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Three Tales of Three Scales in Epitaxial Growth:

On Fundamentals of Crystal Surface Morphological Evolution
Lecture I:



Goal: To model surface 
morphological evolution

Crystal surfaces out of equilibrium: A sample 

[Chalmers, King, Shuttleworth, 1948]

Thermal grooving in Ag (temp. T=920o C) 

Chalmers et al. Proc. Roy. Soc. A, volume 193, plate 10
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~200µm

Real-time observation of  
L-cystine crystal growth in solution

(T close to room temperature) 

[Shtukenberg, Zhu, An, Bhandari, Song, 
Kahr, Ward, 2013]

sharing a screw axis (8), including 61, and observed for lower-order
screw axes (9, 10, 16, 17). The L-cystine spirals are distinguished by
well-defined steps corresponding to each elementary layer as well
as the six steps belonging to a single elementary layer, permitting
direct measurement of the step velocity anisotropy that is re-
sponsible for the deceptive microscopic morphologies.
As a group of six minor steps advances from the core along

the six h1010idirections, the slowest step ultimately will limit the
entire group, leading to bunching of the minor steps and for-
mation of the 5.6-nm major steps flanking the hexagonal islands
and macrospirals in Fig. 1 B and D, respectively. Fig. 1A depicts
six steps radiating from a single dislocation, each related to the
next by a 60° rotation and an elevation of c/6. Consequently, each
step belongs to a different elementary layer. Fig. 4A reveals six
equivalent steps emanating from a dislocation core, with each
elementary layer denoted by a different color. As a particular
minor step denoted at A(+) in each elementary layer advances at
a velocity VA(+), minor step B(+) (from the same elementary
layer) is pulled from the core (depicted here as 33% of a com-
plete angular cycle). Minor step B(+) then advances until it
exceeds a critical length LB(+), at which time C(+) is born. Once
C(+) achieves LC(+) (65%), A(−) is born, and so on. Because
VB(+) > VA(+), the distance between A(+) and B(+) in adjacent
layers decreases until B(+) merges with A(+) (71%), thus
forming a permanent bunch. A bunch of six has a riser of 5.6 nm.
The process of bunching in all directions normal to step edges at
an equal distance from the core produces a hexagonal island
(100%). The process then repeats with the next A(+) elementary
step (133%). An animated version of this simulation is provided
in Movie S3.
The Frank–Read source in Fig. 1C is the product of two

closely spaced dislocations of opposite sense. The total Burgers
vector of this pair of dislocations is zero. The generation of new

steps occurs as for single dislocations (Fig. 4B). As an elementary
layer is extruded through the dislocation pair, its minor steps
connect the opposing dislocation cores. Eventually, the six minor
steps of an elementary layer form an asymmetric six-sided poly-
gon (also known as a loop) but with concavities expected (also
known as reentrant angle) during loop formation. The velocities
of the two segments forming the reentrant angle are doubled in
the simulation because of the well-known acceleration of the
step motion at reentrant angles (18). The cycle is complete when
six loops corresponding to six elementary layers are formed,
bunching along the directions of the slowest advancing steps
(100%). By the time the first generation bunches (indicated by
the red arrow at 130%) it has met a second-generation bunch
(indicated by the blue arrow). Here, the illusion of an overall
macrospiral first becomes evident as the asymmetric loops stack
and the slowest steps of successive loops along the stack are
related by a 60° rotation. In other words, the continually in-
creasing distance between the step bunches and the core, com-
bined with growth rate anisotropy, creates an apparent spiral
(Fig. 4B; Movies S4 and S5).
The well-accepted idea that spiral morphologies arise from a

single dislocation whereas a stack of islands is a telltale sign of a
Frank–Read dislocation source (19, 20) is apparently turned upside
down in the case of L-cystine. The splitting of a major step and
subsequent bunching reverses the morphological consequences

Fig. 1. Real-time in situ AFM of growth hillocks. Hillocks formed by (A)
a single dislocation and (C) by a pair of dislocations, a so-called Frank–Read
source. Corresponding models B and D are illustrated, respectively. Six dif-
ferent colors are used to depict the minor steps that define the six different
c/6 elementary layers. [L-cystine] = 2 mM. An AFM movie of growth from the
Frank–Read source is provided in Movie S1. A movie of features like that in A
can be found in ref. 9. Step sources consisting of two or more dislocations of
the same sense also are observed occasionally (Fig. S2).

Fig. 2. Crystal structure of L-cystine. (A) Three adjacent helices of L-cystine
molecules, viewed normal to the ð1010Þ plane, each winding about the 61
screw axis that coincides with the c axis. Six L-cystine molecules span the 5.6-
nm c axis along the flank of the six f1010g planes. (B) One of the c/6 ele-
mentary layers as viewed normal to the (0001) plane. The A, B, and C steps
marked by red, green, and blue lines, respectively, define six growth direc-
tions (steps may advance from either side of each line). Line A slices the
fewest number of hydrogen bonds and is considered to be the step of lowest
surface energy. Atom color code: carbon (gray), oxygen (red), nitrogen
(blue), sulfur (yellow), hydrogen (white). (C) Schematic illustration of a hex-
agonal L-cystine crystal with Miller planes denoted. A cut-and-fold paper
model for construction of a 3D hexagonal hillock of L-cystine is provided for
the convenience of the reader (Fig. S3).
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Step
height ~1nm

Atomic step formation on sapphire
surface (T close to room temp.)

[Wang, Guo, Xie, Pan, 2018]
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morphologies did not change dramatically as the polishing progressed further. For the damage-free region, the 
surface invariably evolved from blur steps to clear steps. In contrast, the evolutions of step morphologies with 
damage were quite different. After polishing for 20 minutes, the steps formed first at peaks which were caused 
by scratches [shown in Fig. 2(a)], which was probably because the energy of the peak region was higher. After 
polishing for 40 and 60 minutes, the step morphologies evolved into large waves of steps and then to small waves 
of steps [shown in Fig. 2(b,c)]. Finally, after polishing for 80 minutes, the steps became straight, as shown in 
Fig. 2(d). Through the polishing process, regions without damage became smoother and showed clear atomic 
step-and-terrace structures. Equally, regions with damage could also obtain clear and straight atomic steps after 
the removal of damage by polishing.

The HRTEM experiment was conducted to provide more information of the polished surface. From the sec-
tional image of HRTEM [in Fig. 3(a)] and the fast Fourier transformation of the HRTEM image [in Fig. 3(b)], it 
was calibrated that the zone axis was [1120]. During the HRTEM experiment, the electron beam was under nor-
mal incidence in general. The sample was controlled to the greatest extent by FIB to be perpendicular to the step 
edge and the surface. And the interplanar distance was in good accordance with that of the (0006) plane. The 
surface of the sapphire wafer used in the experiment was c (0001) ±   0.5°. Hence, the miscut direction (step edge 
direction) of the wafer was a-axis [1120]. Furthermore, there was an ordered layer above the sapphire surface. It 
was speculated that the substrate was under the protection of a hydration layer according to the previous research 
on the removal mechanism of polishing43.

Simulation results. From the AFM experiments, the step height accorded well with the crystal parameters 
of sapphire. From the HRTEM experiments, the sapphire lattices did not distort. Hence, the study on the step 
formation with the idealized step-and-terrace structure (which was defined as the step model created by the 
idealized crystal structure in this simulation) was reliable. Thus, the influences of different miscuts and the com-
positions were investigated through the statistical data of the step widths of idealized step structures. Moreover, 
more subtle arrangements of atoms could be observed by building the idealized step structure, which is far more 
difficult to observe in experiments (see Section S1, S2 in Supplementary Information).

