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ABSTRACT. In this paper, we give a purely geometric proof
of the local Jacquet-Langlands correspondence for GL(n) over
a p-adic field, under the assumption that n is prime and the
invariant of the division algebra is 1/n. We use the ¢-adic étale
cohomology of the Lubin-Tate tower to construct the corre-
spondence. We need neither a global automorphic technique
nor detailed classification of supercuspidal representations of

GL(n).

1 Introduction

Let F' be a p-adic field, i.e., a finite extension of Q,. Let n > 1 be an integer
and D a central division algebra over F' such that dimy D = n?. The famous local
Jacquet-Langlands correspondence gives a natural bijective correspondence between
irreducible discrete series representations of GL,(F") and irreducible smooth repre-
sentations of D*. Let us recall its precise statement. Write Irr(D*) for the set
of isomorphism classes of irreducible smooth representations of D*. We denote by
Disc(GL, (F')) the set of isomorphism classes of irreducible discrete series represen-
tations of GL,(F). For p € Irr(D*) (resp. # € Disc(GL,(F))), we denote the
character of p (resp. 7) by 6, (resp. ;). Here 6, is a locally constant function on
D* and 0, is a locally integrable function on GL, (F") which is locally constant on
GL,(F)™#, the set of regular elements of GL,,(F"). The precise statement of the local
Jacquet-Langlands correspondence is the following:

Theorem 1.1 (the local Jacquet-Langlands correspondence) There exists a
unique bijection

JL: Trr(D*) = Disc(GL,(F))

satisfying the following character relation: for every regular element h of D>,
,(h) = (—=1)""'0 1) (gn), where g is an arbitrary element of GL,,(F') whose mini-
mal polynomial is the same as that of h.
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The original proof of this theorem, due to Deligne-Kazhdan-Vigneras [DKV84]
and Rogawski [Rog83|, was accomplished by using a global automorphic method.
In some cases, we can find more explicit studies in [Hen93], [BH00], [BH05], which
are based on the theory of types. However, apart from the case of GL(2), a purely
local proof of Theorem 1.1 seems not to be known yet (c¢f. [Hen06, p. 1173]).

In this article, under the assumption that n is prime and the invariant of D is
1/n, we will give a simple geometric proof of the local Jacquet-Langlands correspon-
dence. In particular, the local Jacquet-Langlands correspondence for GLy(F') and
GL3(F) are fully recovered. The geometric object we use is the Lubin-Tate tower
for GL,,(F'). It is a tower of universal deformation spaces of formal O-modules of
height n with Drinfeld level structures, where O denotes the ring of integers of F' (for
a precise definition, see Section 3). Thanks to Carayol [Car86] and Harris-Taylor
[HTO01], it is now well-known that the local Jacquet-Langlands correspondence is
realized in the f-adic cohomology of the Lubin-Tate tower. Their proofs are again
global and automorphic. However, recent works by Strauch [Str08] and the author
[Miell] enable us to study the cohomology in a purely local manner. They used
the Lefschetz trace formula to observe that the character relation in Theorem 1.1
appears naturally. In this work, we use both of the two results to obtain a bijection
between Irr(D*) and Disc(GL, (F)).

We sketch the outline of this paper. In Section 2, we give some preliminaries on
representation theory. In Section 3, we recall the definition of the Lubin-Tate tower
and main results of [Str08] and [Miell] which play important roles in the proof. In
Section 4, we construct the Jacquet-Langlands correspondence for GL,, (F') by using
the f-adic cohomology of the Lubin-Tate tower, and prove its expected properties.

Acknowledgment The author would like to thank Matthias Strauch for very
helpful discussions. He also thanks Tetsushi Ito for his comments.

Notation As in the introduction above, let F' be a p-adic field and O its ring of
integers. We denote the normalized valuation of F' by vr and the cardinality of the
residue field of O by ¢. Fix a uniformizer w of O. Denote the completion of the
maximal unramified extension of O by O and the fraction field of @ by F.

