Bung, it is helpful to first look at the classifying stack [x/P(F’)], which
will define an open subspace of Bunp corresponding to the trivial P-structure. As above,
the dualizing complex on this classifying stack will be identified with the module of Haar
measures, which is isomorphic to the modulus character jp as a P(F')-representation,
by definition.

One can wonder whether this relationship between the dualizing complex on Bunp
and the modulus character holds over the entire space. To formulate this, we consider

the abelianization L® of L, and write
q;: Buny — Bunja

for the natural map. Since L*® is commutative, we have an isomorphism
Bunpw = | | [*/L*(F)].
0cB(Lab)

We write Ap for the sheaf on Buny, obtained by pulling back along q;, the sheaf on Bunga»
whose value is given by dp on each connected component, where dp: L2 (F) — A* is a
factorization of dp (cf. §3). Our main theorem is as follows.
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Theorem 1.6 (Theorem 3.20). For G/F any connected reductive group, with parabolic
P and Lewvi L, we have an isomorphism

Kpunp = qp(Ap)[2dim(Bunp)]
of objects in D(Bunp).

In other words, the dualizing complex is the geometrization of the modulus character
in the representation theory of p-adic reductive groups.

Using Proposition 1.3, Theorem 1.6 is reduced to determining the dualizing ob-
ject on Bunp. This is the locus given by the preimage of the semistable locus in
Buny = [y, cp(r)pu [*/ Lo, (F))] under qp. Here, for each by, € B(L)basic, we have an

explicit geometric description of the connected components Bunll’} of Bun% in terms of
certain stacks attached to Banach—Colmez spaces called Picard v-groupoids. However
it is difficult to determine the action of Ly, (F') on the Picard v-groupoids directly. We
use the fact that the action of Ly, (F') factors through an inner form of the automor-
phism group of a subspace of the Lie algebra of the unipotent radical of P. By this
trick, the question is reduced to calculating dualizing complexes on what we call Picard
v-groupoids attached to vector bundles (See Definition 2.3), which we can do explicitly
(Proposition 2.4).

When G is quasi-split and P is a Borel, this recovers [Ham22, Theorem 1.2], where
this result was used as a fundamental computational input in the theory of geomet-
ric Eisenstein series over the Fargues—Fontaine curve in the principal case. The result
we prove here should serve a similar role in building an analogous theory for general
parabolics. We partially carry this out in §4.3 by defining the Eisenstein functor with
the appropriate modulus character twists in light of Theorem 1.6 (Definition 4.17), prov-
ing some of its basic properties (Lemmas 4.19 and 4.20), and computing its values after
restricting to the semistable locus of Bunp (Theorem 4.28).

The importance of this result is also emphasized by its relation to various other
computations occurring in the Fargues—Scholze geometric Langlands program and the
theory of local Shimura varieties. Namely, we already mentioned above that, in the
quasi-split case, the f-cohomologically smooth charts for Bung can be realized as Bun?;,
where 6 has dominant isocrystal slopes (which we recall are the negatives of the Harder—
Narasimhan slopes). More specifically, assume that G is quasi-split with a choice of Borel
B. Given b € B(G), there is a maximal Levi subgroup L® C G such that b € B(G) admits
a basic reduction to b;» € B (Lb)basic which has G-dominant isocrystal slopes. Here LY is
the centralizer of the slope homomorphism of b. We write P for the standard parabolic
with Levi factor L?, and P»~ for its opposite. In this case, we have an identification
Gy = (L%),,, where (L), , is the inner twist of L” induced by ;. In particular, the
group G is an inner twist of L°. The projections qps and qps.— then give rise to maps

qgr: Mb & Bunl;fbb — [*/Gb(F)]v

Gy : [%/Gy) = Bunjy_ — [%/Gy(F)]

respectively, where g and q; (resp. M, and [x /éb]) identify with the corresponding
maps considered in [FS21].



Corollary 1.7 (Proposition 3.15). For G/F a connected reductive group, there ezists a
character &, such that we have isomorphisms

a4, " (0)[2(2pc, )] = K,

a, " (3, )[=2(20c, )] = K|, 5,

where pg denotes the half sum of the positive roots. If G is quasi-split then o, is the
modulus character of the standard parabolic P* C G transferred to Gy, = (Lb)bLb via the

inner twisting from L° (In general, see Definition 3.14).

For the rest of our results, we work in the larger level of generality where A is a Z,-
algebra and we will be implicitly working in the Dy, formalism of [FS21, Section VII.6],
which we recall in §4.1. The second claim in Corollary 1.7 is compatible with the key
result used in the proof of [Han23, Proposition 1.1.4], where an alternative proof is
mentioned using the compatibility of Fargues—Scholze parameters with Verdier duality
on Bung. We write out the details of this alternative argument in §4.1. It is also
essentially equivalent to the following corollary.

Corollary 1.8 (~Proposition 4.4). The compactly supported cohomology (resp. dualiz-
ing complex) of G7° as a Gy(F)-representation is isomorphic to 8, ' [—2(2pa, )] (resp.
w[2(2pc, vp)]) via the right action of Gy(F') induced by right conjugation.

The character appearing in this compactly supported cohomology appears in several
places in the literature; namely in [Kos21] and [HL23] in the guise of Manotovan’s
product formula, and similarly in [GI16] and [Ham22] in the guise of comparing Hecke
correspondences on Bung with the cohomology of local Shimura varieties. We summarize
this as follows.

Corollary 1.9 (Corollary 4.2 and Corollary 4.6). The following is true.

(1) The sheaf Fy(dy) with Gy(F)-equivariant structure appearing in [Kos21, Theo-
rem 7.1,Lemma 7.4] and [HL23, Theorem 1.15] is isomorphic to §, as a sheaf
with Gy(F)-action.

(2) The character k appearing in [Ham22, Lemma 11.1] is equal to &, .

(3) The character k appearing in [GI16, Lemma 4.18 (ii), Theorem 4.26] is equal to
dpg (cf. §4.1 for the notations).

As an application, we show the Harris—Viehmann conjecture [RV14, Conjecture 8.4]
in the Hodge-Newton reducible case. Assume that A admits a fixed choice of square
root of ¢q. Let b,V € B(G) and pu € X, (G). Let E, denote the reflex field of ;1. We write
RI'.(Shtg, ;s ) for the cohomology of moduli spaces of shtukas for (G, b,V 1) at level
K' C Gy (F). First, we show the following compatibility with character twists, which is
useful in its own right.

Proposition 1.10 (Proposition 4.11). Let x be a character of G**(F). We write x;, and
Xv for the characters of Gy(F') and Gy (F') determined by x. Let x, be the character



of Wg, determined by the L-parameter of x and p. For a smooth representation p of
Gy(F), we have

hgl R Home(F) (RFC<Shtlé’7b7b’7K’>7 p ® Xb)
K’CGb/(F)
= hﬂ R Home(F) (RFC(ShtéJLb/,K/)’ ,0) ® Xb/ ® X/,u
K’CGb/(F)

in the derived category of Gy (F) x W, -representations, where Gy (F') acts smoothly and
Wk, acts continuously.

Using Corollary 1.9 and Proposition 1.10 as well as results in [GI16], we show the
following form of the Harris-Viehmann conjecture (cf. [RV14, Conjecture 8.4], where
we note that there are missing Tate twists here as first observed by Bertoloni Meli (See
[BM22, Conjecture 3.2.1] for the fixed conjecture and the discussion around [BM22,
Example 3.2.5] for an explanation)) !:

Theorem 1.11 (Theorem 4.13). Assume that F' is p-adic, G is quasi-split, ([b],[V], 1)
is Hodge-Newton reducible for L with reductions [0],[0'] € B(L) of b and V', L D L°, V/
is basic and p is minuscule. Let P' be a parabolic of Gy corresponding to P = LP"~.
For a smooth representation p of Gy(F), we have

hﬂ R Homg,(r) (RL (Shtlé,b,b’ K ), P)
K'CGy(F)
_dro

~ Gy (F .
~ Indpyy))  lim RHomp, () (RT(Sht] g ), p) @ || |72 [—dpg),
K'CLg/ (F)

in the derived category of Gy (F') x Wg, -representations, where Gy (F) acts smoothly and
Wg, acts continuously, dpy is an integer defined in §3.1, and || - || denotes the norm
character of Wg, under the geometric normalization of local class field theory.

In §2, we recall the notion of the Picard v-groupoid attached to a vector bundle &£
on the Fargues—Fontaine F' and prove several results on its dualizing complex. In §3, we
describe the geometric structure of the moduli stack of parabolic structures and prove
Proposition 1.1, Proposition 1.3, Theorem 1.6, and Corollary 1.7. In §4, we deduce the
applications to the Harris—Viehmann Conjecture and geometric Eisenstein series.
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Notation

For a field F', let I'r denote the absolute Galois group of F'.

For a non-archimedean local field F, let F' denote the completion of the maximal
unramified extension of F. We write o for the arithmetic Frobenius on F.

Let F' be a non-archimedean local field with residue characteristic p. Let kg be the
residue field of F'. Let ¢ be the cardinality of kr and w a uniformizing element.

Let C := F be the completion of the algebraic closure of F. Let k be the algebraic
closure of kp.

We let Perf, denote the category of perfectoid spaces over k, and AffPerf; the
category of affinoid perfectoid spaces over k. For S € Perfy, let Perfs denote the
category of perfectoid spaces over S.

Let A be a torsion ring of order prime to p unless otherwise stated.

For a v-stack or diamond Z, we write D(Z) := D¢ /(Z, A) for the derived category
of étale A sheaves on Z, as defined in [Sch17]?

For a fine map [GHW22, Definition 1.3] f: X — Y of decent v-stacks [GHW22,
Definition 1.2], we will work with the four functors Rf, Rf.: D(X) — D(Y)
and Rf',Lf*: D(Y) — D(X) constructed in [GHW22], which, together with
RHom(—,—) and @, extend the six functor formalism in [Sch17].

We let * = Spd(k).

For X — * a decent v-stack fine over the base, we write Ky := f'(A) € D(X)
for the dualizing complex, and RI'.(X,A) := fi(A) € D(A) for the compactly
supported cohomology.

Let G be a connected reductive algebraic group over F. Let P be a parabolic
subgroup of G, and L the Levi factor of P.

For a connected reductive group H/F, we write D(H(F'),A) for the unbounded
(left-completed) derived category of smooth representations.

2At several points, we will take limits of these derived categories. By this, we will mean that we
take the limit (in the oo-category of small co-categories) of the co-categorical enhancements of these
derived categories constructed in [Sch17, Proposition 26.2], and then pass to the homotopy category to
obtain a derived category. Similarly, when taking a limit of objects in one such fixed derived category,
we will mean the homotopy limit, which similarly is formed by taking the limit in the oco-categorical
enhancement and then considering the resulting object in the homotopy category.



We let Indggg: D(L(F),A) — D(G(F), ) denote the functor given by parabolic
induction. We note that this has no higher derived functors since parabolic induc-
tion is exact.

We let 6p: P(F') — A* denote the modulus character (cf. [Vig96, I. 2.6]). After
fixing a choice of square root of ¢ in A, we define the square root 5113/ ? of the modulus
character with respect to this choice, and write zggg(—) = Indggg(— ® 5113/ %) for
the normalized parabolic induction functor.

For S € Perf, we write Xg for the associated relative adic Fargues—Fontaine curve.
For S € AffPerfy, we write X;lg for the associated schematic Fargues—Fontaine
curve. We simply write X for X, where C” is the tilt of C.

Let B(G) = G(F)/(b ~ gba(g)™") be the Kottwitz set of G. For b € B(G), we

write GGy, for the o-centralizer of b

For b € G(F), let ** and 5! denote the image of b in G**(F) and G*!(F) respec-
tively.

For b € B(G) and S € Perfy (resp. S € AffPerfy), we write & ¢ (resp. 8;15) for
the associated G-bundle on Xg (resp. X2%).

We write (—) for the natural composition:
B(L) = B(L™) =" X, (L®)r,.
We write
(=, =) Xu(L2)p, x X*(L2)'r — Z,
for the natural pairing induced by the pairing between cocharacters and characters.

We recall that the Kottwitz set B(G) is equipped with two maps:

— The slope homomorphism
v: B(G) = X.(Tp) '

b*—)Vb,

where X, (7 f)a is the set of rational geometric dominant cocharacters of G.

— The Kottwitz invariant
Rag: B(G) — Wl(G)FF,
where 71 (G) denotes the algebraic fundamental group of Borovoi.

