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Local Langlands correspondence

G: connected reductive group over QQp, split for simplicity.
LLC for G is a conjectural map between

@ isom. classes of irreducible smooth representations of G(Qp)
o conj. classes of L-parameters Wg, x SL»(C) — G
with finite fiber. Here
e Wy, is the Weil group of Q.
o G is the dual group of G over C.
The fiber My of ¢: Wo, x SL»(C) — G is called the L-packet.

If G = GL,, then G = GL,(C) and LLC is known (Harris-Taylor).
In this case, every L-packet is a singleton, i.e., LLC is bijective.
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Lubin-Tate tower

LLC for GL, was constructed by means of p-adic geometry.

3 Lubin-Tate tower {MK}KCGLH(ZP): compact open*

e Each Mk is an (n — 1)-dimensional smooth rigid space over @gr.

Mg, (z,) is the (n — 1)-dimensional open unit disc over @gr.

Mk /MqL,(z,) is a finite étale covering.
If K < GL,(Zp), it is Galois with Galois group GL,(Z,)/K.
GLA(Qp) acts on {Mk }kccL,(z,) (Hecke action).

D* acts on {MK}KcGLn(ZP):
where D is the central division algebra over Q, with inv(D) = 1/n.

Fix a prime £ # p and an isomorphism Q, = C

Consider (-adic étale cohomology Hy := lim H’(I\/IK ®gur Cp, Q).
P

This is a representation of GL,(Qp) x D* x W@p-
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Lubin-Tate tower and LLC

Hip = lim, H{(Mxk Do Cp, Qy): rep. of GL,(Qp) x D* x W,

Theorem (Deligne, Carayol (n = 2), Harris-Taylor (n > 3))

Let 7 be a sc (=supercuspidal) rep. of GL,(Qp). Put p = JL(7) and
o = LLC(7). Then

. 5 o D
Home(HﬁT,p)smz{“ i

=) i=n-1,
0 i#n—1.

Key of the proof in the case n = 2:
o Relation between { Mk }xcgLy(z,) and the modular curve.
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Lubin-Tate tower (n = 2) vs modular curve

Fix a sufficiently small compact open subgroup KP C GLp(A%P).
@ Shgy,(z,)ke: integral modular curve over Zgr with level GLy(Z,)KP

sS .
® Shel, @ )ke F, © SPGLaz)ke 5,
the supersingular locus (0-dimensional)

ss.red. -1 ~ -
ShGL2(Zp)KP Qur - P (ShGL (Zp)KP, IF,,) C ShGLz(Zp)KP,@;,“'

the supersingular reduction locus (rigid analytic open)

ssred. : ss.red. .
Shikn 6 Dy inverse image of ShGL (Z) kP, O in ShKKP,Qgr'

Shjj;f;de D*\(Mk x GLy(A®P)/KP),

where D is a quaternion division algebra over Q with ram(D) = {cc, p}.
Summary:

The supersingular reduction locus of the modular curve is uniformized by
the Lubin-Tate tower.
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Rapoport-Zink tower for GSp,

3 GSp,-version of the Lubin-Tate tower
= Rapoport-Zink tower { Mk } kcGsp,(z,):
For simplicity we put G := GSp,.
@ Each M is a 3-dimensional smooth rigid space over @gr.
o Mk /Mg(z,) is a finite étale covering.
If K< G(Zp), it is Galois with Galois group G(Zp)/K.
o G(Qp) acts on {Mk }kcg(z,) (Hecke action).

o J(Qp) acts on {Mk } kcg(z,), Where J is a non-trivial inner form of G.

HL, = lim Hi (M ®@,L;“ Cp, Qp).
This is a representation of G(Qp) x J(Qp) x W,.
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Aim of this talk

HE = lim, Hi(Mk By Cp, Qy): rep. of G(Qp) x J(Qp) x W,

Aim of this talk:
Describe the G(Qp)-sc part of Hj, by means of LLC for G and J.

Remark
@ LLC for G and J are established by Gan-Takeda and Gan-Tantono,
respectively. No geometry is needed (use LLC for GL; and GLa).
@ LLC for G and J are more difficult (=interesting?) than that for GL,.

o 1 L-packet which is not a singleton.
e 1 L-packet containing both sc rep. and non-sc rep.
e I non-trivial theory of local A-packets.

~> | expect that description of Hﬁz is more interesting than that of
Hi .
LT
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LLC for G and J

@ LLC for G is due to Gan-Takeda.
@ LLC for J is due to Gan-Tantono.