Statistics of Al step widths were conducted to analyze the miscut influence on the step parameter, taking into 
consideration that the surface terminated with Al atoms was with the lowest energy as reported theoretically 
through molecular dynamics44. The Al step width of each step (see Section S1.1, wi was defined as the width of the 
step i was summarized in Fig. 4(a) when the miscut angle (step slope angle) was 5°. The step widths of [1120] 
(a-axis) were periodic (with a periodicity of 3 steps), those of the [1010] (m-axis) were periodic to a limited extent 
(with a periodicity of 6 steps), while those of the other two directions had no apparent periodicity. The reason 
could be attributed to the crystal structure and the atomic distance. There are 6 trilayers in one-unit cell and every 
two trilayers are chirally symmetrical (see Figure S2). Hence, the periodicity of 3 steps reflected the crystal struc-
ture, showing the step structure of a-axis was more regular. If the miscut directions (step edge directions) were 
sorted from regular step structures to less regular ones, the ranking would be: [1120] (a-axis) >   [1010] 
(m-axis) >   [5140] ≈   [4150], which is in accordance with the analysis of step parameter fluctuations (see Section 
S3) and the aerial-view surfaces (see Section S2).

As can be seen from the results above, the step structures formed along a-axis were relatively regular. Thus, 
a-axis was used as the miscut direction (step edge direction) to study the effect of compositions on step struc-
tures. It can be seen from Fig. 4(b), all the step widths of different compositions have the periodicity of 3 steps, 

Figure 1. AFM measurements of sapphire wafer after polishing. Surface morphologies evolved from (a) blur 
steps to (b) clear steps as the polishing progressed.
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FIG. 1. Example AFM micrographs of (a) an unannealed
rippled sample, l ! 360 nm, and (b) a postannealed sample,
l ! 363 nm, Tanneal ! 667 ±C, annealing time ! 2145 s. The
representative line scans for each micrograph are the horizontal
centerlines. The gray scales are the same for each image.

the figure had the same wavelength; however, the sample
in Fig. 1(a) was not annealed while the one shown in
Fig. 1(b) was annealed for a prolonged period of time. Fig-
ure 2 illustrates our key result— the ripple amplitude does
not decay in the classical exponential manner at any time.
Instead, for a ripple with wavelength l, the time evolution
of the amplitude, Al!t", for all cases followed the inverse
linear form:

Al!t" ! Al!0 "#!1 1 klt" . (1)

The parameter kl contains all the temperature and scale
dependence. The form of Eq. (1) is predicted by a nonclas-
sical model for the amplitude decay of perfect sinusoids
presented by Ozdemir and Zangwill (OZ) [4], who built on
earlier work by Rettori and Villain (RV) [5] (we herein col-
lectively refer to this model as RV-OZ). The salient points
of the RV-OZ model are summarized as follows.

FIG. 2. Typical amplitude decay behavior (data: squares,
circles) during an in situ anneal, illustrating the nonclassical
decay behavior (classical: dashed lines) and the good fit to
the RV-OZ form, Eq. (1) (solid lines). For these samples,
l ! 565 nm, T ! 672 ±C (squares), l ! 485 nm, T ! 746 ±C
(circles).

Consider a one-dimensional model for a decaying sinu-
soidal profile. In general, the local change in height h!x, t"
at a point x on a surface is proportional to the divergence
in the local flux of diffusing species j!x, t" at that point, a
result simply due to mass conservation. That is,

≠h!x, t"#≠t ~ 2= ? j!x, t" . (2)

The local flux of the diffusing species on a surface during
relaxation depends on the width of the terrace upon which
the adatoms sit, l!x", and also the local chemical potential
difference between atoms on the steps bounding that ter-
race, Dm0 !x". When the mass transport rate is limited by
diffusion across the terrace,

j ! !DSC0 #kBT"Dm0 #l , (3)

where DS is the surface diffusivity, and C0 is the equilib-
rium concentration of adatoms on an infinitely wide terrace
[20]. When the rate is limited by step traversal,

j ! !akPC0 #kBT "Dm0 , (4)

where kP is the rate constant for hopping down a step
onto the next lowest terrace [21], and a is the in-plane
lattice constant. The connection between the continuum
and the discrete is through the approximation that l!x" ~
1#j≠h!x"#≠xj. With this approximation and the appro-
priate form for Dm0 (discussed below), a sinusoid with
amplitude evolution given by Eq. (1) is found to be an
approximate solution of Eq. (2) using either Eq. (3) or (4)
[4].
How the time-dependent behavior of the amplitude of a

surface feature is related to a characteristic length scale
of the overall surface morphology has been the subject
of most theoretical studies of surface relaxation. RV-OZ
show that the time decay of the amplitude of the infinite
sinusoid obeys the following scaling behavior, derivable
from careful consideration of the discrete forms the sur-
face diffusive flux. In general, the amplitude Al!t" of a
sinusoid with wavelength l can be expressed as a univer-
sal amplitude decay function,

Al!t" ! A!t#ln" , (5)

such as Eq. (1). The value of the scaling exponent, n,
depends on the microscopic surface kinetics; for diffusion-
limited kinetics [Eq. (3)], n ! 5, and for step traversal-
limited kinetics [Eq. (4)], n ! 4. In the classical model,
only diffusion limited kinetics are applicable and A!t#ln"
is a decaying exponential with n ! 4.
To find the full temperature dependence of Eq. (1), the

form of Dm0 first needs to be clarified. Classically and
above TR, the chemical potential gradient is connected to
the local morphology by a Gibbs-Thomson effect. In this
case, Dm0 is proportional to the local curvature k and the
local surface energy, g. Instead of continuum surface ten-
sion as a driving force for surface area reduction, the forces
that drive relaxation are primarily due to step-step inter-
actions. For discrete surfaces, the chemical potential of
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“Non-classical” smoothening of 
Si surface corrugations (T=667o C)

[Erlebacher, Aziz, Chason, Sinclair, Floro, 2000]
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“Classical” shape relaxation by surface diffusion
[Herring, 1950, 1951; Mullins, 1957]

surface flux surface chem. potential
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Making smaller yet stable structures implies using lower temperatures. 
[Gruber, Mullins, 1967; Rettori, Villain, 1988; Ozdemir, Zangwill, 1990 …]
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<latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="ZOkLZeKN+nl+38snX3PJ6TdEQWk=">AAACOnicbZDLSgMxFIbPeHe8VbduglZwY5lxoxtBcKG4UcFWoVOGM2lag7kMSUYoQ1/Dp3GrPoMP4U5cipnahbcDIT//n8M5+bJccOui6CWYmJyanpmdmw8XFpeWV2qriy2rC0NZk2qhzXWGlgmuWNNxJ9h1bhjKTLCr7Paoyq/umLFcq0s3yFlHYl/xHqfovJXWono9bKXqYCc5k6yPpEyMJF1+N0yTY5QSSZJp0bUD6S9yGtbraW0zakSjIn9FPBabMK7ztPaRdDUtJFOOCrS2HUe565RoHKeCDcOksCxHeot91vZSoWS2U45+NiRb3umSnjb+KEdG7veOEqWtlvMvJbob+zurzP+yduF6+52Sq7xwTNGvQb1CEKdJhckjMIw6MfACqeF+V0Jv0CB1Hua/U36YleO0FnYYemDxbzx/RWu3EUeN+CKCOViHDdiGGPbgEE7gHJpA4R4e4BGegufgNXj7QjsRjBmvwY8K3j8BGRKvfg==</latexit><latexit sha1_base64="ZOkLZeKN+nl+38snX3PJ6TdEQWk=">AAACOnicbZDLSgMxFIbPeHe8VbduglZwY5lxoxtBcKG4UcFWoVOGM2lag7kMSUYoQ1/Dp3GrPoMP4U5cipnahbcDIT//n8M5+bJccOui6CWYmJyanpmdmw8XFpeWV2qriy2rC0NZk2qhzXWGlgmuWNNxJ9h1bhjKTLCr7Paoyq/umLFcq0s3yFlHYl/xHqfovJXWono9bKXqYCc5k6yPpEyMJF1+N0yTY5QSSZJp0bUD6S9yGtbraW0zakSjIn9FPBabMK7ztPaRdDUtJFOOCrS2HUe565RoHKeCDcOksCxHeot91vZSoWS2U45+NiRb3umSnjb+KEdG7veOEqWtlvMvJbob+zurzP+yduF6+52Sq7xwTNGvQb1CEKdJhckjMIw6MfACqeF+V0Jv0CB1Hua/U36YleO0FnYYemDxbzx/RWu3EUeN+CKCOViHDdiGGPbgEE7gHJpA4R4e4BGegufgNXj7QjsRjBmvwY8K3j8BGRKvfg==</latexit><latexit sha1_base64="eE9BvaXor4ARMFLQFj5ktIARdyE="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit> J = �Ds⇢eq

