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ABSTRACT. In this paper, we compare two cohomology groups
associated to Shimura varieties of PEL type, which are not
proper over the base. One is the compactly supported ¢-adic
cohomology, and the other is the nearby cycle cohomology,
namely, the compactly supported cohomology of the nearby
cycle complex for the canonical integral model of the Shimura
variety over Z,. We prove that the G(Qp)-cuspidal part of
these cohomology groups are the same, where G denotes the
reductive algebraic group naturally attached to the PEL da-
tum. Some applications to unitary Shimura varieties are also
given.

1 Introduction

Study of the /-adic cohomology of Shimura varieties is an important theme in number
theory and arithmetic algebraic geometry. Let Shx = Shg(G, X) be a Shimura
variety associated to a Shimura datum (G, X) and a compact open subgroup K of
G(A>). As is well-known, it is naturally defined over a number field E, called the
reflex field, which is canonically attached to (G, X).

First of all, let us consider the case where our Shimura variety is compact; namely,
Shg is proper over E. For an irreducible algebraic representation ¢ of G over Qy,
the f-adic étale cohomology

—
K

of the associated local system L is naturally equipped with the action of G(A*) x
Gal(E/FE). By Matsushima’s formula, this cohomology group is strongly related to
the automorphic spectrum of G(A). If moreover our Shimura variety is so-called
PEL type, namely, obtained as a moduli space of abelian varieties with several
additional structures, then it has a natural integral model over Op,, the ring of
integers of the completion of E at a finite place v. This integral model, also denoted
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by Shg, is very useful to investigate the action of the Galois group Gal(E/E) on
H'(Sh, L¢). If Shy is smooth over Op,, the proper smooth base change theorem
says that the f-adic cohomology H*(Shx @pFE, L) is canonically isomorphic to the
(-adic cohomology of the special fiber Sh , of the integral model. As a result, the
Gal(E/E)-representation H'(Shx ®pFE, L¢) is unramified at v, and the alternating
sum of the traces of Frob,,, the Frobenius element at v, on H*(Shx ®pF, L¢) can be
computed by the Lefschetz trace formula. Even if Shy is not smooth over Op,, we
can investigate the action of Gal(E,/E,) on H(Shx ®gFE, L¢) by using the theory
of nearby cycle functor. Such a method provides an efficient way to establish a part
of the Langlands correspondence; see [HT01], [Far04], [Man04], [Man05], [Shill]
and [Sch10], for instance. The crucial point is that the properness of Shy over Op,
ensures the coincidence of the cohomology of the generic fiber and the nearby cycle
cohomology, that is, the cohomology of the nearby cycle complex over the special
fiber.

Now we pass to the case where Shy is not compact, while is of PEL type. There
are many interesting cases satisfying these conditions, including the modular curves
and the Siegel modular varieties. For the f-adic cohomology of a Shimura variety
over F, we have at least three choices; the ordinary /-adic cohomology, the compactly
supported ¢-adic cohomology and the intersection cohomology. Usually we prefer the
intersection cohomology, since it has a close relation to the automorphic spectrum
of G(A). However, the theory of minimal compactifications tells us that these three
cohomology groups are the same “up to induced representations”.

Can we use the natural integral model in this case to investigate the Galois ac-
tion on the f-adic cohomology? If Shy is smooth over Op,, Fujiwara’s trace formula
[Fuj97] is a very powerful tool to carry it out. By using it, one can compute the
alternating sum of the traces of the action of Frob, on the intersection cohomol-
ogy IH'(Shx ®pE, L¢); see [Mor08], [Mor10]. On the other hand, if Shx has bad
reduction, we cannot use exactly the same method as in the compact case, since
the nearby cycle cohomology is different from the f-adic cohomology of the generic
fiber, whichever cohomology we choose among the three mentioned above.

The purpose of this paper is to measure the gap between the compactly supported
cohomology (of the Shimura variety over F) and the nearby cycle cohomology, that
is, the compactly supported cohomology of the nearby cycle complex over the special
fiber of the integral model. Our main theorem claims that the gap is non-cuspidal
at p, where p is the prime divisible by v. More precise statement is the following:

Theorem 1.1 (Theorem 4.2) In the kernel and the cokernel of the natural map

lim H}(Shy s, RYLe) — lim H(Shg ®p, Ey, Le),
K K

no irreducible supercuspidal representation of G(Q,) appears as a subquotient.
Recall that an irreducible smooth representation of G(Q,) is said to be supercuspidal

if it does not appear as a subquotient of parabolically induced representations from
any proper parabolic subgroup.
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In particular, for an irreducible admissible representation II of G(A*) such that
11, is supercuspidal, we have an isomorphism of Gal(£,/E,)-modules

<h%)n H'(Shyo, R¢£§)> NE (h?n; H'(Shg @5, By, zg)) ). (%)

Here (—)[II] denotes the Il-isotypic part (for precise definition, see Notation be-
low). As a result, for a representation IT as above, the contribution of it to the
compactly supported cohomology of the Shimura variety can be investigated by
using the nearby cycle functor. Note that the same thing holds for the ordinary
cohomology and the intersection cohomology, since the gaps between the compactly
supported cohomology and these two cohomology groups are non-cuspidal, as al-
ready explained.

If an irreducible admissible representation II of G(A*) has a supercuspidal local
component IL, at a prime p’ # p, then it is easy to obtain an isomorphism (x) by us-
ing the minimal compactification with hyperspecial level at p. The main difficulty to
prove Theorem 1.1 is the absence of a good compactification of our integral Shimura
variety with higher level at p. Our main idea to overcome it is to use rigid geometry.
Roughly speaking, the gap between the compactly supported cohomology and the
nearby cycle cohomology can be measured by the rigid subspace of the generic fiber
of our integral model consisting of points corresponding to abelian varieties with bad
reduction. We will find a nice stratification on this rigid subspace to conclude that it
is “geometrically” induced from proper parabolic subgroups of G(Q,). To construct
the stratification, we use the theory of arithmetic toroidal compactifications with
hyperspecial level at p. Such compactifications were constructed by Faltings and
Chai [FC90] for Siegel modular varieties, and by Lan [Lan08] for general Shimura
varieties of PEL type. There is also a work by Fujiwara on this topic (¢f. [FKO0G,
§7]).

It will be worth noting that our method is totally geometric and thus is also
valid in the torsion coefficient case. See Theorem 4.13 for an analogue of Theorem
1.1 with the Fy-coefficients.

We sketch the outline of this paper. In Section 2, we give some preliminary results
for constructing a nice stratification. In Section 3, after recalling some notation
concerning with Shimura varieties of PEL type, we give a key geometric construction;
namely, the construction of a stratification on the rigid subspace that measures the
gap of two cohomology groups. We also observe that this stratification behaves
well under the Hecke action on the tower of Shimura varieties. In Section 4, we
introduce several cohomology groups of the Shimura variety and prove Theorem
1.1. In Section 5, we give some applications of our main result to unitary Shimura
varieties. The authors expect that our result has more interesting applications in a
symplectic case. We will study it in our future work.

Notation Put Z = [, prime Zp and A>® = Z ®7 Q. For a prime p, put Z° =
HP/ # p: prime Lyy and AP = i ®z Q.
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Assume that we are given two locally profinite groups GG and I" and a prime ¢. For
an admissible/continuous representation V of G x I' over Q, in the sense of [HTO01,
[.2] and an irreducible admissible representation = of G, put Vir] = @, o9,
where o runs through finite-dimensional irreducible continuous Q,-representations of
I, and m,x, denotes the coefficient of [ M o] in the image of V' in the Grothendieck
group Grothgur (G x I') considered in [HTO01, I.2]. It is a semisimple continuous
representation of I'.

Every sheaf and cohomology are considered in the étale topology.

2 Rigid geometry and semi-abelian schemes

2.1 Notation for adic spaces

Throughout this paper, we will use the framework of adic spaces introduced by
Huber (¢f. [Hub93], [Hub94], [Hub96]). Here we recall some notation briefly.

Let S be a noetherian scheme and Sy a closed subscheme of S. We denote the
formal completion of S along Sy by S. Put S"& = #(S),, where #(S) is the adic
space associated to S (c¢f. [Hub94, §4]) and ¢(S), denotes the open adic subspace of
t(S) consisting of analytic points. It is a quasi-compact analytic adic space.

Let X be a scheme of finite type over S. Put Xo = X xg S and denote the
formal completion of X along X by X. Then we can construct an adic space X rig
in the same way as S"8. The induced morphism X*& — S"# ig of finite type. On
the other hand, we can construct another adic space X xg S"8. Indeed, since we
have morphisms of locally ringed spaces (8", Ogiie) — (¢(S), Oys)) — (S, Os)
(for the second one, see [Hub94, Remark 4.6 iv)]), we can make the fiber product
X x 8" in the sense of [Hub94, Proposition 3.8]. For simplicity, we write X2¢ for
X xg 8" though it depends on (S,S;). Since the morphism S — S factors
through S° = S\ Sp, we have X xg S"8 = (X xg S%) x50 S"8. In particular, X
depends only on X xgS° The natural morphism X! — S ig locally of finite
type, but not necessarily quasi-compact; see the following example.

Example 2.1 Let R be a complete discrete valuation ring and F' its fraction field.
Consider the case where S = Spec R and S is defined by the maximal ideal of R.
Then, for an S-scheme X of finite type, X?! can be regarded as the rigid space over
F associated to a scheme X x g Spec F over F. For example, (A})2 = (AL)* is the
rigid-analytic affine line over F' and thus is not quasi-compact. On the other hand,
(AL)"® is the unit disc “|z| <17 in (AL)* which is quasi-compact.

Lemma 2.2 The functors X — X" and X —— X commute with fiber prod-
ucts.

Proof. For the functor X —— X e it can be checked easily (cf. [Mie06, Lemma
3.4] and [MielOb, Proof of Lemma 4.3 v)]). Consider the functor X —— X2, Let
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Y — X «— Z be a diagram of S-schemes of finite type. What we should prove is
(Y Xx Z) XSSrig > (Y XSSrig) XXXSSrig (Z ngrig).

It is not totally automatic, since Y x x Z is not a fiber product in the category of
locally ringed spaces. It follows from the fact that morphisms of locally ringed spaces
Spa(A, AT) — Spec B correspond bijectively to ring homomorphisms B — A
(this fact is used implicitly in [Hub94, Remark 4.6 (iv)] to define ¢(S) — 5). 1

Let us compare X' and X ad. hy the commutative diagram

Xris — X

| |

Srig — 9

and the universality of the fiber product X xg S, we have a natural morphism

)/(\'rig SN Xad‘

Lemma 2.3 i) If X is separated over S, the natural morphism Xrie — xad jg
an open immersion.

ii) If X is proper over S, the natural morphism Xrie — x*d jg an isomorphism.
Proof. See [Hub94, Remark 4.6 (iv)]. i

Remark 2.4 Let f: S — S be a morphism of finite type and S| = S’ xg Sp.
We denote by 8¢ the formal completion of S’ along Sj. Then, all constructions
above are compatible with the base change by f. More precisely, for a scheme X
of finite type over S, we have (X xg ')\ 22 X8 x ¢ S™8 and (X xg S')52d =~
X X grig S™&. Here (—)%-2d denotes the functor (—) for the base (S, S}), namely,
(_)S’-ad — (_) X g1 Slrig.

The following notation is used in Section 3. In the remaining part of this sub-
section, assume that S is the spectrum of a complete discrete valuation ring and Sy
is the closed point of S. For a scheme of finite type X over S, we have a natural
morphism of locally and topologically ringed spaces (t(X), Ot&)) — (X,05%) (cf.
[Hub94, Proposition 4.1]). Note that the underlying continuous map t()? ) — Xo
is different from the map t()A( ) — X considered above. We denote the composite
Xrie t()?) — X by spg, or simply by sp.

