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Abstract : In this paper, we study the cohomology of the unitary unramified PEL Rapoport-Zink
space of signature (1,n — 1) at maximal level. Our method revolves around the spectral sequence
associated to the open cover by the analytical tubes of the closed Bruhat-Tits strata in the special
fiber, which were constructed by Vollaard and Wedhorn. The cohomology of these strata, which
are isomorphic to generalized Deligne-Lusztig varieties, has been computed in [Mul23]. This
spectral sequence allows us to prove the semisimplicity of the Frobenius action and the non-
admissibility of the cohomology in general. Via p-adic uniformization, we relate the cohomology
of the Rapoport-Zink space to the cohomology of the supersingular locus of a Shimura variety
with no level at p. In the case n = 3 or 4, we give a complete description of the cohomology of

the supersingular locus in terms of automorphic representations.
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Introduction: By defining moduli problems classifying deformations of p-
divisible groups with additional structures, Rapoport and Zink have constructed
their eponymous spaces which consist in a projective system (M, ) of non-archimedean
analytic spaces. The set of data defining the moduli problem determines two p-
adic groups G(Q,) and J(Q,) which both act on the tower. Its cohomology is
therefore equipped with an action of G(Q,) x J(Q,) x W where W is the absolute
Weil group of a finite extension of @, called the local reflex field. This is expected
to give a geometric incarnation of the local Langlands correspondence. So far, rel-
atively little is known about the cohomology of Rapoport-Zink spaces in general.
The Kottwitz conjecture describes the G(Q,) x J(Q,)-supercuspidal part of the
cohomology but it is only known in a handful of cases. It was first proved for the
Lubin-Tate tower in [Boy99] and in [HT01], from which the Drinfeld case follows by
duality. The case of basic unramified EL Rapoport-Zink spaces has been treated
in [Far04] and [Shil2]. As for the PEL case, it was proved for basic unramified
unitary Rapoport-Zink spaces with signature (1,2 — 1) with n odd in [Ngul9], and
in [BMN21] for an arbitrary signature with an odd number of variables. Beyond
the Kottwitz conjecture, one would like to understand the individual cohomology
groups of the Rapoport-Zink spaces entirely. This has been done in [Boy09] for
the Lubin-Tate case (and, dually, for the Drinfeld case as well) using a vanishing
cycle approach. Boyer’s results were later used in [Dat07] to recover the action of
the monodrony and give an elegant form of geometric Jacquet-Langlands corre-
spondence. However, this method relied heavily on the particuliar geometry of the
Lubin-Tate tower, and we are faced with technical issues in other situations where
we do not have a satisfactory understanding of the geometry of the Rapoport-Zink
spaces.

In this paper, we aim at pursuing the goal of describing the individual cohomology
groups of the Rapoport-Zink spaces in the basic PEL unramified unitary case with
signature (1,7 — 1). Here, G(Q,) is an unramified group of unitary similitudes in
n variables and J(Q,) is an inner form of G(Q,). In fact, J(Q,) is isomorphic



to G(Q,) when n is odd and J(Q,) is the non quasi-split inner form when n is
even. Our approach is based on the geometric description of the reduced special
fiber M,eq given in [Vol10] and [VW11]. In these papers, Vollaard and Wedhorn
built the Bruhat-Tits stratification { My}, on M,.q which is interesting for two
reasons:

— the closed strata M, are indexed by the vertices of the Bruhat-Tits building
BT(J,Q,) of J(Q,). The combinatorics of the stratification can be read on
the building.

— each individual stratum M is isomorphic to a generalized Deligne-Lusztig
variety for a finite group of Lie type of the form GUsggy(F,), arising in
the maximal reductive quotient of the maximal parahoric subgroup Jy :=
Fix;(A). Here 1 <20+ 1 =: t(A) < n is an odd integer called the orbit type
of Ae BT(J,Q,).

Let Opax := [”T’lj so that we have 0 < 6 < Oy for all vertices A € BT(J,Q,).
In [Mul23], by exploiting the Ekedahl-Oort stratification on a given stratum M,
we computed the cohomology groups H* (M, ®F,, Q;) in terms of representations
of GUg11(F,) with a Frobenius action. We consider the Rapoport-Zink space
M = My, at maximal level, where Ky < G(Q,) is a hyperspecial maximal
open compact subgroup. Then M?" is an analytic space of dimension n — 1. It
admits an open cover by the analytical tubes U, of the closed Bruhat-Tits strata
M. This induces a J(Q,) x W-equivariant Cech spectral sequence computing

the cohomology of M?"

ET’bZ @ ch)(UA(’y)®Cp7@) — HZ—H)(Man’@),

YEl_g+1

where for s > 1 the index set is given by

I, = {7 = (A',...,A%) € BT(J,Q,)° | Vi, t(A") = 20umax + 1 and U(y) := [ | U 4 @} .

i=1

In the remaining of the introduction, we omit the Using Berkovich’s comparison
theorem, the cohomology of the tubes U, can be identified, up to a shift in indices
and a suitable Tate twist, with the cohomology of the closed Bruhat-Tits strata
M. Let Frob € W be a lift of the geometric Frobenius and let 7 denote the action
of the element (p-id, Frob) € J(Q,) x W on the cohomology. We refer to 7 as the
“rational Frobenius”. Then the action of 7 on the cohomology of U, is identified
with the Frobenius action on the cohomology of M.

Proposition. The spectral sequence degenerates on the second page Es. For 0 <
b < 2(n — 1), the induced filtration on HY(M™®C,, Q) splits, ie. we have an



1somorphism o
HY(M™®C,, Q) ~ @ B

b<b/<2(n—1)

The action of W on HZ(M“@ (Cp,@) 1s trivial on the inertia subgroup and the

action of the rational Frobenius T is semisimple. The subspace ngb,’bl is identified
with the eigenspace of T associated to the eigenvalue (—p)?.

Let us fix a maximal simplex {Ao,...,Aq,,.} in BT(J,Q,) such that t(Ay) =
2041 for all 0 < 0 < Oyax, and let us write Jp instead of J,. In order to study the
J(Qp)-action, we rewrite the terms EY * using compactly induced representations

emax

5~ @ e~ ndd, (H(ULSC, T OTK, ).
0=0

Here for s > 1 and 0 < 0 < 0,,,« the finite set K 3(9) c I, is given by
KO = {ye L|U®y) = U,}.

It is equipped with an action of Jy and @[Ks(e)] is the associated permutation
module. The various Jp’s are maximal parahoric subgroups of J(Q,), and the

representations H%(Uy,® C,, Q;) @ Q[ K (fg 1] are trivial on the unipotent radical
J;. In particular, they are representations of the finite group of Lie type Jy :=
Jo/ TS ~ G(Uzps1(F,) x U,_g9—1(F,)). By exploiting this spectral sequence and
the underlying combinatorics of the Bruhat-Tits building of J(Q,), we are able
to compute the cohomology groups of M®" of highest degree 2(n — 1), and when
n = 3 or 4 the group of degree 2(n —1) — 1 as well. We denote by J° the subgroup
of J(Q,) consisting of all the unitary similitudes in J(Q,) whose multipliers are a
unit. We note that J° is normal in J(Q,) with quotient .J/J° ~ Z.

Proposition. There is an isomorphism

HX D (M@ C,, Qp) ~ ¢ — Ind7. 1,

and the rational Frobenius T acts via multiplication by p*™=1).

For A\ a partition of 260,,., + 1, we denote by p, the associated irreducible
unipotent representation of GUyg,,. 1(F,) via the classification of [LS77] which
we recall in Section 2. We also write p, for its inflation to the maximal parahoric
subgroup Jp,, ... In particular, if 20,,, + 1 is equal to @ for some integer t > 1,
we write A; := (¢, —1,..., 1) for the partition of 26, + 1 whose Young diagram

is a staircase. The unipotent representation pa, of GUgg, . +1(F,) is cuspidal.



Theorem. Assume that 0. = 1, ie. n =3 or 4. We have

Hg(nfl)*l(Man@)Cm@) ~c— Indi DAy

with the rational Frobenius T acting via multiplication by —p*—D=1,

In general, the terms Eg’b in the second page may be difficult to compute.
However, the terms corresponding to @ = 0 and b € {2(n — 1 — Opay),2(n — 1 —
Omax) + 1} are not touched by any non-zero differential in the alternating version of
the Cech spectral sequence, making their computations accessible. We note that
2(n — 1 — Omax) is equal to the middle degree when n is odd, and to one plus the
middle degree when n is even.

Proposition. We have an isomorphism of J(Q,)-representations

0,2(n—1—0max) N J
Ly ~c—1Indj,  pomu.+1)-

If n = 3 then we also have an isomorphism

J

0,2(n—1—0max)+1 »
E2 =C— IndJ@max p(29maX71)'

We note that the representation p(s,,,.+1) is the trivial representation. Using
type theory, we may describe the inertial supports of the irreducible subquotients
of such compactly induced representations. An inertial class is a pair [L, 7| where
L is a Levi complement of J(Q,) and 7 is a supercuspidal representation of L,
up to conjugation and twist by an unramified character. Any smooth irreducible
representation 7 of J(Q,) determines a unique inertial class (7). If s is an inertial
class, let Rep®(J(Q,)) be the category of smooth representations of J(Q,) all of
whose irreducible subquotients 7 satisfy ¢(w) = s. For & a set of inertial classes,
let Rep®(J(Q,)) be the direct product of the categories Rep®(J(Q,)) for 5 € &.
Let (V,{:,-}) be the n-dimensional Q,2-hermitian space whose group of unitary
similitudes is J(Q,). The Witt index of V is fyax. Let

V=H&...0H,, oV™"

max

be a Witt decomposition, where for all 1 < ¢ < 0., H; is a hyperbolic plane
and where V* is anisotropic. Note that V*" has dimension 1 or 2 depending on
whether n is odd or even respectively. For 0 < f < 0., we consider

Lf :G(U(Hl@C_BHf@Van) XTf+1 X XTQmax)’

where for 1 < i < Oy, T; © GU(H,;) is a maximal torus. Then Ly can be seen
as a Levi complement in J(Q,), and Ly, = J(Q,). In particular L, is a minimal
Levi complement. Let 7y denote the trivial representation of Lg, and let 7 denote



the representation of L; obtained by letting the T;’s for ¢« > 2 act trivially, and
GU(H; @ V) act through the compact induction of the inflation to a special
maximal parahoric subgroup of the unique cuspidal unipotent representation pa,
of GU3(F,). For f = 0,1, the irreducible representation 7, of Ly is supercuspidal.
For V' a smooth representation of J(Q,) and x a continuous character of the center
Z(J(Q,)), we denote by V, the maximal quotient of V' on which the center acts like
X. Combining our previous proposition with an analysis of the inertial supports
via type theory, we obtain the following proposition.

Proposition. Let x be an unramified character of Z(J).

— Assume that n = 3. The representation (E3’2(n_1_0“‘ax))x contains no non-

zero admissible subrepresentation, and is not J(Q,)-semisimple. Moreover,
any irreducible subquotient has inertial support |Lg,1o|. If n = 5, then the

same statement holds for (Eg’z(nflfg“’a")ﬂ)x with the inertial support being

[Ll, 7'1] .

— Forn=1,2,3,4, let b = 0,2,3,5 respectively. We have 0. =0 ifn=1,2
and Opax = 1 if n = 3,4. Let x be an unramified character of Z(J(Q,)).
The twist Ty,  Of Tomar bY X 15 an irreducible supercuspidal representation
of J(Qp), and we have

(Eo,b) ] Tmaxix ifn=1,3,4,
’ * Temamx @ XOTm,X an - 2

Here, when n = 2 the subgroup Z(J(Q,)).JJo has index 2 in J(Q,). In this
situation, xo denotes the unique non-trivial character of J(Q,) which is trivial on
Z(J)Jy. This proposition yields the following important corollary.

Corollary. Let x be an unramified character of Z(J(Q,)). If n = 3 then Hg(nflfe"‘aﬂ(/\/lan@ Cp, Qo)y
is not J(Qy)-admissible. Ifn = 5 then the same holds for Hg(n_l_em")ﬂ(/\/lan@ Cp, Qo)y-

Thus the cohomology of Rapoport-Zink spaces need not be admissible nor
J(Q,)-semisimple in general. Lastly, we introduce the unramified unitary PEL
Shimura variety of signature (1,n — 1) with no level structure at p. It is defined
over a quadratic extension F' of QQ in which the prime p is inert. The corresponding
Shimura datum gives rise to a reductive group G over Q such that Gg, = G and
G(R) ~ GU(1,n — 1). The Shimura varieties are indexed by the open compact
subgroups K? < G(A%) which are small enough. Kottwitz constructed integral
models Skr at p of these Shimura varieties. Their special fibers are stratified by
the Newton strata, and the unique closed stratum is called the supersingular lo-
cus, which we denote by gi?p since it coincides with the supersingular locus. It has
dimension 0y,,x. The p-adic uniformization theorem of [RZ96] gives a geometric
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identity between the special fiber M,.q of the Rapoport-Zink space M and the
supersingular locus Sy,. In [Far04], Fargues constructed a Hochschild-Serre spec-
tral sequence associated to this geometric identity, computing the cohomology of
the supersingular locus.

Let € be an irreducible algebraic finite dimensional representation of G, and let
C_g be the associated local system on the Shimura variety, restricted to the special
fiber. It is a pure sheaf of some weight w(§) € Zso. Let I be the inner form of
G such that Ig, = J, Iz = Guz and I(R) ~ GU(0,n). We denote by Ag() the

set of automorphic representations of I of type {v at infinity, and counted with
multiplicities. Fargues’ spectral sequence is given in the second page by

Fab @ EXta (HQ(n 1)— (Man®Cp7QZ)( ),Hp)®Hp — Ha+b(§ss®Fp’£—£)7
HeAg (1)

where H*(S"®TF,, L¢) := lim  H* (Srr®T,, Le). We point out that the abutment
is just the cohomology of the supersingular locus with coefficients in £_§ because
the nearby cycles are trivial thanks to the smoothness of the integral model Sk».
It is G(A}) x W-equivariant. When n = 3 or 4 this sequence degenerates on the
second page, and our knowledge on the cohomology of the Rapoport-Zink space
M allows us to compute every term. We obtain a description of the cohomology
of the supersingular locus in terms of automorphic representations.

A smooth character of J(Q,) is said to be unramified if it is trivial on all compact
subgroups of J(Q,). Let X" (J(Q,)) denote the set of unramified characters of
J(Q,). Let St; denote the Steinberg representation of J(Q,). If IT € A¢(I), we
define oy, := wr, (pt- id)p*“’(f) € @X where wy, is the central character of II,,
and p! - id lies in the center of J(Q,). For any isomorphism ¢ : Qr ~ C we

have |¢(dr1,)| = 1. Eventually, if « € Q" we denote by Q,[z] the 1-dimensional
representation of the Weil group W where the inertia acts trivially and Frob acts
like multiplication by the scalar x.

Theorem. Assume that n = 3 or 4, so that S is one dimensional. There are
G(A%) x W-equivariant isomorphisms

HES ®@F, L)~ @ Q6"

He.Ag(I)
I,e X8 (])
Hl(gss ® E’ ﬁ_g) ~ @ 1P ®@[5prw(f)] &) @ I ® Qe[ 51‘[ pv €)+1]

HeA(I) MeAg(I)

IxeXxun(J), Ixe X" (J),

II,= x-Sty Mp=x71

S ®@F, L) ~ @ P @Q[on,p .
HE.A&(I)
I 40



Notations: Throughout the paper, we fix an integer n > 1 and we write
Ormax 1= [”T_lj so that n = 20,0 + 1 or 2(0nax + 1) according to whether n is odd
or even. We also fix an odd prime number p. If £ is a perfect field of characteristic
p, we denote by W (k) the ring of Witt vectors and by W (k)g its fraction field,
which is an unramified extension of Q,. We denote by ¢ :  + 2P the Frobenius
on k or its lift to W (k). If ¢ = p® is a power of p, we write F, for the field with
q elements. In the special case where ¢ = p?, we also use the alternative notation

Ly = W(F,2) and Q2 = W(F,2)g. We fix an algebraic closure F of IF,,. For k > 1,
the k x k identity matrix is denoted by [, and the matrix with 1 in the antidi-
agonal and 0 everywhere else is denoted by A. In various situations, the symbol
1 will always represent the trivial representation of the group we are considering.

The symmetric group of {1,...,k} is denoted Sy.

Acknowledgement: This paper is part of a PhD thesis under the supervision
of Pascal Boyer and Naoki Imai. I am grateful for their wise guidance throughout
the research. I also wish to address special thanks to Jean-Loup Waldspurger for
helpful discussions regarding the structure of compactly induced representations.

1 The Bruhat-Tits stratification on the PEL uni-
tary
Rapoport-Zink space of signature (1,7 — 1)

1.1 The PEL unitary Rapoport-Zink space M of signature
(I,n—1)

In [VW11], the authors introduce the PEL unitary Rapoport-Zink space M of
signature (1,n — 1) as a moduli space, classifying the deformations of a given
p-divisible group equipped with additional structures. We briefly recall the con-
struction. Let E be a quadratic unramified extension of Q, with ring of integers
Op and with nontrivial Galois involution a — a*. Let ¢y : K = Q,2 be a Q,-
linear isomorphism and let 1 := 0 0 g. Let Nilp denote the category of schemes
over Z,» where p is locally nilpotent. For S € Nilp, a unitary p-divisible group
of signature (1,n — 1) over S is a triple (X, tx, Ax) where

— X is a p-divisible group over S.

— 1x : O — End(X) is a Og-action on X such that the induced action on its
Lie algebra satisfies the signature (1,n — 1) condition: for every a € Op,
the characteristic polynomial of ¢x(a) acting on Lie(X) is given by

(T = ¢o(a) (T = ¢r(a)" ' € Z2[T] = Os[T].
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— Ax : X 5 tX is an Og-linear polarization where !X denotes the Serre dual

of X.

The Og-linearity of \x is with respect to the Og-actions tx and the induced
action tx on the dual. A specific example of unitary p-divisible group over [
is given in [VWI11] 2.4 by means of covariant Dieudonné theory. We denote it by
(X, tx, Ax) and call it the standard unitary p-divisible group. The p-divisible
group X is superspecial. The following set-valued functor M defines a moduli
problem classifying deformations of X by quasi-isogenies. More precisely, for S €
Nilp the set M(S) consists of all isomorphism classes of tuples (X, tx, Ax, px)
such that

— (X, \x, px) is a unitary p-divisible group of signature (1,n — 1) over S.