Throughout this paper, we fix an integer n > 1. In Section 4, it will be assumed
to be a prime. Let D be the central division algebra over F' with invariant 1/n.

For simplicity, put G = GL,,(F). We denote by G (resp. G°!) the set of regular
(resp. regular elliptic) elements of G. Write Z for the center of G. We apply these
notations to other groups. For example, we write (D)™ for the set of regular
elements of D*. As in Theorem 1.1, for h € (D*)™, let g, be an element of G°!
whose minimal polynomial is the same as that of h. Such an element always exists,
and is unique up to conjugacy. Moreover, it induces a bijection between conjugacy
classes in (D*)™#& and those in G°!.

For a field k, we denote its algebraic closure by k. Let ¢ be a prime which
is invertible in ©@. We fix an isomorphism Q, = C and identify them. FEvery
representation is considered over C.
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2 Preliminaries on representation theory

Here we collect preliminary lemmas on representation theory which seem to be well-
known.

Lemma 2.1 The map JL: Irr(D*) — Disc(G) satisfying the character relation
0,(h) = (=1)""0,1(,)(gn) in Theorem 1.1 is unique, injective and preserves central
characters.

Proof. The injectivity is clear, since p € Irr(D*) can be determined from 6, |(pxyres.
Let us prove that JL preserves central characters. For p € Irr(D*), let w, (resp.
wyr(p)) be the central character of p (resp. JL(p)). Then, for h € (D*)*® and
z € F* = Zg = Zpx, we have

wp(2)0,(h) = 0,(2h) = (=1)" " 0,1100) (290) = (=1)" " wW100) (2)0110) (1)
= wJL(p)(z)Gp(h).

Since (D*)™® is dense in D*, there exists h € (D*)"® such that 6,(h) # 0. Thus
we conclude that w, = wyr ().

Now the uniqueness of JL is a direct consequence of the orthogonality relation
of characters ([Rog83, Lemma 5.3], see also [SS97, Theorem I11.4.21]).

Let Irr,(D*) be the subset of Irr(D*) consisting of isomorphism classes of
representations on which w € F* = Zp« acts trivially. Define Disc(G) similarly.

Lemma 2.2 To construct JL, it suffices to construct a surjection
JL: Irr,(D*) — Disc,(G)
satisfying the character relation 6,(h) = (=1)""'0 () (gn) for h € (D*)"®.

Proof. For p € Irr(D*), let w, be its central character. Take ¢ € C* such that
¢ = w,(w), and consider the character x.: z — c'#*) of F*. Then p®@(x;'oNrd) €
Irr,(D*). Extend JL to Irr(D*) by

JL(p) = JL(p @ (x.;" o Nrd)) @ (x. o det).

It is easy to see that this satisfies the character relation. In particular it is indepen-
dent of the choice of ¢ and injective (¢f. Lemma 2.1). Similar argument shows that
the extended JL is surjective. |

Let B C G be the Borel subgroup consisting of upper triangular matrices. Re-
call that the Steinberg representation St is the unique irreducible quotient of the
unnormalized induction Ind% 1 from the trivial character 1 on B. For a character x
of F*, put St, = St® (xodet). A representation of the form St, is called a twisted
Steinberg representation. It is a discrete series representation of G. The following
lemma is very well-known:
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Lemma 2.3 The map x o Nrd —— St, gives a bijection between characters in
Irr(D*) and twisted Steinberg representations in Disc, (G). It satisfies the char-
acter relation Oyonea(h) = (—1)""'0s¢, (gn) for h € (D*)™5.