kBT
r�µ

<latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="ZfkW1n8maphWK46UR7cSCOiWs3E="></latexit><latexit sha1_base64="ZfkW1n8maphWK46UR7cSCOiWs3E="></latexit><latexit sha1_base64="ueNYhu10QxHxJ4BWFvpEWt73YII="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit>

diffusivity

low T

(const.) surface free energy/area

mean curvature

µ = ⌦�
<latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="z/W4JVAkTv8ghfSimLYuYDRKo40=">AAACI3icbZBLSwMxFIXv1FetVas7cRNsBVdlxo1uBMGNOyvYB3RKuZOmbWgyGZKMUErx17hVf43gQvwnYvpY2MeBwOE7CffmRIngxvr+l5fZ2Nza3snu5vby+weHhaN8zahUU1alSijdiNAwwWNWtdwK1kg0QxkJVo8Gd5O8/sy04Sp+ssOEtST2Yt7lFK1D7cJJKZTpTfggWQ/DHkqJJBxgkmCpXSj6ZX8qsmqCuSnCXJV24TfsKJpKFlsq0Jhm4Ce2NUJtORVsnAtTwxKkA+yxprMxSmZao+kXxuTckQ7pKu1ObMmU/n8xQmnMUEbupkTbN8vZBK7LmqntXrdGPE5Sy2I6G9RNBbGKTPogHa4ZtWLoDFLN3a6E9lEjta61tVMW4IRYpYQZ51xhwXI9q6Z2WQ78cvDoQxZO4QwuIIAruIV7qEAVKLzAK7zBu/fhfXrfs2oz3rzjY1iQ9/MHRoKnuA==</latexit><latexit sha1_base64="z/W4JVAkTv8ghfSimLYuYDRKo40=">AAACI3icbZBLSwMxFIXv1FetVas7cRNsBVdlxo1uBMGNOyvYB3RKuZOmbWgyGZKMUErx17hVf43gQvwnYvpY2MeBwOE7CffmRIngxvr+l5fZ2Nza3snu5vby+weHhaN8zahUU1alSijdiNAwwWNWtdwK1kg0QxkJVo8Gd5O8/sy04Sp+ssOEtST2Yt7lFK1D7cJJKZTpTfggWQ/DHkqJJBxgkmCpXSj6ZX8qsmqCuSnCXJV24TfsKJpKFlsq0Jhm4Ce2NUJtORVsnAtTwxKkA+yxprMxSmZao+kXxuTckQ7pKu1ObMmU/n8xQmnMUEbupkTbN8vZBK7LmqntXrdGPE5Sy2I6G9RNBbGKTPogHa4ZtWLoDFLN3a6E9lEjta61tVMW4IRYpYQZ51xhwXI9q6Z2WQ78cvDoQxZO4QwuIIAruIV7qEAVKLzAK7zBu/fhfXrfs2oz3rzjY1iQ9/MHRoKnuA==</latexit><latexit sha1_base64="9qtokK231o6EIa3rlEdE5zKbdpw=">AAACLnicbZDLSgMxFIYzXmu9VV2Jm2AruCozbnQjFN24s4K9QGcoZ9JMG5pMhiQjlFJ8Grfq0wguxK1PIabtLOzlh8DPd87hnPxhwpk2rvvprKyurW9s5rby2zu7e/uFg8O6lqkitEYkl6oZgqacxbRmmOG0mSgKIuS0EfZvx/XGE1WayfjRDBIaCOjGLGIEjEXtwnHJF+m1fy9oF/wuCAHY70OSQKldKLpldyK8aLzMFFGmarvw63ckSQWNDeGgdctzExMMQRlGOB3l/VTTBEgfurRlbQyC6mA4+cIIn1nSwZFU9sUGT+j/iSEIrQcitJ0CTE/P18ZwWa2VmugqGLI4SQ2NyXRRlHJsJB7ngTtMUWL4wBogitlbMemBAmJsaku3zMAxMVJyPcrbwLz5eBZN/aLsuWXvwS1WbrLocugEnaJz5KFLVEF3qIpqiKBn9IJe0Zvz7nw4X873tHXFyWaO0Iycnz+LOqlN</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit>

(Naive) Scaling prediction: ⌧ ⇠ c(T )L4
<latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="YzhnL+PoliAiru+68kA6YEEXmRg="></latexit><latexit sha1_base64="YzhnL+PoliAiru+68kA6YEEXmRg="></latexit><latexit sha1_base64="h92YxdZrhxkx4NhHcbbAByVtQsg="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit> size

lifetime

D0e�Ea/(kBT )
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c(T ) = CT/Ds(T )
<latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="gF4hXmhRHEip4PXTeQwEVkDLTjI=">AAACH3icbZBLSwMxFIXv1Fcdq1bBlZtgK9RNnXGjG0GoC5cV+oJ2GDJp2oZmJkOSEcrQH+NW/TXuiv9FzLRd2MeBCx/nJNzLCWLOlHacmZXb2d3bP8gf2keF45PT4lmhpUQiCW0SwYXsBFhRziLa1Exz2oklxWHAaTsY17K8/UalYiJq6ElMvRAPIzZgBGtj+cWLctkmlcbNYw01bp99ZdAul/1iyak6c6FNcJdQgqXqfvG31xckCWmkCcdKdV0n1l6KpWaE06ndSxSNMRnjIe0ajHBIlZfOz5+ia+P00UBIM5FGc/f/jxSHSk3CwLwMsR6p9Swzt2XdRA8evJRFcaJpRBaLBglHWqCsC9RnkhLNJwYwkczcisgIS0y0aWzrlhUzc7QQXE1tU5i7Xs8mtO6qrlN1Xx3IwyVcQQVcuIcneIE6NIFACu/wAZ/Wl/VtzRbV5qxlx+ewIuvnDzhwoy4=</latexit><latexit sha1_base64="gF4hXmhRHEip4PXTeQwEVkDLTjI=">AAACH3icbZBLSwMxFIXv1Fcdq1bBlZtgK9RNnXGjG0GoC5cV+oJ2GDJp2oZmJkOSEcrQH+NW/TXuiv9FzLRd2MeBCx/nJNzLCWLOlHacmZXb2d3bP8gf2keF45PT4lmhpUQiCW0SwYXsBFhRziLa1Exz2oklxWHAaTsY17K8/UalYiJq6ElMvRAPIzZgBGtj+cWLctkmlcbNYw01bp99ZdAul/1iyak6c6FNcJdQgqXqfvG31xckCWmkCcdKdV0n1l6KpWaE06ndSxSNMRnjIe0ajHBIlZfOz5+ia+P00UBIM5FGc/f/jxSHSk3CwLwMsR6p9Swzt2XdRA8evJRFcaJpRBaLBglHWqCsC9RnkhLNJwYwkczcisgIS0y0aWzrlhUzc7QQXE1tU5i7Xs8mtO6qrlN1Xx3IwyVcQQVcuIcneIE6NIFACu/wAZ/Wl/VtzRbV5qxlx+ewIuvnDzhwoy4=</latexit><latexit sha1_base64="XjA+rAbJOeST2EcS0cXll9mWGRA=">AAACKnicbZDLSsNAFIYnXmu8RcWVm8FGqJuauNGNUKwLlxV6gzaEyXTaDp1kwsxEKKEP41Z9GnfFrc8hTtos7OWHAz/fOYdz+IOYUakcZ2psbG5t7+wW9sz9g8OjY+vktCl5IjBpYM64aAdIEkYj0lBUMdKOBUFhwEgrGFWzfuuVCEl5VFfjmHghGkS0TzFSGvnWuW2buFS/fqjC+s2TL7U1bdu3ik7ZmQmuGjc3RZCr5lu/3R7HSUgihRmSsuM6sfJSJBTFjEzMbiJJjPAIDUhH2wiFRHrp7P0JvNKkB/tc6IoUnNH/GykKpRyHgZ4MkRrK5V4G1/U6ierfeymN4kSRCM8P9RMGFYdZFrBHBcGKjbVBWFD9K8RDJBBWOrG1VxZgRhTnTE5MHZi7HM+qad6WXafsvjjFymMeXQFcgEtQAi64AxXwDGqgATBIwRt4Bx/Gp/FlTI3v+eiGke+cgQUZP39LxqS/</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit>