— px X xgS > X x F o S is an Op-linear quasi-isogeny compatible with the
polarizations, in the sense that ‘px o Ax 0 px is a Qg -multiple of Ay.

In the second condition, S denotes the special fiber of S. By [RZ96] Corollary
3.40, this moduli problem is represented by a separated formal scheme M over
Spf(Z,2), called a Rapoport-Zink space. It is formally locally of finite type,
and since the associated PEL datum is unramified it is also formally smooth over
Z,2. The reduced special fiber of M is the reduced F2-scheme M,q defined by
the maximal ideal of definition. Rational points of M over a perfect field extension
k of F,2 can be understood in terms of semi-linear algebra by means of Dieudonné
theory. We denote by M(X) the (covariant) Dieudonné module of X, this is a
free Z,2-module of rank 2n. We denote by N(X) := M(X) ® Q,2 its isocrystal.
By construction, the Frobenius F and the Verschiebung V agree on N(X). In
particular, we have F2 = p - id on the isocrystal. The Opg-action tx induces a
Z/2Z-grading M (X) = M(X)o @ M(X); as a sum of two free Z,2-modules of rank
n, such that a € Og acts via ¢;(a) on M(X); for i = 0,1. The same goes for the
isocrystal N(X) = N(X)o @ N(X); where N(X); = M(X); ® Q2 for i = 0,1. The
polarization Ax induces a perfect alternating Qp2-bilinear pairing (-, ) on N(X)
such that

Va,y € N(X),Va e E, (Fz,yy =z, Vy)” and (az,y) = (z,a"y).

Moreover (-, -) restricts to a perfect Z,2-pairing on the lattice M (X). The pieces
N(X); are totally isotropic for i = 0,1 and dual of each other. Moreover, the
Frobenius F is 1-homogeneous with respect to this grading. As in [VW11] 2.6, we
define

Vz,y € N(X)o, {z,y} := oz, Fy),

where 0 € Z, is a scalar satisfying §° = —d. The pairing {-,-} is a perfect o-
hermitian form on N (X)o.



Notation. From now on, we will write V := N (X)) and M := M (X),.

Then V is a Q2-hermitian space of dimension n, and M is a given Z,.-lattice,
ie. a finitely generated Z,2-submodule containing a basis of V. Given two lattices

M, and M,, the notation M, & M, means that M; < M, and the quotient
module My/M; has length d. The integer d is called the index of M; in Ms, and
is denoted d = [M, : M;]. Given a lattice M < V, we define the dual lattice
MY :={veV|{v,M} c Z,}.By construction the lattice M satisfies

pMY € M€ MY,
Consider the matrices

emax

Todd = A20max+17 Teven =

o =
= O

Aemax

By [Vol10] Proposition 1.15, there exists a basis of V such that {-, -} is represented
by the matrix T,qq is n is odd and by Tiye, if n is even. A Witt decomposition
on V is a set {L;}, of isotropic lines in V such that the following conditions are
satisfied:

— for every i € I, there is a unique ¢’ € I such that {L;, Ly} £ 0,

— the sum of the L;’s is direct,

— the orthogonal of the direct sum of the L;’s is an anisotropic subspace of V.
Since each line L; is isotropic, in the first condition one necessarily has (i)’ = i and
i + 1. As a consequence, we have #I = 2w(V) for some integer w = w(V called
the Witt index of V. It does not depend on the choice of a Witt decomposition.
We write L?" for the orthogonal of the direct sum of the L;’s. The dimension of
LA is n® = n — 2w. Given a Witt decomposition of V, one may find vectors
e; € L; such that {e;,e;} = ;. Together with a choice of an orthogonal basis
for L*, these vectors define a basis of V which is said to be adapted to the Witt
decomposition. For any i € I, the direct sum L;@® L; is isometric to the hyperbolic
plane H. Therefore, we obtain a decomposition

V =wH® L™.
We may always rearrange the index set so that I = {—w,...,—1,1,...,w} and
1/ = —i for all 4 € I. In this context, we write Ly instead of L?".

We fix once and for all a basis e of V in which the hermitian form is represented
by the matrix T,qq or Toven. In the case n = 260, + 1 is odd, we will denote it

— an
6 - (efemmﬂ' * '76*1760 7617' * '769max)7
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and in the case n = 2(Opax + 1) is even we will denote it

J— an an
€= (e_ppues---s€-1,€0" €10 €1, ... €0, )

The choice of such a basis gives a Witt decomposition with L; := Q,2¢; and Ly
the subspace generated by ej", and when n is even by ei" as well. In particular,
wW(V) = Opax and n®* =1 or 2 depending on whether n is odd or even respectively.

Given a perfect field extension k of F,2, we denote by Vj the base change
V g, W(k)g- The form may be extended to Vy, by the formula

{fv@r, Wy} = zy’{v,w} e W(k)g

for all v,w € V and z,y € W(k)g. The notions of index and duality for W (k)-
lattices can be extended as well. By [Vol10] Proposition 1.10, the rational points
of the Rapoport-Zink space are described by the following statement.

Proposition 1.1. Let k be a perfect field extension of F,2. There is a natural
bijection between M(k) and the set of W (k)-lattices M in Vi, such that for some
integer 1 € 7., we have

pHMY EME MY,

There is a decomposition M = | |,_, M, into formal connected subschemes
which are open and closed. The rational points of M; are those lattices M satisfy-
ing the relation above with the given integer ¢. In particular, the lattice M defined
in the previous paragraph is an element of M(F,2). By [Voll0] Proposition 1.7,
the formal scheme M; is empty if ni is odd.

Let J = GU(V) be the group of unitary similitudes of V, seen as a reductive group
over Q,. Then J(Q,) consists of all g € GLg, (V) which preserve the hermitian
form up to a unit ¢(g) € Q), called the multiplier. By Dieudonné theory, the
group J(Q,) is also identified with the group of quasi-isogenies X — X of unitary
p-divisible groups. The space M is endowed with a natural action of J(Q,). At the
level of points, the element g acts by sending a lattice M to g(M). For g € J(Q,),
let a(g) be the p-adic valuation of ¢(g). This defines a continous homomorphism

a:J—7Z

where Z is given the discrete topology. Then ¢ induces an isomorphism M; —
M a(g)- According to [Vol10] 1.17 the image of o is Z if n is even, and 2Z if n is
odd. The center Z(J(Q,)) consists of all the scalar matrices, so that it is identified
with Q. If A € Q;, then ¢(A-id) = Norm(A) € Q;, where Norm is the norm map
relative to the quadratic extension Q,2/Q,. In particular, a(Z(J)) = 2Z. Thus,

11



the restriction of « to the center is surjective onto Im(a) only when n is odd.
When n is even, we define the following element

911) ax

i)
o3

o ‘=
plemax

Then go € J(Q,) and ¢(go) = p so that a(gy) = 1. Moreover g5 = p - id belongs
to Z(J(Q,)). Let ¢ and ¢’ be two integers such that ni and ni’ are even. We

consider t/he multiplication pZITﬂ : X - X when ¢ = i mod 2, and the quasi-
isogeny p% go : X — X when ¢ # ¢ mod 2. This is well defined as the second
case may only happen when n is even. It induces a morphism v, ; : M; — M.
By [Vol10] Proposition 1.18, the map ); » is an isomorphism between M; and M,

and if 7,4’ and " are three integers such that ni, ni’ and ni” are even, then we have

1/11",@'" © wi,i’ = ww.

1.2 The Bruhat-Tits stratification of the special fiber M,

We now recall the construction of the Bruhat-Tits stratification on M,.q as in
[VW11]. Let i be an integer such that ni is even. We define

Li:={AcV alZ,y;—lattice|p""'AY ¢ A c p’AV}.

If A € L;, we define its orbit type t(A) := [A : p"™ AV]. We also call it the type
of A. In particular, the lattices in £; of type 1 are precisely the F,2-rational points
of M;. By sending A to g(A), an element g € J(Q,) defines a map £; — L; qa(g)-
The following Proposition follows from [Vol10] Remark 2.3 and [VW11] Remark
4.1.

Proposition 1.2. Let i be an integer such that ni is even and let A € L;.
~ The map L; — Liyaq) induced by an element g € J(Qyp) is an inclusion
preserving, type preserving bijection.
— We have 1 < t(A) < n. Furthermore t(A) is odd.
— The sets L;’s for various i’s are pairwise disjoint.
Moreover, two lattices A, N € | | oy Li are in the same orbit under the action of

J(Q,) if and only if t(A) = t(A").

We write £ :=| | ;.07 £:i- For any odd number ¢ between 1 and n, there exists
a lattice A € Ly of orbit type t. Write tyax := 20max + 1, so that the orbit type ¢
of any lattice in £ satisfies 1 <t < t,.«. The following lemma will be useful later.

12



Lemma 1.3. Let i € Z such that ni is even, and let A € L;. We have AY € L if
and only if either n is even, either n is odd and t(A) = typax. If AY € L and n is
even, then AV € L ;1 and t(AV) = n —t(A). If on the contrary n is odd, then
AV e L, and t(AY) =t(A).

Proof. First we prove the converse. We have the following chain of inclusions

poiAEY A i

If n is even, then —n(i + 1) is also even and n — t(A) £ 0. Since (AY)Y = A, we
deduce that AY € £_;_; with orbit type n — t(A). Assume now that n is odd and
that t(A) = tpmax =n. Then AY =p ‘A e L_;.

Let us now assume that AY € £ and that n is odd. Let ¢’ € 2Z such that AY € L;.
We have

#H(A

”*éf\v) A "*é(/\) PN AY C) A t(g P 2AY

A\/
therefore —2 < ¢+ ¢’ < 0. Since ¢ + ¢ is even it is either —2 or 0. If it were —2,
then we would have ¢(A) = ¢(AY) = 0 which is absurd. Therefore i + i’ = 0, and
we have n —t(A) =n —t(AY) = 0. O

With the help of £;, one may construct an abstract simplicial complex B;. For
s = 0, an s-simplex of B; is a subset S < L; of cardinality s + 1 such that for
some ordering Ay, ..., A of its elements, we have a chain of inclusions p"™'AY &
AN A< ... A, We must have 0 < s < m for such a simplex to exist. Let
J = SU(V) be the derived group of J. We consider the abstract simplicial complex
BT(J, Q,) of the Bruhat-Tits building of J over Qp. A concrete description of this
complex is given in [Vol10] Theorem 3.5.

Theorem 1.4. The Bruhat-Tits building BT(J,Q,) is naturally identified with B;
Jor any fized integer i such that ni is even. The set L; is identified with the set of
vertices of BT(J,Q,). The identification is J(Q,)-equivariant.

Apartments in the Bruhat-Tits building BT (.J, Q,) are in 1 to 1 correspondence
with Witt decompositions of V. Let L = {L;};c; be a Witt decomposition of V
and let f = (fi)ier © B*™ be a basis of V adapted to the decomposition, where
fi € L; and B* is an orthogonal basis of L*". Under the identification of BT(J~ ,Qyp)
with B;, the vertices inside the apartment associated to L correspond to the lattices
A € £; which are equal to the direct sum of A~ L*" and of the modules p"iZ,: f; for
some integers (7). The subset of £; consisting of all such lattices will be denoted
AL or, with an abuse of notations, A/. We call such a set AL the apartment
associated to L in £;. We also define A" := | | AL, We recall a general
result regarding Bruhat-Tits buildings.

ni€2Z
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Proposition 1.5. Let i be an integer such that ni is even. Any two lattices A
and A" in L; lie inside a_common apartment AL for some Witt decomposition L.
Moreover, the action of J(Q,) acts transitively on the set of apartments {AF} .

Recall the basis e of V that we have fixed earlier. We will denote by

A(r—ema;ﬂ ... 7T—17 S) Tl’ LR 7T9max)

the Z,2-lattice generated by the vectors p'ie; for all j = +1,..., 0.y, by pei”
and if n is even, by p**ei" too. Here, the r;’s are integers and s denotes either the
integer sq if n is odd or the pair of integers (so, s1) if n is even.

Proposition 1.6. Let i be an integer such that ni is even. Let (rj, s) be a family of
integers as above. The corresponding lattice A = AN(r g, 71,8, T1, oy Topas)
belongs to L; if and only if the following conditions are satisfied

~ for all 1 < j < Onax, we have r_j +r; € {i,1 + 1},

— S0 = [%Ji ‘

—if n is even, then s, = |3].
Moreover, when A € L; then

t(A) = 1+ 2#{1 < J < Opax |75 + 1 = i}

Proof. The lattice A belongs to £; if and only if the following chain of inclusions
holds ' '
p1+1Av c A szAv.

The dual lattice A is equal to the lattice A(—rq_, .. .., —71,8, —r_1,. .., —T"_6...);
where s’ = —sg when n is odd, and s’ = (—sg, —s; — 1) when n is even. Thus, the
inclusions above are equivalent to the following inequalities:

i—r,j<7"j<i—|—1—7:j, i—$0<30<i+1—80,

i—1—s8; <8 <i—s; (if nis even).

This proves the desired condition on the integers r;’s and on s. Let us now assume
that A € £;. Tts orbit type is equal to the index [A, p*"*AV]. This corresponds to
the number of times equality occurs with the left-hand side in all the inequalities
above. Of course, if the equality ¢ — r_; = r; occurs for some j, then it occurs
also for —j. Moreover, if ¢ is even then the equality i — sy = s¢ occurs whereas
t—1—s51; £ s;. On the contrary if 7 is odd, then the equality i —1 —s; = s; occurs
whereas i — sg £ so. Thus in all cases, only one of sy and s; contributes to the
index. Putting things together, we deduce the desired formula. O

We deduce the following corollary.
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Corollary 1.7. The apartment AS (resp. A€) consists of all the lattices of the
form

A= A(?“,g
which belong to L; (resp. to L).

max )

ey 1,8, T1,...,T9

max ?

Proof. According to the previous proposition, it is clear that all lattices which
belong to L; and are of the form A(r_ 4, ,...,7 1,5,71,...,79,..) are elements of
A¢. We shall prove the converse. Let A € A$. By definition, there exists integers
(r;); such that

A=AnV*™P (—B (P~ Zye_; ® D Lye;).

1<]’<0max
Write A’ = A n'V?2. This is a lattice in V2" which satisfies the chain of inclusions
pi—i-lAl Voo AI CpiA,V,

where the duals are taken with respect to the restriction of {-,-} to V*. Since
V2" is anisotropic, there is only a single lattice satisfying the chain of inclusions
above. If we write a := [“5*] and b := [4], it is given by p*Z,2e§™ if n is odd, and
by p*Z,2ei" @ p*Z,2ei™ if n is even. Thus, it must be equal to A’ and it concludes

the proof. O

We fix a maximal simplex in £y lying inside the apartment Af. For 0 < 0 <

0 max We define
Ag := A(0,...,0,0,0,...,0,1,...,1).
N——— S N —
emax 6 Qmax—e
Here, the 0 in the middle stands for (0,0) in case n is even. We have t(Ag) = 20+1
and

pAy S Agc ... Ay

max *

Thus, they form an 6,,,-simplex in L£y. Given a lattice A € £;, a subfunctor M, of
M rea is defined in [VW11], classifying those p-divisible groups for which a certain
quasi-isogeny, depending on A, is in fact an actual isogeny. In Lemma 4.2, the
authors prove that it is representable by a projective scheme over F,., and that
the natural morphism M, < M, .q is a closed immersion. The schemes M, are
called the closed Bruhat-Tits strata of M. Their rational points are described
as follows, see Lemma 4.3 of loc. cit.

Proposition 1.8. Let k be a perfect field extension of Fp2, and let M € M, eq(k).
Then
MeMy(k) == Mc A=Az, W(k).
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The set of lattices satisfying the condition above was conjectured in [Vol10] to

be the set of points of a subscheme of M, .4, and it was proved in the special
cases n = 2,3. In [VWI11], the general argument is given by the construction
of My. The action of an element g € J(Q,) on M, induces an isomorphism
My > Mya.
Let A € £. We denote by J, the fixator of A under the action of J(Q,). If A = Ay
for some 0 < 0 < 0., we will write Jy instead. These are maximal parahoric
subgroups of J(Q,). In unramified unitary similitude groups, maximal parahoric
subgroups and maximal compact subgroups are the same. A general parahoric
subgroup is an intersection Jy, N ... N Jy, where {Ay,..., A} is an s-simplex
in £; for some 7. Any parahoric subgroup is compact and open in J(Q,). Let i
be the integer such that A € £;. We define V) := A/p""'AY and V! := p’AY/A.
Since pA < p-p'AY and p-p'AY < A, these are both F,z-vector space of dimensions
respectively t(A) and n—t(A). Both spaces come together with a non-degenerate o-
hermitian form (-, -)o and (-, -); with values in F,z, respectively induced by p~*{-, -}
and by p"*1{.,-}. If k is a perfect field extension of F,2 and if € € {0, 1}, we may
extend the pairings to (V{)y = V{ ®r , k by setting

vz, wY). =2y’ (v,w). € k

for all v,w € V§ and x,y € k. If U is a subspace of (V{), we denote by U" its
orthogonal.

Denote by Ji the pro-unipotent radical of Jy and write Jy := Jp/J{. This is a
finite group of Lie type, called the maximal reductive quotient of J5. We have
an identification Jy ~ G(U(VY) x U(V})), that is the group of pairs (go, g1) where
for e € {0,1} we have g. € GU(Vy) and c(go) = ¢(g:1). Here, c(gc) € F, denotes the
multiplier of g.. For 0 < 0 < 0, and € € {0, 1}, we will write Vi and J, instead
of V/fe and Jy,.

Let A € £; where ni is even. We write t(A) = 20 + 1. Let k be a perfect field
extension of Fj2. Let T be any W (k)-lattice in Vj, such that

; 20'+1
p Ty T T e Ay

where 0 < 0" < 6. Then T must contain p""'AY and [Ay, : T] = 6 — §'. We
may consider T := T/p"*'AY the image of T in ngo). Then T is an F,2-subspace
of dimension 6 + 6" + 1. Moreover, one may check that pi+t1Tv = TL, therefore

the subspace T contains its orthogonal. These observations lead to the following
proposition, see [Vol10] Proposition 2.7.
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Proposition 1.9. The mapping T — T defines a bijection between the set of

W (k)-lattices T in Vi such that p' T “E' T < Ay and the set

(Uc (V)| dimU =60+ 6 +1 and U+ < U}.