Proof. Only the character relation is non-trivial. In the Grothendieck group of finite
length smooth representations of G, [St,] — (—=1)""*[x o det] is the alternating sum
of parabolically induced representations (cf. [Dat07, Remarque 2.1.14]). As the
character of a parabolically induced representation vanishes on G, we have

Osty (9n) = (—1)" " Oyodet (9n) = (—1)""x(det gn) = (—1)""x(Nrd h)
= (—1)" " Oyornza(h),

as desired. [

Let us denote by Irr’ (D*) the subset of Irr(D*) consisting of representations
which are not one-dimensional, and by Cusp_,(G) the subset of Disc,,(G) consisting
of supercuspidal representations. If n is a prime, a discrete series representation
of G is supercuspidal if and only if it is not a twisted Steinberg representation (cf.
classification of discrete series representations [Zel80, Theorem 9.3]). Thus, the local
Jacquet-Langlands correspondence for a prime n can be reduced to the following
theorem:

Theorem 2.4 Assume that n is a prime number. Then we can construct purely
geometrically a surjection

JL: Irr’ (D*) — Cusp_(G)
satisfying the character relation 0,(h) = (—1)""'0 () (gn) for h € (D*)™®.

Before going on, we shall recall the orthogonality relation of characters for repre-
sentations in Disc,,(G). For locally constant class functions ¢, o on G satisfying

vi(wg) = ¢i(g), put

eveda=3 g [ POA@ORD

where 7' runs through conjugacy classes of elliptic maximal tori of G, W denotes
the rational Weyl group of T and D(¢) denotes the Weyl denominator (c¢f. [Rog83,
p. 185]). The measure dt on w?\T is normalized so that the volume of w?\T is one.

Lemma 2.5 For my, 7 € Disc,(G), we have

1 T = T2,

<97r1 s 9ﬂ2>ell = {

0 otherwise.
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Proof. Let wq, we be the central characters of 7y, my, respectively. Then they are
unitary, since F'*/w? is compact. If w; = ws, then the lemma follows immediately
from [Rog83, Lemma 5.3]. Otherwise,

[y D00 (OB, D1t = / W /| . DU (T )

as desired. |

For locally constant functions ¢, ¢ on D* satisfying ¢;(cwwh) = ¢;(h), put

oo = [ on@man

where the measure dh is normalized so that the volume of the compact group w?\ D>
is one.

Lemma 2.6 Let o1, o be locally constant class functions on GV satisfying p;(wwg) =
vi(g), and ¢1, ¢ locally constant class functions on D* satisfying ¢;(wh) = ¢;(h).
Assume that p;(gn) = ¢i(h) for every h € (D*)*¢. Then, we have

<9017 ¢2>e11 = <¢17 ¢2>

Proof. Clear from Weyl’s integral formula for D*. |

3 Lubin-Tate tower

Let us recall briefly the definition of the Lubin-Tate tower. See [Str08, §2.1] for more
detail. Let X be a formal O-module over Fq with O-height n (such X is unique up
to isomorphism). For integers m > 0 and j, let MY denotes the following functor
from the category of complete noetherian local @—algebras with residue field F, to

the category of sets; M%)(A) consists of isomorphism classes of triples (X, p,n),
where X is a formal O-module over A, p is an O-quasi-isogeny of O-height j from X
to X®4A/m4 and n is a Drinfeld m-level structure of X. This functor is represented
by a complete noetherian local ring RY. We denote Spf RY by MY again, and put
My =1ljez M. Now we get the projective system of formal schemes { M, }1m>o0,
which is called the Lubin-Tate tower.

We can define a natural action of D* on each M,,,, because D* is isomorphic to
the group of self O-quasi-isogenies of X. On the other hand, G = GL, (F) naturally
acts on the tower {M,, },,>0 as a pro-object (the Hecke action).

Denote the rigid generic fiber of M,,, by M,,. It is the generic fiber of the adic
space t(M,,) associated to M,,. Since we are interested in representations of G
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and D* on which @? acts trivially, we take the quotient of M,, by @w? C D* and
consider the ¢-adic cohomology

Hiy = lim H (M /@) @5 F, Q).

m

It is a smooth representation of (G /w?) x (D*/w?). In fact, we may also define the
action of the Weil group of F' on Hi., but in this article we do not consider it.

For p € Irr (D), put Hiplp] = Hompx (Hiy, p)™, where (=)™ denotes the
subset of G-smooth vectors. It is easy to see that H{y[p] is an admissible represen-
tation of G which is trivial on @w? C G (cf. [Miell, Lemma 5.2]).