Let Y be a closed subscheme of X, and X the formal completion of X along Y.
Then we can consider the generic fiber ¢(X), = S° xg t(X) of the adic space t(X).
This is so-called the rigid generic fiber of X due to Raynaud and Berthelot, in the

context of adic spaces. If Y = X, then ¢(X), = Xris,

Lemma 2.5 The natural morphism t(X), — X" induced from X — X is an
open immersion. Its image coincides with sp~!(Y)°, where (—)° denotes the interior
(in X™¢).

Proof. See [Hub98b, Lemma 3.13 i)]. i
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2.2 Etale sheaves associated to semi-abelian schemes

We continue to use the notation introduced in the beginning of the previous sub-
section. Let U be an open subscheme of S° = S\ Sy and p a prime invertible on U.
Fix an integer m > 0.

Let G be a semi-abelian scheme over S. Namely, G is a separated smooth
commutative group scheme over S such that each fiber G, of G at s € S is an
extension of an abelian variety A, by a torus T,. We denote the relative dimension
of G over S by d. Assume the following:

— The rank of Ty (called the toric rank of G;) with s € Sy is a constant 7.

— Gy = G xg U is an abelian scheme.

Under the first condition, it is known that G is globally an extension
0— 1Ty — Gg — Ag — 0,

where T} is a torus of rank r over Sy and Ay is an abelian scheme over Sy ([FC90,
Chapter I, Corollary 2.11]).

Let us consider two group spaces érig[pm]md and G*[p™]yea over U where
(—)yaa denotes the restriction to U9,

2dm

Lemma 2.6 The adic space G [p™];aa is finite étale of degree p*¥™ over U,

Proof. By Lemma 2.2, we have G™[p™]|y.a = (Gy[p™]) xy U, Since Gy[p™] is

finite étale of degree over p?¥™ over U, G*[p™]aa is finite étale of degree p?¥™ over

U (cf. [Hub96, Corollary 1.7.3 i)]). i
Lemma 2.7 The adic space Grie [p™]iyaa is finite étale of degree p*¢=")™ over U,

Proof. We may assume that S = Spec R is affine. Let I C R be the defining ideal
of Syg. By replacing R by its I-adic completion, we can reduce to the case where R
is I-adic complete. Put S; = Spec R/I*™! and G; = G x5 S;.

By [SGA3, Exposé IX, Théoreme 3.6, Théoreme 3.6 bis|, the exact sequence

0—Ty— Gy — Ay — 0
can be lifted canonically to an exact sequence
0—1T, — G, — A, — 0

over S;, where T} is a torus over S; and A; is an abelian scheme over S; (cf. [Lan08,
§3.3.3]). Let T' = lim T; and A = lim_A; be associated formal groups over S. Then

G is an extension of A by T
By taking p™-torsion points, we get an exact sequence

~ ~ -~

0 — Tp" — G — APp™ — 0



Cohomology of open Shimura varieties of PEL type

of formal groups over 8. Since G™8[p™] = (G[p™])"8, it suffices to see that (T[p™])"

. Uad
(resp. (A[p™]); %) is finite étale of degree p™ (resp. p**~"™) over U

First we consider (T' [pm])zid. Since T[p™] = lim (T;[p™]), it is finite flat over
S = Spf R. Therefore there exists a finite flat R-algebra R’ such that f[pm] =
Spf R’. Moreover, a scheme T = Spec R’ is naturally equipped with a structure
of commutative group scheme over S = Spec R. Since T” is killed by p™ and p is
invertible on U, T}, = T" x U is a finite étale group scheme over U. By Lemma 2.3 ii),

we have (T[p™])e = (T')\e = T’ = T" x 4 S"&. Therefore (T[p™])"8, = T <y U

Uad
is finite étale over U (cf. [Hub96, Corollary 1.7.3 i)]). Its degree is clearly p™.
The same argument also works for (A[p™]) % i

By Lemma 2.6 and Lemma 2.7, we may regard arig[pm][]ad and G*[p™]yaa as
locally constant constructible sheaves over U ad  Since we have a natural open im-
mersion G"8 —— G*™ G"8[p™] . is a subsheaf of G*[p™]yaa.

Remark 2.8 In the setting of Remark 2.4, the construction above is clearly com-
patible with the base change by f: S" — S.

In the remaining part of this subsection, consider the case where S = Spec R is
the spectrum of a complete discrete valuation ring R, Sy is the closed point of S and
U=S5%=5\S, Let 7 be a geometric point lying over the unique point of U2,

As in the proof of Lemma 2.7, G is an extension

0 —T —G—A—70
of a formal group A by T.

Lemma 2.9 The Z/p™Z-modules @rig[pm]ﬁ and G*™[p™]; are free of finite rank.
Furthermore, G*®[p™]; (resp. T,G*) is a direct summand of G*[p™]; (resp. T,G2)
as a Z,-module.

Proof. First G*[p™]; & Gy[p™] is a free Z/p™Z-module of finite rank, since Gy is
an abelian variety. R

Next we will prove that G"8[p™]|; is a free Z/p™Z-module of finite rank. By the
exact sequence

0 —s j-\wrig [pm]ﬁ _ @rig [pm]ﬁ _ A\rig [pm]ﬁ _ 0,
it suffices to show that T"¢[p™]; and A"S[p™]; are free of finite rank. By [SGA3,
Exposé X, Théoreme 3.2], T' can be algebraized into a torus 7" over S. Therefore,
by Lemma 2.2 and Lemma 2.3 ii), we have

e[y = (T[p"])™ = (Tl = Tolp™),
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which is obviously free of finite rank. Similar argument works for Arie [p™ 5, since A
is also algebraizable (c¢f. [Lan08, Proposition 3.3.3.6, Remark 3.3.3.9]).

In particular, G"8[p™|; is an injective Z/p™Z-module, and thus is a direct sum-
mand of G*[p™];.
Put C' = T,G3%/T,G#. Then it is easy to see that

C @z, Z/p"Z = G5/ G [p™];

(use the same argument as above to conclude that Tpégg ®z, L/p" L = Gris ™)
Therefore C' ®z, Z/p™Z is a finite flat Z/p™Z-module, and thus C' is a finite flat

Zp-module. Hence C'is a free Z,-module, and thus the inclusion Tp@%ig — TI,G%d

splits. Namely, Tp@%ig is a direct summand of TpG%d, as desired. |

Remark 2.10 Actually, the extension 0 — T — G— A— 0 can be alge-
braized; namely, there exists an exact sequence

0—T —G'—A—0

of commutative group schemes over S, where T is a torus over S and A is an abelian
scheme over S, such that its formal completion along the special fiber is isomorphic
to the extension above (cf. [Lan08, Proposition 3.3.3.6, Remark 3.3.3.9]). Such an
extension is called the Raynaud extension associated to G.

Our construction above is related to the Raynaud extension in the following

way. First, we have a natural isomorphism G'® "5 = (G%)24[p™], which is

induced from an open immersion G"¢ = (Gi)s —— (G%)* (¢f Lemma 2.3 i)).
Moreover, the image of G'# [p™)7 = G*[p™]; coincides with the image of the map
Gip™]7 — G[p™)5 in [Lan08, Corollary 4.5.3.12]. Therefore, the latter statement
of Lemma 2.9 also follows from [Lan08, Corollary 4.5.3.12].

Proposition 2.11 Assume that the fraction field F' of R is a finite extension of Q,,.
Let X\ be a polarization of Gy;. Then, alternating bilinear pairings

(, 0 G x Gp™g — ppm, (4 )a: TyGr x T,Gr — Zy(1)

are induced. Then @rig[pm]ﬁ (resp. Tp@%ig) is a coisotropic direct summand of
G*p™]; (ﬁefsp. TpG%diwith respect to (, )x. Namely, we have G"¢[p™ ] C G"&[p™]5
(resp. (T,G#)*" C T,G7#).

Proof. Put V,(—) = T,(—) ®z, Q,. Then an alternating bilinear pairing
{0 s VG x VG — Qp(1)

is induced. It suffices to show that Vp@rﬁig is a coisotropic subspace of Vp@%d.
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We will prove a more precise result (Vp@gg)L = foﬁrig. Since
dimg, V, T2 + dimg, V,G28 = r + (2d — 1) = 2d = dimg, V,G2

(¢f. Lemma 2.7 and its proof), it is sufficient to prove that foﬁrig C (Vp(A}’%ig)L.
Namely, we should prove that the homomorphism V;fﬁrig ®q, V;,@%ig — Q,(1)
induced by (, ), is zero.

Since V,, Gy is a semi-stable representation of Gal(F/F), so are foﬁrig and Vp@rﬁig.
Denote the residue field of F' by kr and put ¢ = #rp. Consider the action of lrer Tyl
on D (V,T%) and Dy (V,A®). Let T and A be as in the proof of Lemma 2.9. Then
we have foﬁrig =~ V,T;; and V},E%ig >~ V., Ay Therefore every eigenvalue of pl*r ¥yl
on Dst(VpT\ﬁrig) is a Weil ¢~2-number (for the definition of Weil numbers, see [TY07,
p. 471]). Similarly, every eigenvalue of pl*##! on Dst(VpA\%ig) is a Weil ¢~ '-number;
this is a consequence of the Weil conjecture for crystalline cohomology of abelian
varieties. Therefore, every eigenvalue of "7l on Dy (V,T5* ®q, V,Gr?) is cither
a Weil ¢~*-number or a Weil ¢~3-number. On the other hand, every eigenvalue of
@lFEl on D (Q,(1)) is equal to g1, which is a Weil ¢~2-number. Hence any ¢-
homomorphism Dst(foﬁrig ®q, Vp@%ig) — D (Q,(1)) is zero. Since the functor Dy
is fully faithful, any Gal(F'/F')-equivariant homomorphism

V,To @q, V,GH8 — Q,(1)

is zero. This completes the proof. i

3 Shimura varieties of PEL type

3.1 Notation for Shimura varieties of PEL type

In this paper, we are interested in Shimura varieties of PEL type considered in
[Kot92, §5] (see also [Lan08, §1.4]). We recall it briefly. Fix a prime p. Consider a
6-tuple (B, Op,*,V,L,{, }), where

— B is a finite-dimensional simple Q-algebra such that B ®¢g Q) is a product of
matrix algebras over unramified extensions of @Q,,

— Op is an order of B whose p-adic completion is a maximal order of B ®q Q,,

— % is a positive involution of B (namely, an involution such that Tr(bb*) > 0 for
every b € B*) which preserves Op,

— V is a non-zero finite B-module,
— L is a Z-lattice of V preserved by Op, and

— (, ): VxV — Q is a non-degenerate alternating x-Hermitian pairing with
respect to B-action such that (x,y) € Z for every z,y € L, and that L, =
L ®z 7, is a self-dual lattice of V, = V ®q Q,.
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From (B,*,V,(, )), we define a simple Q-algebra C' = Endp(V) with a unique
involution # satisfying (cv,w) = (v, c*w) for every ¢ € C and v,w € V. Moreover
we define an algebraic group G over Q by

G(R)={g€ (CogR)*|gg" € R*}

for every Q-algebra R. The condition gg# € R* is equivalent to the existence of
c(g) € R* such that (gv, gw) = ¢(g)(v,w) for every v,w € V ®q R. By the presence
of the lattice L, G can be naturally extended to a group scheme over Z, which is
also denoted by the same symbol GG. For any ring R, we put Ggr = G ®z R.

Consider an R-algebra homomorphism h: C — € ®g R preserving involutions
(on C, we consider the complex conjugation) such that the symmetric real-valued
bilinear form (v, w) —— (v, h(i)w) on V ®g R is positive definite. Such a 7-tuple
(B,0p,*,V,L,{, ),h) is said to be an unramified integral PEL datum. Note that
the map h induces a homomorphism Resc/r G,, — G of algebraic groups over R,
which is also denoted by h.

Let I be the center of B and F'* be the subfield of I consisting of elements fixed
by *. The existence of h tells us that N = [F : F*](dimp C)'/?/2 is an integer. An
unramified integral PEL datum falls into the following three types:

type (A) [F: Ft]=2.

type (C) [F: Ft] =1 and C ®q R is isomorphic to a product of Myy(R).
type (D) [F: F'] =1 and C ®q R is isomorphic to a product of My (H).
If we are in the case of type (D), we will exclude the prime p = 2.