In particular taking ¢ = 0, this set is in bijection with My (k).
n—20"—1

Remark 1.10. Similarly, the set of W (k)-lattices T such that A, < T~ < = p'T"
for some 6 < 6’ < 6,,. is in bijection with

{(Uc (V| dmU =n—60 —60—1and U* c U}.

The bijection is given by T" +— T where T := T/A\, < V}ﬁ(l). These sets can be seen
as the k-rational points of some flag variety for GU(VﬁO)) and GU(V[EI)), which are
special instances of Deligne-Lusztig varieties. This is accounted for in the next
paragraph.

Let A € £. The action of J(Q,) on the Rapoport-Zink space M restricts to an
action of the parahoric subgroup Jj on the closed Bruhat-Tits stratum M. This
action factors through the maximal reductive quotient Jy ~ G(U(VY) x U(V})).
This action is trivial on the normal subgroup {id} x U(V}) < J4, thus it factors
again through the quotient which is isomorphic to GU(V}). With respect to this
action, the variety M, is isomophic to a generalized Deligne-Lusztig variety, see
[VW11] Theorem 4.8.

Theorem 1.11. There is an isomorphism between My and a certain generalized
parabolic Deligne-Lusztig variety for the finite group of Lie type GU(VY), com-
patible with the actions. In particular, if t(A) = 20 + 1 then the variety My is
projective, smooth, geometrically irreducible of dimension 6.

We refer to [Mul23] Section 1 for the definition of Deligne-Lusztig varieties. In
particular, the adjective “generalized” is understood according to loc. cit. The
Deligne-Lusztig variety isomorphic to My is introduced in [VW11] Section 4.5,
and it is denoted by Y, there. Theorem 5.1 of loc. cit. describes the incidence
relations between the different strata.

Theorem 1.12. Let i € Z such that ni is even. Let A, N € L;. The following
statements hold.
(1) The inclusion A = N is equivalent to the scheme-theoretic inclusion My <
M. It also implies t(A) < t(A') and there is equality if and only if A = A'.
(2) The three following assertions are equivalent.

(i) AnANeL;,. (i) An A contains a lattice of L;. (iii) My n My + .

If these conditions are satisfied, then My N My = Mpaqar, where we under-
stand the left hand side as the scheme theoretic intersection inside M, yeq.
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(3) The three following assertions are equivalent

i) A+ A el (i) A + A" is contained in a lattice of L;.
(iii) My, My < My for some A in L.

If these conditions are satisfied, then M is the smallest subscheme of the
form My containing both My and M.
(4) If k is a perfect field extension of Bz then M;(k) = Jpep, Ma(k).

In essence, the previous statements explain how the stratification given by the
M mimics the combinatorics of the Bruhat-Tits building of J, hence the name.

1.3 Normalizers of maximal parahoric subgroups of J(Q,)

In this section we compute the normalizer of the maximal parahoric subgroups Jj.

Lemma 1.13. Let A, € L.
(i) The parahoric subgroup Jy acts transitively on the set of apartments contain-
g A.
(ii) We have Jy = Jy if and only if there exists k € Z such that A = p*\’ or
A= pkA/ v

Proof. The first point is a general fact from the theory of Bruhat-Tits buildings.
For the second point, the converse is clear. Indeed, if x € Q; then J,x = Jj, and
an element g € J(Q,) fixes a lattice A if and only if it fixes its dual AY. Now, let
A, A" € £ such that Jy = Ju.. Up to replacing A’ with an appropriate lattice g - A,
it is enough to treat the case A’ = Ay for some 0 < 6 < 6,,.x. By Proposition 1.5,
we can find an apartment A" containing both Ay and A. By the first point, we
can find g € Jy = J, which sends A" to A°. Therefore g- A = A belongs to A°.
According to Proposition 1.7, we may write

A = A(T_emax7 A 7T—1787T17 A JTGmax)

for some integers (7, s). Let i be the integer such that A € £;. Then according to

Proposition 1.6 we have

~ V1 <j < Omax,7—j + 1€ {1,i+ 1}.
- s0 =[] ‘

— if n is even then s; = |3].
For 1 < j < 0, let g; be the automorphism of V which exchanges e_; and e;
while fixing all the other vectors in the basis e. Then, from the definition of Ay we
have g; € Jy. Therefore g; must fix A too, which implies that r_; = ;. And for

04+ 1 < j < 0Onax, let g; be the automorphism sending e; to p‘le,j and e_; to pe;
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while fixing all the other vectors in the basis e. Then again we have g; € Jy = J)
which implies that r_; = r; — 1.

Assume first that ¢ = 2i’ is even. Combining the previous observations, we have
ri=14foralll <j<6Oandr; =i+1forall 0+1<j <0y Moreover we have
so = 4" and if n is even, we have s; = 7. In other words, we have A = p’ A,.
Assume now that ¢ = 2/ + 1 is odd. This implies that n is even. Combining
the previous observations, we have r; = i + 1 for all 1 < j < 6yax. Moreover

we have sy = ¢/ + 1 and if n is even, we have s; = 7. In other words, we have
-/
A =p Ay, ]

Proposition 1.14. Let A € L. If t(A) + n — t(A) then the normalizer of Jy in
J(Qyp) is Nyj(Jp) = Z(J(Qp))Ja. Otherwise, n is even and there exists an element
ho € J(Q,) such that h: = p-id and N;(J)\) is the subgroup generated by Jp and
ho. In particular, Z(J(Q,))Ja is a subgroup of index 2 in Ny(Jy).

Remark 1.15. The condition ¢(A) £ n — t(A) is automatically satisfied if n is odd.
If n is even, it is satisfied when ¢(A) # Opax + 1, this is the case in particular when
O 18 0odd.

Proof. 1t is clear that Z(J(Q,))Ja < Ny(Ja). Conversely, let g € N;(Ja), so that
we have Jy = 9Jy = Jy.a. We apply Lemma 1.13 to deduce the existence of k € Z
such that g - A = pFA (case 1) or g- A = p*AY (case 2). If we are in case 1,
then g € p*Jy < Z(J(Q,))Js and we are done. If n is even, the assumption that
t(A) £+ n — t(A) makes the case 2 impossible. If n is odd and we are in case 2,
then in particular AY € £. By Lemma 1.3, we must have A = p’AY for some even
1 € Z. In particular, we are also in case 1. Therefore, no matter the parity of n,
we are always in case 1.

Assume now that t(A) = n — t(A), in particular n and ., are both even. We
write Omax = 26] ., so that t(A) = 26/ .+ 1 and we solve the case A = Ay first.
Recall the element g that was defined earlier. By direct computation, we see that
90 - gy, = pAy . Therefore .Jy = Ay, = Jorso that go € Ny(Jp ).

Now let g be any element normalizing Jp, ,mg(() that Jo, = 9Jg . = Jgn,

max

According to 1.13 there exists k € Z such that g- Ay = pkAQ;n Lorg-Ay =
p"Ay = pFlgo - Ag . In the first case we have g € p*Jp  and in the second

case we have g € p*~! goJe, .. . Since gs = p-id, the claim is proved with hg = go.
In the general case, we have t(A) = 20, .+ 1 = t(Ag ). There exists some

g € J(Qp) such that A = g- Ay . Then N;(A) = IN;(Ag. ) so that the claim
follows with hg := ggog ™. O
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1.4 Counting the closed Bruhat-Tits strata

In this section we count the number of closed Bruhat-Tits strata which contain
or which are contained in another given one. Let d = 0 and consider V a d-
dimensional [ 2-vector space equipped with a non degenerate hermitian form. This
structure is uniquely determined up to isomorphism as we are working over a finite
field. For [g] < r < d, we define

N(r,V):={U|U is an r-dimensional subspace of V such that U+ < U},
v(r,d) := #N(r,V),

where Ut denotes the orthogonal of U with respect to the hermitian form on V.
By Proposition 1.9 and the following Remark, we have the following statement,
see also [VW11] Corollary 5.7.

Proposition 1.16. Let A € L. Write t(A) = 20 + 1 for some 0 < 0 < Opax.
— Let 0" be an integer such that 0 < 0" < 0. The number of closed Bruhat-Tits
strata of dimension ' contained in My is v(0 + 0"+ 1,20 + 1).
— Let @ be an integer such that 0 < 0" < 0,.¢. The number of closed Bruhat-
Tits strata of dimension 6 containing My isv(n —0 — 0 — 1,n — 20 — 1).

Another way to formulate the proposition is to say that v(6 + 6" + 1,20 + 1)
(resp. v(n—60—60"—1,n—260 — 1)) is the number of vertices of type 26’ + 1 in the
Bruhat-Tits building of .J which are neighbors of a given vertex of type 20 + 1 for
0" <0 (resp. 0 = 0). In [VW11], an explicit formula is given for v(d — 1,d). The
next proposition gives a formula to compute v(r,d) for general r and d.

Proposition 1.17. Let d > 0 and let [g] <r <d. We have

V(T d) _ H?(jfr) (p2r7d+j _ (_1)2r7d+j)
| [ G5 — 1)

Proof. We fix a basis (e, . .., eq) of V in which the hermitian form is represented by
the matrix A;. We denote by Uy the subspace generated by the vectors ey, ..., e,.
The orthogonal of Uy is generated by eq,...,eq_,.. Since [g] < r < d, Uy contains
its orthogonal, thus Uy € N(r,V). The unitary group U(V) >~ Uy(F,) acts tran-
sitively on the set N(r,V) (since p # 2). The stabilizer of Uy in Uy(F,) is the
standard parabolic subgroup

B * E
Po:=< 0 M « |eUyF,)|BeGL(F), M e Uy_y(F,)
0 0 F(B)
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Here, F(B) = Ay_.(B®) T A,_, where B®) is the matrix B with all coefficients
raised to the power p. The order of Uy(IF,) is well known and given by the formula

#ULE,) =p 7 [ — (-1)7).

j=1

It remains to compute the order of Fy. We have a Levi decomposition Py = LoNy
with Ly n Ny = {1} where

B 0 0
Ly := 0 M 0 € Ud(Fp) Be GLd_T(sz), M e Ugr_d(IFp) ,

0 0 F(B)

1 X Z
Ny := 0 1 Y |)e Ud(Fp) Xe Md,ngr,d(ﬂ?pz), Y e Mgr,dd,r(ﬁ?pz)? Z € Md,r(sz)

0 0 1
The order of Ly is given by

(d=r)(d—r—1)4 Cr=d)@r=d-1) d=r 9i r—d .
#LO = #GLdfr(IFpQ)#UQde(IFp) =p 2 H (p ) — 1) H (p] — (—1)]) .
j=1 j=1

As for Ny, we need some more conditions on the matrices X,Y and Z. By direct
computations, one may check that

1 X Z
0 1 Y]eN &= Y =—Ay (XA, , and Z + Ay (ZP)T Ay, = XY € My_.(F,2).
00 1

Thus, X is any matrix of size (d —r) x (2r —d) and Y is determined by X. In the
second equation, the matrix Ay_,.(Z (p))TAd_T is the reflexion of Z® with respect to
the antidiagonal. The equation implies that the coefficients below the antidiagonal
of Z determine those above the antidiagonal. Furthermore, if z is a coefficient in
the antidiagonal then the equation determines the value of Tr(z) = z + 2P, where
Tr: F,2 — F, is the trace relative to the extension F,2/F,. The trace is surjective
and its kernel has order p. Thus, there are only p possibilities for each antidiagonal
coefficient. Putting things together, the order of N, is given by

UN, = pAd-nr=d) | pQW L plT = pd=n)Br=d)
where the three terms take account respectively of the choice of X, the choice of
the coefficients below the antidiagonal of Z and the choice of the coefficients in

the antidiagonal of Z. Hence the order of F, is given by

d—r 2r—d
#P) = #Lo#No = p T [ (0¥ 1) [] (0 — (-1)%).
j=1 J=1
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Upon taking the quotient v(r,d) = #U4(F,)/# P, the result follows. ]
In particular with r = d — 1, we obtain

(' = (~) ) — (-1

v(id—1,d) = 1

If d = 2§ is even, it is equal to (p? ! + 1)2?;3 p%, and if d = 2§ + 1 is odd, it
is equal to (p? + 1) Zj;é p¥. This coincides with the formula given in [VW11]
Example 5.6.

2 The cohomology of a closed Bruhat-Tits stra-
tum

In [Mul23], we computed the cohomology groups H: (M, ® F,Q;) of the closed
Bruhat-Tits strata. The computation relies on the Ekedahl-Oort stratification on
M which, in the language of Deligne-Lusztig varieties, translates into a stratifi-
cation by Coxeter varieties for unitary groups of smaller sizes. The cohomology of
Coxeter varieties is well known thanks to the work of Lusztig in [Lus76]. In order
to state our results, we recall the classification of unipotent representations of the
finite unitary group.

Let ¢ be a power of prime number p, and let G be a reductive connected group
over an algebraic closure F of F,. Assume that G is equipped with an F -structure
induced by a Frobenius morphism F. Let G = G¥ be the associated finite group
of Lie type. Let (T,B) be a pair consisting of an F-stable maximal torus T and
an F-stable Borel subgroup B containing T. Let W = W(T) denote the Weyl
group of G. The Frobenius F' induces an action on W. For w € W, let w be a
representative of w in the normalizer Ng(T') of T. By the Lang-Steinberg theorem,
one can find g € G such that w = g7'F(g). Then 9T := gTg~! is another F-stable
maximal torus, and w € W is said to be the type of 9T with respect to T. Every
F-stable maximal torus arises in this manner. According to [DL76] Corollary 1.14,
the G-conjugacy class of 9T only depends on the F-conjugacy class of w in the
Weyl group W. Here, two elements w and w’ in W are said to be F-conjugate if
there exists some element 7 € W such that w = 7w'F(7)"!. For every w € W,
we fix T, an F-stable maximal torus of type w with respect to T. The Deligne-
Lusztig induction of the trivial representation of T,, is the virtual representation

of G defined by the formula

Ry = Y (-1 H(X () ® F, Q)

120
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where X (w) is the Deligne-Lusztig variety for G given by
X(w) :={gBe G/B|g 'F(g9) ¢ BuB}.

According to [DL76] Theorem 1.6, the virtual representation R,, only depends on
the F-conjugacy class of w in W. An irreducible representation of G is said to be
unipotent if it occurs in R,, for some w € W. The set of isomorphism classes of
unipotent representations of G is denoted by £(G, 1).

Remark 2.1. Since the center Z(G) acts trivially on the variety X (w), any irre-
ducible unipotent representation of GG has trivial central character.

Let G and G’ be two reductive connected group over F both equipped with an
[F,-structure. We denote by F' and F’ the respective Frobenius morphisms. Let
[+ G — G’ be an F,-isotypy, that is a homomorphism defined over F, whose kernel
is contained in the center of G and whose image contains the derived subgroup of
G’. Then, according to [DM20] Proposition 11.3.8, we have an equality

5(G7 1) = {po f|p € S(GI> 1)}

Thus, the irreducible unipotent representations of G and of G’ can be identified.
We will use this observation in the case G = Ug(F,) and G’ = GUy(F,). The
corresponding reductive groups are G = GL; and G’ = GL; x GL;. The Frobenius
morphisms can be defined as

F(M) = wo(MD) Ty, F'(M, ¢) = (g (M D)y Ty, ).

Here, w0y is the k x k matrix with only 1’s in the antidiagonal and M@ is the
matrix M whose entries are all raised to the power ¢. The isotypy f: G — G’ is
defined by f(M) = (M, 1). It satisfies [' o f = f o F, it is injective and its image
contains the derived subgroup SL, x {1} < G’. Hence, we obtain the following
result.

Proposition 2.2. The irreducible unipotent representations of the finite groups of
Lie type Ug(F,) and GUg(F,) can be naturally identified.

Assume that the Coxeter graph of the reductive group G is a union of subgraphs
of type A,, (for various m). Let W be the set of isomorphism classes of irreducible
representations of its Weyl group W. The action of the Frobenius F' on W induces
an action on W and we consider the fixed point set WF. The following theorem
of [LS77] classifies the irreducible unipotent representations of G.

Theorem 2.3. There is a bijection between WF and the set of isomorphism classes
of irreducible unipotent representations of G.
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We recall how the bijection is constructed. According to loc. cit. if V' € WF
there is a unique automorphism F of V' of finite order such that
1

R(V) := Wi w;\, Trace(w o F'| V)R,

is an irreducible representation of G. Then the map V — R(V) is the desired
bijection. In the case of Uy(F,) or GU.(F,), the Weyl group W is identified with

the symmetric group &; and we have an equality WF = W. Moreover, the
automorphism F' is the multiplication by wg, where wy is the element of maximal
length in W. Thus, in both cases the irreducible unipotent representations of G
are classified by the irreducible representations of the Weyl group W ~ &, which
in turn are classified by partitions of k or equivalently by Young diagrams, as we
briefly recall in the next paragraph.

A partition of k is a tuple of integers A = (A; = ... = A, > 0) with r > 1 such
that Ay + ...+ A\, = k. The integer k is called the length of the partition, and it
is denoted by |A|. A Young diagram of size k is a top left justified collection of k
boxes, arranged in rows and columns. There is a correspondence between Young
diagrams of size k and partitions of k, by associating to a partition A = (A1,..., \,)
the Young diagram having r rows consisting successively of Ay,..., A, boxes. We
will often identify a partition with its Young diagram, and conversely. For example,
the Young diagram associated to A = (3%,2%,1) is the following one.

To any partition A of k, one can naturally associate an irreducible character x, of
the symmetric group &;. An explicit construction is given, for instance, by the
notion of Specht modules as explained in [Jam84] 7.1.

The irreducible unipotent representation of U (F,) (resp. GUy(F,)) associated
to xa by the bijection of Theorem 2.3 is denoted by pY (resp. p$V). In virtue of
Proposition 2.2, for every A we have pY{ = p§{Y o f, where f : Uy(F,) — GU(F,)
is the inclusion. Thus, it is harmless to identify p{ and p§U so that from now
on, we will omit the superscript. The partition (k) corresponds to the trivial
representation and (1%) to the Steinberg representation. Given a box [ ] in the
Young diagram of A, its hook length h([_]) is 1 plus the number of boxes lying
below it or on its right. For instance, in the following figure the hook length of
every box of the Young diagram of A\ = (3% 2% 1) has been written inside it.
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The degree of the representations p, is given by expressions known as hook
formula, see for instance [GP00] Proposition 4.3.5.