If G is quasi-split with a fixed Borel pair (B,T) then, for b € B(G), we let L? be
the centralizer of v, P’ the parabolic subgroup of G associated to v, such that
the weights of v, in Lie(P?) is non-negative, and P>~ the parabolic subgroup of G
opposite to PP.



e Throughout, we will use the terminology that X is an iterated fibration of v-stacks
in the v-stacks Y; — * for ¢ = 1,...,n. What we mean precisely is that there exists
a sequence of morphisms

X, x B Xy =«
such that X,, = X and the maps f;: X; — X;_; are fibrations in Y; for the v-
topology on X; ;. In other words, there exists a v-surjection S — X, ; from a
perfectoid space S such that the pullback of f; along the surjection identifies with
the natural projection S x Y; — S.

2 Dualizing complexes on Picard v-groupoids

For i € Z, S € Perfy, and a two term complex £* = {£7! — £°} of vector bundles
on Xg, we define the v-sheaves H'(E*) — S as the sheaves sending T € Perfg to the
hyper-cohomology H' (X7, ), where £ is the base-change of the complex to Xp. If
E* is a two term complex of vector bundles on X, we also have an absolute version
H{(E*) — Spd k. We will make repeated use of the following fact.

Lemma 2.1. Let f: S" — S be a morphism of small v-stacks. We assume one of the
following:

(1) S € Perfy and £ is a vector bundle on Xg that is everywhere of positive (resp.
negative) slopes.

(2) € is a vector bundle on X that is of positive (resp. negative) slopes.

If f is a torsor under H(E) (resp. H'(E)), then f is £-cohomologically smooth, f*: D(S) —
D(S’) is fully faithful and the adjunction morphism RfIRf'A — A is an isomorphism
for A € D(S).

Proof. The first claim follows from [FS21, Proposition I1.3.5]. The second claim is [FS21,
Proposition V.2.1]. The third claim is reduced to the case where the torsor is split and

E = Ox(1/n) for some n, as in the proof of [FS21, Proposition V.2.1]. In this case, the
claimed isomorphism is proved in the proof of [FS21, Proposition V.2.1]. ]

Lemma 2.2. Let f: S — S be a morphism of small v-stacks over Spd C. If f is a torsor
under (A%)®, then f is (-cohomologically smooth, f*: D(S) — D(S") is fully faithful and
the adjunction morphism RfiRf'A — A is an isomorphism for A € D(S).

Proof. This is proved in the same way as Lemma 2.1. O]

The calculation of the dualizing complex on Bunp will ultimately reduce to a cal-
culation of the dualizing complex on the following kinds of spaces discussed in [Ham21,
Definition 3.6].

Definition 2.3. Let S € Perf), and £ = {E71 — &} a two term complex of vector
bundles on Xs We consider the action of v € H Y (Xrp,E*) on y € H (X7, E*) via the
map y — y + d(z) and check that this gives a well-defined action on cohomology. This
allows us to form the Banach—Colmez space like v-stack

P(ET) = [HU(E)/HT(E)] = 8,
which we refer to as the Picard v-groupoid of £*.
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We will only consider this in the case that £* := £[1] for a vector bundle £ on X.
It follows from [Ham21, Proposition 3.14] that P(£[1]) is {-cohomologically smooth over
Spd(C) of pure (-dimension equal to —deg(&). In this case, the stack P(E[1]) — Spd(C)
also has an absolute version, which we abusively also write as P(€[1]) — Spd(k) and
will work with for the rest of the section.

We consider the dualizing complex Kpgpnj) on this space. We let G¢ denote the
automorphism group of the isocrystal attatched to £, and write

det: Ge(F) = (Ge/GE™)(F) 2 (F7) =% F*,

where the last map is given by taking the product of the elements and r € N> is the
number of simple factors of G24. The group G¢(F) acts on Kpepyy via the right action
on £ by the inverse. The main result of this section is the following.

Proposition 2.4. We have an isomorphism
Kpeny) = |det(-)[[-2deg(&)]
of sheaves with G¢(F)-action. Here | -|: F* — A* denotes the norm character.

We first need some preliminaries. For A = d/r where r is a positive integer and d is
an integer prime to r, we define the isocrystal V_, as the vector space F" with Frobenius
©_» given by w:f\l, where

0 0
0 0 :
wox=| . o0 € M,.(F), (2.1)
0 0 1
w 0 --- 0 0

and let O(\) be the vector bundle on the Fargues—Fontaine curve given by the isocrystal
V_x as [FS21, Section I1.2]. We put D_, = End(V_,). Then O(\) has a right action of
D_, by the inverse. We view w_, in (2.1) as an element of D_,, and denote it by the
same symbol w_ .

Lemma 2.5. Let A = d/r where r is a positive integer and d is an integer prime to r.
Then there is an isomorphism

HO(ON) = Spd k[[z,/", ..., 277

such that the action of Op_, on H(O(N)) via automorphisms of O(N) is induced from
an action of Op_, on Spdk|[[z1,...,x4]] over Spdk by taking inverse limits over the
q-power Frobenius map.

Proof. We follow the proof of [FS21, Proposition I1.2.5 (iv)]. In the p-adic case, the
question is reduced to the case where F' = Q, as in the proof of [FS21, Proposition
I1.2.5 (iv)]. Then, in the proof of [SW13, Proposition 3.1.3 (iii)], the coordinates of
H°(O(N)) are obtained from the coordinates of G, where G is the connected p-divisible
group over k corresponding to O C V_, with Frobenius ¢_, via Dieudonné theory.
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Since Op_, acts on G in a way that is compatible with the action of Op_, on H°(O()))
by automorphisms, the claim in the p-adic case follows.
Assume that F' is of equal characteristic. By the proof of [SW13, Proposition 3.1.3

(iii)], HO(O(N))(Spa(R, R)) is identified with Bf T o ?, whose element )., r;w' is de-
termined by topologically nilpotent r,...,r4y. We note that Bzr[ifo? is identified with
¢_-fixed part (le%[ o) P Of B 1,00 Under

d

(BR 1, oo]) = Bﬁ [1:}0] (bi)1<i<d — b1. (2.2)

Under the identification (2.2), the natural action of a € Fyr and w_, on (Bfl%’[ljoo])‘p—A is
identified with the action on B}‘% . ] given by r; = ar; and r; = @ (1) for 1 < i < d,

where m; € Z and o € Sy3. Since p_, = w_/\gp, we see that the action of wd_A on
r1,...,Tq is given by r; — ¢(r;). Hence we have > ,_,.,m; = 1. Therefore, replacing
the coordinates r; with 1 < i < d by their ¢™-th power for some n; € Z, we may assume
that one of m; for 1 <i < d is 1 and the other are 0. Let zq,...,z4 be the coordinate
of H°(O(N)) given by ry,...,r4 after this replacement. Then k[[xy,...,x4]] is stable
under the action of Fy» and w_y,. Since Op_, is generated by F, and w_), the claim
follows. O

We recall that the map det: GL,(D_)) — F* can be identified with the reduced
norm, which we denote by Nrdu,, (p_,)/F-

Lemma 2.6. Let A = d/r where r is a positive integer and d is an integer prime to
r. Let n be a positive integer. Let fr,: HO(ON)™) = x, gan: [*/H(ON)™)] — *
and hy,: H'(O(N)") — * be the structure maps, where H°(O(N)) (resp. H'Y(O(N)))
is the absolute Banach—Colmez-space parameterizing elements of H°(Xg, O(N)s) (resp.
HY(Xgs,0(N)g)) for S € Perfy.

(1) If X is positive, then H'(O(N)™) = x and we have isomorphisms
fA,n,!A = |N1"dMn( /F( )H an]
Fandh 22 | Nedy, o /p ()]~ [2d0)
gA,TLJA |NI'dM (D_x /F( )| [an]
Grnlh = [Ndag, (/e (-)|[-2d1]
as sheaves with GL,(D_y)-action.
(2) If A =0, then H*(O(N)™) = F", H}(O(N)") = * and we have isomorphisms
GamtA = | Nrday, (my/p(-)] 7
Grnd 2 [Nrdag, pyp ()|
as sheaves with GL,,(F')-action.

(3) If X is negative, then H°(O(N)) = * and we have isomorphisms

h>\7n |A | Nl"dMn /F( )| I[an]
Py oA = [ Nrdag, oy r(-)|[—2dn)]

n

as sheaves with GL,,(D_y)-action.
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Proof. The first claims in (1) and (3), and the first two claims in (2) are proven in [FS21,
Proposition I1.2.5]. The later two claims in (2) follow from [HKW22, Example 4.2.4]. For
the remaining claims, it suffices to construct isomorphisms as sheaves that are compatible
with the actions of GL,(Op_,) and diag(@™;,...,w™y) for (m4,...,m,) € Z", since
these generate GL, (D_)) by the Cartan decomposition. We note that it suffices to show
the claim after the base change to Spd C, by invoking [FS21, Theorem V.1.1].

We prove the second claim in (1) in a similar way as [GI16, Lemma 4.17]. The claims
on g, are reduced to the claims on f) , by Lemma 2.1. First, we assume that 0 < A < 1.
We take an isomorphism

HO(ON)") = Spd k[[z}/*, ..., 2z}

using Lemma 2.5. By [Sch17, Theorem 24.1], we know that f A = A[2dn] if we forget
the group actions. Hence, the claim on fj , A is reduced to the claim on fj, A by Lemma
2.1. By [Imal9, Lemma 1.3], we have an isomorphism

SantA = [ Nrdag, (o) r(+)|[—2dn]

that is compatible with the action of diag(w™,, ..., @w™}). The action of GL,(Op_,) on
HO(O(N)™) is induced from an action of GL,(Op_,) on Spd k[[x1, ..., 24,)] over Spdk
by taking inverse limits, as in Lemma 2.5. We show that GL,(Op_,) acts trivially on
fantA. As mentioned above, it suffices to show this after base-changing to Spd C'.

We can see that the action of GL,,(Op_,) on Spd k[[z1, ..., Zgn]] Xspar Spd C' comes
from an action of GL,(Op_,) on D% = Spa(O¢[[z1,. .., Zan]]) X $pa(0c,00) Spa(C, O¢).
If F' is p-adic, this follows from [SW20, Proposition 10.2.3]. In the equal characteristic
case, we can use the base change to Spa(C, O¢) of the action on k[[z1, ..., Za]]-

By [Sch17, Lemma 15.6], it suffices to show the same claim for D%'. By Poincare
duality (cf. [Hub96, Corollary 7.5.6]), we have

H2 (D, A) = HO(DZ, A(dn)) = A(dn).

Since any automorphism of D¥ over C' acts trivially on HO(D&, A(dn)), we see the
claim.
Assume that A > 1. Then we have an exact sequence

0= HAON = 1)) |spac = HAON))|spac == (A)° — 0 (2.5)
induced by
0= Ox(A=1)" = Ox(N)" = i0e:C™" — 0 (2.6)

as in [SW20, Example 15.2.9.4], where i, : 00 < X is the point given by the untilt C' of
C®. In (2.6), the first non-zero map is given by the multiplication by a nonzero section
of Ox(1) vanishing at oo (cf. [FS21, Proposition 11.2.3]), and the second non-zero map
is given by the restriction to oo. Under the equality D_y_1) = D_y C End(FT), the
group GL,(D_,) acts on Ox(A —1)" and in turn on H°(O(X — 1)")|spac. By taking
the fiber of Ox(A\)" at oo, we have a homomorphism GL,(D_,) — GL,.(C). Via
this homomorphism, GL,(D_,) acts on A and (A)°. Then the sequence (2.5) is
equivariant for the action of GL, (D_,) by the construction.
Let Yy nco: (AE)° — Spd C be the structure morphism. Then we have

UancoA = A[—2nr] (2.7)
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by [Imal9, Lemma 1.3]. The action of GL, (D_,) on (2.7) is trivial by the argument as
above using Poincare duality since the action of GL,(D_,) on (A)® is induced from an
action on A}. Hence, we also have

V3 oA = A2nr]. (2.8)

We show that

PancpA = | Nrdog, o y)/r()|[=2(d — r)n]. (2.9)
By Lemma 2.1, we may check this after the pullback under py, ¢, where (2.5) splits.
Hence the isomorphism follows from the case of A — 1. We have

oA =y o1 (Pan,ci)
= Yanc (| Neda, (o_y)/r ()] [=2(d — 7)n]) = | Nrda, (p_,)/r ()| [—2dn],

where we use (2.9) at the second isomorphism and (2.7) at the third isomorphism. The
claim on fj , oA is proved in the same way using (2.5) and (2.8).
We prove the second claim in (3). Assume that —1 < XA < 0. Then we have

0= HY(ON+1)")|spac — (AL — HHON)")|spac — O,
as in [SW20, p. 138]. Hence we have
Poan,ci A = grgin,c0 A @ Unnon A = gagrpoiA[—2n7],
h!/\,n,OA = 9!A+1,n,CA ® Q/J!A,n,CA = gi\+17n’cA[2nr]

by (2.7) and (2.8). Therefore the claim follows from the claim (1) and (2).
Assume that A\ < —1. Then we have

0— (Agr)o — Hl(O()\)n)’spdc — 7‘[1(0()\ + 1)n)|spdc —0

as [SW20, p. 139]. Hence the claim is reduced to the case of A + 1 by (2.7) and (2.8)
using Lemma 2.2. O

With this in hand we can prove Proposition 2.4.