Using h: C — C ®g R — C ®q C, we can decompose the B ®g C-module
V®eCas VeyC =V,&V,, where Vi (resp. V) is the subspace of V ®¢ C on which
h(z) acts by z (resp. Z) for every z € C. We denote by E the field of definition of
the isomorphism class of the B ®gp C-module V;, and call it the reflex field. It is a
subfield of C which is finite over Q.

In the sequel, we fix an unramified integral PEL datum (B, Opg,*,V, L,(, ), h).
For a compact open subgroup K? of G(ZF), consider the functor Shg, from the
category of Op )-schemes to the category of sets, that associates S to the set of
isomorphism classes of quadruples (A, i, A\, n?), where

— A is an abelian scheme over S,
— A1 A — AY is a prime-to-p polarization,
— i: Op — Endg(A) is an algebra homomorphism such that Aoi(b) = i(b*)" o A
for every b € Op,
— 7P is a level-K? structure of (A,i,\) of type (L ®z ZP,( , )) in the sense of
[Lan08, Definition 1.3.7.6],
satisfying the equality of polynomials deteg(b; Lie A) = detg(b; V') in the sense of
[Kot92, §5]. Recall that two quadruples (A, i, \,n?) and (A’,7, X', nP) are said to be
isomorphic if there exists an isomorphism f: A — A’ of abelian schemes such that
— A= fV oXo f7

10
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— foi(b) =1(b) o f for every b € Op,
— and f on? =1 in the sense of [Lan08, Definition 1.4.1.4].

If K7 is neat (c¢f. [Lan08, Definition 1.4.1.8]), the functor Shg» is represented by
a quasi-projective smooth Op (,)-scheme [Lan08, Corollary 7.2.3.9], which is also
denoted by Shgr. In this paper, we will call it a Shimura variety of PEL type.
The group G(AP>) naturally acts on the tower of schemes (Shg) s, @0 as Hecke
correspondences.

Remark 3.1 i) Our definition of Shg», due to [Lan08], is slightly different from
that in [Kot92], but they give the same moduli space. See [Lan08, Proposition
1.4.3.4]. We prefer this definition because we can speak about the universal
abelian scheme A over Shgp, rather than its isogeny class.

ii) The word “Shimura variety” is an abuse of terminology. Indeed, in some cases
Shgr ®o,, ,, E 1s a finite disjoint union of Shimura varieties in the usual sense.

Assume moreover the following condition due to [Lan08, Condition 1.4.3.10]:

The action of Op on L extends to an action of some maximal order O% of
B containing Op.

As explained in the beginning of [Lan08, §5.2.1], this restriction is rather harmless.
Under this condition, thanks to [Lan08, Theorem 6.4.1.1], Shy» has a toroidal com-
pactification Sh'%,. Furthermore, since K” is assumed to be neat, we can (and do)
take Sh'% so that it is a projective scheme over Og,p [Lan08, Proposition 7.3.1.4,
Theorem 7.3.3.4]. On Sh';, there exists a semi-abelian scheme extending the uni-
versal abelian scheme A on Shgr. We denote it by the same symbol A.

In the following, to ease notation, we fix a neat compact open subgroup K? of
G(ZP) and omit the subscript KP. For an integer r > 0, let Sh!®" (resp. Sh', resp.
Sh%) be the subset of Sh*" consisting of # € Sh'*" such that the toric rank of the
semi-abelian variety A, is equal to (resp. less than or equal to, resp. greater than or
equal to) r. By [Lan08, Lemma 3.3.1.4], Sh' is an open subset of Sh*". Therefore
Sh%" (resp. Sh'") is a closed (resp. locally closed) subset of Sh*”". We regard them
as reduced subschemes of Sh*”". Obviously Sh{™ = Sh'% coincides with the Shimura
variety Sh. -

Now choose a place v of E dividing p and write O, for the ring of integers of E,,.
By taking base change from Op ) to O,, the schemes Sh, Sh*”", ... can be regarded
as schemes over O,. We denote them by the same symbols. Moreover, we denote
the fibers of them at v by putting the subscripts v. Namely, we set Sh, = Sh ®o, Ky,
Shyr = Shi” ®o, K, and so on, where £, denotes the residue field of O,. Similarly,
we denote the generic fibers of them by putting the subscripts 7.

Since Sh'" is proper over O,, we may consider the specialization map

sp: (Sh%or)ad _ (Shtor)ad _ (Shtor)/\rig N ShZOr

introduced in the end of Section 2.1 (for the second equality, see Lemma 2.3 ii)).

11
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Definition 3.2 For an integer r > 0, we put

Sh]zr[ = Sp_l(Shtor )O N Sh;d, Shm = Sh]ZT[ \ Sh}2T+1[,

v,>T

where (—)° denotes the interior in (Sh*")2d. Moreover, we define an open subset
Shﬁ[ of Sh]r[ by

Shiy; = sp~ ' (Shy)° N Shi! = Shys, Nsp~" (Shi%, ).

So far, we have only considered level structures which are prime to p. Now we
add p™-level structures on the universal abelian scheme of the generic fiber Sh,,. Let
Sh,,,, be the scheme over Sh, classifying principal level-m structures (c¢f. [Lan08,
Definition 1.3.6.2]) of the universal object (A, ™™, \*) over Sh,. We denote the
structure morphism Sh,, ,, — Sh,, by p,,, which is finite and étale.

Let K, be the compact open subgroup of G(Q,) defined as the kernel of G(Z,) —
G(Z/p™Z). Then Sh,,, coincides with the Shimura variety over E, with K, KP-level
structures. In particular, for an element g of G(Q,) and integers m,m’ > 0 satisfy-
ing g 'K,,9 C Ky, we can define the Hecke operator [¢]: Sh,,, — Sh,, ,,, which
is finite and étale. For later use, let us recall its description. Let k be an extension
field of £, and = a k-valued point of Sh,,, corresponding to [(A4,%, A, 7", n,)]. Then
[9l(x) = [(A';7", N, 0P, ;)] is given as follows.

First we assume that L, C gL,. By the condition on 7, it lifts to an isomorphism

Np: Ly =, T, Az, where k is a separable closure of k. Take an integer a > 0 such that

p9Ly C Ly, and put A,E = Ag/Mpa(p*9Lp/P"Lyy), Where 740 Ly/p*Ly — Ag[p]
is the isomorphism induced by 7,. It is easy to see that A7 is independent of
the choice of a. Moreover, the condition ¢ 'K,,g C K, (C Kp) tells us that A’%
is also independent of the choice of 7, (note that any other choice is 7, o h with
h € K,,, and that h preserves gL,). In particular, it descends to an abelian variety
A" over k. As 1,4(p*gL,/p*Ly,) is stable under Op, A" carries an Op-multiplication
i’ induced from 4. A natural p-isogeny A — A’ transfers the pair (A, 7”) on A
into a pair (X,n") on A’. The definition of 7, is slightly more complicated. By

the construction of A7, the composite L, 2, T A — 1, A% extends uniquely to

an isomorphism 7,: gL, — T, A7. Taking the mod-p™ reduction of the composite

/
E)

condition ¢g7'K,,g C K, it is independent of the choice of 7, and thus descends to

m,0g: L, — T,Az, we obtain an isomorphism 7, L,/p™ L, =, A'E[pm/]. By the

an isomorphism 7/ : L,/ P L, = [p™], which gives a p -level structure on A'.

For a general g € G(Q,), we can take an integer b such that L, C p’gL,. Then
we have [g](z) = [p’g](x), and thus are reduced to the case above.

As in Definition 3.2, we introduce several important subspaces of Shf,‘in.

12
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Definition 3.3 We put
Shy el = D (Shysep)s  Shun o) = P (Shypy),  Shi, ) = Py (Shiyp).

Here we write the same symbol p,, for the finite étale morphism Sh'f,fm — Shf;d
induced by p,.

Proposition 3.4 Let g be an element of G(Q,). For integers m,m’ > 0 such
that g~ K,,g C K,., the Hecke operator [g]: Shiﬂ77 — Sh‘;f,’77 maps Shy, j,[ (resp.
Shyyj>p() into Shy, jpp (resp. Shyy j>.().

A point z of an adic space X which is locally of finite type over Spa(FE,, O,) is
said to be classical if the residue field of x is a finite extension of F,. For a subset
Y of X, we denote the set of classical points in Y by Y(cl).

First we consider about classical points in Sh,,, .

Lemma 3.5 Let x be a classical point of Sh,,, j,. Then [g](z) € Shj?,fl,’,7 lies in Shy, .

Proof. First note that Shy, j.(cl) = p;bl(sp_l(Shffﬁ)ﬂShf]d)(cl). This is an immediate
consequence of [Fuj95, Lemma 4.6.4 (c)], whose analogue for adic spaces can be
proved similarly.

Let F be the residue field of z and Op its ring of integers. Since Sh*™" is proper
over O,, we have a natural morphism of schemes ¢, : Spec Op — Sh*". The image
of the generic point 1 (resp. closed point s) of Spec O under ¢, can be identified
with z (resp. sp(x)). Let us denote by G the pull-back of A under ¢,. Then, G is
a semi-abelian scheme over O whose fiber at 7 (resp. s) is the abelian variety A,
(resp. a semi-abelian variety with toric rank r).

Put 2’ = [g](x), which is an F-valued point of Shff,m. By the similar construction,
we get a semi-abelian scheme G' over O whose generic fiber G; coincides with A,
It suffices to show that the toric rank of G. is equal to r.

By the description of the Hecke operator [g], G, = A, is isomorphic to the
quotient of G, = A, by some finite étale subgroup scheme C,,. Let C' be the closure
of C,, in G. Then, [Lan08, Lemma 3.4.3.1] says that the quotient G/C is represented
by a semi-abelian scheme over Op. Moreover, by [FC90, Chapter I, Proposition
2.7], the isomorphism (G/C), = G, can be extended uniquely to an isomorphism
G/C = G'. Therefore G. is a quotient of G, by a finite flat group scheme C,. In
particular, we have rankz, T,G, = rankz, T, »G. and dim G, = dim@G!. This implies

that the toric rank of G, is the same as that of G.. i

To deduce Proposition 3.4 from Lemma 3.5, we will use the following easy lemma:
Lemma 3.6 Let X be an adic space locally of finite type over Spa(FE,, O,).
i) For every non-empty open subset U of X, U(cl) is non-empty.

ii) For every open subset U, U~ (cl) is dense in U~. Here U~ denotes the closure
of U in X.

13
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Proof. For i), we may assume that U = Spa(A, A°), where A is an affinoid algebra
over E, and A° is the subring of A consisting of power-bounded elements. Since
A # 0, A has a maximal ideal m. By [BGR84, Corollary 6.1.2/3], F' = A/m is a finite
extension of E,. Extend the valuation of E, to F. Thenv: A — A/m=F — R
gives a classical point of U = Spa(A, A°).

ii) is an immediate consequence of 1); indeed, U(cl) is dense in U~. i

Proof of Proposition 3.4. Denote the complement of Sh,,, >, in Sh?,in by (Shp,j>.()¢-
It coincides with p,'(sp™ (Shy <,—1)~ ﬂShzd), which is the closure of the open subset
Pt (sp7 (Shy,<r—1) N Sh2Y) of Sh%, (note that p,, is an open map). Therefore,
(Shyn>r)¢(cl) is dense in (Shyy, )¢ by Lemma 3.6. Similarly, ([g]™"(Shy, j5.()¢)(cl)
is dense in [g] ! (Shyy >,()¢.

On the other hand, Lemma 3.5 says that (Shy,j5.()¢(cl) = ([g]™" (Shy j500)¢) (cl).
From it we can deduce (Shy,j>.)¢ = [g] 7' (Shyy )¢, as both sides are closed in

Shifm. Thus we have Shy, 5,1 = [9] 7 (Shy j50() and Shy, 0 = [g]7 (Shy o) i

3.2 The set S,

This subsection provides some basic preliminaries for the next subsection. We denote
by Se the set of Op ®z Z,-submodules I C L, such that

— [ is a non-trivial direct summand of L, as an Op ®z Z,-module, and
— I is coisotropic, namely, I+ C 1.