Proposition 2.4. Let A\ = (A = ... = X\, > 0) be a partition of k. The degree of
the irreducible unipotent representation py is given by the following formula

k i i
deg(p)\) _ qa(/\) Hizl q — (_1)
[ @@ - (-0

where a(\) =Y, (i — 1)\

We may describe the cuspidal support of the unipotent representations p,.
According to [Lus77] Propositions 9.2 and 9.4 there exists an irreducible unipotent
cuspidal representation of U(F,) (or GUi(F,)) if and only if k is an integer of
the form k& = @ for some ¢t = 0. When £ is an integer of this form, the
unique unipotent cuspidal representation is associated to the partition A, := (¢,t—
1,...,1), whose Young diagram has the distinctive shape of a staircase. Here, as a
convention Uy(F,) = GUy(FF,) denotes the trivial group. For example, here are the

Young diagrams of Ay, Ay and Asz. Of course, the one of Ay the empty diagram.

We consider an integer ¢ > 0 such that k£ decomposes as k = 2e + @ for

some e > 0. Let G denote Uy(F,) or GUy(F,), and consider L; the subgroup
consisting of block-diagonal matrices having one middle block of size @ and
all other blocks of size 1. This is a standard Levi subgroup of G. For Ug(F,),

it is isomorphic to GL;(Fz2)¢ x Uswsn (F,;) whereas in the case of GU,(F,) it is

isomorphic to G (Ul(IFq)e X U sty (Fq)). In both cases, L; admits a quotient

which is isomorphic to a group of the same type as G but of size @ We

write p; for the inflation to L; of the unipotent cuspidal representation pa, of this
quotient. If X\ is a partition of k, the cuspidal support of the representation p, is
given by exactly one of the pair (L, p;) up to conjugation, where ¢ > 0 is an integer
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such that for some e > 0 we have k = 2e + 129 Note that in particular £ and

2
@ must have the same parity. With these notations, the irreducible unipotent
representations belonging to the principal series (ie. those whose cuspidal support
is supported on a minimal parabolic subgroup) are those with cuspidal support
(Lo, po) if k is even and (Lq, py) if k is odd.

Given an irreducible unipotent representation p,, there is a combinatorical
way to determine the Harish-Chandra series to which it belongs, as we recalled in
[Mul23] Section 2. We consider the Young diagram of \. We call domino any
pair of adjacent boxes in the diagram. It may be either vertical or horizontal.
We remove dominoes from the diagram of A so that the resulting shape is again
a Young diagram, until one can not proceed further. This process results in the
Young diagram of the partition A; for some ¢t > 0, and it is called the 2-core
of A\. It does not depend on the successive choices for the dominoes. Then, the
representation py has cuspidal support (L, p;) if and only if A has 2-core A;. For
instance, the diagram \ = (3%,2% 1) has 2-core A, as it can be determined by
the following steps. We put crosses inside the successive dominoes that we remove
from the diagram.

X X X

X

Thus, the unipotent representation py of Uy (F,) or GUy (F,) has cuspidal support
(L1, p1), so in particular it is a principal series representation.

From now on, we take ¢ = p. Let A € £ with orbit type t(A) = 20 + 1. Recall
that the stratum M, is equipped with an action of the finite group of Lie type
GU(V}). Upon choosing a basis, we identify this group with GUgg1(F,). Let
Frob = 072 € Gal(F/F,2) be the geometric Frobenius. Then Frob is a topolog-
ical generator of Gal(F/F,2). In [Mul23]|, we computed the cohomology groups
H*(Mp ®F,Qy) in terms of a GUggy1(F,) x (Frob)-representations. The result is
summed up in the following Theorem.

Theorem 2.5. Let A € £ and write t(A) =20 + 1 for some 0 < 0 < Opax.
(1) The cohomology group H/ (Mx @TF, Q) is zero unless 0 < j < 26.
(2) The Frobenius Frob acts like multiplication by (—p)’ on H/(My @ F, Qy).
(3) For 0 < j <6 we have

mln(]aefj)

HY(MA@F, Qi) = B paori-2s29)-

s=0
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For0<j <6—1 we have

min(jaeflfj)

H2j+1(MA ®F, @) = (—B P(20—25,25+1)-

s=0

Thus, the cohomology of M consists only of unipotent representations whose
associated Young diagram has at most two rows.

Remarks 2.6. Let us make a few comments.

— The cohomology groups of index 0 and 26 are the trivial representation of
GU20+1(F1))-

— Allirreducible representations in the cohomology groups of even index belong
to the unipotent principal series, whereas all the ones in the groups of odd
index have cuspidal support (Ls, p2).

— The cohomology group H/ (M, ®T, @) contains no cuspidal representation
unless # = j =0or § = j = 1. If = 0 then H is the trivial representation
of GU(F,) = F,, and if § = 1 then H' is the representation pa, of GU3(F,).
Both of them are cuspidal.

3 Shimura variety and p-adic uniformization of
the supersingular locus

In this section, we introduce the PEL unitary Shimura variety with signature
(1,n—1) as in [VW11] Sections 6.1 and 6.2, and we recall the p-adic uniformization
theorem of its basic (or supersingular) locus. The Shimura variety can be defined
as a moduli problem classifying abelian varieties with additional structures, as
follows. Let E be a quadratic imaginary extension of @ such that E, ~ E. In
particular p is inert in E. Let B/E be a simple central algebra of degree d > 1
which splits over p and at infinity. Let * be a positive involution of the second
kind on B, and let V be a non-zero finitely generated left B-module equipped with
a non-degenerate =-alternating form (-, -) taking values in Q. Assume also that
dimg (V) = nd. Let G be the connected reductive group over Q whose points over
a (Q-algebra R are given by

G(R) := {9 € GLrgr(V®R) | 3c € R* such that for all v,w € VRR, (gv, gw) = (v, w)}.

We denote by ¢ : G — G,, the multiplier character. The base change Gg is
isomorphic to a group of unitary similitudes GU(r, s) of a hermitian space with
signature (r,s) where r + s = n. We assume that r = 1 and s = n — 1. We
consider a Shimura datum of the form (G, X), where X denotes the unique G(R)-
conjugacy class of homorphisms A : C* — Gg such that for all z € C* we have
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(h(2)-,-y = {-,h(Z)-), and such that the R-pairing {-, h(i)-) is positive definite.
Such a homomorphism A induces a decomposition V® C = V; @ V,. Concretely,
V1 (resp. V) is the subspace where h(z) acts like z (resp. like Z). Let F' be the
unique subfield of C isomorphic to E. The reflex field associated to the PEL data,
that is the field of definition of V; as a complex representation of B, is equal to
F unless n = 2, in which case it is Q. Nonetheless, for simplicity we will consider
the associated Shimura varieties over F' even in the case n = 2.

Remark 3.1. As remarked in [Vol10] Section 6, the group G satisfies the Hasse
principle, ie. ker'(Q,G) is a singleton. Therefore, the Shimura variety associated
to the Shimura datum (G, X') coincides with the moduli space of abelian varieties
that we are going to define.

Let Ay denote the ring of finite adeles over Q and let K < G(Ay) be an open
compact subgroup. We define a functor Shy by associating to an F-scheme S the
set of isomorphism classes of tuples (A, A4, t4,7,) where

— Ais an abelian scheme over .

— A4 : A — Ais a polarization.

— 14 : B — End(A) ® Q is a morphism of algebras such that t4(b*) = 14(b)}

where -7 denotes the Rosati involution associated to A4, and such that the
Kottwitz determinant condition is satisfied:

Wbe B, det(ea(b)) = det(b|V)).

— T4 is a K-level structure, that is a K-orbit of isomorphisms of B&A s-modules
Hi(A,Ar) > V® A, that is compatible with the other data.

The Kottwitz condition in the third point is independent on the choice of h € X.
If K is sufficiently small, this moduli problem is represented by a smooth quasi-
projective scheme Shx over F. When the level K varies, the Shimura varieties
form a projective system (Shy)x equipped with an action of G(A;) by Hecke
correspondences.

We assume the existence of a Zy-order Op in B, stable under the involution
#, such that its p-adic completion is a maximal order in Bg,. We also assume that
there is a Z,-lattice I' in V® Q,, invariant under Op and self-dual for {-,-). We
may fix isomorphisms E, ~ E and Bg, ~ My(E) such that Op ® Z,, is identified
As a consequence of the existence of I', the group G := Ggq, is unramified. Let
Ky := Fix(I') be the subgroup of G(Q,) consisting of all g such that g-I' =T It
is a hyperspecial maximal compact subgroup of G(Q,). We will consider levels of
the form K = KyK? where K? is an open compact subgroup of G(A’}). Note that
K is sufficiently small as soon as KP? is sufficiently small. By the work of Kottwitz
in [Kot92], the Shimura varieties Shg,x» admit integral models over Op,;), which
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have the following moduli interpretation. We define a functor Sk» by associating
to an Op,p)-scheme S the set of isomorphism classes of tuples (A, A4, ta,7";) where
— A s an abelian scheme over S.
— A4 : A — Ais a polarization whose order is prime to p.
— ta: Op — End(A)®Zj,) is a morphism of algebras such that t4(b*) = t4(b)"
where T denotes the Rosati involution associated to A4, and such that the
Kottwitz determinant condition is satisfied:

Vb e Op, det(ta(b)) = det(b| V).

— 7% is a KP-level structure, that is a KP-orbit of isomorphisms of B ® A?—

modules H; (A, A7) = V® A’ that is compatible with the other data.

If K? is sufficiently small, this moduli problem is also representable by a smooth
quasi-projective scheme over Op, ;). When the level K? varies, these integral
Shimura varieties form a projective system (Sg»)x» equipped with an action of
G(A%) by Hecke correspondences. We have a family of isomorphisms

ShK()Kp = SKP ®OF,(p) F
which are compatible as the level K? varies.

Notation. From now on, we identify F, with Q,. and Op, with Z,>. Moreover,
the notation Sk» will refer to the base change Sk» o, ) Zy2-

Therefore, under this convention we have isomorphisms Shy, xr @p Qp2 ~
Sk ®Zp2 Q2 compatible as the level K? varies. Let Sg» := Sg» ®Zp2 F,2 de-

note the special fiber of the Shimura variety. Let ?;p denote the supersingular
locus of the Shimura variety, ie. the locus of points & € Sg» such that the univer-
sal abelian scheme is supersingular at x. Then §S;p is a closed subvariety of Sg»,
and its geometry can be described using the Rapoport-Zink space M in a process
called p-adic uniformization, see [RZ96] and [Far04].

Let © = [Aqg, Ao, Lo, 7] be a geometric point of Sy.,. Since G satisfies the Hasse
principle, according to [Far04] Proposition 3.1.8 the isogeny class of (A, \;, tz)
does not depend on the choice of x. The p-divisible group A,[p*] inherits an
Op®Z, ~ My(Op)-action from 4. Let X, := Of @ (0p) A:[p™] with Op-action
induced by the diagonal inclusion Op < O0%. According to [VW11] Section 6.3, X,
is a unitary p-divisible group of signature (1,7 —1) over F in the sense of Section 1.
Let also M, be the Rapoport-Zink space defined as in Section 1, but using X, as
a framing object. In particular M, is a formal scheme over Spf(W (F)). There ex-
ists an isogeny X®F — X, of unitary p-divisible group, inducing an isomorphism
My = M@z, W(F) = M, see [VW1I] Section 6.4. The Rapoport-Zink
space M, is equipped with an action of the group J,(Q,) where .J, is the group of
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quasi-isogenies of the unitary p-divisible group X,. The quasi-isogeny X®F — X,
identifies J, with J and makes the isomorphism between the Rapoport-Zink spaces
J(Qp)-equivariant. We define I := Aut(A,, A\;, ;) as a reductive group over Q.
Since x is in the supersingular locus, the group I is the inner form of G such that
Iy, = J (in fact J,, which is identified with J), I, = Gyr and I(R) ~ GU(0,n),
which is the unique inner form of G(R) that is compact modulo center. In par-
ticular, one can think of /(Q) as a subgroup both of J(Q,) and of G(A%). Let

(ng)SS denote the formal completion of Sk» along the supersingular locus. The
p-adic uniformization theorem relates (g K»)™ with a certain quotient of M, see
[RZ96] Theorem 6.23. Using the isomorphism above, we may replace M, with
My @) and obtain the following statement.

Theorem 3.2. There is an isomorphism of formal schemes over Spf(W(IF))
@Kp . ](Q)\ (MW(F) X G(A?)/Kp) = (/S\Kp)ss ®Zp2 W(F)

which 1s compatible with the G(A’})-action by Hecke correspondences as the level
KP? varies.

This isomorphism is known as the p-adic uniformization of the supersingular
locus. The induced map on the special fiber is an isomorphism

~ =SS

(Orr)s : 1(Q)\ (Mred e, F x G(AT) /Kp> S, @, F

of schemes over F. The double coset space I(Q)\G(A%})/K? is finite, so that we
may fix a system of representatives gi,...,gs € G(A?). For every 1 < k < s, we
define T, := I(Q) n gy KPg; ", which we see as a discrete subgroup of J(Q,) that is
cocompact modulo the center. The left hand side of the p-adic uniformization the-
orem is isomorphic to the disjoint union of the quotients I';\ My . In particular
for the special fiber, it is an isomorphism

~ =SS

(@Kp)s : |_| Fk\(Mred ®IF) i SKp ®F
k=1

Let ®%, be the composition M,eq @ F — Tp\(Myeqg @ F) — S_hff,, ® F and let
Px» be the disjoint union of the ®%.,. The map ®g» is surjective. According to
[VW11] Section 6.4, it is a local isomorphism which can be used to transport the
Bruhat-Tits stratification from M, to §S;p

Proposition 3.3. Let A € L. For any 1 < k < s, the restriction of ®%., to My@F
1S an isomorphism onto its image.
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We will denote by Sgr 41 the scheme theoretic image of My ® F through ®F.
A subscheme of the form ng,A,k is called a closed Bruhat-Tits stratum of the
Shimura variety. Together, they form the Bruhat-Tits stratification of the super-
singular locus, whose combinatorics is described by the union of the complexes

TA\L.

4 The cohomology of the Rapoport-Zink space
at maximal level

4.1 The spectral sequence associated to an open cover of

Man

The formal scheme M is special in the sense of [Ber96] since it is formally locally
of finite type. Thus, we may consider the associated analytic space M®*" over Q2
in the sense of loc. cit. We note that M®" is smooth, as follows from [RZ96]
Proposition 5.17 (to be precise, this statement is about the rigid space M™ in the
sense of Berthelot, but it is equivalent to the corresponding statement for M?",
see for instance [Far04] Lemme 2.3.24, or Appendice D for a brief summary of
various comparisons between analytic, rigid and adic spaces). We refer to M®" as
the generic fiber of M. It is equipped with a reduction (or specialization) map
red : M* — M,.q which is anticontinuous, ie. the preimage of a closed (resp.
open) subset is open (resp. closed). If Z is a locally closed subset of M,.q, then
the preimage red™'(Z) is called the analytical tube over Z. It is an analytic
domain in M?®" and it coincides with the generic fiber of the formal completion of
M,eq along Z. If i € Z such that ni is even, then the tube redfl(./\/li) = M is
open and closed in M*" and we have M* = | | .., M If A € L, we define

Up = red ' (M,),

the tube over M. The action of J(Q,) on M induces an action on the generic
fiber M®" such that red is J(Q,)-equivariant. By restriction it induces an action
of Jy on Up. The analytic space M®" and each of the open subspaces U, have
dimension n — 1.

We fix a prime number ¢ £ p. In [Ber93], Berkovich developped a theory of
étale cohomology for his analytic spaces. Using it we may define the cohomology
of the Rapoport-Zink space M?®" by the formula

H(M"®C,, Q) = ling H; (U ;. )
U

= lim lim H (U® C,, Z/("Z) @ Q¢

U n
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where U goes over all relatively compact open of M®**. These cohomology groups
are equipped with commuting actions of J(Q,) and of W, the absolute Weil group
of Qp2. The J(Q,)-action causes no problem of interpretation, but the WW-action
requires some explanations, see [Far04] Section 4.4.1. Let Frob = 72 be the
geometric Frobenius in . The inertia subgroup I < W acts on H2(M*® C,, Q/)
via the coefficients C,,, whereas Frob acts via the Weil descent datum defined
by Rapoport and Zink in [RZ96] 3.48. Let

Fx :XQF - (X@F)®)

denote the Frobenius morphism relative to F2. Let (M®W (F))®*) be the functor
defined by
(M@W(E)FI(S) i= M(ST),

for all W (F)-scheme S where p is locally nilpotent. The Weil descent datum is the
isomorphism agz : M@ W (F) = (MW (F))#*) given by (X, ¢, \, p) € M(S) —
(X, 1, \, Fx o p). We may describe this in terms of rational points and Dieudonné
modules. If k/F is a perfect field extension, let 7 := id®c? on Vj, = Vg, W(k)o-
Since we use covariant Dieudonné theory, the relative Frobenius Fx corresponds to
the Verschiebung V2. By construction of X, we have V2 = pr~! in V. Therefore,
arz sends a Dieudonné module M € M (k) to pr—1(M).

Remark 4.1. We stress that the Weil descent datum agy is not effective, however
the Rapoport-Zink space is defined over Z,2, and this rational structure is induced
by the effective descent datum p~tagyz, with p = p-id € Z(J(Q))).

We define
o= (p ' -id, Frob) € J(Q,) x W.

The action of ¢ on the cohomology of M?®" coincides with the action of a geometric
Frobenius induced by the effective descent datum p~tagryz. Thus, we refer to ¢ as
the rational Frobenius element.

Notation. To alleviate the notations, we will omit the coefficients C,. Thefore
we write HS(M®, Q) and similarly for subspaces of M.