Proof of Proposition 2.4. By [FS21, Proposition I1.2.5], we have identifications H'(£) =
HY(E<D) and HO(E) = HO(E20) = HO(E7Y) x HO(E7Y). Therefore, we can factorize the
structure map fe: P(E€) — Spd(k) as

[H (<) /HOE")] £ [Spd(F)/HO(E)] 2= [Spd(F)/HO(€7)] 1= Spd(k).

Since all these maps are ¢-cohomologically smooth by the slope decomposition of £ and
[FS21, Proposition I1.2.5], we can use the formula

R((g f))(F) = Rg'(Rf'(Fe)) = Rf'(Fe) @, [* Ry’ (Fo)

for a pair of f-cohomologically smooth maps f and g, as follows from the Definition
([FS21, Definition IV.1.15]). This reduces us to showing the claim in three cases.

(1) The slopes of £ are strictly positive.
(2) The slopes of £ are all 0.

(3) The slopes of £ are strictly negative.

The claim now follows by writing £ as a direct sum of semistable bundles of fixed slope,
the Kiinneth formula, and Lemma 2.6. O]
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3 Structure of the moduli space of P-structures

3.1 Modulus character

We make use of the following notation.

(1) Let P be a parabolic with Levi factor L. We set U = R,(P) to be the unipotent
radical. The adjoint action of P on Lie(U) induces

dim U
P — Aut ( N Lie(U)) >~ G,

which factors through L*” and defines an element {p € X*(L2)".

(2) Werecall that p: P(F) — A is the modulus character of P. We define dp: L*P(F) —
A by 3p(x) = |gp(o)].

(3) Given 0 € B(L), we consider the composition

Spa: Lo(F) — (L™)gu(F) = L(F) 225 A%,
where 62" denotes the image of § in B(L*). We put dpy := ((p, 0).

For a locally free sheaf & over a scheme S, we define the group scheme W(&') over
S by W(E)T) = (& ®og Or)(T).

Lemma 3.1. Let P be a parabolic subgroup of a reductive group scheme G over a scheme
S with a Levi subgroup L. Then there is a filtration

U=UyD>U;D---DU,={1}

of the unipotent radical of P stable under the conjugation action of P such that for
0<:1<n-1

(1) the action of P on U;/U;+1 factors through L,
(2) there is an isomorphism
U; /U1 = W (Lie(U;/U;41))

of group schemes with an action of L,

(8) there is an isomorphism
U~W < & Lie(Ui/UiH))
0<i<n—1
of schemes with an action of L, and

(4) if S is connected semi-local, there is unique o; € X*(Ar) such that Lie(U;) =
Lie(U)a, @ Lie(Ujy1) for 0 <i < mn—1, where Ay is the mazimal split torus inside
the center of L.
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Proof. We do the argument as [SGA3-3, XXVI, 2.1.1] for a pinning of G adapted to P
such that the maximal torus is contained in L. Then, there is an isomorphism U; /U, =
W (&;) compatible with the actions of L for a locally free sheaf &; on S with a linear
action of L. By taking the Lie algebras, we obtain an isomorphism Lie(U;/U;1) = &;
compatible with the actions of L. Furthermore, [], _,, Uy in [SGA3-3, XXVI, 2.1.1]
in gives a splitting of U; — U,;/U;11 as schemes with the action of L.

In the argument of [SGA3-3, XXVI, 2.1.2], different pinnings are conjugate by L
since we use only the pinnings such that the maximal tori are contained in L. Hence
Ha(v):i +1 Uy above descends. Therefore we obtain a filtration {U;}o<i<n satisfying the
conditons (1), (2) and (3).

Assume that S is connected semi-local. We note that L is the centralizer of A;, in G
by [SGA3-3, XXVI, Proposition 6.8]. By using the weight decomposition of Lie(U;/U;1)
with respect to the action of Ay, we can refine the filtration {U;}o<;<, further so that
the condition (4) is satisfied. O

Lemma 3.2. The modulus character p is equal to P(F) — L(F) — L*(F) LNy

Proof. Since the both characters are trivial on U(F), it suffice to show the equality on
L(F). Let | be an element of L(F'). We take a compact open subgroup K of P(F'), and
{Us;}o<i<n as Lemma 3.1. We put K; = K N U;(F) for 0 <i < n. Let K and K; be the
image of K in L(F) and K; in (U;/U;41)(F) for 0 <i <n —1. By Lemma 3.1 (3), K
and K; are compact open in L(F) and (U;/U;41)(F) respectively, and we have

op(l) = [Ad(DK : K] = [Ad\)K : K] [] [AdDE;: K. (3.1)

0<i<n—1
Since the modulus character of L is trivial, we have
[Ad()K : K] = 1. (3.2)

We take an Op-lattice N; of Lie(U;/U;41)(F) which corresponds to a compact open
subgroup of K; under the isomorphism in Lemma 3.1 (2). Then we have

AAE, : K] = [AD)N; : Nj]. (3.3)

The claim follows from (3.1), (3.2) and (3.3). O

3.2 Connected components of Bunp

We have a natural diagram
Bunp —%— Bung

Jo

Buny, ab

s

BunLab

given by the corresponding maps of reductive groups.
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By [FS21, Corollary IV.1.23], we have decompositions

Bun;, = |_| Bun(Le) and Bung. = |_| Buniab

0€B(L)basic 0cX, (L%b)FF

into connected components via the Kottwitz invariant. We let Bungf) denote the fiber of

qp over the connected component Bun(Le), and write qgf) (resp. pg)) for the base-change

(resp. restriction) of qp (resp. pp) to this connected component. To describe these
components in maximum generality, we first establish some lemmas.

Lemma 3.3. Consider a parabolic P C G with Levi factor L, its image defines a
parabolic P2 C G*! with Levi factor L**. The natural diagram

Bunp —— Bunpaa

lQP lqpad (3~4)

Bun;, —— Bunjaa

1s Cartesian.

Proof. This follows from the fact that the fibers of qp over an L-bundle F; can be
described in terms of torsors under F;, x* U, where L acts through the group L*. [

For b € P(F) and S € Perf;, we define P-bundle £p; on Xg by (¢ x bo)\(Ys x P).

Lemma 3.4. Let b € G(F) be a basic element. Let P C G and Q, C Gy be parabolic
subgroups which correspond under the natural isomorphims G = G, 5.

(1) We have b € P(F).
(2) We have an isomorphism
Bunp = Bung,; € — Zsom(Epy, E)
of v-stacks. This gives the commutative diagram

Bunp —— Buny,

lCIP qub

Bun; —— Buny, .

Proof. Since P C G is stable under x + bo(z)b~', we have b € Ng, (Pz) = Pp.
Then we can check the claim (2) easily (cf. the proof of [SW20, Corollary 23.3.2] when
P=0a). O

We now have our key structural result on the components Bungf).

Proposition 3.5. The map qp is an £-cohomologically smooth (non-representable) map
of Artin v-stacks with connected fibers. In particular, if 6 € B(L)vasic, then the map qu)

is £-cohomologically smooth of pure (-dimension equal to dpg.
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Proof. The first part follows from [Ham21, Proposition 3.16] and its proof. The second
part follows from combining [Ham21, Lemma 3.8, Proposition 4.7] and [FS21, Theo-
rem [V.1.19] when G is quasi-split. The general case is reduced to the quasi-split case
using Lemma 3.3 and Lemma 3.4. [

In particular, we deduce the following from this.

Corollary 3.6. We have a decomposition into connected components

Bunp = |_| Bun(a) .
QEB(L)baslc

Proof. This follows by combining with the previous Proposition together with the fact
that (-cohomologically smooth maps are universally open [Sch17, Proposition 23.1]3. [

We consider the semistable locus | lyc ), . [*/Lo(F)] = Buny C Buny, and write
Bun® for the preimage along qp. We have decompositions into connected components

|_| : Bunp = |_|Bunp — |_|BunL,

QEB(L)baslc

where g% is the base-change of qp to the HN-strata Buni — Buny. Ultimately, the proof
of our main Theorem will reduce to an explicit description of the connected components
Bun’ of Buns in terms of Banach-Colmez spaces. Those connected components are the
preimage of the basic HN-strata.

3.3 Description of the preimage HN-strata

Let 6 € B(L). We take {U,;}o<i<n and {«; }o<i<n—1 as in Lemma 3.1 where S = Spec (F).
We note that Lie(U;/U;+1) = Lie(U),,. Let Lie(U)q, 0 be the vector bundle on the
Fargues—Fontaine curve with Kottwitz element given by the image of 6 under L —
GL(Lie(U),,). Recalling the minus sign when passing between isocrystals and G-bundles,
we note that this has degree equal to — (o, ).

We write Bun% for the preimage of the HN-strata Buni along qp. In order to describe
Bun?, for S € AffPerf), we consider the torsors

Qpg = 52}5 xL' p
and
R,Qy s = 5;15 x1 U,
which we view as group schemes over X3¢,

We now come to the key description of the space Bun%.

Lemma 3.7. Let Bun%* denote the fiber of the map
q%: Bun) — Bunf = [*/Eg]

over ¥ —» [*/Zg] Then the map Bunpy* — * 15 an iterated fibration of the absolute Picard
v-groupoids

P(Lie(U)a;0[l]) — * (3.5)
for0<i<n-—1.

3Strictly speaking, this only applies to representable morphisms; however, it is easy to see the proof
extends to this context.
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Proof. The fiber Bun%* will parametrize, for S € AffPerf;, P-bundles on Xglg whose un-
derlying L-bundle is equal to 53’15. This can be expressed as the set of torsors under the
group scheme R,(Qy ) = 53715 x1U on Xglg. Then the claim follows from Lemma 3.1 and

the fact that, for a vector bundle £%# on Xglg , the set of £¥&_torsors is parametrized by
H'(X2%¢ £48) and the automorphisms of such E28-torsors is parametrized by HO(X %%, £¢).
Here we have implicitly used GAGA for the Fargues—Fontaine curve [FS21, Proposi-
tion 11.2.7]. ]

Corollary 3.8. Let b € G(F) be the image of 6. We assume the conjugate action of vy
on Lie(U) has non-positive weights. Then q%: Bun% — Bunf identifies with the natural

map [¥/Gy] — [%/Ly).

Proof. This follows from the proof of Lemma 3.7, since H'(Xg, Lie(U)q4, ) = 0 by the
assumption. N

We now prove the following proposition using Lemma 3.7.
Proposition 3.9. We have an isomorphism
Kpuno, = a5 (0pg)[2dp)
in D(Bun?).
Proof. The adjoint action of P on Lie(U;/U; 1) induces

dim(U; /Us41)

P — Aut N Lie(Ui/Uin) | = G,

which factors through L*® and define {p; € X*(L%'O)FF to be the corresponding character.
We put dpg; = (£ps, 0) and
ab ab 5pi x
dpgit Lo(F) — (L*)gav (F) = L*(F) —> A™,

where 6p;(r) = |€pi(7)]. By Lemma 3.7, it suffices to show that the dualizing complex
of P(Lie(U)a,;,0[1]) is isomorphic to

A[2dpy ;]

with the action of Ly given by dpg,;.
We consider the natural map

L — GL(Lie(U)y,); 1+ (u > lul™)

given by the left conjugation action, and the element 04, defined as the image of 0
under the induced map B(L) — B(GL(Lie(U),,)). We have

59Ad'i = Eie(U)%g.
The right action of Ly(F') on Bun(;g’* factors through the natural map
Ly(F) = GL(Lie(U)a;)gsa (F)

composed with the right action of GL(Lie(U)a,)g,,,(F) on P(Lie(U)q,[1]) given by
acting via automorphisms on Lie(U),, ¢ and taking inverses. Hence, the claim follows
from Proposition 2.4. n
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It is convenient to slightly reformulate this. We define the following.

Definition 3.10. We let Ap be the sheaf on

Bunga., & |_| [%/ L™ (F)],

§EX*(L%b)pF

whose value on each connected component is given by dp.