For an element I € Sy, and an integer m > 1, we have an Op ®z Z,-submodule
I/p™I C L,/p™L,. We denote the set consisting of such submodules by S,,,.

Proposition 3.7 i) The set S, can be identified with the set Sg, consisting of
non-trivial coisotropic B®qQ,-submodules of V,,. In particular, S, is naturally
equipped with an action of G(Q,).

ii) There exist finitely many proper parabolic subgroups P, ..., P, of Gq, such
that S is isomorphic to ]_[le G(Q,)/Pi(Q,) as G(Q,)-sets.

iii) We have a natural G(Z,)-equivariant bijection K,,\Se =S

iv) Let g be an element of G(Q,). For integers m,m’ > 1 with ¢ 'K,,g C Ky,
we have a unique map g~ ': S,, — S, that makes the following diagram
commutative:

Soo —» Sy

-k

SOO 4»37”/.

Proof of Proposition 3.7 i). First let I be a B ®¢gQ,-submodule of V,,. As Op ®zZ,
is a maximal order of B®qgQ,, it is hereditary [Rei75, Theorem 21.4]. Therefore the

14
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Op ®z Z,-module L,/I N L, is projective, since it is finitely generated and torsion-

free as a Z,-module (cf. [Rei75, Corollary 21.5]). Therefore the canonical surjection

L, — L,/INL, splits, and INL, is a direct summand of L, as an Op®zZ,-module.
By the observation above, we can define the following two maps

Sg, — Sec; I+ 1N L, Soo — Sq,; I 1 ®gz, Q,.
It is easy to see that these are the inverse of each other. |
Remark 3.8 By the proof above, we know that L, is a projective Op ®zZ,-module.

For proving the remaining part, we need some preparation; the proof of Propo-
sition 3.7 is completed in the end of this subsection.

First let us introduce more notation. Let A be one of Z/p™Z, Z, or Q,, and
put Oy = Op ®z A. For the center I’ of B, we have canonical decompositions
F®qeQ, =1L F: and O ®z Z, =[], O-, where 7 runs through places of F' lying
over p. These decompositions are extended to the decomposition O =[] O .

By the assumption, O; 4 is isomorphic to a matrix algebra My (O, ®z, A) over
O, ®z, . Asin [Lan08, §1.1.3], let us denote by M,  the O; y-module (O, ®z, A)*.
By [Lan08, Lemma 1.1.3.4], every finitely generated projective Ox-module M is
isomorphic to €, M.y, for uniquely determined integers m, > 0. We call m = (m.)
the multi-rank of M. Put |m|=>__m,.

Similarly, we can define the multi-rank of a finitely generated projective B ®Q@p—
module. For a finitely generated projective B ®g Q,-module M, the multi-rank of
the B ®g Q,-module M ®g, Q, is not equal to the multi-rank of M in general.

Lemma 3.9 For I € Sg,, the stabilizer Py of I C 'V, in Gq, is a proper parabolic
subgroup of G, .

Proof. Let m be the multi-rank of the B ®q @p—module I ®q, @p and X the moduli
space classifying coisotropic B ®q @p—submodules of V ®q @p with multi-rank m.
Since X is a closed subscheme of a Grassmannian, it is projective over @p.

Let us prove that G(Q,) acts on X(Q,) transitively. Take an arbitrary coisotropic
B ®q Q,-submodule I’ of V ®q Q, with multi-rank m. It suffices to find g € G(Q,)
such that I' = g(I ®g, Q,). Put J = (I ®g, Q,)* and J' = I'*. These are totally
isotropic B ®gq Q,-submodules of V' ®q Q, with the same multi-rank. It is sufficient

to find g € G(@p) such that J' = gJ. Fix a B®q, @p-isomorphism f:J = 7. By

[Lan08, Lemma 1.2.4.4], we can find orthogonal decompositions
VeeQ,=(JeJ)e(JaeJ) = aJV) e (e V)

Since (J @ JY)* and (J' @ J'V)* have the same multi-rank, by [Lan08, Corollary

1.2.3.10], there exists a B ®g, Q,-isomorphism h: (J & J¥)* =, (J' @ JV)* pre-

serving the alternating pairings. Then the composite

fe(f)~Heh
% (

V@eQ,= (el )e (o) Ja) e (e Nt =Veq,

15
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gives an element g of G(@p) satisfying gJ = J'.

Now we know that X,.q is a homogeneous space for G@ in the sense of [Spr98,
2.3.1]. Furthermore, we can easily see that the Gf -space X, eq satisfies the conditions
in [Spr98, Corollary 5.5.4]. Therefore, by [Spr98 "Theorem 5.5. 5], Xiea 18 @ quotient
of G@p by PI,@p = P ®q, Qp. Hence GQp/ P, 1.3, is projective over @p, that is, PI’@p is
a parabolic subgroup of G@p. Thus we can conclude that P; is a parabolic subgroup
of GQP'

Finally we will observe P; # Gg,. Put J = (I ®g, Q,) and consider the
orthogonal decomposition V ®q Q, = (J & JY) & (J & JY)* as above. It is easy
to see that (JV)* gives a @p—valued point of X distinct from I ®q, @p. Therefore
G@p/ PI,@p = Xied has more than one closed point, and thus P # G, . |

Lemma 3.10 Let (M, (, )) be a finitely generated self-dual symplectic projective
Oz,-module in the sense of [Lan08, Definition 1.1.4.7], and N C M a totally isotropic
direct summand as an Oz -module. Put M,, = M ®z, Z/p™Z and N,, = N ®g,
Z./p™Z for simplicity.

By [Lan08, Lemma 1.2.4.4], we can find an embedding N\, — M,, with totally
isotropic image such that M, is decomposed into the orthogonal direct sum:

M, = (Nm ©® Nr\r/L) ©® (Nm ® Nr\é)L

Let us fix such an embedding. Then, we can extend it to an embedding NV —— M
with totally isotropic image, such that M is decomposed into the orthogonal direct
sum:

M=(NeN)® (NaN")".

Proof. We use the similar induction argument as in the proof of [Lan08, Proposition
1.2.4.6]. If N # 0, we can find a direct sum decomposition N = N’ @ N” such that
the multi-rank n’ of N’ satisfies |n'| = 1 (in the proof of [Lan08, Proposition 1.2.4.6],
such a decomp051t10n is written as My =2 M, o @ M]). Let 7 be a unique place of F
lying over p with n/. = 1. Then N" = M, 7, is generated by one element x. Moreover,
N 22 M., 7, is also generated by a single element. Take a generator i of N;Y and
regard it as an element of M, by the fixed embedding N/Y C N, —— M,,.

Let (, ): M x M — Oy, be the skew-Hermitian pairing associated to ( , ) (cf.
[Lan08, Lemma 1.1.4.5]). We have (z, z)) = 0, since N is totally isotropic. Choose a
lift y € M of y. Then we have (y, y) € p"Oz,, since Ny, is totally isotropic. As in the
proof of [Lan08, Proposition 1.2.4.6], we may assume that (z,y) = lrox € Oroxz,-
Moreover, replacing y by 1,0.y, we may assume that y = 1...y.

If 7 # 7ox put ¥ =y. Then (¢,v) = Lrox(v, ¥ )1, = 0 and (z,9') = 1 ox-
Consider the case 7 = 7o . Since (y,y) € p™Oz,, we can find b € meZp such
that b — b* = (y, y) by [Lan08, Proposition 1.2.2.1]. Put ¥/ = y + bx. Then we have
(v, v') =0 and (z,v') = Lrox.

Denote by N the Orqz,-span of ¥ in M. The pairing ( , ) gives a natural
homomorphism N~ — N’V whose mod-p™ reduction is the identity (we regard
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N/¥ as a submodule of M by the fixed embedding N/Y C N} «—— M,,). Therefore
it is an isomorphism and gives an embedding NV & N~ «—— M extending the fixed
embedding N)Y C N} —— M,,. By [Lan08, Lemma 1.2.3.9], we have an orthogonal
decomposition

M = (N/ D N/\/) oy (N/ D N/V)J‘.

Since N C M is totally isotropic, the N’V-component of every element of N” is zero.
Therefore, if we write N for the image of N” under the projection M — (N’ &
N'V)+ we have N = N'®N". As the image of the embedding NV € NY —— M,, is
contained in (N} & N/Y)*, N coincides with N/,. Hence we can apply the induction
hypothesis to N” C (N'@® N'V)+ and NV = NV —— (N! @& N'V)+. This concludes
the proof. |

Lemma 3.11 Let (M, (, )) and (N, (, )) be finitely generated self-dual symplectic
projective Oz -modules. Assume that for an integer m > 1 we are given an Oz ymyz-

isomorphism h: M ®g, Z/p™Z =5 N ®z, L/p™7Z which preserves the alternating
pairings up to (Z/p™Z)*-multiplication. Then there exists an Oz, -isomorphism

h: M — N preserving the alternating pairings up to Z,-multiplication, such that

?Lmodpm = h.

Proof. For a Z,-algebra R, let H(R) (resp. X(R)) be the group (resp. set) consisting
of Oz, ®z, R-automorphisms of N®z, R (resp. Oz, ®z, R-isomorphisms M ®z, R =,

N ®z, R) preserving the alternating pairings up to R*-multiplication. The functor
R+—— H(R) (resp. R—— X(R)) is obviously represented by a group scheme (resp.
scheme) over Z,. The group scheme H naturally acts on X.

Since M ®z, Z/p™Z is isomorphic to N ®z, Z/p™Z, M and N are isomorphic
as Oz,-modules (cf. [Lan08, Lemma 1.1.3.1]). Therefore, by [Lan08, Corollary
1.2.3.10], X is an H-torsor (with respect to the étale topology on SpecZ,). On
the other hand, by [Lan08, Corollary 1.2.3.12], H is smooth over Z,. Thus we can
conclude that X is smooth over Z,. In particular, the natural map X(Z,) —

X(Z/p™Z) is surjective. Hence we can find h € X (Z,) which is mapped to h €
X(Z/p™Z) under the map above, as desired. i

Proof of Proposition 3.7 ii), iii), iv). First we prove iii). Since the natural sur-
jection Soo — S, is G(Z,)-equivariant and K, acts trivially on S,,, a G(Z,)-
equivariant surjection K,,\S, — S, is induced. We should prove its injectivity.
Let I and I" be two elements of S, such that I,, = I/, (as in the proof of Lemma
3.10, we write I,,, for I @z, Z/p™Z). Put N = I+ and N’ = I'*. They are totally
isotropic direct summands of L,. It suffices to find an element g € K, such that
gN = N'.

By [Lan08, Lemma 1.2.4.4], Remark 3.8 and Lemma 3.10, we can find embed-
dings i: NY «—— L, and i': NV —— L, with totally isotropic images such that
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i mod p™ = i’ mod p™. These give the following orthogonal decompositions:
Lp — (N@Nv) D (N@NV)J_ — (N,@N/V)@ (N,@N/V)J'.
Since we have

(N® NY)' @z, Z/p"Z = (N, ® N;,)*-
= (N,’n &b N;,f)L — (N’ fas) N’V)L Rz, Z/me,

Lemma 3.11 enables us to find an Oz -isomorphism h: (N @ NV)* = (N'@ N™V)*
preserving the alternating pairings up to multiplication by a € Z; such that h mod
p™ = id. On the other hand, it is easy to find an Oz, -isomorphism f: N = N
such that f mod p™ = id (¢f. proof of Lemma 3.11). The composite

a vy—1
L,=(N&N")@ (N @NV)L e Jeh

N’ D NlV) D (N/ D NlV)L — Lp
gives an element of K, satisfying g/N = N’. This conclude the proof of iii).

Next we prove ii). By Proposition 3.7 i), we identify the G(Q,)-set So, with
Sg,- By iii), Ki\S« is a finite set. In particular, G(Q,)\Ssx = G(Q,)\Sg, is also
a finite set. Let I,,..., I, € Sg, be a system of representatives of G(Q,)\Sg,. Let
P; be the stabilizer of I; C V), in Gg,. Then we have an obvious isomorphism of
G(Qy)-sets [[F, G(Q,)/P(Q,) = Sg,- Since P; is a proper parabolic subgroup of
G, by Lemma 3.9, this completes the proof of ii).