The cohomology groups H2 (M, Q) are concentrated in degrees 0 to 2(n —1).
According to [Far04] Corollaire 4.4.7, these groups are smooth for the .J(Q,)-action
and continous for the I-action. For g € J(Q,), we have an isomorphism

g : H;(M?n7@) l) H;(M'Laioé(g)7@)7

which is induced by ¢ ! and contravariance of cohomology. In particular, the action
of Frob gives an isomorphism H*(M;, Q;) = H* (M2, Qp). Let (J(Q,) x W)°

be the subgroup of J(Q,) x W consisting of all elements of the form (g, uFrob’)
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with uw € I and a(g) = —2j. In fact, we have (J(Q,) x W)° = (J° x I)¢? where
J® 1= Ker(a) € J(Q,), and a = v, o ¢ was introduced in Section 1.1. Each group
H2 (M3, Qy) is a (J(Q,) x W)°-representation, and we have an isomorphism

. an J(Qp)xW . an M)
HC(M a@f) — Ind (QQ YxW)° Hc( 0 an)‘

In particular, when H’c“(./\/lan,@) is non-zero it is infinite dimensional. However,
by [Far04] Proposition 4.4.13, these cohomology groups are always of finite type
as J(Q,)-modules.

We introduce the Cech spectral sequence associated to the locally finite covering
of ./\/lg“{1 by the Up’s. For i € Z such that ni is even and for 0 < 6 < 60,,,,«, we denote
by [, the subset of £; whose elements are those lattices of orbit type 260 + 1.
We also write £ for the union of the £§9>. Then {Up}pcroman IS an open cover
of M*. We may apply [Far04] Proposition 4.2.2 to deduce the existence of the
following Cech spectral sequence computing the cohomology of the Rapoport-Zink
space, concentrated in degrees a < 0 and 0 < b < 2(n — 1),

Er': @ H(U>).Q) = H(M™, Q). (E)

YEl_g+1

Here, for s > 1 the set I is defined by

I = {72 (A, A%

V1<j<s, AN e %) and Uy ﬂUAJ #@}

Necessarily, if v = (A',...,A%) € I, then there exists a unique ¢ such that ni is
even and A/ € £ for all J(Q,). We then define A(7) := (o A € Li so
that U(y) = Uay). In particular, the open subspace U(7y) depends only on the
intersection A(7) of the elements in the s-tuple .

For s = 2 and v = (A!,... A®) € I, define v, := (Al,...,//\?,...,AS) € I,_; for the
(s — 1)-tuple obtained from ~ by removing the j-th term. Besides, for A, A" € L;
with A’ < A, we write f}, , for the natural map HY(Upr, Q¢) — HE(Una, Qp) induced
by the open immersion Uys < Up. For a < —1, the differential Ef’b — Ef“’b is
denoted by . It is the direct sum over all v € I_,,; of the maps

HUM.Q) > D H(U6).Q)

de{V1,-VY—a+1}

—a+1

v Z( )]+1fA(7 )(U)

=5
i 0e{V1, s V—a+1}
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An element g € J(Q,) acts on the set I, by sending v to g-v := (gA', ..., gA®).
The action of ¢g~! induces an isomorphism

H:(U(7), Q) = H:(U(g - 7)., Q).

Likewise, Frob € W induces an isomorphism H:(U(v), Q) = H:(U(p - 7), Qp).
This defines a natural J(Q,) x W-action on the terms E} ’b, with respect to which
the spectral sequence is equivariant.

In order to analyze the spectral sequence (E), we begin by relating the coho-
mology of a tube U, to the cohomology of the corresponding closed Bruhat-Tits
stratum M. Note that by restriction, H(Uy, Q;) is naturally a representation of
the subgroup (Jp x 1) < J(Q,) x W.

Proposition 4.2. Let A € £ and let 0 < b < 2(n —1). There is a (Jy x I)p?-
equivariant isomorphism

Hb(MA X F?@) = Hb(UA7@)

where, on the left-hand side, the inertia I acts trivially and ¢ acts like the geometric
Frobenius Frob.

In particular, the inertia acts trivially on the cohomology of Uy.

Proof. The closed subvariety My © Meq is bounded in the sense of [RZ96] Para-
graph 2.30. Indeed, it is irreducible and all irreducible components of M,.q are
bounded by the proof of loc. cit. Proposition 2.32. Thus, there exists a quasi-
compact open formal subscheme U of M containing M, (these are denoted by U/
and are introduced in the proof of Theorem 2.16 in loc. cit.). The formal scheme
U is of finite type, in particular the structure morphism U — Spf(Z,2) is adic.
Since M is formally smooth, U is actually a smooth formal scheme. Replacing U
by Jx - U, we may assume that U is stable under the action of Jjy.

Let R\Ifn@ denote Berkovich’s nearby cycles on Uyeq as defined in [Ber94|. Since U
is smooth, by Corollary 5.4 of loc. cit. we actually have R\Dn@ ~ Q. Besides, let
RX*@ denote Huber’s nearby cycles as defined in [Hub98] Paragraph 3.12, where
X : d(U) — U is the natural reduction map attached to the adic space d() asso-
ciated to the formal scheme U. Since the etale sites of U and of Ueq are naturally
identified, we can think of RA,Q, as an object of the derived category of f-adic
sheaves on U,eq. According to [Far04] Section 5.4.2, both notions of nearby cycles
coincide, ie.

RA.Q; = RV, Q, =~ Q.

In particular, the inertia acts trivially on the nearby cycles. Let Z/{‘?MA denote the
formal completion of U along M. Since U is open in M, it coincides with the
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formal completion of M along M. Thus, we have (L{Q\AA)an = Up. Moreover,

(;(Z/{‘?MA) — U}® according to [Far04] Appendice D, where (-)" is the natural
functor from the category of Hausdorff analytic spaces to the category of quasisep-
arated adic spaces. Therefore, by [Hub96] Theorem 8.3.5.iii) we have an isomor-

phism H*(Uy, Q) ~ Hb(g(u‘ij)@Cp,@). Moreover, by [Hub98] Proposition 3.15
applied to the smooth formal scheme U/, we have

H'(dU,) ® Cp, Qo) = H'(Ma ©F, (RN Q) ) = B (Ma @F, Qo).
The isomorphisms are compatible with the actions of J, and of the Frobenius. [J

Corollary 4.3. Let A € L and let 0 < b < 2(n —1). There is a (Jy x I)p?-
equivariant isomorphism

HY(Up, Q) = H 210 (M @ F, Q) (n — 1 —6)
where t(A) = 20 + 1.

Proof. This is a consequence of algebraic and analytic Poincaré duality, respec-
tively for Uy and for M. Indeed, we have

H2(Un, Q) ~ HX" D7 (Uy, Q)Y (n — 1)
~ 2D (ML @F, Q)Y (n — 1)
~ H 2= (My @ F, Qy)(n — 1 — 6).

]

Let A € £ and write t(A) = 20 + 1. If X\ is a partition of 26 + 1, recall
the unipotent irreducible representation py of GU(VY) =~ GUgp1(F,) that we
introduced in Section 2. It can be inflated to the maximal reductive quotient
Jr = G(U(VP) x U(V})), and then to the maximal parahoric subgroup Jy. With
an abuse of notation, we still denote this inflated representation by py. In virtue of
Theorem 2.5, the isomorphism in the last paragraph translates into the following
result.

Proposition 4.4. Let A € L and write t(A) = 20 + 1. The following statements
hold.
(1) The cohomology group H5(Un, Q) is zero unless 2(n —1—60) < b < 2(n—1).
(2) The action of Jx on the cohomology factors through an action of the finite
group of Lie type GU(VY). The rational Frobenius ¢ acts like multiplication

by (—p)° on Hz(UA,@).
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(3) For 0 <b <6 we have

o min(b,0—b)
H§b+2(n71*9)(UA7Q€) = @ P(20+1—25,25)-
s=0

For 0 <b<60—1 we have

min(b,0—1-b)

H2AH20100, Q) = D pes—szsn)-
s=0

The description of the rational Frobenius action yields the following corollary.

Corollary 4.5. The spectral sequence degenerates on the second page Es. For
0 < b < 2(n—1), the induced filtration on HY(M® Q) splits, ie. we have an
isomorphism
@~ D B
b<b/<2(n—1)
The action of W on H5(M?®, Qy) is trivial on the inertia subgroup and the action of
the rational Frobenius element ¢ is semisimple. The subspace Eg_b/’b’ 15 identified

with the eigenspace of ¢ associated to the eigenvalue (—p)? .

We stress that in the previous statement, the terms Eg_b,’bl may be zero.

Proof. The (a, b)-term in the first page of the spectral sequence is the direct sum of
the cohomology groups H?(U(y), Q) for all y € I ,,1. On each of these cohomol-
ogy groups, the rational Frobenius ¢ acts via multiplication by (—p)®. This action
is in particular independant of v and of a. Thus, on the b-th row of the first page of
the sequence, the Frobenius acts everywhere as multiplication by (—p)’. Starting
from the second page, the differentials in the sequence connect two terms lying in
different rows. Since the differentials are equivariant for the yp-action, they must
all be zero. Thus, the sequence degenerates on the second page. By the machinery
of spectral sequences, there is a filtration on H?(M®",Q,) whose graded factors
are given by the terms Eg_b/’b’ of the second page. Only a finite number of these
terms are non-zero, and since they all lie on different rows, the Frobenius ¢ acts
via multiplication by a different scalar on each graded factor of the filtration. It
follows that the filtration splits, ie. the abutment is the direct sum of the graded
pieces of the filtration, as they correspond to the eigenspaces of p. Consequently,
its action is semisimple. O

The spectral sequence EY * has non-zero terms extending indefinitely in the
range a < 0. For instance, if A € £%nx) then (A,...,A) € I_4,; so that Ef’b +0
for all a < 0 and 2(n — 1 — Opax) < b < 2(n — 1). To rectify this, we introduce
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the alternating Cech spectral sequence. If v € Ef’b and v € I_,.q1, we denote
by v, € HY(U(y), Q) the component of v in the summand of E{" indexed by
7v. Besides, if v = (A',..., A7) € [ ,,; and if 0 € & ., then we write
o(y) = (AW . Aty e [,y For all a,b we define

Ef::lt = {ve Bf Vv € I_01,Y0 € 611, Vg(y) = sgn(o)v,}.

In particular, if v = (A',..., A=) with A/ = A7 for some j + j’ then v €

Ei’glt — v, = 0. The subspace Ei’slt c E" is stable under the action of

J(Q,) x W, and the differential ¢** : E** — E*" sends Ei’slt to BT, Thus,

for all b we have a chain complex EL’ZM and the following proposition is well-known,
see eg. [Sta23] Lemma 01FM.

Proposition 4.6. The inclusion map EI’SM — Ef’b 15 a homotopy equivalence. In

. o : b b
particular we have canonical isomorphisms Eqy'. ~ Ey” for all a,b.

The advantage of the alternating Cech spectral sequence is that it is concen-
trated in a finite strip. Indeed, if v = (A, ..., A~*") e I_,,1, let i € Z such that
A(7) € L;. Then all the A7’s belong to the set of lattices in EEH"‘“) containing A(7).
This set is finite of cardinality v(n—0 —Opnax — 1, n—260 — 1) where t(A(y)) = 260 +1
according to Proposition 1.16. Thus, if —a + 1 is big enough then all the +’s in

I .1 will have some repetition, so that EY ’:u = 0.

Remark 4.7. The Lemma 01FM of [Sta23] is stated in the context of Cech coho-
mology of an abeliap presheaf F on a topological space X. However, _the proof
may be adapted to Cech homology of precosheaves such as U — H%(U, Q).

For a = 0, we have Ef;glt = E?’b by definition. Let us consider the cases
b=2(n—1—=0n.) and b = 2(n — 1 — Oyax) + 1. For such b, it follows from 4.4
that H2(Ux, Q) = 0 if t(A) < tyax. If @ < —1, we have —a + 1 > 2 so that for
all v = (A',...,A=%1) € I .., if there exists j + j' such that A7 & A/’ then
t(A(7)) < tmax so that HY(U(7), Q) = 0. It follows that Ei’slt =0 foralla<-—1
and b as above. This observation, along with the previous paragraph, yields the
following proposition.

Proposition 4.8. We have B> 0med) o p02n=1=0ma) = 1 0 reover G > 1
(ie. n = 3), then we have ES’Q("_I_G““‘“)H ~ E?’2("_1_0m‘“)+1 as well.

In order to study the action of J(Q,), we may rewrite E{* conveniently in
terms of compactly induced representations. To do this, let us introduce a few
more notations. For 0 < 0 < 6,,.« and s > 1, we define

IO = {ye L |t(A(y)) = 20 + 1}.
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The subset I{”) = I, is stable under the action of .J (Qp). We denote by N(Ap) the
set of lattices A € Ly of maximal orbit type containing Ay. For s = 1 we define

K9 = {5=(A',...,A*)|V1 <j <s,A e N(Ag) and A(S) = Ag}.

Then K" is a finite subset of I\”) and it is stable under the action of Jo. lfyel 5(0),
there exists some g € J(Q,) such that g - A(y) = Ay since both lattices share the
same orbit type. Moreover, the coset Jy - g is uniquely determined, and g - 7 is
an element of K\”. This mapping results in a natural bijection between the orbit
sets

DAV AY ¢ 28

The bijection sends the orbit J - « to the orbit Jy - (¢ - @) where g is chosen as
above. The inverse sends an orbit Jy - 8 to J - 8. We note that both orbit sets are
finite. We may now rearrange the terms in the spectral sequence.

Proposition 4.9. We have an isomorphism

emax

EY b (—B @ ¢ — Indéix(é) Hg(UAe»@)\Fixw)
0=0 [s1es\K %) |

Omax _ I
~ @ e~ Ind), (HA(U, T @K, 1),

0=0

where @[ngﬂ] is the permutation representation associated to the action of Jy
on the finite set K(ﬁzﬂ.

Remark 4.10. For § € ng), the group Fix(d) consists of the elements g € J(Q,)
such that g-0 = §. Any such g satisfies gA(d) = A(J), and since A(d) = Ay we have
Fix(6) < Jp. If § = (A',...,A%) then Fix(d) is the intersection of the maximal
parahoric subgroups Jai,...,Jys. We note that in general, Fix(d) is itself not a
parahoric subgroup of J(Q,) since the lattices A', ..., A® need not form a simplex
in £, as they all share the same orbit type. If however A’ = ... = A then
Fix(d) = Ja1 is a conjugate of the maximal parahoric subgroup Jy

max *

Proof. First, by decomposing I_,,; as the disjoint union of the I(fcz

Ornax, We may write

g for0<0<

emax
E'=@ @ HA(U>), Q).
=0 'YEI(—?H

38



For each orbit X € J\I™ © w41, We fix a representative 0x which lies in K ( (2 1o We
may write

Omax o Omax o
E'=P @ PHUM,Q=H P P g-HA(U(Gx), Q).
6=0 XEJ\I£93+1 veX 0=0 XGJ\I£0L1)+1 gEJ/FiX(éx)

The rightmost sum can be identified With a compact induction from Fix(dx) to
J(Q,). Identifying the orbit sets J\I ol — Jg\KﬁaH, we have

Gm'xx

By’ ~ @ @D ¢ —Indiys HA(Us,, Qo) pixs)-

=0 [lesn\K ),
By transitivity of compact induction, we have

c— Indéix((;) HY(Uy,, Qo) rix(s) = ¢ — IndJ c— Indgfx Hﬁ(UAB,@)mX((g)

Since H:(U, A97@)|F1X(5) is the restriction of a representation of Jy to Fix(d), apply-
ing compact induction from Fix(d) to Jp results in tensoring with the permutation
representation of Jy/Fix(d). Thus

gmax PR— [R—
~@ @D c-Indy, (H(Us, Q) @QLJs/Fix(5)])
=0 [s)esn\K ),

Omax
~@Pc—Ind), |H(Us, Q)@ B QlJ/Fix(9)] |,

= 0
0=0 [6]eJ\K) |

where on the second line we used additivity of compact induction. Now, Jp/Fix(¢)
is identified with the Jy-orbit Jy - 6 of & in K (ZH, so that

@ Ql/Fx@®]=~Qf | ] 0] = QK

[5eJo\K "), [6]eJ9\K<_93+1

which concludes the proof. O]

By Proposition 1.9, we may identify N(Ag) with the set N(n—60— 0o — 1, V)
as defined in Section 1.4. Thus, for s > 1, K9 is naturally identified with

K~ {5_(U LU

V1<j<s,U7€N(n—0—0pa—1,V)) and Y U7 =
j=1

39

il



The action of Jy on K? corresponds to the natural action of GU(V,}) on ng)

which factors through an action of the finite projective unitary group PU(V,!) :=
U(V)/Z(U(VY) = GU(VH)/Z(GU(V,)). Thus, the representation Qu[K"), ] is
the inflation to Jy of the representation @[F(_ei +1] of the finite projective unitary

group PU(V}'). When 6 = 6., or when s = 1, we trivially have the following
proposition.

Proposition 4.11. For s > 1, we have @[Ks(em"“‘)] =1. For0 <60 < Opa — 1,
we have Q[K®] = 0.

Proof. It § = (A',...,A%) € K" then A(§) = Ay, has maximal orbit type
tmax = 20max + 1. For any 1 < j < s we have Ay, < A7, therefore A! = ... =
A® = Ay, .. Thus K% s singleton and so @[Ks(gma")] is trivial. Besides, if
0 < Omax then K}e) is clearly empty. O

Recall Proposition 4.8. We obtain the following corollary.

Corollary 4.12. We have
EYY ~c—Indj,  HYU,, Q).
In particular, we have

[T L Indimax P20max+1) b =2(n—1—Onax),
c— Indje P20y fm =1 andb=2(n —1—0Onay) + 1.

Remark 4.13. The representation p(og,,..+1) = 1 is the trivial representation of
Jo

max *

Let us now consider the top row of the S]g)ectral sequence, corresponding to b =
2(n —1). For A’ < A, recall the map fA, 2n=1) (Un, Q) — — pA 1)(U/\,(@,g).
By Poincaré duality, it is the dual map of the restriction morphism H°(Uy,, Q,) —

H(Uys, Qy). Both spaces are one-dimensional by Proposition 4.2, and the restric-

a,2(n—1) .

tion morphism is the identity. Thus, E}’ is the Q,-vector space generated by

I_q41, and the differential ¢»2~1 is given by

—a+1
v E ]—a+1 = Z (_1)]+1'7j-
j=1
Using this description, we may compute the highest cohomology group H2n=Y (M Q)
explicitely.
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Proposition 4.14. There is an isomorphism

H2=D(M*™ Q) ~ ¢ — Ind]. 1

and the rational Frobenius ¢ acts via multiplication by p*™=1).