We summarize fundamental properties of the representation H{ . in the following
proposition:

Proposition 3.1 i) Unlessn —1 < i < 2n, H{; = 0.

ii) Unless i = n — 1, no supercuspidal representation of G appears in Hiy as a
subquotient.

iii) For every p € Irr,, (D), the G-representation Hj.[p] has finite length.
Proof. i) is well-known. ii) is proved in [Mie10]. For iii), see [Miell, Theorem 5.1] 11

By iii) of the proposition above, we can consider the character ¢ il Of HiL[p].
Put Op, ) = > (—1)"0 i p)- Lhe following is a consequence of [Miell], whose proof
does not require the local Jacquet-Langlands correspondence:

Theorem 3.2 For p € Irr(D*), we have the following character relation:

Otiirlp)(gn) = n0,(h)  (h € (D7)"®).
Moreover, if p € TrrY (D*) then we have (O i) Osty et = 0.

Proof. The character relation is clear from [Miell, Theorem 4.3]. For the latter, by
Lemma 2.3 and Lemma 2.6, we have (0, (5, st et = (=1)"'n{b,, O oxnra) = 0. |

Finally we recall the main result of [Str08].

Theorem 3.3 For m € Cusp,(G), Homg(H{': !, ) is a finite-dimensional smooth
representation of D*. For this representation, we have

Oometitrt (1) = (1" ne(gn) (€ (D¥)"%).
Proof. 1t follows from the proof of [Str08, Theorem 4.1.3] and Proposition 3.1 ii).
We will give some remarks on it. First, although the statement of [Str08, Theorem
4.1.3] involves the local Jacquet-Langlands correspondence, the only one place we

need it is the last equality in the proof. Therefore Strauch’s result above is free from
the local Jacquet-Langlands correspondence.
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Next, to construct the function f; in the proof, Strauch uses the fact that 7 can
be written as the compact induction from a compact-mod-center subgroup, which is
a part of detailed classification of supercuspidal representations of G. However, we
can simply use a matrix coefficient ¢, of 7 satisfying ¢,(1) = d(m) as a substitute
of f*, where d(m) is the formal degree of = (under the fixed measure on G). In
[DKV84, §A.3.e, §A.3.g], the following are proved:

(a) Tr(¢r;m) = 1 and Tr(¢x; ") = 0 for any irreducible admissible representation
7’ of G/w? with 7’ 2 7.

(b) The orbital integrals of ¢, over regular non-elliptic conjugacy classes vanish.

(c) Forevery g € G, Jojwn Ox(a™ g)dz = 02(g) = 0x(g™") (note that 7 is unitary,
as its central character is unitary).
Kazhdan’s theorem [Kaz86, Theorem A], which requires a global argument, can be
replaced by (b). Moreover, we can substitute Harish-Chandra’s character formula
stated in [Str08, 4.1.1] by (c).
Finally, thanks to Proposition 3.1 iii), for every compact open subgroup K’ of

D*, (Hi)X" is a G-representation of finite length. Therefore, to compute the trace
Tr(f, - f; Hom(H{: !, 7)) for an element f of the Hecke algebra of D>, we do not

need to take W' in [Str08, p. 927]. This simplifies Strauch’s proof considerably. i

4 Proof of the main theorem

Now we assume that n is a prime, and prove Theorem 2.4. First construct a map
JL: Trr? (D*) — Cusp_(G).

Proposition 4.1 For p € Irrow( D*), there exists a unique representation w €
Cusp_(G) which appears in HETfl[p], It satisfies the character relation Qp(h) —
(_1)n_167r<gh> for every h € (DX)reg_

Proof. First note that = € Cusp_,(G) is projective and injective in the category of
smooth representations of G/w?, and thus the following are equivalent:

— 7 is a subrepresentation of a smooth representation V' of G/w?,
— 7 is a quotient representation of V', and
— m is a subquotient of V.

Consider the Grothendieck group R(G/w?) of finite length smooth representations
of G/w” and take the alternating sum Hyrl[p] = > .(—1)'[Hir[p]] in R(G/=?).