2/26



Macroscale

20 µm
[Imaging of Si(001): Blakely,Tanaka, 1999 ]

[Imaging : B. S. Swartzentruber, 2002]

terrace
step

Mesoscale

25 nm

Below the “roughening
transition temperature”:
Steps and terraces

a

a!
0

v?
!

@th
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|

(Normal) Step velocity

h

Classical-atomistic scale
h

How can one reconcile models
across these scales?
What is a suitable macroscale description?
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Defects on elemental cubic (Kossel) crystal
[Kossel, 1927; Stranski, 1928]

[Bonzel, 2003]

Idealized surface of cubic elemental crystal.  Adsorbed atoms: “adatoms”.
Prominent microstructural features: terraces, steps (ledges), kinks.

Surface evolution: Burton, Cabrera and Frank (BCF) model, 1951.
We need some equilibrium concepts.
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Equilibrium Concepts: A Review
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Roughening transition temperature: Single step

Surfaces contain steps : energetics include kink excitations.
Tendencies:

• Entropy increase due to kink-induced step wandering
• Step energy decrease since kinks cost energy

Toy model: Probabilities pl (left-facing kinks), pr (right-facing kinks), p0 (no kinks):
<latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="AG8vFx6SH2YDAT+ZulUFxd0iOiM=">AAACNHicbZDLSgMxFIbPeLfeqls3wSooqMy4UVwJblxWsBdoS8mkZ9rQTDIkZ4RSfDM3voI7t25cKOIjmF4WXnog8PN/CeF8caakozB8CebmFxaXlldWC2vrG5tbxe31qjO5FVgRRhlbj7lDJTVWSJLCemaRp7HCWty/HvHaPVonjb6jQYatlHe1TKTg5Kt2sVq2JuaxVJIkOraftdU+O1SY0EnChdRd1pe6746OR8h6ZGW3N4uFnmkzbS7bxVJ4Go6H/Q/RNJRgOuV28bnZMSJPUZNQ3LlGFGbUGnJLUih8KDRzhxkXfd7Fho+ap+haw/H+D+zANx2WGOuPJjZuf74Y8tS5QRr7mymnnvvLRuUs1sgpuWgNpc5yQi0mHyW5YmTYSCbrSIuC1MAHLqxXKJjoccsFeeUFLyH6u/L/UD07jXy+DWEFdmEPDiGCc7iCGyhDBQQ8wiu8w0fwFLwFnxNdc8HU2w78muDrG6/8qs4=</latexit><latexit sha1_base64="AG8vFx6SH2YDAT+ZulUFxd0iOiM=">AAACNHicbZDLSgMxFIbPeLfeqls3wSooqMy4UVwJblxWsBdoS8mkZ9rQTDIkZ4RSfDM3voI7t25cKOIjmF4WXnog8PN/CeF8caakozB8CebmFxaXlldWC2vrG5tbxe31qjO5FVgRRhlbj7lDJTVWSJLCemaRp7HCWty/HvHaPVonjb6jQYatlHe1TKTg5Kt2sVq2JuaxVJIkOraftdU+O1SY0EnChdRd1pe6746OR8h6ZGW3N4uFnmkzbS7bxVJ4Go6H/Q/RNJRgOuV28bnZMSJPUZNQ3LlGFGbUGnJLUih8KDRzhxkXfd7Fho+ap+haw/H+D+zANx2WGOuPJjZuf74Y8tS5QRr7mymnnvvLRuUs1sgpuWgNpc5yQi0mHyW5YmTYSCbrSIuC1MAHLqxXKJjoccsFeeUFLyH6u/L/UD07jXy+DWEFdmEPDiGCc7iCGyhDBQQ8wiu8w0fwFLwFnxNdc8HU2w78muDrG6/8qs4=</latexit><latexit sha1_base64="8oJxNjfWEwWiIg7lSnQ1UzlhcVA="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="AG8vFx6SH2YDAT+ZulUFxd0iOiM=">AAACNHicbZDLSgMxFIbPeLfeqls3wSooqMy4UVwJblxWsBdoS8mkZ9rQTDIkZ4RSfDM3voI7t25cKOIjmF4WXnog8PN/CeF8caakozB8CebmFxaXlldWC2vrG5tbxe31qjO5FVgRRhlbj7lDJTVWSJLCemaRp7HCWty/HvHaPVonjb6jQYatlHe1TKTg5Kt2sVq2JuaxVJIkOraftdU+O1SY0EnChdRd1pe6746OR8h6ZGW3N4uFnmkzbS7bxVJ4Go6H/Q/RNJRgOuV28bnZMSJPUZNQ3LlGFGbUGnJLUih8KDRzhxkXfd7Fho+ap+haw/H+D+zANx2WGOuPJjZuf74Y8tS5QRr7mymnnvvLRuUs1sgpuWgNpc5yQi0mHyW5YmTYSCbrSIuC1MAHLqxXKJjoccsFeeUFLyH6u/L/UD07jXy+DWEFdmEPDiGCc7iCGyhDBQQ8wiu8w0fwFLwFnxNdc8HU2w78muDrG6/8qs4=</latexit><latexit sha1_base64="AG8vFx6SH2YDAT+ZulUFxd0iOiM=">AAACNHicbZDLSgMxFIbPeLfeqls3wSooqMy4UVwJblxWsBdoS8mkZ9rQTDIkZ4RSfDM3voI7t25cKOIjmF4WXnog8PN/CeF8caakozB8CebmFxaXlldWC2vrG5tbxe31qjO5FVgRRhlbj7lDJTVWSJLCemaRp7HCWty/HvHaPVonjb6jQYatlHe1TKTg5Kt2sVq2JuaxVJIkOraftdU+O1SY0EnChdRd1pe6746OR8h6ZGW3N4uFnmkzbS7bxVJ4Go6H/Q/RNJRgOuV28bnZMSJPUZNQ3LlGFGbUGnJLUih8KDRzhxkXfd7Fho+ap+haw/H+D+zANx2WGOuPJjZuf74Y8tS5QRr7mymnnvvLRuUs1sgpuWgNpc5yQi0mHyW5YmTYSCbrSIuC1MAHLqxXKJjoccsFeeUFLyH6u/L/UD07jXy+DWEFdmEPDiGCc7iCGyhDBQQ8wiu8w0fwFLwFnxNdc8HU2w78muDrG6/8qs4=</latexit><latexit sha1_base64="8oJxNjfWEwWiIg7lSnQ1UzlhcVA="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="AG8vFx6SH2YDAT+ZulUFxd0iOiM=">AAACNHicbZDLSgMxFIbPeLfeqls3wSooqMy4UVwJblxWsBdoS8mkZ9rQTDIkZ4RSfDM3voI7t25cKOIjmF4WXnog8PN/CeF8caakozB8CebmFxaXlldWC2vrG5tbxe31qjO5FVgRRhlbj7lDJTVWSJLCemaRp7HCWty/HvHaPVonjb6jQYatlHe1TKTg5Kt2sVq2JuaxVJIkOraftdU+O1SY0EnChdRd1pe6746OR8h6ZGW3N4uFnmkzbS7bxVJ4Go6H/Q/RNJRgOuV28bnZMSJPUZNQ3LlGFGbUGnJLUih8KDRzhxkXfd7Fho+ap+haw/H+D+zANx2WGOuPJjZuf74Y8tS5QRr7mymnnvvLRuUs1sgpuWgNpc5yQi0mHyW5YmTYSCbrSIuC1MAHLqxXKJjoccsFeeUFLyH6u/L/UD07jXy+DWEFdmEPDiGCc7iCGyhDBQQ8wiu8w0fwFLwFnxNdc8HU2w78muDrG6/8qs4=</latexit><latexit sha1_base64="AG8vFx6SH2YDAT+ZulUFxd0iOiM=">AAACNHicbZDLSgMxFIbPeLfeqls3wSooqMy4UVwJblxWsBdoS8mkZ9rQTDIkZ4RSfDM3voI7t25cKOIjmF4WXnog8PN/CeF8caakozB8CebmFxaXlldWC2vrG5tbxe31qjO5FVgRRhlbj7lDJTVWSJLCemaRp7HCWty/HvHaPVonjb6jQYatlHe1TKTg5Kt2sVq2JuaxVJIkOraftdU+O1SY0EnChdRd1pe6746OR8h6ZGW3N4uFnmkzbS7bxVJ4Go6H/Q/RNJRgOuV28bnZMSJPUZNQ3LlGFGbUGnJLUih8KDRzhxkXfd7Fho+ap+haw/H+D+zANx2WGOuPJjZuf74Y8tS5QRr7mymnnvvLRuUs1sgpuWgNpc5yQi0mHyW5YmTYSCbrSIuC1MAHLqxXKJjoccsFeeUFLyH6u/L/UD07jXy+DWEFdmEPDiGCc7iCGyhDBQQ8wiu8w0fwFLwFnxNdc8HU2w78muDrG6/8qs4=</latexit><latexit sha1_base64="8oJxNjfWEwWiIg7lSnQ1UzlhcVA="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit><latexit sha1_base64="yMRpvNtZhxnBuGlP5yDoUHtZl/c="></latexit>