The remaining part iv) is an immediate consequence of iii). Indeed, we can
define g7': K,;,\Soo — Kn\Swo by Kl — K,yg~'I, which is well-defined as
G K g C Koy |

3.3 Partition of Sh,,

Fix integers m,r > 1. In this subsection, we give a partition of Sh,,,| indexed by
S,,. First, let us apply the construction introduced in Section 2.2 to the case where
S =ShZy, Sy = Shyy, U = Shy and G = Algyier. By Lemma 2.5, U = U x5t(S), =
Shfr[ in this case. Therefore, we have two locally constant constructible sheaves

Ar® [p"™] shi © A [p"] She -

By taking pull-back under p,,: Shy,;,; = p,,' (Shy) — Shi;; and using the universal
level structure p! A[p™| = L,/p™L, over ShfnJr[, we get a locally constant subsheaf

of L,/p™L, corresponding to Ari [p™] She which we denote by F,, .

Lemma 3.12 For every x € Shfn’]r[, the stalk F,, ,z is an element of S,,,.
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Proof. Since Shy, 1, /(cl) is dense in Shy, ;1 (Lemma 3.6), we may assume that z is a
classical point.

By definition, the level structure A[p™|z = L,/p™L, lifts to an isomorphism
T,As = L, of Op ®z Z,-modules which preserves alternating bilinear pairings up
to multiplication by Z; here T}, Az is equipped with the alternating bilinear pairing
T,Az x TyAz — Z,(1) induced from the universal polarization. Therefore, it
suffices to show that Tp./zl\gg is a non-trivial coisotropic direct summand of T, 424 as
an Op ®z Z,-module. First note that T, pﬂgg is an Op ®gz Z,-submodule of T,A2,
since the semi-abelian scheme A over Sh*" is endowed with an Og-multiplication,
which is an extension of the universal Og-multiplication on A|gp,.

By Lemma 2.9, Tpﬁgg is a direct summand of 7,42 as a Z,-module. As we
assume that Op ®z Z, is a maximal order of B ®g Q,, it is hereditary. Therefore
the quotient 7,42/ Tpﬁgg is a projective Op ®z Z,-module, and thus 7, pﬁgg is a
direct summand of Tp.A%d as an Op ®z Z,-module.

By Lemma 2.7, we have ranky,, Tpﬁgg = dimg, V,—r. Since 1 <r < 1/2dimg, V,,
ij;g is a non-trivial submodule of 7,,.429. Finally, Proposition 2.11 tells us that
(T, AL T, At |
Definition 3.13 For I € §,,, let Shfn’]rw be the subset of Shfn’]r[ consisting of
T € ShA o[ such that F,,,z = I. It is open and closed in Shﬁh]r[. Denote the closure
OfSh P[7 D Shy, )r; by Shyjep1-

Proposition 3.14 We have Sh,, },[ = HIeSm Shy, jr[,1 as topological spaces.
Proof. First note that

Ship, 11 = Shyn e (0, s~ (SBS,), Shi g = Shy s N(py sp ™ (Shy%,))

v,<r

Since p,,! sp~* (Shy,) is a quasi-compact open subset of the spectral space (Sh;?, )™,

its closure (p,,;' sp~* (Shy%,)) ™ consists of specializations of points in p,' sp~ (Shff’iT)
(c¢f. [Hoc69, Corollary of Theorem 1]). Thus every point in Shy,, j,[ is a specialization
of a point in Shfn Similarly, every point in Sh,, . ; is a specialization of a point
in Shy, . ;; note that Shyy ;= Shojer Op;,' sD™ (Shf:’rgr) «— Shy, ), 7 is a quasi-
compact open immersion between locally spectral spaces.

Now let x be a point of Sh,, ;. Then there exists a generalization y € ShA of
x. Since Sh’, o[ I8 & dlSJOlnt union of Sha mr,1» there exists I € S, with y € Sh ]T[I
Then z lies in Shy,

Next we will prove that Shy, 1 and Shy, ), are disjoint for 1,1’ € S, with
I # I'. Assume that we can take a point x in Shy, 3,7 N Shy, ;7. Then there exist
points y € Shm i and ¥ € Shy, -, both of which are generahzatlons of z. By
[Hub96, Lemma 1.1.10 )], yis a spe(nahzatlon of 4/ or ¢y is a spemahzatlon of y.
Since Sh2 i1 18 stable under specializations and generalizations in ShA , y lies in

Shy, 170 ShA . This is contradiction.
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We have obtained Shy, [ = Hles Shy, jr(r as sets. Since Sh,, ), r is closed in
Shy, )y and S, is a finite set, Shy, j,(; is also open in Shy, j,(. Therefore we have an

equality of topological spaces Shy, j,( = [I;cs,, Shm (1, as desired. |

Proposition 3.15 Let g be an element of G(Q,). For integers m,m’ > 1 such
that g ' K,,g C K, the Hecke operator [g]: Shffm — Shfflg77 maps Sh, j,,; into
Shyy jrg-11 (for the definition of g=*I, see Proposition 3.7 iv)).
Proof. By Lemma 3.6, Shy, . (cl) is dense in Shy, . ;. Therefore Shy, . (cl) is
dense in Shy,, ). ;. By this fact and Proposition 3.4, it suffices to show that [g] maps
a classical point x € Sh? e to a point in Shy,,. i, Note that Shm (cl) =
Pt (sp~H(Shyr) N Shad)(cl) = Sh,, jr(cl) (¢f. [Fuj95, Lemma 4.6.4 (c)]). Hence l9](z)
lies in Sh2 m Jr] DY Prop081t10n 3.4.

We can reduce the problem to the case where L, C gL,. We use the same
notation as in the proof of Lemma 3.5. Then we have the following commutative
diagram of adic spaces over Spa(F, OF):

Q\rig [pm]C—> Gad [pm]

|

Q\’rig [pm]( s g/ad [pm]
This induces the commutative diagram

L,

HZ 3’

Tpg\%ig(—> Tpgad

LT

T,Gre— 1,004+ gL, «2— L,

l

3

Here 7, and 7);, are the same as in the deseription of the Hecke operator [g] (page 12).
By definition, F . (g](x) is the mod-p™ reduction of g~ 177, 1(Tpé\'ﬁrig). Therefore, the
diagram above tells us that F, ;. g@) = 9~ Fm,m =g 1[ , as desired. |

4 Cohomology of Shimura varieties

4.1 Compactly supported cohomology and nearby cycle co-
homology

As in Section 3.1, let us fix a neat compact open subgroup K? of G(ZP). Fix a

prime ¢ which is different from p. Let £ be an algebraic representation of Gg, on

a finite-dimensional Q,-vector space. It naturally defines a smooth Q,-sheaf L (or
Le¢ m kv, if we need to indicate m and K?) on Sh,,, (¢f. [HT01, II1.2]). Moreover,
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Ly is equivariant with respect to the Hecke action. For example, let g be an element
of G(Q,) satisfying ¢g7'K,,g C K, for integers m, m’ > 0. Then we have a natural
isomorphism [g]*L¢ v i =, Le¢ m kv of smooth sheaves over Shy, g» .

Consider the compactly supported cohomology

1'—’[2(8}1007[(1[)@7 ﬁg) = hi)n Hé(Shm,Kp,n ®EUEU7 ﬁg)

m

The group G(Q,) x Gal(E, /E, ) naturally acts on it. By this action, H}(Sheo v 7, Le)
becomes an admissible/continuous representation of G(Q,) x Gal(£,/E,) in the
sense of [HTO01, 1.2].

On the other hand, we may also consider the nearby cycle cohomology defined
as follows: ‘ _

H(Sheo, rcr 5, R Le) = lim H; (Shkr s, RO (pmeLle)),

where we put Shgss = Shgs, ®,,K,. Obviously the group Gal(E,/E,) acts on it.
The following lemma gives an action of G(Q,) on H:(She kv, RYLe).

Lemma 4.1 We have a natural action of G(Q,) on H!(She kv 5, RY)L¢). By this
action, H'(Sheo gz, R L¢) becomes an admissible/continuous G(Q,) x Gal(E, /E,)-
representation.

Proof. To ease notation, we omit the subscript K?.

As in [Man05, §6], we can construct a tower (Sh,)m>o of schemes over O, with
finite transition maps such that Sh,, gives an integral model of Sh,, , and Shy = Sh.
In this situation, we have

Hé (Shia Rw<pm*££)) = Hé(Shmﬁv Rwﬁf)v

where Sh,,, 5 = Sh,, ®o, K,.

Put GT(Q,) = {9 € G@Q,) | ¢7'L, C L,}. For g € GT(Q,), let e(g) be the
minimal non-negative integer such that gL, C p~*“L,. Then we can construct a
tower (Shy, g)m>e(g) Of schemes over O, and two morphisms

pr: Shy, g — Shy,,  [g]: Shiyg — Shi_e(g)

which are compatible with the transition maps. It is known that these are proper
morphisms, pr induces an isomorphism on the generic fibers, and [g] induces the
Hecke action of g on the generic fibers [Man05, Proposition 16, Proposition 17]. In
particular, we have a canonical cohomological correspondence (cf. [SGA5, Exposé
I11], [Fuj97))

gt [9l5 Lem—eg) — Py Lem = Rpri7 Le -

Let
Ri(cy): [9JRYLe ne(g) — Rprs RYLem
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be the specialization of ¢, (¢f. [Fuj97, §1.5], IM10, §6]). Since [g]s is proper, this
induces a homomorphism

Hi(RQp(Cg)
LA SAEY

i ) rpi
H(Shy,_e(g) 5, RULe) H.(Sh,, 5, R Le).

Taking the inductive limit, we get
Yg: H(Sheo go 5, ROLe) — H'(Sheo vz, RVLe).

From an obvious relation ¢,y = ¢ 0g%cy for g, ¢ € GT(Q,), we deduce 7y, = 7407y
(cf. [IM10, Corollary 6.3]). On the other hand, by [Man05, Proposition 16 (3),
Proposition 17 (3)], 7,-1 is the identity. Since G(Q,) is generated by GT(Q,) and
p as a monoid, we can extend v, to the whole G(Q,). By [Man05, Proposition 16
(4)], the restriction of this action to Ky = G(Z,) coincides with the inductive limit
of the natural action of Ky on H é(Shmﬁ, R L¢). In particular, it is a smooth action.
Furthermore, for integers m’ > m > 1, we have

H(Shy 5, ROLe ) Bt = H(Sh,, 5, RYLe)

since K,/ K, is a p-group (cf. [MielOa, Proposition 2.5]). Taking inductive limit,
we obtain

HZ(ShOQKpj, Rwﬁg)Km - HZ(Shm,g, R¢£§)
This implies that H(She xr 5, R L) is an admissible/continuous representation of
G(Q,) x Cal(E,/E,). |
Now we can state our main theorem in this article.