Proof. The statement on the Frobenius action is already known by Corollary 4.5.
Besides, we have HX"~ 1)(Man, Qr) ~ 02(" V= = Coker(p~12("=1). The differen-

tial ¢ ~12(n-1) is described by

(A,A) — 0, VA g LOm)
(A, A) — (A) — (A), VA, A e £ such that Uy n Uy + &.

Let i € Z such that ni is even, and let A, A’ € £§"m>. Since the Bruhat-Tits
building BT(j ,Q,) =~ L, is connected, there exists a sequence A = A%, ... A4 = N
of lattices in £; such that for all 0 < j < d—1, {A7, A7"!} is an edge in EZ. Assume
that d > 0 is minimal satisfying this property. Since t(A) = t(A’) = tmnax, the
integer d is even and we may assume that t(Aj ) is equal to t.x when j is even,

and equal to 1 when j is odd. In particular, for all 0 < j < ¢ — 1 we have

2
A% AZ+2 ¢ .cg"m‘“) and Upz; N Upzj+2 £ . Consider the vector

AQ] A23+2 EE_l ,2(n— 1)

i Mwm

Then we compute gp‘l’Q(”_l)(w) = (A') — (A). Tt follows that for all A, A’ € £;, we
have (A) = (A’) in Coker(p~22(=D). Thus, Coker(p>" ) consists of one copy of
Q for each i € Z such that ni is even. Considering the action of J(Q,) as well, it
readily follows that Coker(,p~ %" D) ~ ¢ — Ind7. 1. O

Remark 4.15. The cohomology group Hi(”*”(/\/tan,@) can also be computed in
another way which does not require the spectral sequence. Indeed, we have an

isomorphism
H2 D (M™ Qy) ~ ¢ — Ind7e HX" D (ME", Q).
By definition, we have

HX=D(M3Er Q) = lim HXD(URC,, Qy),

—_—
U

where U runs over the relatively compact open subspaces of M{". Since U is
smooth, Poincaré duality gives

Hf("*l) (U® C,, @) = HO(U® Cyp, @) v
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Using the connectedness of the Bruhat-Tits building BT(j ,Q,) = Lo, one may
prove that MG" is connected. Thus we can insure that all the U’s involved in the
limit are connected as well. Therefore H(U® C,, Q;) ~ Q, and all the transition

maps in the direct limit are identity. It follows that Hi("‘”( an Q) is trivial.

4.2 Compactly induced representations and type theory

Let Rep(J(Q,)) denote the category of smooth Q-representations of J(Q,). Let x
be a continuous character of the center Z(.J(Q,)) ~ Q; and let V' € Rep(J(Q,)).
We define the maximal quotient of V' on which the center acts like y as
follows. Let us consider the set

2 :={W|W is a subrepresentation of V' and Z(.J(Q,)) acts like x on V/W}.

The set € is stable under arbitrary intersection, so that Wy := ();ycq W € 2. The
maximal quotient is defined by

Vy = V/W..
It satisfies the following universal property.

Proposition 4.16. Let x be a continuous character of Z(J(Q,)) and let V,V' e
Rep(J(Qyp)). Assume that Z(J(Q,)) acts like x on V'. Then any morphism V —
V' factors through V,.

Proof. Let f : V — V' be a morphism of J(Q,)-representations. Since V /Ker(f) ~
Im(f) < V', the center Z(J(Q,)) acts like x on the quotient V /Ker(f). Therefore
Ker(f) € Q2. It follows that Ker(f) contains W, and as a consequence, f factors
through V.. [

The terms EY ? of the spectral sequence (E) consist of representations of the
form
c— Indﬁg s

where p is the inflation to Jy of a representation of the finite group of Lie type
Js. We note that such a compactly induced representation does not contain any
smooth irreducible subrepresentation of .J(Q,). Indeed, the center Z(.J(Q,)) ~ Q;
does not fix any finite dimensional subspace. In order to rectify this, it is customary
to fix a continuous character x of Z(J(Q,)) which agrees with the central character
of p on Z(J(Qp)) N Jo ~ Z,, and to describe the space (¢ — Indje p)y instead.

Lemma 4.17. We have (c — Ind7, p)y, ~ ¢ — Indg(J(Qp))Jg X®p.
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Proof. By Frobenius reciprocity, the identity map on ¢ — Ind%( 7(@,))Js X gives a
morphism x®p — (c — Ind%( J@)) e X ® p) of Z(J(Q,)) Jo-representations.
|Z(J(Qp)) o

Restricting further to Jy, we obtain a morphism p — (c — Indé( JQ)) s X ® p) .
Jo

This corresponds to a morphism ¢ —Indj, p — ¢ — Ind%(J(Qp))Jg X ® p of J(Q,)-
representations by Frobenius reciprocity. Since Z(J(Q,)) acts via the character
X on the target space, this morphism factors through a map (¢ — Indi} Py —
c— Indé( 7(@,))7, X®p- In order to prove that this is an isomorphism, we build its in-
verse. The quotient morphism ¢ — Indi) p— (c— Indfe p)y corresponds, via Frobe-
nius reciprocity, to a morphism p — (¢ — Indﬁe p)x |, of Jo-representations. Be-
cause Z(J(Q,)) acts via the character y on the target space, this arrow may be ex-
tended to a morphism x®p — (¢ — Ind7, p)y 1z, of Z(J(Q,)) Jo-representations.
By Frobenius reciprocity, this corresponds to a morphism ¢ — Indé( 1@y X®P =

(¢ — Ind7, p). and this is our desired inverse. O

We recall Theorem 2 (supp) from [Bus90] describing certain compactly induced
representations. In this paragraph only, let G be any p-adic group, and let L be an
open subgroup of G which contains the center Z(G) and which is compact modulo

7(G).

Theorem 4.18. Let (0,V') be an irreducible smooth representation of L. There is
a canonical decomposition

C—Iﬂd%J:VO@V@,

where Vi is the sum of all supercuspidal subrepresentations of ¢ — Indg o, and
where Vy, contains no non-zero admissible subrepresentation. Moreover, Vi is a
finite sum of irreducible supercuspidal subrepresentations of G.

The spaces Vy or V, could be zero. Note also that since G is p-adic, any
irreducible representation is admissible. So in particular, V,, does not contain any
irreducible subrepresentation. However, it may have many irreducible quotients
and subquotients. Thus, the space V, is in general not G-semisimple. Hence, the
structure of the compactly induced representation ¢ — Indg o heavily depends on
the supercuspidal supports of its irreducible subquotients.

We go back to our previous notations. Let 0 < 0 < O, let p be a smooth
irreducible representation of Jy and let x be a character of Z(.J(Q,)) agreeing with
the central character of p on Z(J(Q,)) n Jy. Since the group Z(J(Q,)).Jy contains
the center and is compact modulo the center, we have a canonical decomposition

(C - Indi p)x = ‘/p,X,O @ ‘/lLXvOO'
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In order to describe the spaces V,, o and V,, o, we determine the supercuspidal
supports of the irreducible subquotients of ¢ — Indi) p through type theory, with
the assumption that p is inflated from Jy. For our purpose, it will be enough to
analyze only the case 6 = 0,.. In this case, dim V91max is equal to 0 or 1 so that
GU(V,L ) ={1} or IF;Q has no proper parabolic subgroup. In particular, if p is a
cuspidal representation of GU(%?DM), then its inflation to the reductive quotient

Ttues = G(U(V,,) x U(Vy,,,.)

ax

is also cuspidal.

In the following paragraphs, we recall a few general facts from type theory.
For more details, we refer to [BK98] and [Mor99]. Let G be the group of F-
rational points of a reductive connected group G over a p-adic field F'. A parabolic
subgroup P (resp. Levi complement L) of G is defined as the group of F-rational
points of an F-rational parabolic subgroup P < G (resp. an F-rational Levi
complement L € G). Every parabolic subgroup P admits a Levi decomposition
P = LU where U is the unipotent radical of P. We denote by X"(G) the set of
unramified characters of G, ie. the continuous characters of G which are trivial
G° := (), Ker[y)|r where ¢ runs over all the F-rational algebraic characters of G
and | - |r is the normalized valuation on F. We consider pairs (L, 7) where L is
a Levi complement of G and 7 is a supercuspidal representation of L. Two pairs
(L,7) and (L', 7") are said to be inertially equivalent if for some g € G and x €
X"(G) we have L' = L9 and 7' ~ 79Qy where 79 is the representation of L9 defined
by 79(1) := 7(g7'lg). This is an equivalence relation, and we denote by [L, 7] or
[L, 7] the inertial equivalence class of (L, 7) in G. The set of all inertial equivalence
classes is denoted IC(G). If P is a parabolic subgroup of G, we write 1% for the
normalised parabolic induction functor. Any smooth irreducible representation
of G is isomorphic to a subquotient of some parabolically induced representation
1%(7), where P = LU for some Levi complement L and 7 is a supercuspidal
representation of L. We denote by ¢(r) € IC(G) the inertial equivalence class
[L,7]. This is uniquely determined by 7 and it is called the inertial support of
.

Let s € IC(G). We denote by Rep®(G) the full subcategory of Rep(G) whose
objects are the smooth representations of GG all of whose irreducible subquotients
have inertial support s. This definition corresponds to the one given in [BD84]
Proposition-Définition 2.8. If & = IC(G), we write Rep®(G) for the direct prod-
uct of the categories Rep®(G) where s runs over &. The following statement is
Proposition 2.10 of loc. cit.

Theorem 4.19. The category Rep(G) decomposes as the direct product of the
subcategories Rep®(G) where s runs over IC(G). Moreover, if & < IC(G) then the
category Rep®(G) is stable under direct sums and subquotients.
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Type theory was then introduced in [BK98] in order to describe the categories
Rep®(G) which are called the Bernstein blocks. Let & be a subset of IC(G). A
S-type in G is a pair (K, p) where K is an open compact subgroup of G and p is
a smooth irreducible representation of K, such that for every smooth irreducible
representation 7w of G we have

Tk contains p <= ((7) € 6.

When & is a singleton {s}, we call it an s-type instead.

Remark 4.20. By Frobenius reciprocity, the condition that 7 x contains p is equiv-
alent to m being isomorphic to an irreducible quotient of ¢ — Indg’; p. In fact, we
can say a little bit more. Let K be an open compact subgroup of GG and let p be an
irreducible smooth representation of K. Let Rep,(() denote the full subcategory
of Rep(G) whose objects are those representations which are generated by their
p-isotypic component. If (K, p) is an &-type, then [BK98] Theorem 4.3 establishes
the equality of categories Rep,(G) = Rep®(G). By definition of compact induc-
tion, the representation ¢ — IndIG( p is generated by its p-isotypic vectors. Therefore
any irreducible subquotient of ¢ — Ind[G( p has inertial support in G.

An important class of types are those of depth zero, and they are the only
ones we shall encounter. First, we recall the following result. If K is a parahoric
subgroup of G, we denote by K its maximal reductive quotient. It is a finite
group of Lie type over the residue field of F'. The following statement is [Mor99]
Proposition 4.1

Proposition 4.21. Let K be a maximal parahoric subgroup of G and let p be an
wrreducible cuspidal representation of KC, seen as a representation of K by inflation.
Let ™ be an irreducible smooth representation of G' and assume that mx contains
p. Then 7 is supercuspidal and there exists an irreducible smooth representation p
of the normalizer Ng(K') such that pix contains p and m ~ ¢ — Ind%G(K)ﬁ.

Such representations 7 are called depth-0 supercupidal representations
of G. More generally, a smooth irreducible representation 7 of G is said to be of
depth-0 if it contains a non-zero vector that is fixed by the pro-unipotent radical
of some parahoric subgroup of G. A depth-0 type in G is a pair (K, p) where K
is a parahoric subgroup of G and p is an irreducible cuspidal representation of K,
inflated to K. The name is justified by [Mor99] Theorem 4.8.

Theorem 4.22. Let (K, p) be a depth-0 type. Then there exists a (unique) finite
set & < IC(G) such that (K, p) is an S-type of G.

Let K be a parahoric subgroup of GG. Using the Bruhat-Tits building of G,
one may canonically associate a Levi complement L of G such that K, := L n K
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is a maximal parahoric subgroup of L, whose maximal reductive quotient Ky, is
naturally identified with /C. This is precisely described in [Mor99] paragraph 2.1.
Moreover, we have L = G if and only if K is a maximal parahoric subgroup of G.
Now, let (K, p) be a depth-0 type of G and denote by & the finite subset of IC(G)
such that it is an &-type of G. Since p is a cuspidal representation of K ~ I,
we may inflate it to K. Then, the pair (K, p) is a depth-0 type of L. We say
that (K, p) is a G-cover of (K, p). By the previous theorem, there is a finite set
Sy, < IC(L) such that (K, p) is an & -type of L. Then the proof of Theorem 4.8
in [Mor99] shows that we have the relation

G = {[M,T]G‘[M,T]LEGL}.

In this set, M is some Levi complement of L, therefore it may also be seen as a Levi
complement in G. Thus, an inertial equivalence class [M, 7], in L gives rise to a
class [M, T]g in G. Since K, is maximal in L, in virtue of the proposition above
any element of & has the form [L, 7], for some supercuspidal representation 7
of L. In particular, every smooth irreducible representation of G containing the
type (K, p) has a conjugate of L as cuspidal support. We deduce the following
corollary.

Corollary 4.23. Let (K, p) be a depth-0 type in G and assume that K is not a
maximal parahoric subgroup. Then no smooth irreducible representation © of G
containing the type (K, p) is supercuspidal.

Thus, up to replacing G with a Levi complement, the study of any depth-0
type (K, p) can be reduced to the case where K is a maximal parahoric subgroup.
Let us assume that it is the case, and let & be the associated finite subset of
IC(G). While & is in general not a singleton, it becomes one once we modify the
pair (K, p) a little bit according to [Mor99] Theorem Variant 4.7. Let K be the
maximal open compact subgroup of Ng(K). We have K < K but in general this
inclusion may be strict. Let p be a smooth irreducible representation of Ng(K)
such that pjx contains p. Let p be any irreducible component of the restriction
,6| 7. Eventually, let 7 := ¢ — Indﬁ (k) p be the associated depth-0 supercuspidal
representation of G.

Theorem 4.24. The pair (K, p) is a [G,7]-type.

The conclusion does not depend on the choice of p as an irreducible component
of pz. Any one of them affords a type for the same singleton s = [G, 7r]. Let us now
consider a parahoric subgroup K along with an irreducible representation p of its
maximal reductive quotient X = K/K™*, where K is the pro-unipotent radical of
K. Assume that p is not cuspidal. Thus, there exists a proper parabolic subgroup
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P < K with Levi complement £, and a cuspidal irreducible representation 7 of
L, such that p is an irreducible component of the Harish-Chandra induction 5 7.
The preimage of P via the quotient map K — K is a parahoric subgroup K’ ¢ K,
whose maximal reductive quotient K" := K'/K'" is naturally identified with £. We
have Kt < K'* < K’ and the intermediate quotient K'* /K™ is identified with the
unipotent radical NV of P =~ K'/K*. Consider p as an irreducible representation of
K inflated from K. The invariants p’" form a representation of K’ which coincides
with the inflation of the Harish-Chandra restriction of p (as a representation of K)
to £. Thus, p" contains the inflation of 7 to a representation of K’. In other
words, we have a K'-equivariant map

T —> IO|KI
By Frobenius reciprocity, it gives a map
¢ —Ind% 17— p,

which is surjective by irreducibility of p. Applying the functor ¢ — Ind% : Rep(K) —
Rep(G), which is exact, and using transitivity of compact induction, we deduce
the existence of a natural surjection

¢ —Ind%, 7 — ¢ — Ind% p.

Now, (K',7) is a depth-0 type in G. Let & < IC(G) be the subset such that
(K',7) is an &-type, and let L be the (proper) Levi complement of G associated
to K’ as in the previous paragraph. By Remark 77, it follows that any irreducible
subquotient of ¢ — IndIG{ p has inertial support in &. Since all elements of & are of
the form [L, ] for some supercuspidal representation 7 of L, we reach the following
conclusion.

Proposition 4.25. Let K be a parahoric subgroup of G and let p be a non cuspidal
wrreducible representation of its maximal reductive quotient IC. Then no irreducible
subquotient of ¢ — Indg p 18 supercuspidal.

We go back to the context of the unitary similitude group J(Q,). We may
now determine the inertial support of any irreducible subquotient of a representa-
tion of the form ¢ — Indi}ma p with p inflated from a unipotent representation of

GU(Vy. ). In particular, all the terms EY" are of this form according to Corollary
4.12. More precisely, let A be a partition of 20,,, + 1 and let A; be its 2-core (see
Section 2). Thus 20,,.x + 1 = @ + 2e for some e = 0. The integer @ is odd,
so it can be written as 2f 4+ 1 for some f > 0, and we have 6., = f + e. Recall

the basis of V that we fixed in Section 1.1. The images of the vectors ey; for
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1 <0 < Opax and of €f" in V) = Ay, /pAy,.. define a basis of V) allowing us
to identify GU(V,) ) with the matrix group GUsg,, +1(F,). The cuspidal support
of py is (L4, p) according to Section 2. Let P; be the standard parabolic subgroup
with Levi complement L;. By direct computation, one may check that the preim-
age of P, in Jp, . is the parahoric subgroup Js_  g... == Jr 0 Jrpi 0o Jg.
Let Ly be the Levi complement of J(Q,) that is associated to the parahoric sub-
group Jy._g.... Let V/ be the subspace of V generated by V& and by the vectors
€41,...,exy. It is equipped with the restriction of the hermitian form of V. Then
Ly = GUVT) x U(Q,)).
The group Ly n Jy, g,.. 15 a maximal parahoric subgroup of L, and p, can be
inflated to it. In particular, the pair (LynJy, ... pt) is alevel-0 type in L;. Since
we work with unitary groups over an unramified quadratic extension, LynJy g,
is also a maximal compact subgroup of L. In particular, (Ly 0 Js_ g...,pt) 1S &
type for a singleton of the form [Lf, 7¢].,. Then 7; has the form

Tf=C— Ind% o ) Ot
where p; is some smooth irreducible representation of Nz, (LN Jy.. o) containing
pr upon restriction. It follows that if we inflate p;, to Jy__g,... then (Jr g, ,p¢) isa
[L¢, 7¢]-type in J(Q,). Moreover the compactly induced representation ¢ — Indi}max P

,,,,,

Proposition 4.26. Let A be a partition of 20, + 1 with 2-core A;. Write @ =
2f + 1 for some f = 0. Any irreducible subquotient of ¢ — Indigma px has inertial

support [Lyg,¢].