pl + pr + p0 = 1, pl � pr = tan� =: pex; pin := pl + pr � pex = 2pr
<latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="/IouKebMiHoewrsBIsxq2W60obE="></latexit><latexit sha1_base64="/IouKebMiHoewrsBIsxq2W60obE="></latexit><latexit sha1_base64="kk/Fv6uugN+MX7Wh7etXXuVJbuw="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="/IouKebMiHoewrsBIsxq2W60obE="></latexit><latexit sha1_base64="/IouKebMiHoewrsBIsxq2W60obE="></latexit><latexit sha1_base64="kk/Fv6uugN+MX7Wh7etXXuVJbuw="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="/IouKebMiHoewrsBIsxq2W60obE="></latexit><latexit sha1_base64="/IouKebMiHoewrsBIsxq2W60obE="></latexit><latexit sha1_base64="kk/Fv6uugN+MX7Wh7etXXuVJbuw="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit><latexit sha1_base64="hh+G1uOV5mBwTsOKkhb9MwX9jTI="></latexit>

fixed

energy

entropy

energy of
straight stepstep 

free
energy

fst = ust � Tsst = Est + (pl + pr)Ekink + kBT (pl ln pl + pr ln pr + p0 ln p0)
<latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="JgwhTCjHiJkAat+xof+5A+k7erw="></latexit><latexit sha1_base64="JgwhTCjHiJkAat+xof+5A+k7erw="></latexit><latexit sha1_base64="IGq/6OK50oP/iq7yLxV2URG+cns="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="JgwhTCjHiJkAat+xof+5A+k7erw="></latexit><latexit sha1_base64="JgwhTCjHiJkAat+xof+5A+k7erw="></latexit><latexit sha1_base64="IGq/6OK50oP/iq7yLxV2URG+cns="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="JgwhTCjHiJkAat+xof+5A+k7erw="></latexit><latexit sha1_base64="JgwhTCjHiJkAat+xof+5A+k7erw="></latexit><latexit sha1_base64="IGq/6OK50oP/iq7yLxV2URG+cns="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit><latexit sha1_base64="AindDtta52OkZJRyjPxQ+ZKxrrs="></latexit>

Equilibrium:
Minimize fst with respect to pin for fixed � and T .

<latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="sNXwjcKUxRb5RX3t8jtWxbpf/fY=">AAACInicbZDLThsxFIbPQKGQAk3ZsrHIVOoqmmEDy0p0waYSlXKTkmjkcc4QC4/Hss8AYZQX6qavgpC6ACGeBeeyAMJZffp/W/b5UqOkoyh6CNbWP21sft7arn3Z2d37Wv+203FFaQW2RaEK20u5QyU1tkmSwp6xyPNUYTe9PJ313Su0Tha6RRODw5xfaJlJwclHSf3Xb6llLm+RhVlSOZqG7FrSmFl0BgUxKlhokkpqX2SFZZm8wRELB2YsQ8a1x1bYTOqNqBnNh61CvIQGLOc8qd8PRoUoc9QkFHeuH0eGhhW3JIXCaW1QOjRcXPIL7HvUPEc3rObbTtl3n4wWnyk0sXn6+kbFc+cmeepP5pzG7n03Cz/q+iVlJ0O/qikJtVg8lJVq5mCmjo2k9UrUxAMXVvq/MjHmlgvygmteQvx+5VXoHDVjz38i2IIDOIQfEMMx/IQzOIc2CPgLd/AAj8G/4H/wtNC1Fiy97cObCZ5fAI0lpN0=</latexit><latexit sha1_base64="sNXwjcKUxRb5RX3t8jtWxbpf/fY=">AAACInicbZDLThsxFIbPQKGQAk3ZsrHIVOoqmmEDy0p0waYSlXKTkmjkcc4QC4/Hss8AYZQX6qavgpC6ACGeBeeyAMJZffp/W/b5UqOkoyh6CNbWP21sft7arn3Z2d37Wv+203FFaQW2RaEK20u5QyU1tkmSwp6xyPNUYTe9PJ313Su0Tha6RRODw5xfaJlJwclHSf3Xb6llLm+RhVlSOZqG7FrSmFl0BgUxKlhokkpqX2SFZZm8wRELB2YsQ8a1x1bYTOqNqBnNh61CvIQGLOc8qd8PRoUoc9QkFHeuH0eGhhW3JIXCaW1QOjRcXPIL7HvUPEc3rObbTtl3n4wWnyk0sXn6+kbFc+cmeepP5pzG7n03Cz/q+iVlJ0O/qikJtVg8lJVq5mCmjo2k9UrUxAMXVvq/MjHmlgvygmteQvx+5VXoHDVjz38i2IIDOIQfEMMx/IQzOIc2CPgLd/AAj8G/4H/wtNC1Fiy97cObCZ5fAI0lpN0=</latexit><latexit sha1_base64="n0fRqYWFRnlhswPp6yXjuJZDDZo="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="sNXwjcKUxRb5RX3t8jtWxbpf/fY=">AAACInicbZDLThsxFIbPQKGQAk3ZsrHIVOoqmmEDy0p0waYSlXKTkmjkcc4QC4/Hss8AYZQX6qavgpC6ACGeBeeyAMJZffp/W/b5UqOkoyh6CNbWP21sft7arn3Z2d37Wv+203FFaQW2RaEK20u5QyU1tkmSwp6xyPNUYTe9PJ313Su0Tha6RRODw5xfaJlJwclHSf3Xb6llLm+RhVlSOZqG7FrSmFl0BgUxKlhokkpqX2SFZZm8wRELB2YsQ8a1x1bYTOqNqBnNh61CvIQGLOc8qd8PRoUoc9QkFHeuH0eGhhW3JIXCaW1QOjRcXPIL7HvUPEc3rObbTtl3n4wWnyk0sXn6+kbFc+cmeepP5pzG7n03Cz/q+iVlJ0O/qikJtVg8lJVq5mCmjo2k9UrUxAMXVvq/MjHmlgvygmteQvx+5VXoHDVjz38i2IIDOIQfEMMx/IQzOIc2CPgLd/AAj8G/4H/wtNC1Fiy97cObCZ5fAI0lpN0=</latexit><latexit sha1_base64="sNXwjcKUxRb5RX3t8jtWxbpf/fY=">AAACInicbZDLThsxFIbPQKGQAk3ZsrHIVOoqmmEDy0p0waYSlXKTkmjkcc4QC4/Hss8AYZQX6qavgpC6ACGeBeeyAMJZffp/W/b5UqOkoyh6CNbWP21sft7arn3Z2d37Wv+203FFaQW2RaEK20u5QyU1tkmSwp6xyPNUYTe9PJ313Su0Tha6RRODw5xfaJlJwclHSf3Xb6llLm+RhVlSOZqG7FrSmFl0BgUxKlhokkpqX2SFZZm8wRELB2YsQ8a1x1bYTOqNqBnNh61CvIQGLOc8qd8PRoUoc9QkFHeuH0eGhhW3JIXCaW1QOjRcXPIL7HvUPEc3rObbTtl3n4wWnyk0sXn6+kbFc+cmeepP5pzG7n03Cz/q+iVlJ0O/qikJtVg8lJVq5mCmjo2k9UrUxAMXVvq/MjHmlgvygmteQvx+5VXoHDVjz38i2IIDOIQfEMMx/IQzOIc2CPgLd/AAj8G/4H/wtNC1Fiy97cObCZ5fAI0lpN0=</latexit><latexit sha1_base64="n0fRqYWFRnlhswPp6yXjuJZDDZo="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit><latexit sha1_base64="L7UOiAKKYA83zkbfSgnhiMDqzG4="></latexit>