For an L-parameter ¢: Wg, x SLo(C) — G = GSp,(C), let I'Ig (resp. I'Iqu)
denote the L-packet for G (resp. J) attached to ¢.

Assume that I'Ig contains a sc rep. — 34 cases:

#I'Ig = #I'Ié #sc in I'Ig #sc in I'I(]Jb
| (stable) 1 1 1
[l 2 2 2
" 2 1 1
v 2 1 0

We focus on the case Il (I and Il are easier):
r: G = GSpy(C) = GL4(C) ~ ro¢p = (o X 1) & (x X Std)
(J¢o: 2-dim. irr. rep. of Wo,, Ix: a character of Wp,)
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LLC for G(Q,) and J(Q),)

The case lll: ro ¢ = (¢o X 1) ® (x X Std).
° I'qu = {Tsc, Tdisc }; Tsc = NON-GENEFIC SC, Tqisc = ZENEriC NON-SC.
o M = {pse; pdisc}; Psc = SC, Pdisc = non-sc.

Need technical assumption: det g = 1, x> = 1 (= Im ¢ C Sp,(C)).

We also consider the following A-parameter v related to ¢:

W, x SLa(C) x SLy(C) —2= G(C)

swap SL; factorsl f

WQP X SLQ(C) X SLQ(C)

I'Ig, I'Ié}: local A-packets of G and J, respectively.
° I'Ig = {Tsc, Tt }; Tt = Non-tempered.

o My = {ple; put}; Phe = sc (expected to equal ps), pnt = non-temp.
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Main Theorem

For an irred. smooth rep. p of J(Q,), put Hy[p] == Extﬂ(Qp)(HﬁZ,p)gC'sm.
Here (—)sc is the G(Qp)-supercuspidal part.
Split semisimple rank of J(Qp) =1 = Hg4[p] =01if j #0, 1.

Theorem (lto-M.)

7Tsc®¢0(%) =3,
0 927

Tsc ‘E X(l) I = 3, ,"1 ~
0 j 3, Hialpand =

Hﬁ;[psc] = 0. Similar for pl,.

(i) HEglose] = {

HI,O ; o~ Y
(”) RZ[pdsc] { {0 i;é 4
Tse XM x(2) =4, e XM x(1) =3,

(iil) Hyzlpn] = {0 i #4, Hilow] = {0 ks

Recall: rod = (¢o® 1)@ (x X Std).
ng = {7T5077rdisc}- Hé = {psmpdisc}v ng = {775077rnt}: n{z = {pémpnt}-

v
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Main Theorem

Theorem (the case j = 0)

. i0 ~ Tse X ¢0(%) i= 37
(i) HRZ[PSC] = {0 i3

o «Ex(1) i=3
HI,O ; g s )
(”) RZ[pdsc] {0 i;ﬁ3.

i0 ~ Tse X X(2) I = 47
(iii) HRZ[pnt] = {0 i 44

Very rough summary:
o A piece of LLC for G and J appear in H3,,.
@ Non-tempered local A-packet for J contributes to Hﬁz.

@ d sc rep. appearing outside the middle degree.
(it happens only when its L-parameter has non-trivial SLy(C)-part)
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By working in a suitable derived category, we may also consider the

derived version My [p] := Ext)yq,)(RT Rz, p p)Resm of Hid[o].
We can recover ¢ and ¢ from the Wy, -action and the Lefschetz operator

on Hfy[pdisc) and HEz[put], respectively. (cf. Dat's work in the GL, case)
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Rough ideas of proof

@ Inputs from local geometry.
@ Use of global method:
o Relation between RZ tower and Siegel threefold.
e Suitable globalization of elements of neé, I'Ifj, I'Ié, I'I;’b.

° Hl")ijz[pnt] is easier than Hli;:jZ[Pdisc]-
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Inputs from local geometry

Theorem (lto-M.)

Hize =01if i #2,3,4.

e 2=3-1=dim Mgs,(z,) — dim Micq, where M is the natural
formal model of Mgsp,(z,)- (cf. the supersingular locus of the Siegel
threefold is 1-dimensional.)

@ Method is similar to M.’s proof of HI’;T7SC =0 for i # n— 1, but much

more complicated (mainly because connected components of M are
not affine).

H&z.sc doesn’t contain J(Qp)-non-sc subquotient.

2 Zelevinsky involution 5
o Use HRZ,G(Qp)—sc,_/(@p)—non—sc HRZ7G(@p)—sc,J(Qp)—non—sc
and the theorem above.
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Inputs from local geometry

lim Hi((Mk /p%) gy Cp, Qy)[ry] has finite length as a representation

of J(Qp).