We let qT *: Bun}y — Bunga» be the restriction of q p to the semistable locus. Re-
calling the deﬁmtlon of dpp, we can reformulate the previous Proposition as follows.

Corollary 3.11. We have an isomorphism
Kpung = 43 (Ap)[2 dim(Bunp)]
of objects in D(Bun?).
We have the following lemma, where the maps q,jt are as defined in the introduction.

Lemma 3.12. For b € G(F), the natural diagrams

My ——— Mbad [*/éb] E— [*/ézgd]
/G (E)] —— [*/Ga(E)], [x/Gy(F)] — [+/Gai(F)]

are Cartesian.

Proof. Let S € AffPerf,. Let H be the inner twisting of G x X% by 5;‘ ¢ over X5°.

Then we have G70(S) = H>0(Xa1g) as the proof of [FS21, Proposition II1.5.1]. Hence

1 ~ d,>0 .
G — G* induces an isomorphism G>0 Gzaf , since H>? is a unipotent radical of a

parabolic subgroup H=° of H by [FSQl, Proposition II1.5.2]. Hence the first diagram is
Cartesian.

By the proof of [FS21, Proposition V.3.5], the fiber of q; is parametrized by H<’-
torsors, where H<" is the unipotent radical of a parabolic subgroup H=? of H. Hence
the second diagram is also Cartesian for a similar reason. [

Lemma 3.13. Let V/ € G(F) be an basic element. We put G' = Gy. Then b — b1
induces a bijection B(G) = B(G"). Furthermore, for b € G(F) we have isomorphisms of
the commutative diagrams

My ————— My [/ Gy) — [/ G 1]
[x/Gy(F)] —— [#/Gya (F)],  [%/Gy(F)] —== [¥/G}, -1 (F)].

Proof. The second bijection can be checked easily (c¢f. [Imal9, Lemma 2.2]). We define
H as in the proof of Lemma 3.12 using G and b. We define H' similarly using G’ and
bb'~!. Then we have a natural identification H = H’ by the construction. Hence, the
isomorphisms in the diagram follow in the same way as the proof of Lemma 3.12. O
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We put d, = (2p¢, ). We have the following definition.

Definition 3.14. We take a quasi-split inner form G** of G* and b/ € G**(F) such
that G2 = G2, We put b* = *W. Then we have G24*(F) = G2.(F) as in Lemma
3.13. We fix a Borel pair of G**. We define

8 b e

8y: Gy(F) = G4 (F) =2 G2 (F) — AX,
where b% is the image of b* in the Levi quotient of PY".
Proposition 3.15. We have isomorphisms
K, =0y (0) 2], K, g, = 0,76, 1)[-2dy].

Proof. By Lemma 3.12 and Lemma 3.13, we may assume that G is quasi-split. We fix
a Borel pair of G. Then the first claim follows from Proposition 3.9 for P by [FS21,
Example V.3.4]. The second claim follows from Proposition 3.9 for P, O

3.4 Local systems on Bung and reduction to the semi-stable
locus

For an Artin v-stack Z, we write Loc(Z) C D(Z) for the category of A-local systems on
Z with respect to the étale topology on Z. We write jo: Bung < Bung for the open
subspace defined by the semistable bundles. We recall that we have a decomposition

|_| Bunf, & Bunf,
bEB(G)basic

[

and that Bun, 2 [*/G,(F)] is just the classifying stack attached to the o-centralizer of
b for b basic. The set B(G) has a partial ordering, where b > b’ if v, — vy is a positive
linear combination of coroots and kg(b) = kg (b').

We start by deducing some interesting consequences of Corollary 3.11.

Proposition 3.16. There is well-defined equivalence of categories:
LAO?:(BunSGS) = Loc(Bung)
A RojG* (A),

where I/JB/C(BunES) C Loc(Bung) denotes the subcategory of étale local systems which
admit a trivialization induced from an étale covering of Bung.

Proof. The claim that this is well-defined will follow from the proof. In particular, we
will show that R%jg.(A) defines an object in Loc(Bung).

Let b € B(G), we write Buns’ (resp. Bung?) for the open substack parametrizing
G-bundles whose associated element in B(G) is < b (resp. < b) after pulling back to a
geometric point. We write j°: Bung’ < Bun3’ for the open inclusion and °: Bunl, —
Bunéb for the complementary closed inclusion.

By induction and excision on D(Bung) with respect to the HN-strata and its partial
ordering, we can reduce to showing that, for A € Loc(Bunéb) and all b non-basic, that

the natural adjunction map
A= R (A)
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is an isomorphism. It suffices to check this v-locally and, since A is a local system with
respect to the étale topology, we can reduce to checking this for the constant sheaf on
Bung. Since the cone is supported on the closed substack defined by 4, it suffices to
show that the map
A — " RO55(A)

is an isomoprhism for all b € B(G).

To do this, we recall the /-cohomologically smooth chart 7,: M, — Bunéb considered
in [FS21, Section V.3]. This has a natural map g, : M;, — [x/G,(F)], as in Proposition

3.15. The map q; admits a closed section given by the split reduction. We write M

for the open subspace obtained by removing the image of this section and q; : M;, — *
for the base-change of q; along * — [¥/G,(F)], with its corresponding open subspace

M,‘j We write (i%, j°) for the base-change of (i, j°) along m,.
By applying smooth base-change with respect to m,, the Gy (F)-representation i®* R j2(A)
can be identified with L
" RYjI(A),
together with its G, (F) action.
Applying [FS21, Proposition V.4.2], we can identify this with the complex

RT (M, R (A)) = ROT(MS, A),

where we note that My is precisely the preimage of the open substack Bunéb C Bunéb
under m,. Therefore, we are reduced to the following.

Lemma 3.17. For b non-basic, we have that
RT(Mg,A) 20

unless i € {0,2(2pg,v,) — 1}. If i = 0 then it is isomorphic to the trivial representation,
and if i = 2(2pg, V) — 1 then it is isomorphic to &, ', as in Definition 3.1

Proof. By Proposition 3.15, it follows that we have an isomorphism

a;'(A) = 5b[2<2pG7 Vb>]7

using that the dualizing complex on [x/Gy(F)] is the constant sheaf by [HKW22, Exam-

ple 4.4.3] and the unimodularity of Gj.

Since ./Wb is an iterated fibration of negative Banach—Colmez spaces, we have an
isomorphism q;q;'(A) = A by Lemma 2.1. Tt follows that the compactly supported
cohomology of M, is isomorphic to 5, [—2(2pa, )]

We can apply excision with respect to the pair (Zb,}b), which is a Gy(F)-equivariant
stratification. This tells us that RT.( Ng, A) has cohomology as a Gy(F')-representation
in degree 1 isomorphic to the trivial representation, and cohomology in degree 2(2p¢, 1)
given by 0, . Using the description of the dualizing complex on va provided above
and in turn on the open subspace /\73, we obtain that the non-compactly supported

cohomology of /\7; has cohomology in degree 0 isomorphic to the trivial representation,
and cohomology in degree (2pq, 1) — 1 with Gy(F)-action given by 4, ', as desired. [

]
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From this, we can deduce the following.

Proposition 3.18. We have an isomorphism
KBunG = A
of objects in D(Bung).

Proof. We know that Bung is /-cohomologicallly smooth of pure {-dimension 0, by [FS21,
Theorem IV.1.19]. It follows that Kp,y,, is étale locally isomorphic to the constant sheaf.
Therefore, we have that Kpy,, € Loc(Bung) and, by the previous proposition, we have
an isomorphism:

KBunG = RojG*jE<KBunG) = RojG* (KBun%>-

Note that it is easy to describe the dualizing complex on Bung; = | |,c p(q),... [*/Go(F)],
since it is a disjoint union of classifying stacks and the groups G, are unimodular. In
particular, by [HKW22, Example 4.4.3], we have an identification

KBunsé' = Aa

after fixing a choice of Haar measure on the Gy(F') for b € B(G)pasic- The claim imme-
diately follows. O

Remark 3.19. For completeness, we also sketch the alternative proof of Proposition
3.16 and Proposition 3.18, explained by Wild for G = GLy [Wil24]. In particular, the
key point is to show Proposition 3.18 first, by using the easy calculation of the dualizing
complex over the semistable locus explained above and then using induction on the partial
ordering of B(QG), just as was done above. Similarly, the inductive step proceeds by using
the excision sequence of the form

— Z*KBung — KBunéb — s KBunéb — .

One then invokes the very soft claim that Ky, is concentrated in degree 2(2pg, vp) > 2
forb non-basic [FS21, Theorem 1.4.1 (iv)] to see that the map KBunéb — Rojfb(KBunéb) ~

RO5=b(A) is an isomorphism in this case, where we use that Kpuy,, 1s étale locally known
to be concentrated in degree 0 by [FS21, Theorem I.4.1 (vii)]. This similarly implies
that the natural adjunction map A — RYj=°(A) ~ KBunéb is an isomorphism, since étale

locally it is an isomorphism, implying the global isomorphism Kgun, ~ A as desired.
From here, Proposition 3.16 will also follow, since as already explained above one can
reduce from a gemeral A to the constant sheaf.

We now have the following.

Theorem 3.20. We have an isomorphism
Kpun, = qb (Ap)[2dim(Bunp)]

of objects in D(Bunp).
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Proof. By Proposition 3.18 and its proof, we have isomorphisms:
Kpun, = A= R(jr)(A).
We apply g to both sides of this relationship, giving us an isomorphism:

KBUHP = q'PRO(.]L*XA)
It suffices to restrict to a connected component indexed by 6 € B(L)pasic. The map qgf)
is pure of /-dimension equal to dpg by Proposition 3.5. This implies that we have an
identification

=~ R0 (qp VRO (A) 2] = RO(i5,) R (a5) (A) [2d ).

KBungf) =
where we have used proper base change for the last identification, and % : Bun?; — Bunp
denotes the base-change of i: Bun < Bun; along qp.

Using Corollary 3.11 and the fact that the dualizing complex on [*/Lg(F)] is the con-
stant sheaf since it is unimodular, we can rewrite the RHS of the previous identification
as

R%(i%,)q% (p,0)[2dpg).

However, now by applying smooth base-change with respect to qgf) via Proposition 3.5,
we can rewrite this as

0)x .
a" (R"(i1) (00))[2dpa],
but, using Proposition 3.16%, this is easily identified with

(@ 0 ") (6p)[2dpg) = ab" (55) (2]

as desired, where 0 € X*(L%b)r‘ - is the element induced by 6 € B(L)pasic, and ﬁ(LG) : Bung’) —

Buniab (resp. q}’(e): Bungf) — Buniab) is the natural map induced by §; (resp. ql,). O

4 Applications

4.1 Connection with other results

We now discuss the relation of this paper with various other results in the literature.
For b € B(G), the natural map

pp: Bunl, 2 [%/Gy] — [%/Gy(F)]

considered in [FS21, Proposition V.2.2] defines via pullback an equivalence
D(Bun%) = D(Gy(F), A),

where D(Gy(F), A) is the unbounded derived category of smooth A-representations. This
identifies with the map ¢, considered in Proposition 3.15.

4Note that we can trivialize the sheaf § P, on Bun?w on an étale cover of the connect component

0

Bun, ,, by pulling back an étale cover of Bungab = [*/L*"(F)] which trivializes the character &p g.
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Proposition 4.1. For all b € B(G), we have an isomorphism

Pb(A) = pj (8, ) [~2dy)

of objects in D(Bun%), where we recall that dy := (2pg, 1) and & is as in Proposition
3.15.

Proof. This follows from Proposition 3.15 together with the unimodularity of G, (F') and
[HKW22, Example 4.4.3]. O

The action of Gy(F) on the dualizing complex of Bun’, describes the inverse of the
character appearing in [HL23, Theorem 1.15] and [Kos21, Theorem 7.1, Lemma 7.4], by
[Kos21, Lemma 9.1]. Therefore, we have the following corollary.

Corollary 4.2. The sheaf Fy(dy) with Gy(F)-equivariant structure appearing in [Kos21,
Theorem 7.1,Lemma 7.4] and [HL23, Theorem 1.15] is isomorphic to &, as a sheaf with
Gy(F)-action.

Now we will briefly change the assumption on A, and let A be a Z,-algebra until
Proposition 4.5. We use the notations Dm(—,A) and Rf; in [FS21, VII]. We have the
following analogue of Lemma 2.1.

Lemma 4.3. Let f: S" — S be a morphism of small v-stacks. We assume one of the
following:

(1) S € Perfy and £ is a vector bundle on Xg that is everywhere of positive (resp.
negative) slopes.