f eq
st := min

pin

{fst
�� fixed �, fixed T}

<latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="uggU8gJTvwwqSPTKt27lO6cocEA="></latexit><latexit sha1_base64="uggU8gJTvwwqSPTKt27lO6cocEA="></latexit><latexit sha1_base64="TqLPqCPKLogODRnwnV/Z5ElDgZQ="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="uggU8gJTvwwqSPTKt27lO6cocEA="></latexit><latexit sha1_base64="uggU8gJTvwwqSPTKt27lO6cocEA="></latexit><latexit sha1_base64="TqLPqCPKLogODRnwnV/Z5ElDgZQ="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit><latexit sha1_base64="ne+on1sATEM+ULK+zKMqjsSiVk0="></latexit>

Let
<latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="3CSPCGK7zCgJ5apUqjhDayhnJWQ=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOPCRUVbC+1QMumdNjSTGZI7Qhn6CG5cKOJbufNtTH8W2nog8HFOQu49UaakJd//9kobm1vbO+Xdyl51/+CwdlRt2zQ3AlsiVanpRNyikhpbJElhJzPIk0jhUzS+meVPz2isTPUjTTIMEz7UMpaCk7Me7pD6tbrf8Odi6xAsoQ5LNfu1r94gFXmCmoTi1nYDP6Ow4IakUDit9HKLGRdjPsSuQ80TtGExH3XKzpwzYHFq3NHE5u7vFwVPrJ0kkbuZcBrZ1Wxm/pd1c4qvwkLqLCfUYvFRnCtGKZvtzQbSoCA1ccCFkW5WJkbccEGunYorIVhdeR3aF43A8b0PZTiBUziHAC7hGm6hCS0QMIQXeIN3T3mv3seirpK37O0Y/sj7/AEav4xo</latexit><latexit sha1_base64="3CSPCGK7zCgJ5apUqjhDayhnJWQ=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOPCRUVbC+1QMumdNjSTGZI7Qhn6CG5cKOJbufNtTH8W2nog8HFOQu49UaakJd//9kobm1vbO+Xdyl51/+CwdlRt2zQ3AlsiVanpRNyikhpbJElhJzPIk0jhUzS+meVPz2isTPUjTTIMEz7UMpaCk7Me7pD6tbrf8Odi6xAsoQ5LNfu1r94gFXmCmoTi1nYDP6Ow4IakUDit9HKLGRdjPsSuQ80TtGExH3XKzpwzYHFq3NHE5u7vFwVPrJ0kkbuZcBrZ1Wxm/pd1c4qvwkLqLCfUYvFRnCtGKZvtzQbSoCA1ccCFkW5WJkbccEGunYorIVhdeR3aF43A8b0PZTiBUziHAC7hGm6hCS0QMIQXeIN3T3mv3seirpK37O0Y/sj7/AEav4xo</latexit><latexit sha1_base64="z2lhg/xQN7IlgVNyKrt+TJHwNoo=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7Gy2DNhYWEc0HJEfY28wlS/Y+2J0TQshPsLFQxNZfZOe/cZNcoYkvLDy8M8POvEGqpCHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTAtsiEQluh1wg0rG2CBJCtupRh4FClvB6GZWbz2hNjKJH2mcoh/xQSxDKThZ6+EOqVeuuFV3LrYKXg4VyFXvlb+6/URkEcYkFDem47kp+ROuSQqF01I3M5hyMeID7FiMeYTGn8xXnbIz6/RZmGj7YmJz9/fEhEfGjKPAdkachma5NjP/q3UyCq/8iYzTjDAWi4/CTDFK2Oxu1pcaBamxBS60tLsyMeSaC7LplGwI3vLJq9C8qHqW791K7TqPowgncArn4MEl1OAW6tAAAQN4hld4c5Tz4rw7H4vWgpPPHMMfOZ8/NhSNuQ==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit><latexit sha1_base64="duvCR4kTAKnzJGfLzWgigq3dnCE=">AAAB6nicbZA9SwNBEIbn/IzxK2ppsxgEq3CXRsugjYVFRPMByRH2NnPJkr0PdueEEPITbCwUsfUX2flv3CRXaOILCw/vzLAzb5Aqach1v5219Y3Nre3CTnF3b//gsHR03DRJpgU2RKIS3Q64QSVjbJAkhe1UI48Cha1gdDOrt55QG5nEjzRO0Y/4IJahFJys9XCH1CuV3Yo7F1sFL4cy5Kr3Sl/dfiKyCGMSihvT8dyU/AnXJIXCabGbGUy5GPEBdizGPELjT+arTtm5dfosTLR9MbG5+3tiwiNjxlFgOyNOQ7Ncm5n/1ToZhVf+RMZpRhiLxUdhphglbHY360uNgtTYAhda2l2ZGHLNBdl0ijYEb/nkVWhWK57l+2q5dp3HUYBTOIML8OASanALdWiAgAE8wyu8Ocp5cd6dj0XrmpPPnMAfOZ8/NrSNuw==</latexit>

Roughening transition temperature, TR,st:
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f eq
st = 0 at T = TR,st
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Key assumptions: 
Isolated step. 
Kinks cause step motion by 1 lattice site.

entropyenergy

free 
energy

Roughening temperature
[Frenkel, 1945; Jayaprakash, Rottman, Saam, 1984; Zangwill, 1988; Tsao 1993]

Surfaces contain steps: energetics include kink excitations
Competing tendencies:
• Entropy increase due to kink-induced step wandering
• Step energy decrease since kinks cost energy