@ Use the duality isomorphism between RZ tower for G and RZ tower
for J due to Kaletha-Weinstein and Chen-Fargues-Shen.
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RZ tower vs Siegel threefold

e For K" C G(A™), Shks := Siegel threefold/Q with level K’.

o Hi(Sh) := lim,, Hi(Shkr ®0Q, Qy): rep. of G(A™®) x Gal(Q/Q).
It is rather understood by using GLC for G.

ss.red.
o Shig'st. C Sh

e For KP C G(A>P), Shﬁ;ﬁ?@gr is uniformized by M.

~~ 3 Hochschild-Serre spectral sequence (due to Fargues):

K Dy supersingular reduction locus.

By = EXt-rl(Qp)(ngES@)’A(J)l)sc = Hr+s(5h%fgied')sc.
Here A(J)1 is the space of automorphic forms on J(A), trivial at co.
(3 suitable globalization of J/Q, to Q.)

o HI+S(Shred) . = HI¥S(Sh).
)

(Boyer's trick and Imai-M. or Lan-Stroh (stronger))
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Main Theorem again

Now we are ready to prove:

Theorem

. Xon(3) i=3 ;
(i) HII{%[PSC] = {WSC w(z) 7 Hﬁ%[ﬂsc] = 0. Similar for pl.

0 i # 3,
i Kx(l) i=3, 1 e XM x(2) i=4
HI,O . o~ Tlsc ) Hl, e ~ )
(ii) Rz[Pd ] {0 75 Rz[Pd ] 0 P44,
— Mx(2) i=4 i1 mse Mx(1) i=3
HI,O M Tlsc rHh ] 2 )
(ii)) Hgzlpnt] {O P4, kzlpnt] 0 i3l

v

Recall: ro¢ = (¢oX1) D (x X Std).
ng = {ﬂ-SCaTrdiSC}v I—Ié = {pscapdisc}v ng = {7TSC77T1’1t}1 ni = {Péc,pnt}-
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Determination of Hf"{“jz[pnt]

By using Gan's result (“The Saito-Kurokawa space ..."), choose
o [1: cuspidal automorphic representation of G(A)
@ X: cuspidal automorphic representation of J(A)
such that
o M, 2 7y, M contributes to H2(Sh) and HZ(Sh).
e if MM is an autom. rep. of G(A) such that I, = N, (Vv # p,oc0) and
M, is sc, then M = 1" (a kind of strong multiplicity one).
X, = pnp, Lo =1
e if ¥’ is an autom. rep. of J(A) such that ¥/, @ ¥, (Vv # p),
then ¥ = X’ (a kind of strong multiplicity one).
@ [1°9P = ¥°P (note: G(AP) = J(A>P)).
Take M°*P-isotypic part of the spectral sequence

EP* = Extg, (M7 (3), A1 )se = HEF=(Sh).
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Determination of Hf"{“jz[pnt]

By taking °>P-isotypic part of the spectral sequence
Ey* = Extlyg,) (Haz"(3), A(I)1)sc = HE*(Sh)sc,
we get a short exact sequence
0= Hiyy " [pu] = mac B HE/(Sh)N™(3) = Higlow] — 0.
By assumption, HS=/(Sh)[M>°](3) # 0 only if i = 2, 4.

On the other hand, by input from local geometry,
Hlsizl[/?nt] = Hﬁ’g[pm] = 0. Hence

Hezlpnt] = mee B HZ(Sh)M™](3), Hiylone] 2 me ® HE(Sh)[N™](3).
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Determination of Hf{é[ﬂ(;iisc]

Choose M and X similarly, but M contributes to H2(Sh).
Then get a short exact sequence

0 — Mt [paise] = me ® H3(Sh)N™®](3) — H22[paise] — 0.

Since H2(Sh)[M*](3) is 2-dim. indecomposable as a Wg,-rep.,
it suffices to determine dim Hg; [paisc] [Tsc]- This is done by
@ [pnt] + [paisc] = [induced] in the Grothendieck group.
o > X(~1) dim Exti,(@p)/pZ(V, induced) = 0 for V of finite length
(Schneider-Stuhler), and the finiteness result explained before:

lim Hi((Mk/p%) By Cp, Qy)[ry] has finite length as a representation
of J(Qp).
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Determination of Hﬁé[psc] and Héjz[pQC]

It is the simplest case because Hfi{%[ﬂsc] = Hf"{’%[pgc] =0.
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