(2) € is a vector bundle on X that is of positive (resp. negative) slopes.
If f is a torsor under H°(E) (resp. H'(E)), then
f* : DI(S> A) - Dl(SlaA)

is fully faithful and the adjunction morphism RfyRf*A — A is an isomorphism for
A€ Du(S,A).

Proof. This is proven in the same way as [FS21, Proposition V.2.1], using [FS21, Propo-
sition VIL.3.1] and [Imal9, Lemma 1.3]. O

For an Artin v-stack X, let Dy (X, A) be the category of lisse-étale A-sheaves de-
fined in [FS21, Definition VIL.6.1]. When we are working with Dys(—, A), we consider
pushforward functors in Dys(—, A).

For an /-cohomologically smooth morphism f: X — Y of Artin v-stacks, we put

f'A = (1@ f‘(Z/ﬁ"Z)) ®z, A

which is an ivnertible object by the smoothness, and

AA) = f (Ae (FA0)7)
for A € Dys(X,A) (cf. [FS21, Definition VIIL.6.1]).
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Proposition 4.4. Consider f,: éfo — % with its right Gy(F')-action given by right
conjugation. Then ful = A(6,")[—2dy] as a complex of sheaves with left Gy(F)-action.

Proof. Let B
[#/Go(F)] = [%/Gy] == [x/Gy(F)]

be the natural morphisms. By Proposition 4.1, we have an isomorphism:
st (ZJ0MT) =2 (L) 0T (5,)[2dy). (4.1)

Hence we have f}(Z/("Z) = (Z/("Z)[2d,), since the fiber of s, at * gives f,. By this,
Lemma 4.3 and [FS21, Proposition VIL.3.1], we have fyA = A[—2d,] as a complex
of sheaves. Therefore the claim is reduced to the case where A = Z/("7Z by [FS21,
Proposition VIL.3.1]. In this case, (4.1) and Lemma 2.1 imply that syA = pi (5, ') [—2ds).
Hence we obtain the claim. O

Let 0 € L(F), and b € G(F) the image of §. Assume that the conjugate action of
vp on Lie(U) is non-positive. Under this assumption, we have Gy(S) = Qp.5(X5®) for
S € AffPerf,. We put B

Grp(S) = (R\Qp.5)(X3¥)
for S € AffPerf,. Then we have G) = éfg x Lyg. We can view Gy(F') as a subgroup
diamond of Ly via Go(F) = Ly(F) C Lo.

Proposition 4.5. Consider f,: éfg — x with its right Gy(F)-action given by right
congugation. Then fu,nA = AN(0pg)[2dpg] as a sheaf with left Gy(F)-action.

Proof. This is proved in the same way as Proposition 4.4 using the natural morphisms
[#/Lo) — [/Gy] — [*/ L),
Corollary 3.8 and Proposition 3.9. [

Proposition 4.4 and Proposition 4.5 are compatible with [Ham22, Proposition 11.3],
as well as compatible with [GI16, Lemma 4.18].

Corollary 4.6. The following is true.
(1) The character k appearing in [Ham22, Lemma 11.1] is isomorphic to &, .

(2) The character k appearing in [GI16, Lemma 4.18 (2), Theorem 4.26] is equal to
(5p’9.

Proof. This follows from Proposition 4.4 and Proposition 4.5 respectively. O]

Proposition 4.1 also appeared in [Han23, Proposition 1.14], where an argument was
mentioned that used properties of the Fargues—Scholze local Langlands correspondence.
We now fill in the details and show that those properties are compatible with what we
have proved.
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Another proof of Proposition 4.1. Let E be a finite extension of (Q, with a fixed choice
of square root of ¢q. In general, there does not exist a |-pushforward in the category of
lisse-étale E-sheaves. However, if i°: Bunlé — Bung is an inclusion of HN-strata, this
follows from the discussion after [Imal9, Lemma 3.1].

As in the proof of [FS21, Proposition V.2.2], we recall that the map p, admits a section
sp, which is an iterated fibration in positive Banach—Colmez spaces of total dimension
dy. Therefore, we have that sysj(A) = A by Lemma 2.1, where A is a torsion ring. As
usual, it follows that the dualizing complex p(A) is an invertible sheaf concentrated in
degrees 2d;,, and that the pullback functor p; induces an equivalence of categories, as in
[F'S21, Proposition V.2.2]. It follows that we have an isomorphism

(M) = py(ka)[~2d)]

for some character ky: Gy(F) — A*. Tt follows that pi(E) € Dys(Bun%, E) is given by
pi(kE)[—2dp) for a smooth character kg : Gy(F) — E* (By the definition of upper ! given
above.).

We will now compute kg. Let’s consider some smooth irreducible representation p of
Gy(F) on E-vector spaces with Fargues—Scholze parameter ¢: Wr — YGy(E) valued in
the L-group of G,°. By the definition of Gy, we have an embedding (G) 5 < G}, where
(Gb) s is the centralizer of v,. This gives (Gy)= — G=. We take a Borel pair (B,T)
of G% such that v, factors through 7" and v, is anti-dominant with respect to B. Then
(BN (Gh)z),T) is a Borel pair of (Gp)=. This induces an embedding 7, G, — G, which
is independent of the choice of (B, T). This gives the embedding n,: “Gy — LG.

Let i*: Bun), < Bung be the inclusion of the HN-strata. We have the following
lemma.

Lemma 4.7. For A a Z;-algebra and p € D(Gy(F'), A) irreducible with Fargues—Scholze
parameter ¢: Wp — Gy, the objects

&oi(p) 5 1oy (p)
are Schur-irreducible and their Fargues—Scholze parameters are equal to the composition
Wi 5 G, (M) 5 La(n),
where nfY is the twisted embedding. Explicitly, this is
w =, 0 (206 — 206,) (VD) 6(w)),
where | - |: Wg — Z is the unramified character sending geometric Frobenius to 1.
Proof. The Schur irreducibility follows easily from the isomorphisms
R° Hom (i} (p), i3y (p)) = R Hom(pyp, pyp) =~ R Hom(inp; (p), inpy (p))

coming from adjunction, and the irreducibility of p (Recalling that p; is an equivalence
of categories). More precisely, the isomorphism between the left most term and right
most term is induced from a non-zero map

iwpy(p) = iy (p),

SFor our argument, it is important that such a p always exists, but of course we could always take
the trivial representation.
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in Dys(Bung, A) coming from adjunction, which induces the ring isomorphism

A ~ End(i}p;(p)) = End(i’p;(p)) ~ A

when passing to the endomorphism algebras. Now, since the action of the excursion al-
gebra factors through a map to endomorphisms of the identity functor on Djs(Bung, A)
[FS21, Theorem I1X.5.2], the excursion action commutes with this morphism. There-
fore, the ideal corresponding to ¢ in the excursion algebra determined by i¥p;(p) agrees
with the ideal in the excursion algebra corresponding to i’p}(p), and in turn we deduce
that the Fargues—Scholze parameters of these two agree. The desired descripition of
the Fargues—Scholze parameter for ip;(p) and in turn i®p;(p) now follows from [FS21,
Theorem IX.7.2]. O

We note that we have nf" (=) = n,(—) ®5i/2, where 6, is the character of W attached
to &, under local class field theory.

Now, it follows by the cohomological smoothness of p, that we have an isomorphism
Dpung (iP5 (p)) =2 i%p} (p*) = i2p;(p* @ k), where Dpyy,,, denotes Verdier duality on Bung
and we have used [Imal9, Lemma 3.6] for the first isomorphism. By the compatibility
of the Fargues—Scholze correspondence with smooth duality [FS21, Proposition 1X.5.3],
character twists, and local class field theory, as well as Lemma 4.7, it follows that the
Fargues—Scholze parameter of i°p; (p* ® k) is given by nf¥ o (¢¥¢ @Fg), where R is the
image of kg under the geometric normalization of local class field theory, and (—)Y¢ is
given by the Chevalley involution on Gy. On the other hand, by combining Lemma 4.7
with compatibility of the Fargues—Scholze correspondence with Verdier duality (Combine
[FS21, Theorem I1X.2.2] with Proposition 3.18 after extending E as necessary so that we
may use [FS21, Proposition VI.12.1]), it must also be given by (7" o ¢)V¢, where V¢ is
induced by the Chevalley involution on G. In summary, we have an equality

(" 0 $)C =m0 (¢V% ® Fp)

of conjugacy classes of parameters. In particular, substituting in the relationship ¥ (—) =
m(—) ® 311,/2, we obtain that

(0 d) ©3,°))6 = (ny0 ¢V6) @Fp @3, -

and the LHS identifies with (1, 0 ¢"¢) ® 0, 2 From here, we conclude that kg = 4, ',
as desired. Now, to handle the case of a torsion coefficient system A, we can use that xkg
is the base-change of a ZP-valued character x;,, and that kKx = ks, ®5, A, by definition

of pi(E). O

4.2 Harris—Viehmann conjecture

We show the Harris—Viehmann conjecture in the Hodge-Newton reducible case using
our results and results in [GI16]. In this subsection, we assume that A is a Z,-algebra
that admits a fixed choice of square root of q.

For a cocharacter p of G, let £, denote the reflex field of u. We take a Borel
pair (B,T) of the quasi-split inner form of G. Let B~ be the opposite Borel. Let
i € X*(T)""eu be the character determined by g (¢f. [Kot84, (1.1.3) Lemmal). We
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put p,¢ = Ind%, fi. Let r), o be the image of the natural morphism (pZ’G)" — PG
where o is the Chevalley involution of G. We assume that TLG is projective over A. This
assumption is automatically satisfied if A = Qy, Z¢, F, or p is minuscule.

For a finite separable extension E of F'in F, we put E, = F - FE, and extend
r.c to a rePresentation r.cr of G X Wg as in [Kot84, (2.1.2) Lemma]. We put

_ GxWg 1

TWGE = IndéXWEL TG B

Let Divy, be the moduli of Cartier divisor of degree 1 on the Fargues-Fontaine curve
over /. We put

Heke g = Hekg X1, Divg .

We write S, ¢ g for the sheaf on Hckg g determined from 7, ¢ g via the geometric Satake
equivalence. We put S, ¢ p = D(S,¢.r)" as in [FS21, IX.2]. We consider the diagram

1
Bung Vi Hcke g —> Bung x DIVE

| | (o

1,G ha,c .
Bung «——— Hckg ——— Bung X DIV};.

We put T, ¢.r(A) = hag ey(higp(A) @S, qg) We simply write T}, ¢ for T), g r, and
omit G from the notation if it is clear from the context. This applies also for other
related notations.

Lemma 4.8. Let T' be a torus over F', u a cocharacter of T', E a finite separable
extension of F, and x a character of T(F). We have an isomorphism: T, 1r(x) =

X ® (r,u,,T,E © QDX’WE>

Proof. Under the natural morphism Heky Xpi1 X Divy, — Heky X iyl X Divy, E,» the
pullback of S, 1. g, 18 S, 1 p- Hence the claim is reduced to the case of EN E),. So we
may assume that £/ C E,.

We consider the diagram

hi, g ha,T
’ 7 B |
Bung, <—— Hcky, — Bung, x Divy

l lPH Tg/T lpTE/T

hi,1.E ha,1.E
Bungy <—— Hckf , —— Bunr x DIVE

lpH,E/F lPE/F

1,7 ho, T .
Bungy +——— Hckf, ——— Bung x Div,

where the right two squares are Cartesian. By pj; 7 1 (S, 75) = we have

/
[228 ,U':TE7
Pry/r(Ture(X)) = Turs (X © Nreeyrar) = (X © Nryrir)) @ (Furs © oxlwi)-

Hence, we have T}, 7.5(x) = X' ® (ry,1.5 © ¢x|w,;) for some character x’ of T'(F). Since

E C E,, we have r,r = Ind;”xF 7.,16- This implies S, 7 = py p/ry (S, 7 p). Hence we
have pg/py(Ture(X)) = Tur(x) = X @ (rur o @y ). Therefore, we obtain x' ~ . O
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Lemma 4.9. Let f: X — Y be a morphism of Artin v-stacks, A € Dys(X,A) and
B € Dys(Y,A). Assume that B is {-cohomologically smooth locally constant. Then we
have (f.A) ® B2 f.(A® f*B).

Proof. Since we have a natural morphism (f,A) ® B — f.(A® f*B), it suffices to show
that this is an isomorphism ¢-cohomologically smooth locally. We can check this by the
assumption on B and [Imal9, Lemma 1.6]. O

Lemma 4.10. Letb € B(G) and A, B € DhS(Bung, A). Assume that B is (-cohomologically
smooth locally constant. Then we have i*(A ® B) =2 " A @ i**B.

