Dynamic Van der Waals Theory

A diffuse interface model for two-phase hydrodynamics

involving the liquid-gas transition in non-uniform temperature
[A. Onuki, PRL (2005) & PRE (2007)]

Hydrodynamic equations
for liquid-gas flows in the bulk region
[well developed]
+
Boundary conditions at fluid-solid interface
[J. Chem. Phys. (2010) and ongoing]



Helmholtz free energy density:
f(n,T)=nk,T [ln(ijln) ~1-1In(1 —von)] —&v,n’
Internal energy density, entropy per molecule, and pressure
e(n,T)=3nk,T /2—¢ev,n’
s(n,T)=—kgIn| 23n/(1=v,n) |+ 5k, /2
p(n,T)=nk,T /(1-v,n)—ev,n’
Gradient contributions to the internal energy density and
entropy density -
K{(n 2 n
=e+ ( )\an S=ns(n,e)— ( )\Vn\z

2 2
Free energy minimization leads to the equilibrium structure
of a diffuse liquid-gas interface. van der Waals

Elasticity in one-component liquid-gas systems, manifested through
a reversible stress tensor —1II , which is anisotropic.



Balance equations for particle number, momentum, and energy

% +V-(nv)=0 — the continuity equation
Q( pv)+V-(pw)=V .M — the momentum equation

>

M=-I1+6 is the total stress tensor.
reversible | | irreversible (viscous)

% +V-(év)=-M:Vv+6:Vv-V-q for the internal energy density

Use of standard thermodynamic relations

oS N I 1, = = |
E+V-(SV)——V-J]¢ +?G.VV—T—2q:VT +?(—H+ pI-+MVnVn).VV
— the balance equation for the density of entropy

JS E[M Vn(an/6t+VoVn)+q]/T — the total entropy flux



The rate of entropy production in the bulk region

oc=—6:Vv——q-VT +l(—fl+ fﬁ+MVnVn):Vv
T T T

The density inhomogeneity does not contribute to entropy production.

—II=-MVnVn- pI| — the reversible stress

.. : 1 1
The positive definiteness of o= ?6 :Vv —T—zq-VT

can be ensured by the constitutive relations
G =1 (VV +Vv' )+ (¢-2n/3)IV-v  — viscous stress

q=-AVT — heat flux
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A schematic 1illustration of the fluxes into the surface region X
bounded by the closed curve C,

* No adsorption at the fluid-solid interface.

The area densities of surface energy and surface entropy are
flunctions of n, the boundary value of fluid density.

Surface stress tensor and surface heat flux are present, but no
surface viscosity.



The general boundary (Jump) condition in differential form
(a special case of the extended Kotchine’s theorem)

g,
ot

Here the prime denotes the surface quantities whose dimensions are
different from the corresponding bulk quantities.

v )=V, I +[1-I]+ 7, with [§-I]=7-(J-J,)

Surface entropy and surface energy
S, = [dAo; (n) E, = [dAe; (n)

Helmholtz free energy per unitarea f/(n,T)=e!(n)-To,(n)

A Gibbs-type equation do, ——de ——(ac j dn
T\on);

Vis = fs' — the fluid-solid mterfac:lal tension

Surface stress tensor is tangential and symmetric: M, =y . T= T
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Balance equations at the fluid-solid interface

Force bal V f'—%-M+F=0 V-1 ME+F, =0
orce nalance — N . — -
ST AR —3-M-§+F, =0

Three forces by the interface, fluid, and wall

Energy balance

‘Zet (&)=Y (N )-V. g +[7-q] - MV —w Y f

slip

T

v." =v_—w_— tangential slip velocity

First law of thermodynamics applied at the fluid-solid interface

Entropy balance from
oo, 1 oe; 1 of, on
T\on); ot

ot T ot



Entropy balance

N N

e (§)0 5 )

?.jS E(?.q+ anyn)/T _?j\?v E_?.qW/TW — entropy fluxes

L=MV n+ (5fs'/ on )T is equal to zero in equilibrium.

Interfacial constitutive relations

I 1
'=—A'V.T - ¥F y-q. =—| ———

BvIP = —,6’ VT-F an=-L



Balance equations

(conservation laws) _ _
Hydrodynamic equations

Constitutive relations

From the bulk region to the interface

Balance equations } Hydrodynamic

Constitutive relations boundary conditions

A continuum hydrodynamic model formed by
differential equations and boundary conditions.



Hydrodynamic Boundary Conditions

: : on of !
Density relaxation a (— +v, Vrnj =-MV n —( j
ot on T

Impermeability  y-v=y-w=0

Velocity slip v =¥, v, *[MW'*(@&) }an—(aé v QVJ
T

Temperature slip AV T, = Tl_ 1

w
oe;

—AV. T+A,V T, = p-

+V, - (Tov,)+v, -V !

Heat fluxes i
V. -(/IS’VTT)—EFT .F -V .(;(FT)—%FT VT



A limiting case Xu and Qian, J. Chem. Phys. 133, 204704 (2010)

No cross coupling: ¥ — 0

Constant temperatures at the fluid-solid interface: T =T, = const.

Kk —>(0 and fast relaxation toward thermal equilibrium in the solid

: : on of !
Density relaxation a (— +v, Vrnj =-MV n —( j
ot on T

Impermeability  y-v=y-w=0

. . Sl of
Velocity slip BvIP = NV, Vv, +|:M v.n +( P j }Vrn
.

Dirichlet temperature condition T =T, = const
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