Write
Hyrlp] = Z ax[T] + Z b ['] + Z can "],

T€Cusp (G)

where 7’ runs through non-supercuspidal elliptic irreducible representations of G
which are trivial on w? (¢f. [Dat07, Lemme 2.1.6]), and 7" runs through non-elliptic
irreducible representations of G' which are trivial on w?. By Proposition 3.1 ii), we



Yoichi Mieda

know that (—1)""'a, € Zs¢ for every m € Cusp_(G). Taking characters of both
sides and restricting them to G, we have

O = Y, el + Y Vs,
X

meCusp, (G)
for some b} € Z, where x runs through characters of F”* which are trivial on w?;
indeed, by [Dat07, Lemme 2.1.6], every non-supercuspidal elliptic representation 7’
has the same cuspidal support as that of St, for some x, and 0,/ = &g on Gl
By Lemma 2.5 and Theorem 3.2, we have 0 = (g (), Ost, )en = . Hence we
have an equality of functions over G

eHLT[P] = Z a,rﬁ,r.

m€Cusp (G)

Since O, (5 (9r) = n0,(h) by Theorem 3.2, the left hand side is not zero. Therefore
ax # 0 for at least one m € Cusp_ (G). By definition, such 7 appears in H'z'[p].

Next we prove the uniqueness of such 7. In the proof of [Miell, Lemma 5.2], the
author constructed an injection of G-representations H'z'[p] — Hompx (p, H{'x )Y,
where (—)¥ denotes the contragredient (in fact, we can prove that it is an isomor-
phism). Therefore, if m appears in H{i'[p], then 7V appears in Hompx (p, Hi'z '),
and thus 7V ® p appears in Hiw'. Now assume that m, 7/ € Cusp_(G) appear
in H-'[p]. Then two representations Homg(H{'s', 7¥), Homg(H{p!, ©'V) of D*
share the same quotient pY. Hence we have <0HomG(H£LT71mv), 0HomG(H£LT717ﬂ_IV)> > 0. By
Lemma 2.6 and Theorem 3.3, we obtain

1
<07r\/, 07r’\/>e11 = E<QHOTHG(H&?1:7TV)’ eHomg(Hiz;l’ﬂ,v)> > 0.

Therefore, from Lemma 2.5 we conclude that 7¥ = 7'V and 7 = 7.

Now we have found a unique representation 7 € Cusp(G) such that a, # 0.
It satisfies Op,11p(9n) = ax0x(gn) for every h € (D*)"™&. Again by Theorem 3.2, we
have a,0(gn) = nf,(h). Lemma 2.6 tells us that a2(0,,0)en = n*(0,,0,) = n>.
Since (—1)""'a, > 0, we conclude that a, = (=1)""'n and 0,(h) = (=1)"0.(gn),
as desired.

Definition 4.2 For p € Irr? (D*), define JL(p) as the representation 7 € Cusp_ (G)
in Proposition 4.1. We have the character relation 6,(h) = (—1)""'0,1(,)(gs) for
h € (D*)s.

To show Theorem 2.4, it suffices to prove the surjectivity of JL.

Proposition 4.3 The map JL: Irr’ (D*) — Cusp_(G) constructed above is
surjective.
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Proof. Take 7 € Cusp_ (G). Theorem 3.3 tells us that Homg(Hy ', 7V) # 0, since
O.v|gen # 0 by Lemma 2.5. Let p be an irreducible representation of D* appearing
in Homg(H{:", 7). Then p € Irr (D*). Indeed, if p = x o Nrd for a character x
of F*/w? by Lemma 2.3, Lemma 2.5, Lemma 2.6 and Theorem 3.3, we have

<9H0mg(H£l,;1,7rV)7 9onrd> = n<97r\/7 QStX>eH = 0.

By the same argument as in the proof of Proposition 4.1, we can conclude that m
appears in Hiw'[pY]. Namely, 7 = JL(p"). i

This completes our proof of the local Jacquet-Langlands correspondence for
GL,(F) and D*.
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