Theorem 4.2 The kernel and cokernel of the canonical homomorphism
Hi(ShOO’KP’i, RYLe) — H(i(Shoopr,ﬁ, Le)

(¢f. [SGAT, Exposé XIII, (2.1.7.3)]) are non-cuspidal, namely, they have no su-
percuspidal subquotient of G(Q,). In particular, for an irreducible supercuspidal
representation m of G(Q,), we have an isomorphism

Hé(Shoo,Kpﬁ, ﬁg)[’ﬂ] = Hé(Shoo,KPja Rwﬁg)[’ﬂ]

Remark 4.3 Let H'(Sheo k7, L¢) = lim H(Sh,, kv @5, E,, L¢) be the ordinary
cohomology of our Shimura variety. This is also an admissible/continuous represen-
tation of G(Q,) x Gal(FE,/E,). By using the minimal compactification of Sh,, s,
and its natural stratification (c¢f. [Pin92, §3.7]), it is easy to see that the kernel and
the cokernel of the canonical homomorphism

Hé(Shoo,Kp,ﬁ7 Eg) — Hi(ShOQKp,ﬁ, /Jg)

are non-cuspidal as G(Q,)-representations (in fact, we can use the similar argument
as in the next subsection). Therefore, to prove Theorem 4.2, it suffices to show that
the kernel and the cokernel of the composite

HZ(Shoo,KP,Ea Rwﬁg) — HZ(Shoo,Kp,ﬁy ,Cg) e Hi(ShOQKpﬁ, ,Cg)

are non-cuspidal.
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Remark 4.4 Let TH'(She fr 5, L¢) = lim Hi(Shﬁif}(pm Rp, By, j1sLe) be the inter-
section cohomology of our Shimura variety, where j: Shy, g», < Shy ', denotes
the minimal compactification of Sh,, x»,. Then, as in the previous remark, it is
easy to see that the kernel and cokernel of the canonical homomorphism

H!(Sha rer 7, L) — TH'(Sheo xv 7, L)
is non-cuspidal. Therefore, by Theorem 4.2, we have an isomorphism
TH" (Sheo ko 57, Le)[7] &2 H:(Sheo iev 5, RYLe)[7]
for an irreducible supercuspidal representation m of G(Q,).

Corollary 4.5 Put

H(Shocy, £6) = lim Hi(Shoc o L), H(Shocp, ROLe) = lim HY(Shoc,scr 7, RULe).

Kp Kp

These are G(A>®) x Gal(E,/E,)-representations.

Let Il be an irreducible admissible representation of G(A>) such that II, is a
supercuspidal representation of G(Q,). Then, II does not appear as a subquotient
of the kernel or the cokernel of the canonical homomorphism H!(Sh., 3, R{Le) —
H!(Shaoz, L¢). In particular, we have an isomorphism of Gal(E, / E, )-representations

Hy(Shec7, L)1) = Hy(Shoo 5, RepLe) [I1].

Proof. Take a neat compact open subgroup K? C G(ZP) such that 1" #£ 0. If
IT appears as a subquotient of the kernel or the cokernel of H'(She 5, RVLe) —
H!(Shooz, L¢), then II, appears as a subquotient of the kernel or the cokernel of

H!(Sheo kr 5, ROLe) — H:(Sheo kv 7, L¢). This contradicts to Theorem 4.2. i

Remark 4.6 If an irreducible admissible representation II of G(A>) is supercusp-
idal at a prime p’ # p, we can prove the similar result as above. This case is due to
Tetsushi Ito and the second author. Its proof is easier, since we may use minimal
compactifications over Z,,.

4.2 Proof of main theorem

The starting point of our proof of Theorem 4.2 is the following rigid-geometric
interpretation of the nearby cycle cohomology.

Lemma 4.7 There exist natural isomorphisms

H;(Shoo, k00,5, R0 Le) = lim Hy (sp™ (S5 )7 pnc £5°) 22 limy Hgy, -

m m
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Here the subscript 77 denotes the base change from E, to E,, (Shm,]zl[)c denotes the
complement of Sh,, )>1[ in Sh¢ oy and Egd denotes the (-adic sheaf on Shf;‘in induced
from L¢. As in Sectlon 3.1, we omit the subscript KP.

By Proposition 3.4, hm H(Sh . (Shf,fn,ﬁad) is naturally equipped with an
action of G(Q,). Under thls action, tbe isomorphism
H;(Shoo ser,, ROLe) = lim Higy, e e (Shixl-. £29)

is G(Q,)-equivariant.

Remark 4.8 Before proving it, we should clarify the definition of the ¢-adic coho-
mology of rigid spaces appearing in the lemma. We define them simply by taking
projective limit of the cohomology with torsion coefficients and tensoring Q,. Note
that this definition is, at least a priori, different from the compactly supported ¢-adic
cohomology introduced in [Hub98a|. However our naive definition also works well,
since all the cohomology groups we encounter are known to be finitely generated.

Proof of Lemma 4.7. Let F be an arbitrary ¢"-torsion sheaf on Sh,,7. We shall
observe that there exist natural isomorphisms

H(Shy, Rpppm.F) =2 Hy (sp~ ' (Shig), pms F™) = Higy, Sh2d_

m,>1[) %( m,n’

F).

By [Hub96, Theorem 5.7.6, Theorem 3.7.2], we obtain the first isomorphism as the
composite of

H;(Shy, RpyF) = He((Sh"™)g, (pnF)™) = He(sp™ (Ship), e F™).

To construct the second isomorphism, we prove the following;:

— (Shy>17)¢ contains sp~*(Shy’), and

— (Shyz1p)® is closed in (Shy™).
The former is clear from the definition. For the latter, note that (Shy™ )\ Shi’f]d =
(Sh¥},)* is stable under generalizations [Hub96, Lemma 1.1.10 v)]. By this fact,
the closure of the quasi-compact open subset sp~(Sh,g) in (Shy™)*® coincides with
the closure of it in Shzd, that is, (Shy>1[)° (cf. [Hoc69, Corollary of Theorem 1]).
Therefore (Shy>1()° is closed in (Shy™)>.

By these two facts and the properness of (Sh;or)ad, we have a natural homomor-
phism
Hz(Sp_l(Sh%)ﬁ’pm*fad) - HgSth1[)%<(Shtor)n , J1Pn F)
= HéSh]zl[)%<Sh%d,pm*fad> - Hgshm’]zl[)%<8had fad)7

m,n’

where j: Sh, — Sh};Or denotes the canonical open immersion. Let us prove that this
is an isomorphism. Put G = p,,.F. Consider the following distinguished triangle:

RT(Shy, RYG) — RT(Shy™, RpjiG) — RT(Shi%,, (R$HG)|speer )~ -
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By [Ber96, Theorem 3.1] and Lemma 2.5, we have isomorphisms

RT(ShY", Ry5iG) = RT((Sh**")2, ,G°Y),
R (SWL,, (Ro0)|ser ) = BT (s~ (SE)2,516™).
Therefore, the natural morphism
RT(Shg, R{/G) = RT.(sp™ (Shyp)g, G) — Higy e ((Sh™")5", 1G™)

is an isomorphism (note that (Shy™)*®\ sp™ (Shy’%,)° = (Shy1()¢). This completes
a proof of the second isomorphism.
By taking projective limit, we obtain natural isomorphisms

Hi(Shy, Roppus L) = Hi(sp (Sh58)y. pons £8%) = Hg, o (ShiS, £39)

m ’I’]’
in the lemma. It is straightforward to see that the isomorphism

lim H(Shy, Rippm.Le) = lim Hig, (Shad £3%)

m,n’
m

is G(Qy,)-equivariant. i
Corollary 4.9 We have the following long exact sequence of G(Q,)-modules:
- — H'(Sheo ger 5, ROLe) — H'(Sho ger g, Le) — @Hi(Shmy]zlm, Ez‘d)

m

— H"(Sheo g 5y RUOLE) — -+,
where the action of G(Q,) on lim H*(Shy, j>17, L) comes from Proposition 3.4.

Proof. Write L¢ = (Fn)n®@g, where F,, is a locally constant constructible £"-torsion
sheaf. By the proof of Lemma 4.7, we have a natural isomorphism
H(Shgr s, RibpmsFn) = Hig, (Shad Fady,

m,n’

m,|>

On the other hand, by the comparison isomorphism [Hub96, Theorem 3.8.1], we
have ‘
H'(Shy, ko, F) = H'(Sh2%, F29).

m,n’

Therefore we have the following long exact sequence:

- — HY(Shgo 5, RUpmeTFn) — H'(Sho ko, Fr) — H'(Shyp 5107, F29)
— H'Y (Shg , RppaFp) — - -

On the other hand, clearly H!(Shg»r 5, RYpmFy) and H'(Shy, kv 7, Fy,) are finitely
generated Z/("Z-modules for every i, and thus H!(Shy,>1[5, F24) is also finitely
generated. Therefore the above exact sequence of projective systems satisfies the
Mittag-Leffler condition, and the projective limit preserves exactness. By taking
projective limit with respect to n, tensoring @Q,, and taking inductive limit with
respect to m, we obtain the desired exact sequence. |
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Lemma 4.10 Let F be a constructible {"-torsion sheaf on Sh,, . Then, for every
r>1, H (Shy, 57, F*) is a finitely generated Z/("Z-module.

Proof. Let j: Sh, — Shfior be the canonical open immersion. Then, by [Hub96,
Theorem 3.7.2, Theorem 3.8.1], [Ber96, Theorem 3.1] and Lemma 2.5, we have

H'(Shy, )57, F*)

H' (Shysy i, pronF™) = H' (507" (SHy%, )50 RiDpn F™)
H (sp~ ' (Shy2, )z, (RjupmsF)™)
H' (Sh%(,)rzm (Rij*pm*}-) |Sh%‘,’rzr) :

I

2

This is a finitely generated Z/¢"Z-module, as (RY Rj.pm+TF)|spter is a constructible
Z/0"Z-complex on Shi i

v,>r

Corollary 4.11 Let v > 1 be an integer. Put Vi, = lim H*(Shy, j>ri5, £2) and
]r[ﬁ(Shm’B”[»ﬁ’ ﬁgd)‘

i) The group G(Q,) naturally acts on VX, and V;!, and these are admissible G(Q,)-
representations.

Vi =lim Hg,

ii) We have the following long exact sequence of G(Q,)-modules:
' —>erz —>VZZT —>V2ir+1 _)‘/ri—H —

Proof. First let us construct the long exact sequence in ii). As in the proof of
Corollary 4.9, write L£¢ = (F,,)n @ Q. Obviously we have the following long exact
sequence:

= Hyy, o (Shugerig Frt) — H (Sho ez Fot) — H' (Shyn o1, Fi)
— Hg ! (S Fot) —

Lemma 4.10 tells us that every term of this long exact sequence is a finitely generated
Z/0"Z-module. Therefore, as in the proof of 4.9, we obtain the long exact sequence

VeV Vi — VT
by taking projective limit, tensoring Q, and taking inductive limit.

By Proposition 3.4, the group G(Q,) acts on Vzir and V. Clearly they are smooth
G(Q,)-representations, and the long exact sequence above is G(Q,)-equivariant.

Moreover, as in the proof of Lemma 4.1, we can easily see that for an integer m > 1,

(V2,)" = H'(Shuzri L), (V) = Hy, | (Shozeg, £g7)-

r Ir[@

Since H*(Shy, 57, F29) and Héhm,]r[,ﬁ(Shm’]zr[’ﬁ7 Fad) are finitely generated Z/("Z-
modules for every n > 1, H*(Shy, >[5, L&) and Héhm’]rm(Shm,]Zr[ﬁa L£3%) are finite-
dimensional Q-vector spaces. Therefore we conclude that V, and V! are admissible
G(Q,)-representations. i
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Proposition 4.12 Let P, ..., P, be the parabolic subgroups of Gg, as in Propo-
sition 3.7 ii). For an integer j with 1 < j <k, let I(j) € S be the image of [id] €
G(Q,)/P;(Q,) C I, G(Qy)/Pi(Q,) under the isomorphism [T}, G(Q,)/P;(Q,) =
Sw constructed in Proposition 3.7 ii). For m > 1, denote by I(j),, the image of I(j)

T , p
under the natural map Seoc — Sp,. Put Wy, = lim Héhm,m,zmm,ﬁ(Shmv}zr[ﬁ’ L£39).

i) For every j with 1 < j < k, we have a natural smooth action of P-(Qp) on W"’j.
ii) We have a natural G(Q,)-equivariant isomorphism V! = @, Ind VVZ
iii) The G(Q,)-representation V;' is non-cuspidal.

Proof. First note that Shy,i1)(1(j)n.: 8 open and closed in prly . (Shy et i()m)s
where ppi1m: Shy41, — Shy,, denotes the natural transition map; it follows
from Proposition 3.14 and Proposition 3.15. Therefore the transition map

H (Shm]>r[n,£§ ) —

ad
Shon Jr[,1(GYm 7 Shyt1)>r(7, L )

Shm+1,Jr[,1(J'>m+1,ﬁ<

of W}, is induced.