Proof. We note that i = i**(fib(id — Rj%5%)) by [Imal9, Lemma 3.8]. Hence the claim
follows from isomorphisms

b*ij b*(A® B) ~ b*ij( b*A®jb*B)
= i"((Rji2j"A) © B) = (" Rj.j"A) © "B,

where we use Lemma 4.9 at the second isomorphism. O]

Let b,b' € B(G) and p € X, (G). We define the cohomology of moduli spaces of
shtukas RT(Shty, ;v xs) and RI'¢(Shtg,, ), as in [Imal9, §3].

For a character y of G*(F), we write y; for the character of G(F') determined by
x and G,(F) — G2, (F) = G*™(F).

Proposition 4.11. Let p be a smooth representation of Gy(F), and x a character of
G*™(F). Let x, be the character of W, determined by the L-parameter of x and . We
have

lim  RHomg,(r ) (RTc(Shte 0 x0)s P @ Xo)
K'CGy/(F)
= lim  RHomg,r)(Re(Shtg ,y x0): £) @ X © X
K'CGy (F)

in the derived category of Gy (F') x W, -representations, where Gy (F') acts smoothly and
WE# acts continuously.

Proof. We put Gy = G x G®. Then the natural homomorphism G — Gy and the
projection Gg — G gives the diagram

h < h .
Bung +—— Hckz" —2— Bung x Divp

l@ | |-

ho,1 < ho,2 -1
Bung, <—— Hckg!® —— Bung, x Divg (4.2)

lﬂ—O,H lﬁo

HekS" — Bung x Divh,.
The lower right square in (4.2) is Cartesian because the natural map

Hek=#"

Gab  — Bungas X Div};
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is an isomorphim. Hence the upper right square is also Cartesin since mpom and g o 7y
are the identity.
Let jo and p* be the cocharacters of Gy and G* determined by p. Then we have

T,(m5Ag) = hoy((mihg 1 40) ® S,,) =2 hay (i (hg 1 A0 ® S,,)) = 7T (Ao) (4.3)
using [FS21, Proposition VII.3.1]. We have the diagram

ho,E, ho,2,E,

Bung, < Hckg,, g, » Bung, X Div}%

h1Xx hdb ho X h‘*b

Bung x Bungan PR Hckg x Hekgab g, A Bung x Div x Bungas x DlVE ,
(4.4)
where Ap is induced by the diagonal morphism DiV]lEH — Div}gu X DiV]lEH together with
the projection Div}ﬂu — Divy. and the other morphisms are natural ones. The right
square in (4.4) is Cartesian. Let

PH,E,/E Py, gab
HCkGO = HCkGO E, —_— HCkGab E,
lpH,G,Eu/E
HCkG

be the natural projections. Then we have

p;I,Eu/E(SLO,GO) = pik{,G,E#/E (S;IL,G) ® pﬁaab (S;ab,Gab,Eu)

since

I

(IndCE0 *Wr

THO,G() éo)QWEu WE TllOaGO»Eu) |éO>4WE[,L

I

GoxW,
(Il’ldsz " (TﬂvG»EM ® Tﬂab’Gab7Eu))|ao ><IVVEH

I

G0>4WF N
(IndéMWEH TWGE,) |G0><1WEH ® Tyav Gab B,
T“’G|60NWEM ® T;u'avaabuEu °

Therefore, we have

Pyl (AR A) = AL (T, (A) W T g, (A7) (4.5)

using [FS21, Proposition VII.3.1]. By Lemma 4.8, we have

b/ ab

“Tyev g, ) = xp @ Xy (4.6)

Let by and bj be the image of b and b’ in Gy. We show that

i2lp @ xo) = R [p R y]. (4.7)

We take a compact open subgroup K of G®(F) such that y is trivial on K. We put

bab . bab
Bun;, := (Bung x Bun/a) XBung, Bung
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and consider the diagaram

;b,0%P ab
Bun?, . » Bun
ab
lﬂ}% lwg
pab b0:6°P
BunG X BunGab — % Bung X BunGmb (4.8)

b ab
lﬂK lﬂl}{

b

Bunf, x[+/(G*(F)/K)] —* Bung x|[%/(G*(F)/K)]

given by the natural morphisms. Both squares in (4.8) are Cartesian. In the Cartesian
squares
ab ab
* X[*/(Gab(F)/K)} Bung B E— Bun%

bab bab
lﬂ'/ lﬂ' % omh

Bung —— Bung x[x/(G**(F)/K)]

l |

% > [/ (G (F)/K)],

the morphism 7’ is equal to

ab ab
* X[y /(Gab(F)/K)] Bung — Bung — Bung,
where the second morphism is the natural open and closed immersion. Hence 7" o} is
{-cohomologically smooth since * — [*/(G®(F)/K)] is f-cohomologically smooth. Since

Bung x Bunlg:b — Bung, is an open and closed immersion, to show (4.7), it suffices to
show ) N
Y o R ) 2w [p R ],

*

Let [x]x be the sheaf on [*/(G*(F)/K)] determined by . Then we have

Il

i (b o )" (0] ¥ [X]K)

= (ric omg )i, (1] ¥ x)
(

. ab *
i g [p B X

=~ (r8 o ““))( (P B [1x) @ (1] 8 [x]x))
=~ (7" o )*(i2]p) B [X] )
= (i ]p) ® [x]) = it [ By,

where we use [Imal9, Lemma 1.6] at the second isomorphism, Lemma 4.9 at the third
isomorphism, the f-cohomologically smoothness of [*/(G%(F)/K)] — * and [Imal9,
Lemma 1.6] at the fourth isomorphism. Thus we have proved (4.7). Let

7g,: Bung X DiV}EM — Bung, x Div}%
be the base change of m and

Tab,E, - Bung X DIVE — Bunga» x DIVE

31



the natural morphism. Then we have

lim R Homg,(m)(RUe(Shtfy 0 1), 0 @ Xo) = 795, w Tl lp @ xo] (0 [2dy]
K'CGy (F)

i 'p*E /FT;ﬂTBZ [p B x](6p ) [2dy]
= e T i [p B X (3 ) [2dy]
7, AD (Tl o) B Ty, 12 [X]) (6 (2]
(b/'pEH/F 210D (00)[2dy] @ " 73, g, Ty 5,0
(P, e Tuis 1)) (00) 2dy] © Xir ® X,

= hgﬂ R HOme(F) (RFC<Shté’7b,b’,K’>7 p) ® Xv ® Xp,;
K'CGy (F)

IIZ

ab

12

[X]

I

where we use Proposition 4.4 at the first and last isomorphism, and (4.7), (4.3), (4.5),
Lemma 4.10 and (4.6) at the second, third, fourth, fifth and sixth isomorphisms respec-
tively. O]

Assume that F' is p-adic, G is quasi-split, ([b],[V'], ) is Hodge-Newton reducible
([GI16, Definition 4.5]) for L with reductions [0], [0'] € B(L) of b and ¥’ to B(L), and ¥/
is basic. We assume that L D L* and P = LP"~. We sometimes view dpg: Lo(F) — A*
as a character of Gy(F') via Gy(F) = Lg(F'). Let P’ be the parabolic subgroup of Gy
corresponding to P C G. We note that the Levi subgroup of P’ corresponding to L C P
is Lg. Let ShtG by De the open subspace of Shty, ,,, defined by the condition that the
meromorphy of the modification is equal to p.

Proposition 4.12. We have an isomorphism

~ Gy apP6
RE(Shts ) = G ) REG(SI 50) @ 00 © - 175 dpl
which is compatible with the actions of Gy(F') = Lo(F) and Wg,.

Proof. This follows from [GI16, Corollary 4.14, Proposition 4.24] and Corollary 4.6, as
in the proof of [GI16, Theorem 4.26]. In particular, we note that we have isomorphisms

. °c M d °
hﬂ RFC(ShtG,b,b’,KHA[duK?#)) = RPC(ShtG,b,b’)7

K’CGb/(F)

since the restriction of the sheaf S, ¢ g to the locally closed substack of Hckg j, p parametriz-

ing modifications of meromorphy exactly equal to p identifies with A[du](%“), by defini-
tion (cf. [FS21, Proposition VI.7.5]). Here d,, := (2pg, 1), where p¢ is the half sum of
all positive roots. The LHS is in turn isomorphic to

' - du
ling  RL(Sts 0 V] @ ] - 12

K’CGb/(F)
Similarly, we have an identification
: o
lim RU(Shty g gr g, M)[dy, ] @] - H ~ RI. (ShtLQH’)
K/CLGI(F)
Then, using the identity dpy = d,, — d,,, we deduce the claimed relationship from the
analysis in [GI16]. O
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Theorem 4.13. Assume that p is minuscule. Let p be a smooth representation of Gy(F).

We view p also as a representation of Lyg(F) via the canonical isomorphism Gy = Lg.
We have

K'CGy (F)

~ Gy (F . _be
= )ty RHomp,r (RT(ShE g p0). 0) @ || |77 [~dpg

K'CLyi (F)

as objects in the derived category of Gy(F) x Wg,-representations, where Gy(F') acts
smoothly and Wg, acts continuously. In particular, we have

Z(—l)iﬂ [ 123 EXtéb(F) (Hé (Shté,b,b’,K” A), p)]

5 K'CGy (F)
Gy F i+q . 1 1 —
=In dP’b(l(w Z(_l) il IBE EthLo(F)(Hc(Shtlz,e,ef,KnA)aP) ® || 17
i, K’CL@/(F)

in the Grothendieck group of finite length admissible representations.

Proof. We have

K'CGy (F)

= RHomg,p)( lim  RTc(Shte,y g0), )™
K'CGy (F)

= RHomg,(r)(RTc(Sht ;4), )™

=~ RHomp,(p)(Ind5 ) RT(Sht} 50) ® 6pe @ || - -5 [dpg], o)™

> R Homg,(r(IndS ") RT(Shtt 4), p ® 55)™ @ || - || 5 [~di

= Tndpyjr) R Homp, (s (RT(Sht] 5 5), p ® 0p)™ @ 0p @ || - 175 [~dpal,

where we use Proposition 4.12 at the third isomorphism. Further we have

dp,g
RHomp,(r)(RT(Sht} /), p @ 6p)™ @ pr @ || - || 72 [~dpy]

. . apg
> RHomp,p)( lim  RU(Sht] gy ), p © 0pg)™ @ 0pr @[] - || 72 [~dpy]

K'CLgy (F)

d
li R Homp, () (RTe(Sht] o 5 1)), p @ 05) @ 0pr @ || - || 72 [~dpy]

K’CLQ/(F)

. _ dpg a
~ iy RHomp, ) (RTc(Shts g g o). p) ® (5l @ 8p) @ || - |2~ [dpg].
K'CLyi (F)

1%

where we use Proposition 4.11 at the last isomorphism. We have dpy = dpr as repre-

sentations of Ly (F) because (Lg )*(F) = L**(F) ey A% s equal to 6pr. We have also
dpg = (£p,0) = (€p, ™). Therefore we obtain the claim. ]

Remark 4.14. In the above claim, we used the notation R Homg, gy (—, —)*™ to indicate
that this is coming from an external Hom in the category of smooth representations of
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Gy(F). For the more homotopically inclined, a precise definition of this can be given as
follows. We consider the co-categorical enhancement of the derived category of smooth
Gy(F) x Gy (F)-representations D(Gy(F) x Gy (F), A), which is a presentable stable A-
linear co-category. Since the categories D(Gy(F'), A) and D(Gy (F'),A) of smooth repre-
sentations are compactly generated, we have an isomorphism

D(Gb(F) X Gb/(F), A) ~ D(Gb(F), A) ®D(A) D(Gb/(F), A)

(See [FS21, Remark V.7.3] and the proof of Proposition [FS21, Proposition V.7.2] for de-
tails). Here D(A) is the oco-categorical enhancment of the derived category of A-modules
and ® denotes the Lurie tensor product. We consider the functor

D(Gb(F) X Gb/(F),A)Op X D(Gb<F) X Gy(F), A) — D(Gb(F) X Gb/(F), A)

given by internal Hom in the category of smooth Gy(F) x Gy (F')-representations. We
compose this with the functor

D(Gy(F), A) ® D(Gy (F), A) — D(Giy(F), A)

given by tensoring the global section functor D(Gy(F'),A) — D(A) by D(Gy(F),A). For
A, B € D(Gy(F)xGy(F),\), the value of this functor on (A, B) is R Homg, (A, B)™,
where above we regarded p as a smooth Gy(F') X Gy (F)-representation by inflating along
the natural projection map Gy(F) x Gy (F) — Gu(F). To be even more precise, by
viewing the above categories as condensed oo-categories C, we can also form the set of
objects with a continuous W, -action denoted CP"VPu as in [FS21, Section IX.1]. Then
one can similarly see that one also gets an induced functor

D(Gy(F) x Gy (F),N)PPYVEu 5 D(Gy(F) x Gy (F), N)PVeu — D(Gy (F), N)BVeu,

which shows that the above operation also respects the continuous Wg, -action.