In particular, if f < 6,.« then none of these irreducible subquotients are su-
percuspidal.

Let us keep the notations of the previous paragraph. Since unipotent repre-
sentations of finite groups of Lie type have trivial central characters, if y is an
unramified character of Z(J(Q,)) then xz(s(q,))nJ,,.. coincides with the central
character of py inflated to Jy,,. . As in Theorem 4.18, we have

J ~
(C - IndJGmax ,0,\) v a0 @ Vs xoo0-

If f < Onax, then no irreducible supercuspidal representation can occur. Thus
Vp>\7X7O = O

On the other hand, assume now that f = 0.« so that Ly = J and p) is equal to the
cuspidal representation pa, . As seen in Proposition 1.14, we have N 7 (Jo,0) =

Z(J(Q,))Jg,ny unless n = 2 (thus Opax = 0) in which case Jy = J° and Z(J(Qy))Jo
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is of index 2 in N;(Jy) = J. A representative of the non-trivial coset is given by
go as defined in Section 1.1. If n & 2, define

. J
Tgmaxax =C— IndZ(J(Qp))ngax X ® PA-

Then 7, is an irreducible supercuspidal representation of J(Q,), and we have

(¢~ pA)X ~ ¢ = Iz 59, X O PA = Toacic

Thus V), v.oo = 0 and V,,, yoo = 7p,..., in this case.
When n = 2, p» = pa, = 1 is the trivial representation of Jy = J°. Let
Yo : J — Q" be the unique non-trivial character of .J (Qp) which is trivial on
Z(J(Qp))Jo. Then (c— IndfO 1)x is the sum of an unramified character 7, of
J(Q,) whose central character is y, and of the character xo7p,. Both charac-
ters are supercuspidal, and they are the only unramified characters of J(Q,) with
central character .

According to Proposition 4.4 and Corollary 4.12; the terms E? ? are a sum of
representations of the form

c— Indi}max P

with A a partition of 20,,.« + 1 having 2-core A, if b is even, and A; if b is odd.
Moreover, we have

0,2(n—1—06max) " J 0,2(n—1—0max)+1 ~ J
E2 >~ C— IndJ@m 17 E2 =C— Inngmax p(29maxa1)'

In particular, summing up the discussion of the previous paragraph, we have
reached the following statement.
Proposition 4.27. Let x be an unramified character of Z(J(Q,)).
— Assume that n = 3. The representation (Eg’Q(n_l_emax))X contains no non-
zero admissible subrepresentation, and it is not J(Q,)-semisimple. Moreover,
any irreducible subquotient has inertial support |Lg,1o|. If n = 5, then the

same statement holds for (Eg’z(nflfema")ﬂ)x with the tnertial support being

[L1,71]-

— Forn=1,2,3,4, let b =0,2,3,5 respectively. Then Oy.x = 0 when 1,2 and
Omax = 1 when n = 3,4. Let x be an unramified character of Z(J(Q,)). The
representation Ty, S irreducible supercuspidal, and we have

0,b TOmax; ifn=1,3,4,
(B3 )y ~ * o
Tomaxx D X0TOmax U T = 2.
In particular, we deduce the following important corollary.

Corollary 4.28. Let x be an unramified character of Z(J(Q,)). If n = 3 then
Hi(n_l_e‘"“)(/\/lan,@)x is not J(Qp)-admissible. If n =5 then the same holds for
e P T e @)
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4.3 The case n = 3,4

Let us focus on the case Oy, = 1, that is n = 3 or 4. Recall that N(A) denotes the
set of lattices A € Lo with type t(A) = tax = 3 containing Ag. It has cardinality
v(1,2) = p+ 1 when n = 3 and v(2,3) = p> + 1 when n = 4. In particular, we
may locate the non zero terms Ei’slt of the alternating Cech spectral sequence as
follows.

B 10 e {w) € {(0,2):(0,3); (—h.4)
, (a,b) € {(0,4);(0,5); (—F,6)

In Figure 1 below, we draw the shape of the first page £ ), for n = 3. The case
of n = 4 is similar, except that two more 0 rows should be added at the bottom.
To alleviate the notations, we write ¢_, for the differential ®2(*=1.

©4 34 3 24 2 14 J
. El,alt El,alt El,alt C— IndJ1 1

c— Indj1 PA,

c—1Indj 1

0

Figure 1: The first page E . of the alternating Cech spectral sequence when
n = 3.

Let ¢ € Z such that ni is even. For A, A’ € £;, we define the distance d(A, A’) as
the smallest integer d > 0 such that there exists a sequence A = A°, ... A% = A\’
of lattices of £; with {AJ, A1} being an edge for all 0 < j < d—1. This definition
makes sense for any n. When 60,,., = 1, any lattice A € £; has type 1 or 3, and
two lattices forming an edge can not have the same type. Therefore, the value of
t(A7) alternates between 1 and 3. In particular, if t(A) = t(A’) then d(A, A’) is
even. According to [Vol10] Proposition 3.7, the simplicial complex £; is in fact a
tree. We will use this to prove the following proposition.

Proposition 4.29. Assume that n =3 or 4. We have E;l’z(”_l) =0.
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For now, n > 3 is still any integer. By Proposition 4.6, we may use the
alternating Cech spectral sequence to show that E;l’Q(n_l) = Ker(p1)/Im(ps)
vanishes. The term EY 21 s the Q,-vector space generated by the set T_,,1,
and Ei’jl(tn_l) is the subspace consisting of all the vectors v = ZWE I uss Ay such
that for all 0 € &_,4; we have \;(y) = sgn(o)\,. Here the A,’s are scalars which
are almost all zero. To prove the proposition, let us look at the differential p,. It
acts on the basis vectors in the following way.

(A, AL A)
(A, A A)
(A, A A)

(A, A, A) — (A A) — (A A) + (A A), VYA, AN € £Y such that Uy n Uy + &,
, I\, — ) - s + ) s \Y , I\, € such that Uy n Uy n Uy .
A AN AN — (AN + (AN, VAN, A" € £ such th +

= (A, M), VA, A € LY such that Uy n Uy + &,

We note that for a collection of lattices A, ... A% ¢ EEI), the condition Upy1 n
...nUps + @ is equivalent to d(AJ, A7) = 2 for all 1 < j # j' < s. Towards a
contradiction, we assume that Im(ps) & Ker(p;). Let v € Ker(y;)\Im(yy). Since

—1,2(n—1) .
ve k| (n ), it decomposes under the form

v = Z A = 7(%),

where r > 1, the ~,’s are of the form (A, A') with d(A, A') = 2, the scalars \;’s are
non zero and 7 € G, is the transposition. We may assume that r is minimal among
all the vectors in the complement Ker(¢;)\Im(y2). In particular, there exists a
single ¢ € Z such that ni is even, and for all 1 < j < r the lattices in 7; belong
to L'El). We may further assume ¢ = 0 without loss of generality. We say that an
element v € I occurs in v if v = 7; or 7(;) for some 1 < j < r. Similarly, we say

that a lattice A € ﬁ(()l) occurs in v if it is a constituent of some ~;.

Lemma 4.30. Let v = (A, \') € I be an element occuring in v. Then there exists
N'e E(()l) such that (A, N") € Iy occurs in v and d(N',\") = 4.

Proof. Let us write (A, A7) € I,1 < j < s for the various elements occuring in v
whose first component is A. Up to reordering the «;’s and swapping them with
7(v;) if necessary, we may assume that (A, A7) = v; for all 1 < j < s, and that
A! = A’. The coordinate of (;(v) along the basis vector (A) € I; is equal to
-2 ijl Aj. Since ¢q(v) = 0, this sum is zero. Since A\; £ 0 by hypothesis, we
have in particular s > 2. For all 2 < j < s, we have 2 < d(A', AV) < 4 by the
triangular inequality. Towards a contradiction, assume that d(A’, A7) = 2 for all
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2 < j < s. In particular, 6; := (A7, A,A') € I3 for all 2 < j < s. Consider the

vector
:—Zngn )EEISMQ(" b,

7j=20€eBg
Then we compute
pa(w) = —a((A,N) - Z A (A, M) = (M, ) + 0 ((A AF) — (A, A))
j=2
== > N0y =) + Z N((N A7) = (A7, ).

j=1 j=2

In particular, we get
v+ pa(w Z N((N,A) — (N A)) Z A 7)) € Ker(o1)\Im(p2),
j=s+1

which contradicts the minimality of 7. O]

From now on, let us assume that n = 3 or 4, so that Ly is a tree. To conclude

the proof of the proposition, let us pick A = A € E(()l) which occurs in v, say in
a pair (A,A') € I,. Write A! := A’. By induction, we build a sequence (A¥);~¢
of lattices in E(()l) such that for all k, the pair (A*, A¥*1) occurs in v and we have
d(A° A*) = 2k. Tt follows that the A*’s are pairwise distinct, and it leads to a
contradiction since only a finite number of such lattices can occur in v.
Let us assume that A% ... A are already built for some k& > 1. Since (A*1, A¥)
occurs in v, so does (A*, A¥"1). By the Lemma applied to latter pair, there exists
AR e 581) such that the pair (A*, A**1) € I, occurs in v and d(A* 1 A**1) = 4.
By the triangular inequality, we have

d(A°, AR < d(A° AF) + d(AF AR = 2k + 2 = 2(k + 1),

d(A°, AFTY) = |d(A%, AF) — d(A% AR = 2(k — 1).
Thus d(A° A*1) = 2(k — 1),2k or 2(k + 1). We prove that it must be equal to
the latter.

Assume that d(A°, A**1) = 2(k—1). There exists a path A = LO, ..., L**~1) =
AF*L We obtain a cycle

AP At — AL — AL AL A AR
/ \
\ e

I 2 — L2(k—1) — Ak+1 _ Ak A Ak+1

AO Ak
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Since Ly is a tree, this cycle must be trivial, ie. the lower and upper paths, which
are of the same length, are the same. In particular, we have A¥~' = A**1 which
is absurd since d(A*~1, AF+1) = 4.

Assume that d(A° A1) = 2k. There exists a path A = Ly, ..., L} = Ak+L
We obtain a cycle

A0 AL — A — ...—Ak’lmAk—Ak\
AO/ AkﬁA]H'l
/
\ Ll L2 E—— L2k—1 L2k :Ak-i-l

Since Ly is a tree, this cycle must be trivial, ie. the lower and upper paths, which
are of the same length, are the same. In particular, we have A¥ = A**1 which is
absurd since d(A*, A1) = 2.

Thus, we have d(A% A1) = 2(k + 1) so that A*"! meets all the requirements.
It concludes the proof of Proposition 4.29.

In particular, we obtain the following statement.
Theorem 4.31. Assume thatn =3 or 4. We have
HEO D (M) ~ o — Ind pa,

with the rational Frobenius T acting like multiplication by —p*—D-1,

5 The cohomology of the supersingular locus of
the Shimura variety for n = 3,4

5.1 The Hochschild-Serre spectral sequence induced by p-
adic uniformization

In this section, n > 1 is still any integer. We recover the notations of Section 3.
Let £ : G — W be a finite-dimensional irreducible algebraic Qy-representation of
G. Such representations have been classified in [HT01] Chapter III.2. We think
of Vg, = V® Qy as a representation of G, whose dual is denoted by V,. Using
the alternating form (-, -), we have an isomorphism V, ~ Vg, ® ¢!, where c is the
multiplier character of G. Then, W, can be described as follows.

Proposition 5.1. There exists unique integers t(§), m(&) = 0 and an idempotent
e(§) € End(V0®m(§)) such that

We = O @ee) (Vg™
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The weight w(&) is defined by

w(§) :=m(§) —2t(§) € Z.

To any & as above, we can associate a local system L¢ which is defined on the tower
(Sk») ke of Shimura varieties. We denote by E_g its restriction to the special fiber
Skr. Let Agr be the universal abelian scheme over Sg». We write 7%, : A%, — Sgep
for the structure morphism of the m-fold product of Ax» with itself over Sg». If
m = 0 it is just the identity on Sg». According to [HT01] Chapter II1.2, we have

an isomorphism
Le = e€)eme) (R™O(ris).Qut(€))

where €,,¢) is some idempotent. In particular, if § is the trivial representation of
G then L¢ = Qp.

We fix an irreducible algebraic representation £ : G — W, as above. We
associate the space A of automorphic forms of I of type ¢ at infinity.
Explicitly, it is given by

AfZ{fif(Af)—’Wg

fis I(Ay)-smooth by right translations }
and vy € 1(Q), f(v-) = €M ()

Notation. Let Shi ;p := (Sk» Q. » Q,2)** denote the analytification of the generic

fiber of Sk», on which the analytified local system Lg" is defined. Let (§ Kp) S C
Shi r» denote the analytical tube of the supersingular locus, or in other words

the generic fiber of the formal scheme (Sx»)™. We write H*((Sxr)™, L") for the
cohomology of (§ k»)** @ C,, with coefficients in Lg".

In [Far04] Théoreme 4.5.12, Fargues builds a spectral sequence associated to the

p-adic uniformization theorem in order to compute the cohomology of (§ ko)

Theorem 5.2. There is a W -equivariant spectral sequence
Fy(KP) : Bxtt (H2 D (M Q) (n — 1), AX") = HP((Sg )™, £27).

These spectral sequences are compatible as the open compact subgroup KP varies

in G(A}).

The W-action on F§"’(K?) is inherited from the cohomology group HE“"“”"’(M@H, Q¢)(n—
1). By the compatibility with variation of the level K?, we may take the limit and
obtain a G(A%) x W-equivariant spectral sequence Fy b= lim Iy P(KP). Since
Omax 15 the semisimple rank of J(Q,), the terms Fi*(K?) are zero for a > Opax
according to [Far04] Lemme 4.4.12. Therefore, the non-zero terms F * are located
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in the finite strip delimited by 0 < a < O and 0 < b < 2(n — 1). Let us look
at the abutment of the sequence. Since Sk» is smooth, Berkovich’s comparison
theorem, cf [Ber96] Corollary 3.6, gives an isomorphism

H* (S, @ F, Lg) ~ HP((Sper)™™, £27).

Since Sy, has dimension ., the cohomology H*((Sg» )™, L") is concentrated
in degrees 0 to 20,,.x.
Let A(I) denote the set of all automorphic representations of I counted with

multiplicities. We write E for the dual of £&. We also define
Ae(I) == {Tl e A(I) | Tl = &}.

According to [Far04] Section 4.6, we have an identification

@ 1M, (1)
HE.Ag(I)

It yields, for every a and b, an isomorphism

FYEP) =~ @ Extd (HX=D72 (M, Q) (n — 1),11,) @ (II7) %7

HE.Ag(I)

Taking the limit over K?, we deduce that
P Extf (H=D2(M™ Q) (n — 1),11,) @ I17.

HE.Ag(I)

The spectral sequence defined by the terms Fi*¥ computes Ho+b((S)ssan, L) =
h_H)lip Hotb((Sep ), L3"). It is isomorphic to H***(STQF, L;) :=li lim H** (S, ®
F, Le).

Recall from Corollary 4.5 that we have a decomposition

ch)(Manj@) ~ @ Eg_bl’b,’

b<b/ <2(n—1)

and Egibl’bl corresponds to the eigenspace of T associated to the eigenvalue (—p)".
Accordingly, we have a decomposition

s @ @ By (B e-1m) e,

2(n—1)—b< Tlede(I)
v'<2(n—1)

For II € A¢(I), we denote by wr the central character. We define
51'[,7 = wnp (pil : id)piw(ﬁ) S @X .
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Let ¢ be any isomorphism Q; ~ C, and write | - |, := |¢(-)|. The center of I(Q)
is identified with E*, and the element p! - id € Z(J(Q,)) is the image of p*
E* ~ Z(1(Q)) — Z(J(Q,)). We have wr(p~*) = 1. Moreover, for any finite place
q + p, the element p~! lies inside the maximal compact subgroup of Z(1(Q,)), so
|wn, (p71)]. = 1. Besides Iy, = £, so we have

o, (p" - id)], = |wz(p L = lwep D = 1], = p©.

The last equality comes from the isomorphism W, ~ & ®e(€) (V?m(g)), see Propo-
sition 5.1. In particular |dr,|, = 1 for any isomorphism ¢.

Proposition 5.3. The W-action on Ext(E; 2An—1)=bbY (n—1),11L,) is trivial on the
inertia I, and the Frobenius element Frob acts like multiplication by (—1)*blénpp*b'”(”*l)*“’(f).

Proof. Let us write X := Eg("fl)fbfb,’bl (n — 1). By convention, the action of Frob
on a space Ext$(X,IL,) is induced by functoriality of Ext applied to Frob™! :
X — X. Let us consider a projective resolution of X in the category of smooth
representations of J(Q,)

u2 ul

'y Py » P, y Py —25 X > 0.

Since Frob ! commutes with the action of J (Qp), we can choose a lift F = (F;)i=o
of Frob ! to a morphism of chain complexes.

ug uy uQ

> P
l]-'g l]-'l l]-'o lFrob_
‘s P,

u9 ul uo
5 > 0

~
)

After applying Hom, (-, II,) and forgetting about the first term, we obtain a mor-
phism F* of chain complexes.

0 —— HOmJ(PO,Hp) E— HOHIJ P]_7Hp) — HomJ(PZaH;D) —_— ...

b b b

0 —— Hom,(F,II,) —— Hom,(P,,1I,) —— Hom (P, II,) —— ...
Here F} f(v) := f(Fi(v)). It induces morphisms on the cohomology
Fr Bt (X, TT,) — Bxth (X, IL),

which do not depend on the choice of the lift . Recall that Frob is the composition
of ¢ and p-id € J(Q,). Since ¢ is multiplication by the scalar (—1)"p?~2("=1) on
X, we may choose the lift F; := (=1)"p ¥ +2=1(p~1.id) for all i.
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Consider an element of Extf](X ,II,) represented by a morphism f : P, — II,. For
any v € P; we have

Frf) = f(Fiv) = (=) 7"p" 2D f((p~"id)v) = (=1) 7" p~" 20 Doy, (p7"d) £ (0)-

It follows that Frob acts on Ext’; (X, IT,) via multiplication by the scalar (—1)7% §y, p=¥' +2(n=D+w(©),
[

In general, the Hochschild-Serre spectral sequence has many differentials be-
tween non-zero terms. However, focusing on the diagonal defined by a + b = 0, it
is possible to compute H*(S™ ® T, L¢). Recall that X" (.J) denotes the set of un-
ramified characters of J(Q,), ie. the characters which are trivial on J°. If z € Q,
is any non-zero scalar, we denote by Q,[x] the I-dimensional representation of W
where the inertia I acts trivially and Frob acts like multiplication by z.