Now i) is clear from Proposition 3.15. Let us prove ii). We follow the proof of
[IM10, Proposition 5.20]. By the Frobenius reciprocity, we have a homomorphism
of G(Q,)-modules

@Ind Qp Z ‘/Tz
We shall observe that this is bljectlve. For an integer m > 1, we have

) a @ ) a
Hi, o Shinsria £ = €D Ha,, g, (Shingoia £89)

m,|r[7
IeSn,

k
@ 1 ad
- @ @ HShm,]r[,g*z(j)m,ﬁ(Shm’]z’”[’ﬁ’ =

J=1 ge Km\G(Qp)/P;(Qp)

k
@ ) ad
B @ @ HShm,lr[,g—luj)m,ﬁ(Shm’]z’”[’ﬁ’ Le%)

J=1 ge Km\Ko/P;(Qp)NKo
N K /K"L ) d
@Ind PQINKD) /(P3 (@) ) HS o105y OB ]2 (s £E)

Here (1) follows from Proposition 3.14, (2) from Proposition 3.7, (3) from the Iwa-
sawa decomposition G(Q,) = P;(Q,)K,. The isomorphism (4) is a consequence of
Proposition 3.15 and [Boy99, Lemme 13.2]. By taking the inductive limit, we obtain
Ky-isomorphisms

VW@IndKU o Wiy — Tnd (&) Wi

7j=1
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(the second map is an isomorphism by the Iwasawa decomposition). By the proof of
[Boy99, Lemme 13.2], it is easy to see that the first isomorphism above is nothing but
the Ko-homomorphism obtained by the Frobenius reciprocity for P;(Q,) N Ky C K.
Therefore the composite of the two isomorphisms above coincides with the G(Q,)-
homomorphism introduced at the beginning of our proof of ii). Thus we conclude
the proof of ii).
Finally consider iii). By ii), we have only to prove that the unipotent radical of
P;(Q,) acts trivially on W} ;. By [Boy99, Lemme 13.2.3], it suffices to prove that
W}, is an adrms&ble P (Qp) representatlon For an integer m > 1, (I/Vz )P 5 (@)NKm g

a subspace of (Ind T/Vz ;). By ii) and Corollary 4.11 i), (Ind VVZ J)Em

(@ Ind %’2) w; )Km >~ (Vi)Em is a finite-dimensional @g—vector space. Hence

W, is an admissible P;(Q,)-representation, as desired. i

Proof of Theorem 4.2. By Remark 4.3 and Corollary 4.9, it suffices to show that
Vi = lim H' '(Sh,,, >1[n,£ad) is non-cuspidal for every i. By Corollary 4.11 and

Proposmon 4.12, the non-cuspidality of V>i is equivalent to that of V>’r - s
large enough, V>r = (. Hence we can conclude that V>T is non-cuspidal for every

r > 1, by the descending induction on 7. i

4.3 Torsion coefficients

Since our method of proving Theorem 4.2 is totally geometric, we may also obtain
an analogous result for /-torsion coefficients. For simplicity, we will only consider a
constant coefficient F,. As in Section 4.1, put

Hé(Shoo,KP,ﬁy F@) = h_H)l Hé(Shm,Kp,n ®EUEU7 Fg),

m

HZ(Shoo,KP,Ea R¢F£) = ll_f)ﬂ Hé (ShKP,E’ R¢(pm*F£))-

m

They are naturally endowed with actions of G(Q,) x Gal(E,/E,). They are ad-
missible/continuous G(Q,) x Gal(E,/E,)-representations; note that if m > 1 we
have

H'(Sheo v 7, o)™ = H.(Shy, kv 1, Fe),
Hé(ShOO,Kp,Fa Rwﬁf)Km = Hé (Sth,ﬁa R¢(pm*F€))7

since K, is a pro-p group (cf. [MielOa, Proposition 2.5]).
The following theorem can be proven in exactly the same way as Theorem 4.2.

Theorem 4.13 The kernel and the cokernel of the canonical homomorphism
HZ(Shoo,KP,Ea R’(/)Fg) I Hé(Shqupﬁ,Fg)

have no supercuspidal subquotient of G(Q,). For the definition of supercuspidal
representations over Fy, see [Vig96, 11.2.5].
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5 Applications

In this section, we give a very simple application of our main result. Proofs in this
section are rather sketchy, since the technique is more or less well-known. More
detailed and general study will be given elsewhere.

Here we consider the Shimura variety for GU(1,n — 1) over Q. Let F' be an
imaginary quadratic extention of Q and Splg,q the set of rational primes over which
F/Q splits. Fix an integer n > 2 and a prime p € Splgg. Consider the integral
PEL datum (B, Op,*,V,L,(, ),h) as follows:

— B=F, O = O and x is the unique non-trivial element of Gal(F/Q).

— V=F"and L =0}

— (,): VxV — Q be an alternating pairing satisfying the following conditions:
e (x,y) € Z for every x,y € L,
o (bx,y) = (z,b*y) for every z,y € V and b € F, and
o Gr = GU(1,n — 1) (for the definition of G, see Section 3.1).

— h: C— Endp(V) ®g R = M, (C) is given by z — <(Z) E]O )
n—1

Put ¥ = {p € Splp/g | L, = L;}. Our integral Shimura datum is unramified at
every p € X. Moreover, for such p, Gg, is isomorphic to GL,(Q,) x GL1(Q,) (cf.
[Far04, §1.2.3]). In this case, the reflex field £ is equal to F. To a neat compact
open subgroup K of G(Z), we can attach the Shimura variety Shy, which is not
proper over Spec F. If K = KyKP? for some compact open subgroup K? of G(ZP),
we have Shx = Shg» g (p>F , where Shy» is the moduli space introduced in Section
3.1.
Let us fix a prime number ¢. Put
H!(Sh,Q,) = lim H!(Shx @ F, Q).

—
K

It is an admissible/continuous G(A>) x Gal(F/F)-representation over Q.

Theorem 5.1 Let I be an irreducible admissible representation of G(A>) over Q.

Assume that there exists a prime p € X such that 11, is a supercuspidal representa-
tion of G(Q,). Then H:(Sh,Q,)[II] =0 unless i =n — 1.

Remark 5.2 For proper Shimura varieties, an analogous result is known ([Clo91],
[HT01, Corollary IV.2.7]). It would be possible to give an “automorphic” proof of
Theorem 5.1 by using results in [Mor10]. However, the authors think that our proof,
consisting of purely local arguments, is simpler and has some importance.

Proof. Let ¢ be another prime number and fix an isomorphism of fields t: Q, = Q,.
Then ¢ induces an isomorphism H!(Sh, Q,)[II] & H!(Sh, Qu)[¢I1], where .II is the
representation of G(A>) over Q, induced by IT and ¢. It is easy to observe that II,
is supercuspidal if and only if (¢II), is supercuspidal. Therefore, we can change our
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¢ freely, and thus we can assume that there exists a prime p € X\ {¢} such that II, is
supercuspidal. Fix such p and take a place v of F' lying over p. Then, for an integer
m > 0 and a neat compact open subgroup K? of G(Z?), Shg,, k»r @ F, is isomorphic
to Shy, k», introduced in Section 3.1. Therefore we have an isomorphism

H(Sh, Q) = lim Hy(Sh o7, Qr) = lim H(Shoo, v 7, Qo).
m,KP KP

Thus it suffices to show that H!(Shu x» 7, Q,)[7] = 0 for a supercuspidal represen-
tation 7 of G(Q,), a neat compact open subgroup K?, and an integer ¢ # n —1. By
Theorem 4.2, it is equivalent to showing that H:(She gr 5, RYQ,)[7] = 0.

For an integer h > 0, let Sh[;(t]pw be the reduced closed subscheme of Shgo,
consisting of points x such that the étale rank of A,[v™°] is less than or equal to
h (c¢f. [HTO1, p. 111]); recall that A denotes the universal abelian scheme over

Shyr. Put Sh(ll(l,),w = Sh[;é]pw \ Sh[l}é;i]. Our proof of the theorem is divided into the

subsequent two lemmas. |

Lemma 5.3 For every supercuspidal representation m of G(Q,), we have
H2<Shm,Kp,67 R¢@Z> [ﬂ-] - (h_r)n Hz (Sh[lg]ﬂjv (prm*@ﬁ) |Sh[£]p 7)) [77-] .

Proof. First recall that our Shimura variety Sh,, x», has a good integral model over
O,. For an integer m > 0, consider the functor from the category of O,-schemes to
the category of sets, that associates S to the set of isomorphism classes of 6-tuples
(A, i, A, nP,my, Mpo), where

o [(A7 (2 )‘7 Up)] S ShK”(S)a
— Ny L ®z (v70,/0,) — A[v™] be a Drinfeld v™-level structure (¢f. [HTO1,
I1.2]), and

— Mpo: D "LJZ — pm s be a Drinfeld p™-level structure.

Then it is easy to see that this functor is represented by a scheme Sh,, x» which is
finite over Shg». Moreover the generic fiber of Sh,, x» can be naturally identified
with Shy, gr,, (cf the moduli problem Xj; introduced in [HTOI, p. 92]). As in
[HTO01, III.4], we can extend the Hecke action of G(Q,) on (Shy, kr,)m>0 to the
tower (Shy, xr)m>0. We have a G(Q,)-equivariant isomorphism

Hé(Shoo,Kpﬁa Rw@f) = hi>n Hé (Shm,Kp,ﬁa R¢@£) .

Let us denote by Shy,fb]’ kv (TESD. Shﬁfj’)Kp’v) the inverse image of Sh[[?]pm (resp. Sh%),m)
under Sh,,, k» — Shg». For an integer h > 0, it is easy to observe that

. i h oy ~ 1: 3 h o)y
h_II>1 H. (Sh[K]p,m (Rl/me*QZHSh[Kh]pﬁ) = h_II>1 H, (ShL@],KP,W <R¢@£)|Sh[mh]’Kpj)’

. i h -~ ~ 1: 4 h oy
lim 173 (Shics 5. (RUpra@) gy ) = limm HE(Shy e, (ROQ) gy )
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and that they are admissible G(Q,)-representations. Moreover, by considering the

univ

kernel of the universal Drinfeld v™-level structure 7™, we can decompose Shfﬁ?mv
into finitely many open and closed subsets indexed by the set consisting of direct
summands of L ®z (v="0,/0,) with rank n — h (cf. [Boy99, Définition 10.4.1,
Proposition 10.4.2] and [IM10, Definition 5.1, Lemma 5.3]). Using this partition, we
can prove that the G(Q,)-representation

hm H (Shgg Kp 5 (Rw@g”ShE:)Kp 5)

m

is parabolically induced from a proper parabolic subgroup of G(Q,). Therefore, by
the same argument as in the proof of Theorem 4.2, we can conclude that the kernel
and the cokernel of

lim 1! (Shp, o5, REQ) — lim H (Shyp o 5. (RVQy)l g )

are non-cuspidal. This completes the proof of the lemma. |

Lemma 5.4 Let m be a supercuspidal representation of G(Q,). Ifi # n — 1, we
have

(h_II)l Hz (Sh[lg}pj, (R¢pm*@f) |Sh[£]p 5)> [71'] = 0.

m

Proof. Let up: Gpc — G be the homomorphism of algebraic groups over C
defined as the composite of

= (%)
ED, G X G 2 (Rese/g Ge) ®r C 25 G,

z
Gm,(C

where (%) is given by C ®x C — C x C; a ® b — (ab, ab). Fix an isomorphism of

fields C = Q and denote by p: Gm@ — GQ the induced cocharacter of Gf Let
b be a unique basic element of B (G@ , i) (for the definition of B(G, 1), we refer to
[Far04, §2.1.1]), and denote by M the Rapoport-Zink space associated to the local
unramified PEL datum (F ®q Q,, Or ®2Z,, *,Vy, Ly, (, ), b, 1) (cf [Far04, §2.3.5]).
The Rapoport-Zink space M is equipped with an action of the group J(Q,), where
J denotes the algebraic group over Q, associated to b (¢f. [RZ96, Proposition 1.12]).
By [Far04, §2.3.7.1], M is isomorphic to Mpr x Q) /Z, where My is the Lubin-
Tate space for GL,(Q,). Furthermore, J(Q,) is isomorphic to D* x Q, where D
denotes the central division algebra over Q, with invariant 1/n. The action of J(Q,)
on M is identified with the well-known action of D* x Q,; on Myt x Q / Ly