4.3 Geometric Eisenstein series

We again consider the diagram

p
Bunp —— Bung

Jo

Buny,

and attach to it the unnormalized Eisenstein functor
EisG(—) := ppig(—)[dim(Bunp)]: D(Bung) — D(Bung),

where dim(Bunp): |Bunp| — Z records the f-cohomological dimension of the coho-
mologically smooth v-stack Bunp over the base. We saw in Proposition 3.5 that this
is constant on each connected component indexed by 6 € B(L)pasic with value equal to
dpg = (£p,0), where we recall § € B(L*)pasic = X*<L%b)[‘ . is the corresponding element.

We assume now that A admits a square root of ¢, which we now fix. This allows us
to make the following definition.
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Definition 4.15. We define the sheaf ICpum, = qp(A)?)[dim(Bunp)] € D(Bunp),
where A}D/Q € D(Buny) is the pullback of the sheaf on Bunj.. whose value on each

connected component is given by 5}3/2.
We note the following corollary of Theorem 3.20.
Corollary 4.16. The sheaf ICpy,, on Bunp is Verdier self-dual.
In particular, this motivates the morally correct definition of the Eisenstein functor.

Definition 4.17. We define the normalized Fisenstein functor to be
nEis%: D(Bung) — D(Bung)
A ppi(gp(A) @ ICunp)-

Remark 4.18. We note that we have an isomorphism nEisp(—) = Eisp(— ® A};n),
which is analogous to the relationship between normalized and unnormalized parabolic
iduction.

We write EisG(—) = Docnir)n Eis$?(—) and nEisG(—) = Docrr nEis5?(-)
for the direct sum decompositions induced by Corollary 3.6. These functors are compat-
ible with inclusions of parabolics in the obvious sense.

Lemma 4.19. Let P, C P, C G be an inclusion of parabolic subgroups with Levi factors
Ly and Ly. We write Py N Ly for the image of Py under the composition P, C Py — L.
We have a natural equivalence

nEisf, o nEisy; (—) = nEis§ (—)

of objects in D(Bung).
More precisely, given 01 € B(L1)vasic = m1(L1)r, and 0y € B(La)vasic = m2(La)r,., we
have that
nEisy” o nEisp?’} (=) =20
unless Oy is the image of 01 under the natural map m (L1)r, — m(L2)r.. In this case,
we have that

nEiSJGD2792 o nEilegf;fiQ(—) = nEiSJGgl’g1 (—).

The analogous claim also holds for the unnormalized functors.

Proof. We treat the case of the normalized functors, with the case of the unnormalized
functors being strictly easier.
It is easy to see that
nEis” o nEisp?’} (=) =20
unless 6, is the image of #;. In particular, the image of Bungfllr)] 1, under ppr, will be

supported on the connected component Bun(Le;), where 6, is the image of ;. We assume

that #; and 0y are of this form for the rest of the proof.
The key point can be found in the proof of [CFS21, Lemma 6.4]. We recall this now.
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For S € AffPerf), and a G-bundle £ on X;lg which we identify with its geometric
realization, consider the natural map

£/ Py — £/ P,

of schemes over X '8 This map is a locally trivially fibration with fiber Py /Py = Lo /(PN
Ly) in the étale topology on X736,

If we are given a Ps-structure £ Pg on £¥8 then this corresponds to a section X
£248 /P, and if we pullback along the previous fibration then the pullback is the same as

EpE <P Ly/(Pr N Ly) — X35,
It follows that, for a fixed G-bundle £2'8 on Xglg, we have an equivalence between

(1) a Pj-structure on £%8,

(2) a P-structure on £22 together with a P, N Lo-structure on Sf_f,lf x P2 L.

In particular, we obtain a map q: Bunp, — Bunp,z,. This fits into a commutative
diagram
PPy

/_\
Bunp, — Bunp, BN Bung
b
a7 Bunp,nr, Pty Buny,
lﬁfﬁmLz
Bung,,

where top left square is Cartesian by the previous equivalence. Restricting to connected
components this gives

(01)
Pp,

(92)

(01) —> Bung

0
Bunp, P Bun( 2)
(02)

s Js

0 0 P f']L 9
qull) Bungglr)w L 2B an)

(61)
lqpllmLQ

Bun(el) )

It follows that, for all A € D(BunLl), we have that
. 1 1/2
nEis%’ (A) = pe) g (A @ g G p ) (Er, 01)]
—(61)* 1/2
=~ pi)pig qmm@qﬁ” tr >>[<sp1,el>1
02) 1/2
o pOglrpl®) gl (A g Gp)(Er, B,

5Tn other words, there exists an étale covering T — Xg 218 such that the pullback along this map
identifies with the projection (£8/Py) X yaie T Xgpec (F) P2/P1 — (Y8 /Py) X yuts T
S S
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where the last isomorphism follows from proper base-change and
ay,: Bun — Bunl,, = [+/Li°(F))
is the natural map. We now note that we have an equality

<€P1>§1> = <€P2752> + <£P1QL27§1>'

Indeed, this follows from breaking up £p, in terms of the sum of roots that come from P,
and the sum of roots that come from PN L,. Similarly, we have an equality of characters
of L#b(F):

5P1 = 5P10L2 ® 5P2‘L‘1‘b(F)'

To deal with the modulus character twists, consider the following commutative dia-

gram

(61)
(61) PpnLy
BuanL2 —— Bun;

(91)
lq Pllr‘l Ly

0 (0
Bun( 1) q(L;’)

—(6
e

/L) | —— |+/L(F)|

(92)

This tells us that nEis]G:;I’G(A) is isomorphic to
nElsg ?(A)
= ppg L) *pﬁail%h.qﬁf:%zzm 2T (0p )(Er, 01,
pPQ, B (@i, (A ® qwl *@m @1 (0p) (€, 01)]
= pP2 q;22>*pﬁ1%L2 (b, (A DT Opar.)) @ Qi dr r* @r))[(Er, 01)]
ppg, qffj @ (AT (par,)) @ pis G <6p2>>>[<sp1,91>]

6 01)* —(61)* _
= i (Ppdra (A5, (A @ T Crina) [(Epnc.: 00)) © g (0r,)[(Ep, B2)]
= nEisIGDQQ2 o HEISIﬁme 1, (A),
as desired. Here we have used projection formula in the fifth isomorphism. n

We assume from now on that the group G is quasi-split with a choice of Borel B C G
unless otherwise stated. We will need the following notation.

(1) Let J denote the set of vertices in the (relative) Dynkin diagram. For each i € J,
we write «; for the corresponding (reduced) simple root. For a Levi subgroup L,
we let J;, C J denote the corresponding subset.

(2) For a Levi subgroup L C G, we write Jo1 == J \ JL.
(3) Let W denote the relative Weyl group of G.

We have the following lemma.
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Lemma 4.20. Let w(L) and w(P) denote the conjugates of the Levi and parabolic under

some element w € Wg. We write w: Bunp =Y Bun,(r) for the map induced by the
isomorphism L = w(L). Then, for all A € D(Buny), there is a natural isomorphism

nEisG(A) = nEng(P)(w*(A))
of objects in D(Bung), and similarly for the unnormalized functors.

Proof. We note that w,(Ap) = Aypy, and, for all @ € B(L)pasic, we have that (Ep, ) =

(&w(py, w(8)). Therefore, we reduce to showing that

Prap(A) = pu(r)due) (we(A)).
We write wp: Bunp = Bun,p) for the map induced by the isomorphism P = w(P).
We have a commutative diagram

pp

w Pw(P)
Bunp —— Bun,py — Bung

lqp lqw(P)

Bun;, —— Bunyy,).

Using the isomorphisms w*w,(A) = A and wpwp.(A) = A coming from adjunction, we
write

prap(A) = ppgpww,.(A)
= Pu(P) WP Wpypy Wi (A)

= Pu(P)du(pyWs(A),
as desired. ]

In general the values of these geometric Eisenstein functors are very complicated and
difficult to compute (See for example [Han23, Example 3.3.2]), but there are certain
simple contributions coming from the split reductions. This is the locus of Bunp coming
from the image of the natural section

sp: Buny, — Bunp

of qp induced by the inclusion L C P. To understand this, we need to understand the
topological image of the composition pp o sp: Bun;, — Bung. For our calculation, we
will restrict to the locus given by the semistable bundles.

Definition 4.21. We define B(G)y, the set of L-reducible elements, to be the image
Im(i: B(L)pasic = B(G)) =: B(G) L of the map induced by the inclusion L C G.

We will now study the set B(G), and its properties. We let Ag 1 be the set of relative
simple roots «y, for i € Jop =T \ JL.
Let X, (L2 C X.(L2)p, be the subset of elements which pair non-negatively with

the image of A 1 under the identification X*(AL)g =~ X*(L%b)&“ . We say an element

38



6 € B(L)pasic such that @ lies in X*(L%’)FF is dominant, and if it lies in the space which
pairs non-positively with the image of A then we say that it is HN-dominant.

For b € B(G)r, we consider the set W, := W/[L, L*] as defined in [BMO22, Sec-
tion 5.3]. This will be identified with the set of elements in W such that

w(L)c L’, w(LNnB)cB, wYL'NnB)cCB,

where L® denotes the centralizer of the slope homomorphism of b € B(G). We now want
to relate this Weyl group to the fibers of the map iy, : B(L)pasic = B(G). We begin with
some preparations.

Lemma 4.22. Assume that b € B(G) is basic.
(1) The inclusion L C P induces B(L) = B(P).

(2) The parabolic subgroup P of G transfer to a parabolic subgroup of Gy, under the
inner twisting if and only if b admits a reduction to L.

Proof. The claim (1) follows from [Kot97, 1.4, 3.6]. The claim (2) follows from the claim
(1) and [CFS21, Page 259]. O

Lemma 4.23. Let GG be a connected reductive group over a field F'. We fix a maximal
split torus S and a minimal parabolic subgroup Py containing S. Let W be the relative
Weyl group of G with respect to S. Let P and Q) be standard parabolic subgroups of G
with standard Levi subgroups L and M, respectively, with respect to Py and S. We put

S(L,M):={g € G(F)|gLg ' N M contains a maximal split torus of G'}.
Then we have a natural bijection
Wi\We/Wr, = M(F)\S(L, M)/L(F).

Proof. The map is given by taking a representative of an element of W¢ in Ng(S)(F).
The map is surjective since any maximal split tori are rationally conjugate. By [BT65,
5.20 Corollaire|, the composition

Wiu\We /Wy — M(F)\S(L, M)/L(F) = Q(F)\G(F)/P(F)
is a bijection. Therefore, the first surjective map is also bijective. O

Lemma 4.24. Let G be a connected reductive group over a field F'. Let P be a parabolic
subgroup of G with a Levi subgroup L. Then the inclusions L C P C G induces

HY(F,L) = H*(F,P) — H'(F,G).

Proof. The injectivity of the second map follows from [BT65, 4.13 Théoreme] (cf. [Ser94,
Page 136, Excercise 1]). The map H'(F, P) — H'(F, L) induced by the natural pro-
jection P — L is injective by H'(F, Ry(P)) = 1 and a torsion argument. This map is
surjective too since P — L has a splitting L C P. Hence the first map in the claim is
bijective. O

We now work again with our fixed quasi-split GG. We recall again that b admits a
reduction to a basic element by, € B(L?)pasic such that by, € X*(L%)IJEF We now have
the following lemma.
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Lemma 4.25. For every element b € B(G)p, there exists an injective map of sets

Zzl(b) — WL,b
0 — We

that sends 0 to the unique wy such that wy(0) € X, (we(L)™)r,. is dominant. It follows
that we(0) € B(we(L))pasic is a reduction of by € B(L)pasic to B(wg(L)). Moreover, the
image of this map is given by the set of w € Wy, such that w(L) C L transfers to a
Levi subgroup of (L"), , under the inner twisting.

Proof. We first start by constructing the map and showing it has the desired properties.
By [BZ76, Lemma 2.11], we have a bijection

Wiy = W \W(L, L") /Wy,

where W (L, L*) == {w € Wg | w(L) C L’}. By Lemma 4.23, we deduce that this is
isomorphic to
LY(F)\I(L, L")/ L(F),

where

I(L, L") :=={g € G(F) | gLg* C L}.