Proposition 5.4. We have an isomorphism of G(A?) x W -representations

HO(gSS ® ]F,E_g) ~ (_B Hp@@[dnppw(f)]
HeAg(I)
MeXxun(J)

Proof. The only non-zero term Fy * on the diagonal a + b = 0 is FQO . Since there
is no non-zero arrow pointing at nor coming from this term, it is untouched in all
the successive pages of the sequence. Therefore we have an isomorphism

Y ~H S ® T, L)
Using Proposition 4.14, we also have isomorphisms

FYO~ @ Homy (HX"D(M™ Qp)(n — 1),11,) @ II”
HG.A&(I)
@ Hom, ((c — Ind’, 1)(n — 1), 1L,) @ II”

HEAg(I)

0

12

@
as
o
=
3

(1(n — 1),Hp‘Jo) ®Hp

Thus, only the automorphic representations II € A¢(/) with H;O £ 0 contribute
to the sum. Consider such a II. The irreducible representation II, is generated
by a J°-invariant vector. Since J° is normal in J(Q,), the whole representa-
tion II, is trivial on J°. Thus, it is an irreducible representation of J/J° ~ Z.
Therefore, it is an unramified character. Moreover the W-representation V;] :=
Hom o (1(n — 1),1I,) is 1-dimensional and the Frobenius action was described in
Proposition 5.3. O
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5.2 The case n = 3,4

In this section, we assume that 6,,., = 1, ie. n = 3 or 4. Let £ be an irreducible
finite dimensional algebraic representation of G. The semisimple rank of J(Q,) is
1, therefore the terms F' b are zero for a > 1. In particular, the spectral sequence
already degenerates on the second page. Since it computes the cohomology of the
supersingular locus S” which is 1-dimensional, we also have FQO b =0 for b > 3,
and F21 P —0forb>2 In Figure 2, we draw the second page F, and we write
between brackets the complex modulus of the possible eigenvalues of Frob on each
term under any isomorphism ¢ : Q; ~ C, as computed in Proposition 5.3.

Remark 5.5. The fact that no eigenvalue of complex modulus p*¢) appears in F2O a
nor in F,"" follows from Proposition 4.29, where we proved that E; L=l _ g

F29»2 [pw(£)+2, pw(E)] 0
Fy [pe©+1] Fy ' [pe©+1]
FyOTpe®)] Fy°[pr®]

Figure 2: The second page F, with the complex modulus of possible eigenvalues
of Frob on each term.

Proposition 5.6. We have F,"' = 0 and the eigenspaces of Frob on Fy* attached
to any eigenvalue of complex modulus p*© are zero.

Proof. By the machinery of spectral sequences, there is a G(AI}) x W -subspace of
H? (§SS® F, £_5) isomorphic to le 1 and the quotient by this subspace is isomorphic
to Fy®. We prove that all eigenvalues of Frob on H*(S” ® T, L) have complex
modulus p“(©*2. The proposition then readily follows.

We need the Ekedahl-Oort stratification on the supersingular locus of the Shimura
variety. Let KP < G(A}) be small enough. In [VWI1] Sections 3.3 and 6.3, the

authors define the Ekedahl-Oort stratification on M,eq and on §i§p respectively,
and they are compatible via the p-adic uniformization isomorphism. For n = 3 or
4, the stratification on the supersingular locus take the following form

=SS

Swr = Swr[1] U Sys[3]-

The stratum Sy, [1] is closed and O-dimensional, whereas the other stratum S, [3]
is open, dense and 1-dimensional. In particular, we have a Frobenius equivariant
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isomorphism between the cohomology groups of highest degree
(S5, © F, L) = H2(Si0[3] @ F. o).

According the [VW11] Section 5.3, the closed Bruhat-Tits strata My and Sg» A x
also admit an Ekedahl-Oort stratification of a similar form, and we have a decom-

position B
Seol3l= || Skeaxl3l,

1<k<s

[Aler\)

into a finite disjoint union of open and closed subvarieties (we used the notations
of Section 3). As a consequence, we have the following Frobenius equivariant
isomorphisms

HEBIER L) ~ @ HEouPoRl) > @O B EwueF L)
1<k<s 1<k<s
[AleT\LD) [AJeT\LD)

where the last isomorphism follows from the stratification on the closed Bruhat-
Tits strata Sk» A x. Now, recall that the local system L is given by

Le = c(©eme (RO, T1E))

It implies that L¢ is pure of weight w(€). Since the variety Sg» a1 is smooth and
projective, it follows that all the eigenvalues of Frob on the cohomology group
H? (ng7 AQF, ﬁ_g) have complex modulus p*©*+2 under any isomorphism ¢ : Q; ~
C. The result follows by taking the limit over KP. m

In this paragraph, let us compute the term

FO~ @ BExth (H2D(M™ Q) (n —1),11,) @ II”
HEA&(I)

~ P Ext}(c—Ind} 1(n—1),1,) @ II”.
HE.Ag(I)

Let St; denote the Steinberg representation of J(Q,).

Proposition 5.7. Let 7 be an irreducible smooth representation of J(Q,). Then

Q¢ ifIxe X™(J), ™~ x-Sty,

Extl(c —Ind’. 1,7) =
i J ) {0 otherwise.
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In order to prove this proposition, we need a few general facts about restriction
of smooth representations to normal subgroups. Let G be a locally profinite group
and let H be a closed normal subgroup. If (o, W) is a representation of H, for g € G
we define the representation (09, W) by 09 : h — o(g~*hg). The representation o
is irreducible if and only if 09 is for any (or for all) g € G.

Lemma 5.8. Assume that Z(G)H has finite index in G.
(1) Let w be a smooth irreducible admissible representation of G. There exists a
smooth irreducible representation o of H, an integerr = 1 and g1, ...,9, € G
such that

T ~0"®... o7,

Moreover r < |Z(G)H : G|, and for any g € G there exists some 1 < i <7
such that 09 ~ o9%.

(2) Assume furthermore that G/H is abelian. Let m and my be two smooth
admissible irreducible representations of G. The three following statements
are equivalent.

— (M) = (m2) -

— There exists a smooth character x of G which is trivial on H such that
T = X -T1.

— Hompy (7, m5) £ 0.

(3) Assume that G/H s abelian and that [Z(G)H : G] = 2. Let go € G\Z(G)H
and let ™ be a smooth admissible irreducible representation of G. If there
exists an irreducible representation o of H such that mpy ~ o @ 0%, then
o # o9%.

Proof. For (1) and (2), we refer to [Ren09] VI.3.2 Proposition. The result there
is stated in the context of a p-adic group G with normal subgroup H = °G such
that G/°G ~ Z? for some d > 0, but the same arguments work as verbatim in the
generality of the lemma. Admissibility of the representations involved is assumed
only in order to apply Schur’s lemma, insuring for instance the existence of central
characters of smooth irreducible representations. In particular, if G/K is at most
countable for any open compact subgroup K of G, then it is not necessary to
assume admissibility.

Let us prove (3). Assume towards a contradiction that my ~ o ® 0% and that
o ~ 0% . We build a smooth admissible irreducible representation II of GG such that
Il = o, which results in a contradiction in regards to (2) since Hompy (I, 7) 4 0
but Iz % my. Let x be the central character of . Then x|z@)~n coincides with
the central character of . Let W denote the underlying vector space of o. By
hypothesis, there exists a linear automorphism f : W — W such that for every
he Hand we W,

f(o(gg hgo) - w) = a(h) o f(w).
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Let us write g3 = zohg for some zq € Z(G) and hg € H. We define ¢ := f?oo(hg) .
Then for all h € H and w € W, we have

p(o(h)-w) = f*(o(hg'h) -w) = [*(o(hg hho)o(hg") - w)

Thus ¢ : ¢ = o. By Schur’s lemma we have ¢ = X -id for some A € Q.
Up to replacing f by (x(20)A™")"2f, we may assume that ¢ = x(z) - id, ie.
f? = x(z0)a (ho).

We build a G-representation II on W which extends o. Let g € G and define

_Jx(2)a(h) if g=zhe Z(G)H,
flte) = {X(Z)f oo(h) if g=gozhe goZ(G)H.

Then one may check that II is a well defined group morphism G — GL(W).
The fact that it is smooth irreducible and admissible follows from Ijz ~ o by
construction, and it concludes the proof. O

We may now move on to the proof of Proposition 5.7.

Proof. First, let us compute Extﬂo(l,a) for any irreducible representation o of
J° with trivial central character. Let J' = U(V) denote the unitary group of V
(recall that J = GU(V) is the group of unitary similitudes). Then J'(Q,) is a
normal subgroup both of J° and of J(Q,). Moreover, J°/J'(Q,) is isomorphic to
the image of the multiplier ¢ ;- : J° — Z, in particular it is compact and abelian.
Thus, we have

Extl.(1,0) ~ Ext}i (1, U|Jl(@p))JO/J1(Qp).

Since ¢ has trivial central character, the J°-action on Extljl(l,q J1(@,)) is ac-
tually trivial on Z(J°)J'(Q,). Since Q,2/Q, is unramified, we actually have
Z(J°)J'(Qp) = J°. Hence, J° acts trivially on Ext}: (1, 0)1(q,))-

Since J! is an algebraic group, we may use Theorem 2 of [NP20], a generalization
of a duality theorem of Schneider and Stiihler, to finish the computation. Namely,
we have

\

EXt1J1(]_, U|J1(Qp)) ~ HOmJI (U‘Jl(@p), D(l)) ,

where D denotes the Aubert-Zelevinsky involution in J'(Q,). We note that
D(1) = St is the Steinberg representation of J'(Q,). Let St denote the repre-
sentation of J° = Z(J°)J'(Q,) obtained by letting the center act trivially on St .
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We have proved that for any irreducible representation o of J° with trivial central
character, we have

Q ifo ~ Sty
Exth.(1,0) ~ Hom 1 (051(q,), Sty1)” ~ Q, ifo 7o,
' 0 else.
Now, let 7 be an irreducible representation of J(Q,). By Frobenius reciprocity we

have
Ext}(c — IndJ. 1,7) ~ Ext}. (1, 70).

By functoriality of Ext, we have Ext}.(1,m ) = 0 if the central character of  is
not unramified. Thus, let us now assume that the central character is unramified.
By the above, Ext}(c —Ind7. 1,7) is non zero if and only if 7. contains Ste.
Besides, as will be proved in Lemma 5.9, we have (St;)|o = Stjo. Thus, Lemma
5.8 (2) implies that 7 jo contains St o if and only if 7 ~ x-St ; for some unramified
character x € X"(J). Since Ext’(c —Ind7. 1, x - St;) ~ Q, we are done. O

Lemma 5.9. We have (St;)|jo =~ Sto.

Proof. Since the Steinberg representation St; has trivial central character, it is
enough to prove that (St;)iqg,) =~ St,1. The Steinberg representation St; (resp.
Sts1) can be characterized as the unique irreducible representation p of J(Q,)
(resp. of JY(Q,)) such that Ext>(1,p) #+ 0 (resp. Ext}i(1,p) # 0). The gap
between the degrees of the Ext groups for J(Q,) and for J'(Q,) is explained by
the non-compactness of the center of J(Q,). By [NP20] Proposition 3.4 we have

Ext?(1,St,) ~ Ext},(1,St,) ® Ext?, (1, St),

where the Ext groups on the right-hand side are taken in the category of smooth
representations of J(Q,) on which the center acts trivially. Equivalently, this is the
category of smooth representations of J(Q,)/Z(J(Q,)). Consider the normal sub-

group Z(J(Q))JH(Qp)/Z(J (Qp)) = JHQp)/Z(J(Qp))n T (Qy) = JH(@p)/Z(T ().
The quotient group is isomorphic to J(Q,)/Z(J(Q,))J*(Q,), which is trivial if n
is odd and Z/2Z is n is even. Thus, we have

Ext} (1, 5ty) ~ Ext} (1, 5t))

= Bt (1, (St) o) @AV @D (@)
~ Extyy 1(L, (St7) 1q, ) (@A @D @)
~ Extin (1, (Sty) 1)@/ AI @D @),

the last line following from the same Proposition 3.4 as above, but applied to
JYQ,). In [Far04] Lemme 4.4.12, it is explained that Ext’: (7, m2) vanishes for any
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smooth representations 7y, m of J*(Q,) as soon as 7 is greater than the semisimple
rank of J(Q,), that is 1 in our case. Hence, Ext},(1,St,) = 0 and we have

EXt?](]_, StJ) ~ EXt}Ll(l, St]) ~ EXtIJl (1, (Stj)|J1(Qp))J(Qp)/Z(J(Qp))J1(Qp).

In particular, the right-hand side is non zero, which proves that (St;) i, con-
tains St 1. It remains that to justify that (St;);j1(qg,) is irreducible. If n is odd so
that Z(J(Q,))J (Q,) = J(Q,), it is automatic. If n is even, in virtue of point (3)
of Lemma 5.8, it remains to justify that for any g € J(Q,) we have St%, ~ St .
This follows from the following computation

Ext}: (1,5t9,) = Exthi (19, St 1) = Ext}i (1,St,1) # 0.
u

We may now compute the cohomology of the supersingular locus. Recall the
supercuspidal representation 7; of the Levi complement M; < J(Q,) that we
defined in Section 4.2. When n = 3 or 4, we actually have M; = J(Q,) and

T = C— Indl{IJ(Jl) ;K;

is a supercuspidal representation of J(Q,), where N ;(J;) = Z(J(Q,))J; (see Propo-
sition 1.14) and pa, is the inflation of pa, to N (J1).

Theorem 5.10. Assume that n = 3 or 4. There are G(A}) x W-equivariant
1somorphisms

HES QF. L)~ @ Q6"

HEA@(I)
HpeXull(J)
HESTQF L)~ @ TPoQbnrPle @ Q-6 @]

TeAg (1) TleA. (1)

IxeX (), IxeX (),

Hp=x-St,s I, =x-71

HE QO F L)~ @ IP@Qon"©").
HEA&(I)
I +0

Proof. The statement regarding H°(S™ ® T, L) ‘was already proved in Proposition
5.4. Let us prove the statement regarding HZ(SSS ® [, L) first. By Proposition
5.6, we have

H2S* @ F. L)~ FY* ~ HomJ( E02n- 2)(n—1),Hp)®Hp.

HEA&(I)
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The term ES A=) i isomorphic to ¢ — Indf1 1. Therefore, by Frobenius reciprocity

we have
Hom, (Eg’b(n - 1), Hp) ~ Homy, (1(n —1),1L,).

Hence, only the automorphic representations II € A¢(I) with H;l =+ 0 contribute to
FgO 2. Such a representation I, is said to be J;-spherical. Since J; is a special max-
imal compact subgroup of J(Q,), according to [Min11] 2.1, we have dim(7/*) = 1
for every smooth irreducible Jj-spherical representation m of J(Q,). The result
follows using Proposition 5.3 to describe the eigenvalues of Frob.

We now prove the statement regarding Hl(gSS ® F,L¢). By the Hochschild-
Serre spectral sequence, there exists a G (AI}) x W-subspace V' of this cohomology
group such that

Vi~ B and H'S®® F, L))V ~ FO.
We have
O~ @ Bxth (H2D(M™ Qp)(n — 1),11,) @ II”

HE.AE(I)

@ Ext} (c—IndJ. 1(n—1),1L,) @I
HE.Ag(I)

P P QQ[om,p ],
HE.Ag(I)

IxeXx(J),
Ip=x-Sts

2

2

according to Proposition 5.7, and with the eigenvalues of Frob being given by
Proposition 5.3. On the other hand, we have

F¢'~ P Hom, (ES’Q(”*l)*l(n —1), Hp) I,

HEAg(I)

By Proposition 5.3, Frob acts on a summand of F20 1 by the scalar —5prw(f)+1.
Since Frobyy» has no eigenvalue of complex modulus p¥ @+ the quotient actually
splits so that FQO g naturally a subspace of H1(§SS® IF, E_g) It remains to compute
it. We have

ES’Q(”*IH ~c— Ind:;1 PA,-

Hence, we have an isomorphism

FQO’1 ~ @ Hom (C — Ind:;1 PA,y (n - 1)7 HP) Q11"
HEAE(I)

@ Homy, (pa,(n—1),1L,,) II7.
HEA&(I)

¢
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It follows that only the automorphic representations II € A¢(I) whose p-component
I1,, contains the supercuspidal representation pa, when restricted to .J;, contribute
to the sum. According to Proposition 4.21, such II,, are precisely those of the form
X - 71 for some x € X" (J). By the Mackey formula we have

Hom (c — Indf1 PAys X 7'1) ~ Hom, (PA277'1|J1)
=~ Homy, (pa,, (¢ —Ind, (7, P2s) 1)
= @ HomJlthJ(Jl)(pAw h@)?
he JI\J(Qp)/N s (J1)

where in the last formula we omitted to write the restrictions to J; n"N;(J;). We
used the fact that x|, is trivial. Since pa, is just the inflation of pa, from J; to
N, (J1) = Z(J(Qy))J1, we have a bijection

HomJ1ﬁhNJ(J1)(pA27 h[’.x;) = HomNJ(J1)ﬂhNJ(J1)(I’.K2/7 hI/.E)

Now, N;(J;) contains the center, is compact modulo the center, and 7y = ¢ — IndKIJ(Jl) DAy
is supercuspidal. It follows that an element h € J(Q,) intertwines pa, if and only

if h e N;y(J;1) (see for instance [BHOG6] 11.4 Theorem along with Remarks 1 and 2).
Therefore, only the trivial double coset contributes to the sum and we have

Hom (c — Indﬁ1 PAss X 7'1) ~ Homy, (pa,, pa,) = Qe

To sum up, we have

0,1 oW w
F2 ~ @ Hp®Qg[—(5pr (£)+1].
IxeX (),
II,=x71

It concludes the proof.
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