By the p-adic uniformization theorem of Rapoport-Zink ([RZ96, Theorem 6.30],
[Far04, Corollaire 3.1.9]), we have an isomorphism

[T H(@\M x G(A™?)/K? = Shy,,

ker!(Q,G)
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where [ is an algebraic group over Q satisfying /(A>) = J(Q,) x G(A>*?) and Sh,
denotes the formal completion of Shy» ®e, W (F,) along Shﬁp o> the basic locus of

Shgr . By this isomorphism, we know that Sh[lg]p 7» which coincides with Shx,
topological spaces, consists of finitely many closed points; indeed, the left hand
side of the isomorphism above is a finite disjoint sum of formal schemes of the form
MM, where I' C J(Q,) is a discrete cocompact subgroup (cf. [Far04, Lemme 3.1.7]).
Therefore, by [Ber96, Theorem 3.1], we have an isomorphism

Hé (Sh[fg}p,@a (prm*@é) |Sh£]p 5) = Hi (Sh[}g]pjv (RQ/me*QK) |Sh£]p 5)
= HZ (Shm,Kp,ﬁ(b)7 QZ) )

where Sh,, »(b) = p;ll(Spfl(Sh[lg]P,v)o)'
Now use the Hochschild-Serre spectral sequence [Far04, Théoreme 4.5.12]
Ey® = lim Ext’ g 1 ameotn (Ho" V™ (M., Qo) (n — 1), A()Y")

m

— hi)n HT+8(Shm,KP,ﬁ(b) ) @6)7

m

where A(7); is the space of automorphic forms on I(A*) (see [Far04, Définition
4.5.8] for detail). Since J(Q,) = D* x QJ is anisotropic modulo center, it is easy
to see that F5® = 0 unless r = 0. If r = 0, we have

Ey® = lim lim Hom (g, J(HZ D75 (Moo, Q) (n — 1), A(I){(p)Kmv

where we put H (M, Q,) = lim Hi(Mk,,, Q).

By [MielOa], the G(Q,)-representation HS(”‘l)‘s(Moo,@g)(n — 1) has non-zero
supercuspidal part only if s = n — 1. Indeed, for an irreducible supercuspidal
representation m = m ® x of G(Q,), where 7 is an irreducible supercuspidal repre-
sentation of GL,(Q,) and x is a character of GL;(Q,), we have

H (Moo, Qp)[7] = H{( Moo, Q) [m1] ® X,

as we see in [Far04, p. 168]. Therefore ES’S has a supercuspidal subquotient only if
s=n—1.
Hence we can conclude that

limy H(Sh . (Rpoe Qo) gy, ) = lim H' (ki s 5(1), Q)

m

has non-zero supercuspidal part only if i =n — 1. |

We also have a similar result for the torsion coefficient case. For a neat compact
open subgroup K? of G(Z?), put

H(Shgy, Fy) = lim H:(Shg,, kr ©p F, F).

m

It is an admissible/continuous G(Q,) x Gal(F/F)-representation over F,.
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Theorem 5.5 Let p be a prime in ¥\ {¢} and 7 an irreducible supercuspidal F-

representation of G(Q,). Then, for every neat compact open subgroup K* of G (21’),
we have H:(Shyy,Fy)[r] =0 unless i =n — 1.

Remark 5.6 i) Theorem 5.5 for proper Shimura varieties is due to S. W. Shin.
His method, using Mantovan’s formula, is slightly different from ours.

ii) Using the result in [Datl0], it is possible to describe the action of Wg, on
H"'(Shg», Fy)[r] by means of the mod-£ local Langlands correspondence. Such
study has also been carried out by S. W. Shin when the Shimura variety is
proper.

Proof. Almost all arguments in the proof of Theorem 5.1 work well. The only one
point which should be modified is about the vanishing of the supercuspidal part
of Ey® for (r,s) # (0,n — 1) in the proof of Lemma 5.4; note that an irreducible
F-representation of J (Qp), being supercuspidal, is not necessarily injective in the
category of smooth F,-representations of J (Qp) with the fixed central character.
For this point, we can use the same argument as that by Shin, in which he uses the
vanishing of the supercuspidal part H: (M oo, Fy)se for i # n —1 (cf. [Dat10, proof
of Proposition 3.1.1, Remarque 3.1.5]) and the projectivity of the D*-representation
HY" Y My o, Fr)se (cf. [Dat10, §3.2.2, Remarque iii)]). i

References

[Ber96] V. G. Berkovich, Vanishing cycles for formal schemes. II, Invent. Math.
125 (1996), no. 2, 367-390.

[BGR84] S. Bosch, U. Giintzer, and R. Remmert, Non-Archimedean analysis,
Grundlehren der Mathematischen Wissenschaften, vol. 261, Springer-
Verlag, Berlin, 1984.

[Boy99] P. Boyer, Mauvaise réduction des variétés de Drinfeld et correspondance
de Langlands locale, Invent. Math. 138 (1999), no. 3, 573-629.

[Clo91] L. Clozel, Représentations galoisiennes associées aux représentations au-
tomorphes autoduales de GL(n), Inst. Hautes Etudes Sci. Publ. Math.
(1991), no. 73, 97-145.

[Dat10] J.-F. Dat, Théorie de Lubin-Tate non-abélienne (-entiére, preprint,
arXiv:1011.1887, 2010.

[Far04] L. Fargues, Cohomologie des espaces de modules de groupes p-divisibles
et correspondances de Langlands locales, Astérisque (2004), no. 291, 1-
199, Variétés de Shimura, espaces de Rapoport-Zink et correspondances
de Langlands locales.

[FC90]  G. Faltings and C.-L. Chai, Degeneration of abelian varieties, Ergebnisse
der Mathematik und ihrer Grenzgebiete (3), vol. 22, Springer-Verlag,
Berlin, 1990.

33



[FKO6]

[Fuj9s]
[Fujo7]
[Hoc69]

[HTO1]

[Hub3]
[Hub94]

[Hub96]
[Hub98a]
[Hub98b)
[IM10]
[Kot92]
[Lan08g)]

[Man04]

[Man05]

[Mic06]

[Miel0a]

[MielOb)

Naoki Imai and Yoichi Mieda

K. Fujiwara and F. Kato, Rigid geometry and applications, Moduli spaces
and arithmetic geometry, Adv. Stud. Pure Math., vol. 45, Math. Soc.
Japan, Tokyo, 2006, pp. 327-386.

K. Fujiwara, Theory of tubular neighborhood in étale topology, Duke Math.
J. 80 (1995), no. 1, 15-57.

, Rigid geometry, Lefschetz-Verdier trace formula and Deligne’s
conjecture, Invent. Math. 127 (1997), no. 3, 489-533.

M. Hochster, Prime ideal structure in commutative rings, Trans. Amer.
Math. Soc. 142 (1969), 43-60.

M. Harris and R. Taylor, The geometry and cohomology of some simple
Shimura varieties, Annals of Mathematics Studies, vol. 151, Princeton
University Press, Princeton, NJ, 2001, With an appendix by Vladimir G.
Berkovich.

R. Huber, Continuous valuations, Math. Z. 212 (1993), no. 3, 455-477.

, A generalization of formal schemes and rigid analytic varieties,
Math. Z. 217 (1994), no. 4, 513-551.

, Etale cohomology of rigid analytic varieties and adic spaces, As-
pects of Mathematics, E30, Friedr. Vieweg & Sohn, Braunschweig, 1996.

, A comparison theorem for l-adic cohomology, Compositio Math.
112 (1998), no. 2, 217-235.

, A finiteness result for direct image sheaves on the étale site of
rigid analytic varieties, J. Algebraic Geom. 7 (1998), no. 2, 359-403.

T. Ito and Y. Mieda, Cuspidal representations in the {-adic cohomology
of the Rapoport-Zink space for GSp(4), preprint, arXiv:1005.5619, 2010.

R. E. Kottwitz, Points on some Shimura varieties over finite fields, J.
Amer. Math. Soc. 5 (1992), no. 2, 373-444.

K.-W. Lan, Arithmetic compactifications of PEL-type Shimura varieties,
preprint, 2008.

E. Mantovan, On certain unitary group Shimura varieties, Astérisque
(2004), no. 291, 201-331, Variétés de Shimura, espaces de Rapoport-Zink
et correspondances de Langlands locales.

, On the cohomology of certain PEL-type Shimura varieties, Duke
Math. J. 129 (2005), no. 3, 573-610.

Y. Mieda, On the action of the Weil group on the l-adic cohomology of
rigid spaces over local fields, Int. Math. Res. Not. (2006), Art. ID 16429,
1-11.

, Non-cuspidality outside the middle degree of {-adic cohomology
of the Lubin-Tate tower, Adv. Math. 225 (2010), no. 4, 2287-2297.

, Variants of formal nearby cycles, preprint, arXiv:1005.5616, 2010.

34



Cohomology of open Shimura varieties of PEL type

[Mor08] S. Morel, Complexes pondérés sur les compactifications de Baily-Borel: le
cas des variétés de Siegel, J. Amer. Math. Soc. 21 (2008), no. 1, 23-61
(electronic).

[Mor10] , On the cohomology of certain noncompact Shimura varieties, An-
nals of Mathematics Studies, vol. 173, Princeton University Press, Prince-
ton, NJ, 2010, With an appendix by Robert Kottwitz.

[Pin92]  Richard Pink, On [-adic sheaves on Shimura varieties and their higher
direct images in the Baily-Borel compactification, Math. Ann. 292 (1992),
no. 2, 197-240.

[Rei75] 1. Reiner, Mazimal orders, Academic Press, London-New York, 1975, Lon-
don Mathematical Society Monographs, No. 5.

[RZ96] M. Rapoport and Th. Zink, Period spaces for p-divisible groups, Annals
of Mathematics Studies, vol. 141, Princeton University Press, Princeton,
NJ, 1996.

[Sch10]  P. Scholze, The Local Langlands correspondence for GL,, over p-adic fields,
preprint, arXiv:1010.1540, 2010.

[Shill] S. W. Shin, Galois representations arising from some compact Shimura
varieties, Ann. of Math. (2) 173 (2011), no. 3, 1645-1741.

[Spro8]  T. A. Springer, Linear algebraic groups, second ed., Progress in Mathe-
matics, vol. 9, Birkhauser Boston Inc., Boston, MA, 1998.

[TYO7] R. Taylor and T. Yoshida, Compatibility of local and global Langlands
correspondences, J. Amer. Math. Soc. 20 (2007), no. 2, 467-493.

[Vigd6] M.-F. Vignéras, Représentations l-modulaires d’un groupe réductif p-
adique avec | # p, Progress in Mathematics, vol. 137, Birkhauser Boston
Inc., Boston, MA, 1996.

[SGA3]  Schémas en groupes (SGASZ), Lecture Notes in Mathematics, Vol. 151,
152, 153, Springer-Verlag, Berlin, 1970.

[SGA5]  Cohomologie l-adique et fonctions L (SGA5), Lecture Notes in Mathe-
matics, Vol. 589, Springer-Verlag, Berlin, 1977.

[SGAT]  Groupes de monodromie en géométrie algébrique (SGA7), Lecture Notes
in Mathematics, Vol. 288, 340, Springer-Verlag, Berlin, 1972.

Naoki Imai

Research Institute for Mathematical Sciences, Kyoto University, Kyoto, 606-8502,

Japan

E-mail address: naoki@kurims.kyoto-u.ac.jp

Yoichi Mieda

Faculty of Mathematics, Kyushu University, 744 Motooka, Nishi-ku, Fukuoka, 819—
0395, Japan

E-mail address: mieda@math.kyushu-u.ac. jp

35