Now, given 6 € i;'(b), we let LY denote the G-centralizer of the slope homomorphism,
and let P? be the standard parabolic with Levi factor L?. Since § maps to b, there exists
go € G(F) such that go(P% L%)g,' = (P’ L*). We note that L C L by definition,
and therefore it follows that gy € I(L, L’). We now simply let wy denote the element
corresponding to gy under the equivalence

Wiy = LY(F)\I(L, L")/ L(F),

described above’. We note, by construction, we have an equality of slope polygons
Vb, = Up = Vuy(o) as elements in X, (T7)g.
Now if we let P denote the standard parabolic with Levi factor wy(L). We consider
the parabolic structures EbLb xL" Pt and Ewy(6) xwo(l) pwe on the G-bundle &,. It follows by
[Sch15, Theorem 4.1] (cf. [CFS21, Theorem 1.8] and [NV23, Appendix A, Theorem A.5],
for a discussion of this in the Fargues—Fontaine setting) and the aforementioned equality
of slope polygons that &, , x " PY is obtained by extension of structure group along the
inclusion P*¢ C P°. Therefore, wy(f) is a reduction of by, to B(we(L)), as desired.

We now show the injectivity of the map. Suppose we have elements 6 and ¢ such
that wy = wy = w. Then wy(0) and wy (6') are both reductions of by to B(w(L))pasic-
We claim that wy(0) = we (0"), which implies that 6 = 6.

Since (w(L))w,(9) is isomorphic to a Levi M of (L), ,, we have a commutative dia-
gram

b

B(w(L)) ——— B(M)

| |

B(L") —=— B((L")s,,)-

7 Another way of describing wy is as the generic relative position of the two reductions £, x* P and
Erv xL" PP of £, as in [Sch15, Lemma 4.1].
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Hence we can reduce the problem to showing that the map B(M) — B((Lb)bLb) is injec-
tive on the slope 0 elements. In other words, the map w1 (M )r, tors — Tl((Lb)bLb)FF,tors is
injective (where we have used the commutative diagram (2) in [RR96, Theorem 1.15]).
However, by [RR96, Theorem 1.15], this identifies with the map on Galois Cohomology
H'(Tp,M) = H'(Tr, (L"),,), and this is injective by Lemma 4.24.

We saw in the previous paragraph that the map i;l(b) — W takes values in the
set of elements w € Wy such that w(L) C L® transfers to (L"), ,. Conversely, if we
are given such an element w € Wr, then, by Lemma 4.22, the element by, admits a
reduction to " € B(w(L))pasic, where we note that this element is necessarily basic since
brs is. Then w™(#) € B(L)pasic is an element in :~1(b) whose attached Weyl group
element is w, as desired. O]

We will also need the following result.

Lemma 4.26. An element b € B(G) lies in B(G)y, if and only if there exists w € Wi,
such that the parabolic w(P)N LY of L transfers to a parabolic subgroup Qp., C Gy, under
the inner twisting. More precisely, if @ maps to b € B(G) with corresponding Weyl group
element wy as in the previous lemma then wy(P) N L® transfers to a parabolic subgroup
of Gy. Moreover, for every element 0 € B(L)vasic mapping to b, the Levi factor of Qpv,
is equal to wg(L)w,(9)-

Proof. This follows from combining Lemma 4.25 with Lemma 4.22 applied to the basic
reduction br» of b by using the isomorphism (Lb)bL,, =~ @y, as seen in the previous
argument. ]

We now turn to computing our Eisenstein functors. Let’s start with the simplest
family of cases.

Lemma 4.27. Suppose that 0 € B(L)pasic with image b € B(G)y, satisfies (£p,0) = 0.
It follows that b is basic, so in particular Wiy, is trivial, and we have that

Eisg’ (if (A)) 2 4 (Indg' () (A))

uis (i (4)) 2 if (i) ) (4)).

where Qy := Qp1 1 the transfer of P C G to Gy, as in Lemma 4.26.

Proof. The second isomorphism follows from the first using the relationship
nEisE’ (i (A)) g, = Bisg’ (i (A ® 6135)),

as in Remark 4.18. To prove the first isomorphism, by an application of proper base-
change we are interested in computing p,q*(A), as in the diagram

0 p
Bunp —  Bung

s

Bunf 2 [x/Ly(F)].

Note that, since # maps to b, we have an equality: ({p,0) = (2p¢, ») = 0, so in particular
b must be basic. By a standard argument with HN-slopes (See for example the proof
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of [Ham22, Lemma 9.3]), it follows that the topological image of the map p must be
just Bunbg Moreover, if we look at the space Bun% and use Lemma 3.7, we see that
all the vector bundles Lie(U),, ¢ are semistable of slope 0. Using this, we deduce an
isomorphism Bun% 22 [x/Q,(F)]. Therefore, the previous diagram just becomes

[*/M] L [*/Gb(F)} >~ Bun, —", Bung

o

[#/LolF)].

where p and ¢ are induced by the natural maps of groups. If p is a smooth representation
of Ly(F'), we note that pg*(p) will be identified with the set of compactly supported
functions on Gy(F') whose supports are compact in G,(F')/Qy(F), and which transform
under the right translation action of Q,(F") by the action of p inflated to Qy(F'), which

is Indgzgg (p), by definition. Using the exactness of Indgzgg(—), we can further deduce
that pig*(A) = Indg’;g;(/l) for all A € D(Ly(F'),A), as desired. O

With this warmup out of the way, we come to the following more general claim.

Theorem 4.28. For all 0 € B(L)pasic mapping to b € B(G) with attatched Weyl group
element wg € W, as in Lemma 4.25, we consider A € D(Lg(F'), A) and write we,.(A) €
D(wo(L)wy0)(F),A) for the image under the equivalence of categories induced by the
isomorphism Lg = wg(L)9). We have an isomorphism

. GO ~ Gy(F —1/2
nEisE (1 (A) [punt, 2 g ) (woe(4)) @ 8, [~ (2pc, 1)
in D(Bunl,) = D(Gy(F), N), where Qp, is as in Lemma 4.26. Moreover, if 0 is HN-
dominant with respect to the Borel for which P is standard then this defines an isomor-
phism

s (i (4)) 2 (15" (w0, (4)) @ 8,) [~ (200, )

of objects in D(Bung).

Proof. The second claim follows immediately from the first by noting that, in the case
that 6 is HN-dominant with respect to the Borel B for which P is standard then the space
Bun% is a classifying stack given by the point defined by the split reduction quotiented
out by the torsor. In particular, its topological image under pp is just b.

For the first claim, we set w := wy. By applying Lemma 4.20, we reduce to computing

sy (i} (w.(4)).
We let P’ be the standard Levi subgroup with Levi factor L given by the centralizer
of the slope homomorphism of b. We let by € B(L")pasic be the canonical dominant
reduction.

By definition of wy = w, we have that w(L) C L’. We let P>* be the unique
parabolic subgroup whose Levi factor is equal to L® and contains w(P). In other words,
the standard parabolic with Levi factor L® and defined with respect to the Borel w(B).
The element w(f) maps under the natural composition B(w(L))pasic = m1(w(L))r, —
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71 (L%, = B(L")pasic to the dominant reduction by» of b € B(G)r, using the second
part of Lemma 4.25. Therefore it follows, by applying Lemma 4.19, that we can rewrite

this as
Gb,p
Pb w

onEis? @ (i (,(A))).

nkis w(P)NLb

By Lemma 4.27, this is isomorphic to

b .Gy(F
s (i (igy L o (w(A)):

Therefore, we have reduced to showing the following.
Lemma 4.29. For all A € D(Gy(F),A) = D(Bun;@b), we have an isomorphism

b

b
nEls b, 5 (1,

2 (A)) e, = A® 5, [~ (206, )]

of objects in D(Gy(F),A) = D(Bunk).

Proof. Let U, U=, U*" denote the unlpotent radical of Pb, P~ Pbw, respectlvely

We write Bunfj,, . for the preimage of Bun% 2 [/G,] along the map Bun%,. — Bung

induced by ppsw. Two applications of proper base-change tell us that we are tasked with
computing
1/2 T
piq (A ® (513/6 w, )Kbe’“’» bLb)]v

with maps as in the diagram

Bunlbf S N [*/(N}b} o Buan

k
Bunyi’ = [+/Gy(F)] .

We look at Bun’% | the fiber of q over * — [x/Gy(F')]. This defines a closed subspace

pbw ’
of Bunwa ,

groupoids P(ﬁie(Ub’“’)a,bLb [1]) — * for all roots a occurring in Lie(U**). In particular,

where, by Lemma 3.7, the latter is an iterated fibration of the Picard v-

Bunpb w = X,
where X,, — -+ — X; — Xy = % is a sequence of fibrations f;: X; — X;_; in the
spaces P(Eie(Ub’w)aFl,bLb[l]), where ay, ..., q,_; are the roots occurring in Lie(U%¥).

Moreover, there is a filtration
U =Uy>U, D DU, = {1}

of the unipotent radical of P»¥ stable under the conjugation action of P> such that
X;(S) parametrizes the torsors under Slfijs xL" (Uy/U;) for S € AffiPerf), by the proof
of Lemma 3.7. Let Y; be the closed substack of X; corresponding to the trivial torsor.
Then we redefine Y; = f;*(Yi_1) if (o, bpp) < 0 and Y; & Yy if (@, b)) > 0. The

closed substack Y,, — X, & Bunl;ﬁ,bw then identifies with Bunl;fbbwb i
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It follows that Bun PLbbw > [/ G w] 18 a classifying stack attached to a group diamond

(. The group diamond G, is an iterated fibration of HO(Lie(U*™) 4, L) over Gy(F'), for

@ a root occurring in U™ bw such that (o, b)) < 0. We get an induced map of classifying

stacks [x/ G| = [*/ Gb] that will be induced by a natural inclusion of group diamonds
Gy — Gb We write G¥ for the quotient of Gb by G In light of the isomorphism
Bunl;ﬁff, >~ [x/(), as in the proof of Proposition 3.15, we can write G, as an iterated

fibration of H°(Lie(U")ap,,) for all roots a occurring in Lie(U™™) over Gy(F). Tt

follows that G* is an iterated fibration of HO(Lie(U )ap,,) for all negative roots a < 0
such that w™!(a) < 0. This sits in a Cartesian diagram

G — %

| |

[* /éw] LN [* /éb} .

We claim we can now reduce to the following.

Lemma 4.30. The compactly supported cohomology of G is 1somorphic to 5P§{U2 ®
L

0y Y21 _2((¢pn, 1) — (Eps, )] as a Gy(F')-representation, where £, is the sum of positive
roots a > 0 occurring in Lie(Uy) such that w™(a) < 0.
We note that we have a chain of equalities: dpowy , = (Eppa,brp) = (Epbw, VbLb> =

(Epvw, 1), by definition of bys. Since v, is dominant and P? is a standard parabolic, we
see that this is equal to

<€Pb7 Vb) - 2(5;% Vb>'

We deduce the following chain of isomorphisms:

P (A6, Mdpwy, ] = pa (A© 6L, (Ep, ) — 2068, 1))
= pp"(A@ S, (Epr1h) = 2(E5s )]
=A@, | @A) [(Eps 15) = 2(E5s 1)
~ AL, @6, @0 [~ (&, )]

Pbwp Pbw by,

=~ A® 6, 2~ (Eps, )],

For the second isomorphism, we have used that q can be identified with the composition
Py © p, where py: [%/Gy] — [x/Gy(F)] is the natural map. For the third isomorphism,
we have used projection formula. We have used Lemma 4.30 in the fourth isomorphism.
We now note that —(Eps, 1) = —(2pg, 1), by virtue of the fact that P’ is a standard
parabolic and that v} pairs trivially with all roots of G lying in its centralizer L. This
shows the desired claim. O

O

Proof of Lemma 4.30. Let g := Lie(G). Note that ¢, identifies with the modulus char-

acter of P transferred to (Lb)bLb along the inner twisting, since the group is quasi-split.
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Therefore, we have that (5;1,1,{02 b, @0 /2 i5 the unique rational cocharacter of Gy(F') such
O

that, for t € Ag, (F'), we obtain that

—1/2 —1/2 _
Sy, @0 20y = ] ldet(tlgn)l ™,
a>0
w™H(a)>0

as in the equality {pp + Eprw = 2(p — &) or alternatively ] a<0 |det(t]ga)|. We
w™(a)<0
also note that

<€Pb7Vb> - <§$b7yb> = Z <O"Vb>'

a>0
w1 (a)>0
The claim now follows from the previous description of Gv as an iterated fibration of the
Banach-Colmez spaces H®(Lie(U" ), ,) for negative roots o < 0 such that w™"(a) <0,
by arguing as in the proof of Proposition 3.9. O
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