ϕ

wandering step

l r

Toy model:
Probabilities pl (left-facing kinks), pr (right kinks), p0 (no kink):

fst = ust−Tsst = Est + (pl + pr)Ekink + kBT (pl ln pl + pr ln pr + p0 ln p0)
pl + pr + p0 = 1, pl − pr = tanϕ = pex; pin = pl + pr − pex = 2pr

energy of
straight step

fixed

Roughening temperature TR,st: Condition on minfst (at equilibrium):

min
pin

fst = 0 at T = TR,st

If T > TR,st, steps are created spontaneously

Equilibrium fst = min
pin

fst

wandering step

x
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Surfaces contain steps: energetics include kink excitations
Competing tendencies:
• Entropy increase due to kink-induced step wandering
• Step energy decrease since kinks cost energy
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Toy model:
Probabilities pl (left-facing kinks), pr (right kinks), p0 (no kink):

fst = ust−Tsst = Est + (pl + pr)Ekink + kBT (pl ln pl + pr ln pr + p0 ln p0)
pl + pr + p0 = 1, pl − pr = tanϕ = pex; pin = pl + pr − pex = 2pr

energy of
straight step

fixed

Roughening temperature TR,st: Condition on minfst (at equilibrium):

min
pin

fst = 0 at T = TR,st

If T > TR,st, steps are created spontaneously

Equilibrium fst = min
pin

fst

x<latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit> <latexit sha1_base64="ZRwIxDQGAs8mFl+02S92qRGhSNI=">AAACcHicdVFdS8MwFL2r3/Nr89WX4iaIiLS+6KOiiI+KdhtsQ5LsbgumaUlSsZT+BF/1t/ljBNOtgjp3IeRwzg335B4aC66N531UnIXFpeWV1bXq+sbm1natvtHSUaIYBiwSkepQolFwiYHhRmAnVkhCKrBNny4Lvf2MSvNIPpg0xn5IRpIPOSPGUvfNl+ZjreEde5NyZ4FfggaUdftYr9DeIGJJiNIwQbTu+l5s+hlRhjOBebWXaIwJeyIj7FooSYi6n0285u6+ZQbuMFL2SONO2J8vMhJqnYbUdobEjPVfjep0nlSQ87RimP5P7CZmeNbPuIwTg5JNDQ4T4ZrILRbmDrhCZkRqAWGK2z+6bEwUYcautdq7QrsDhffWciSu7ZSMWjDIsyD/RmGeyfyfzgsRjwlFk/UKV2Xz9KraVPy/GcyC1smxb/GdB6uwC3twAD6cwjncwC0EwGAEr/AG75VPp+EcTvNzKmWQO/CrnKMvnsjD+Q==</latexit> <latexit sha1_base64="ZRwIxDQGAs8mFl+02S92qRGhSNI=">AAACcHicdVFdS8MwFL2r3/Nr89WX4iaIiLS+6KOiiI+KdhtsQ5LsbgumaUlSsZT+BF/1t/ljBNOtgjp3IeRwzg335B4aC66N531UnIXFpeWV1bXq+sbm1natvtHSUaIYBiwSkepQolFwiYHhRmAnVkhCKrBNny4Lvf2MSvNIPpg0xn5IRpIPOSPGUvfNl+ZjreEde5NyZ4FfggaUdftYr9DeIGJJiNIwQbTu+l5s+hlRhjOBebWXaIwJeyIj7FooSYi6n0285u6+ZQbuMFL2SONO2J8vMhJqnYbUdobEjPVfjep0nlSQ87RimP5P7CZmeNbPuIwTg5JNDQ4T4ZrILRbmDrhCZkRqAWGK2z+6bEwUYcautdq7QrsDhffWciSu7ZSMWjDIsyD/RmGeyfyfzgsRjwlFk/UKV2Xz9KraVPy/GcyC1smxb/GdB6uwC3twAD6cwjncwC0EwGAEr/AG75VPp+EcTvNzKmWQO/CrnKMvnsjD+Q==</latexit> <latexit sha1_base64="vlPgpQXf0E+pZxGgrl2HHkbjvMs="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit> <latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit>

[Frenkel, 1945; Jayaprakash, Rottman, Saam, 1984; Zangwill, 1988; Saito, 1996; Tsao, 1993]



Roughening transition temperature: Steps (cont.)
[Saito, 1996; Tsao, 1993; Jeong, Williams, 1999]fst

Est
<latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="qep3q6q8NxLiB6lyvbFN4sihUyI=">AAACAnicbZBPS8MwGMbfzn+zTq1evQRXwdNovehREMHjBPcHtlLSLN3C0rQkqTBKv4AXv4oXD4r4Ibz5bUy3HXTzgcCP50nI+z5RxpnSnvdt1TY2t7Z36rv2XmP/4NA5anRVmktCOyTlqexHWFHOBO1opjntZ5LiJOK0F01vqrz3SKViqXjQs4wGCR4LFjOCtbFCx3VdexhLTIo4LJQuy2KYYD0hmKPbhWG7bug0vZY3F1oHfwlNWKodOl/DUUryhApNOFZq4HuZDgosNSOclvYwVzTDZIrHdGBQ4ISqoJhvU6Iz44xQnEpzhEZz9/eLAidKzZLI3KxGVatZZf6XDXIdXwUFE1muqSCLj+KcI52iqho0YpISzWcGMJHMzIrIBJtutCnQNiX4qyuvQ/ei5Ru+96AOJ3AK5+DDJVzDHbShAwSe4AXe4N16tl6tj0VdNWvZ2zH8kfX5A7jXmaQ=</latexit><latexit sha1_base64="qep3q6q8NxLiB6lyvbFN4sihUyI=">AAACAnicbZBPS8MwGMbfzn+zTq1evQRXwdNovehREMHjBPcHtlLSLN3C0rQkqTBKv4AXv4oXD4r4Ibz5bUy3HXTzgcCP50nI+z5RxpnSnvdt1TY2t7Z36rv2XmP/4NA5anRVmktCOyTlqexHWFHOBO1opjntZ5LiJOK0F01vqrz3SKViqXjQs4wGCR4LFjOCtbFCx3VdexhLTIo4LJQuy2KYYD0hmKPbhWG7bug0vZY3F1oHfwlNWKodOl/DUUryhApNOFZq4HuZDgosNSOclvYwVzTDZIrHdGBQ4ISqoJhvU6Iz44xQnEpzhEZz9/eLAidKzZLI3KxGVatZZf6XDXIdXwUFE1muqSCLj+KcI52iqho0YpISzWcGMJHMzIrIBJtutCnQNiX4qyuvQ/ei5Ru+96AOJ3AK5+DDJVzDHbShAwSe4AXe4N16tl6tj0VdNWvZ2zH8kfX5A7jXmaQ=</latexit><latexit sha1_base64="KL7IrGa2qpiTe/Kdwg8e8gi9vOk=">AAACDXicbZDLSsNAFIYnXmu8RV26GWwEVyVxo8uiCC4r2As0IUymk3bo5MLMiVBCX8CNr+LGhSJu3bvzbZy0WWjrDwMf/zmHOecPM8EVOM63sbK6tr6xWdsyt3d29/atg8OOSnNJWZumIpW9kCgmeMLawEGwXiYZiUPBuuH4uqx3H5hUPE3uYZIxPybDhEecEtBWYNm2bXqRJLSIgkLBdFp4MYERJQLfzA3TtgOr7jScmfAyuBXUUaVWYH15g5TmMUuACqJU33Uy8AsigVPBpqaXK5YROiZD1teYkJgpv5hdM8Wn2hngKJX6JYBn7u+JgsRKTeJQd5arqsVaaf5X6+cQXfoFT7IcWELnH0W5wJDiMho84JJREBMNhEqud8V0RHQ2oAM0dQju4snL0DlvuJrvnHrzqoqjho7RCTpDLrpATXSLWqiNKHpEz+gVvRlPxovxbnzMW1eMauYI/ZHx+QNhBpsY</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit><latexit sha1_base64="4rZgC+Gh4FonPjT07oikrUlJeRY=">AAACDXicbZDLSsNAFIYn9VbjLerSzWAjuCpJN7osiuCygr1AE8JkOmmHTiZhZiKUkBdw46u4caGIW/fufBsnbRba+sPAx3/OYc75w5RRqRzn26itrW9sbtW3zZ3dvf0D6/CoJ5NMYNLFCUvEIESSMMpJV1HFyCAVBMUhI/1wel3W+w9ESJrwezVLiR+jMacRxUhpK7Bs2za9SCCcR0EuVVHkXozUBCMGbxaGaduB1XCazlxwFdwKGqBSJ7C+vFGCs5hwhRmScug6qfJzJBTFjBSml0mSIjxFYzLUyFFMpJ/PryngmXZGMEqEflzBuft7IkexlLM41J3lqnK5Vpr/1YaZii79nPI0U4TjxUdRxqBKYBkNHFFBsGIzDQgLqneFeIJ0NkoHaOoQ3OWTV6HXarqa71qN9lUVRx2cgFNwDlxwAdrgFnRAF2DwCJ7BK3gznowX4934WLTWjGrmGPyR8fkDYaabGg==</latexit>

pin
2

= pr = pl
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Crude approximation; e.g., 
by neglect of step interactions, noncrossing.
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Mean field approaches are known to offer incomplete understanding; fluctuations are important.

[Jackson, 1975; Chui, Weeks, 1976; Nozieres, Gallet, 1987…]

More advanced treatments account for: kinks moving steps by more than 1 lattice unit; step noncrossing.

These are based on analogy between noncrossing steps & 1D spinless Fermion gases (Pauli exclusion principle).

[Jayaprakash, Rottman, Saam, 1984; Kosterlitz, Thouless, 1973; Schulz, 1985]
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Discrete surface energy and limit, T<TR : Heuristics

Est
N =

NX

i=1

a

Z

Li

ds (g1 + Vi,i+1)
<latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="OMfJGf06q/8A6W9WLTBnnNaqIq0=">AAACGHicbZDNSgMxFIXv+FvHqtWtm6AVlIrMuFEEQRDBhYiCbYVOHTJpWoOZzJDcEcow7+LGV3HjQilufBvT2oVaDwQ+zkm4uSdKpTDoeZ/O1PTM7Nx8acFdLC8tr1RWyw2TZJrxOktkom8jargUitdRoOS3qeY0jiRvRg+nw7z5yLURibrBfsrbMe0p0RWMorXCylG16p7d5QaL8PI4MFkc5uLYL+4uCQ2EwjC/CEXRMQHZ7oV+rWHTXVHzix23Wg0rm96eNxKZBH8MmzDWVVgZBJ2EZTFXyCQ1puV7KbZzqlEwyQs3yAxPKXugPd6yqGjMTTsf7ViQLet0SDfR9igkI/fni5zGxvTjyN6MKd6bv9nQ/C9rZdg9bOdCpRlyxb4HdTNJMCHDwkhHaM5Q9i1QpoX9K2H3VFOGtlbXluD/XXkSGvt7vuVrD0qwDhuwDT4cwAmcwxXUgcETvMAbvDvPzqsz+K5ryhn3tga/5Hx8Afx0oFw=</latexit><latexit sha1_base64="OMfJGf06q/8A6W9WLTBnnNaqIq0=">AAACGHicbZDNSgMxFIXv+FvHqtWtm6AVlIrMuFEEQRDBhYiCbYVOHTJpWoOZzJDcEcow7+LGV3HjQilufBvT2oVaDwQ+zkm4uSdKpTDoeZ/O1PTM7Nx8acFdLC8tr1RWyw2TZJrxOktkom8jargUitdRoOS3qeY0jiRvRg+nw7z5yLURibrBfsrbMe0p0RWMorXCylG16p7d5QaL8PI4MFkc5uLYL+4uCQ2EwjC/CEXRMQHZ7oV+rWHTXVHzix23Wg0rm96eNxKZBH8MmzDWVVgZBJ2EZTFXyCQ1puV7KbZzqlEwyQs3yAxPKXugPd6yqGjMTTsf7ViQLet0SDfR9igkI/fni5zGxvTjyN6MKd6bv9nQ/C9rZdg9bOdCpRlyxb4HdTNJMCHDwkhHaM5Q9i1QpoX9K2H3VFOGtlbXluD/XXkSGvt7vuVrD0qwDhuwDT4cwAmcwxXUgcETvMAbvDvPzqsz+K5ryhn3tga/5Hx8Afx0oFw=</latexit><latexit sha1_base64="k8Q2C9rTYqmbQ+xLf6WyPnXVNDQ="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="OMfJGf06q/8A6W9WLTBnnNaqIq0=">AAACGHicbZDNSgMxFIXv+FvHqtWtm6AVlIrMuFEEQRDBhYiCbYVOHTJpWoOZzJDcEcow7+LGV3HjQilufBvT2oVaDwQ+zkm4uSdKpTDoeZ/O1PTM7Nx8acFdLC8tr1RWyw2TZJrxOktkom8jargUitdRoOS3qeY0jiRvRg+nw7z5yLURibrBfsrbMe0p0RWMorXCylG16p7d5QaL8PI4MFkc5uLYL+4uCQ2EwjC/CEXRMQHZ7oV+rWHTXVHzix23Wg0rm96eNxKZBH8MmzDWVVgZBJ2EZTFXyCQ1puV7KbZzqlEwyQs3yAxPKXugPd6yqGjMTTsf7ViQLet0SDfR9igkI/fni5zGxvTjyN6MKd6bv9nQ/C9rZdg9bOdCpRlyxb4HdTNJMCHDwkhHaM5Q9i1QpoX9K2H3VFOGtlbXluD/XXkSGvt7vuVrD0qwDhuwDT4cwAmcwxXUgcETvMAbvDvPzqsz+K5ryhn3tga/5Hx8Afx0oFw=</latexit><latexit sha1_base64="OMfJGf06q/8A6W9WLTBnnNaqIq0=">AAACGHicbZDNSgMxFIXv+FvHqtWtm6AVlIrMuFEEQRDBhYiCbYVOHTJpWoOZzJDcEcow7+LGV3HjQilufBvT2oVaDwQ+zkm4uSdKpTDoeZ/O1PTM7Nx8acFdLC8tr1RWyw2TZJrxOktkom8jargUitdRoOS3qeY0jiRvRg+nw7z5yLURibrBfsrbMe0p0RWMorXCylG16p7d5QaL8PI4MFkc5uLYL+4uCQ2EwjC/CEXRMQHZ7oV+rWHTXVHzix23Wg0rm96eNxKZBH8MmzDWVVgZBJ2EZTFXyCQ1puV7KbZzqlEwyQs3yAxPKXugPd6yqGjMTTsf7ViQLet0SDfR9igkI/fni5zGxvTjyN6MKd6bv9nQ/C9rZdg9bOdCpRlyxb4HdTNJMCHDwkhHaM5Q9i1QpoX9K2H3VFOGtlbXluD/XXkSGvt7vuVrD0qwDhuwDT4cwAmcwxXUgcETvMAbvDvPzqsz+K5ryhn3tga/5Hx8Afx0oFw=</latexit><latexit sha1_base64="k8Q2C9rTYqmbQ+xLf6WyPnXVNDQ="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit><latexit sha1_base64="rm0qav8kRmh/KJf78PHmny7prts="></latexit>

Li
<latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="thcfHaGgtBz0VOz2p04/YRIOkrI=">AAAB5XicbZBLSwMxFIXv+Kxj1erWTbAjuCozbnQpuHHhooJ9SDuUTJppQ5PMkNwRSumvcONCEf+SO/+N6WOhrQcCH+ck5N6T5FJYDMNvb2Nza3tnt7Tn75cPDo8qx+WmzQrDeINlMjPthFouheYNFCh5OzecqkTyVjK6neWtZ26syPQjjnMeKzrQIhWMorOegsC/7wk/CHqValgL5yLrEC2hCkvVe5Wvbj9jheIamaTWdqIwx3hCDQom+dTvFpbnlI3ogHccaqq4jSfzgafk3Dl9kmbGHY1k7v5+MaHK2rFK3E1FcWhXs5n5X9YpML2OJ0LnBXLNFh+lhSSYkdn2pC8MZyjHDigzws1K2JAaytB15LsSotWV16F5WYscP4RQglM4gwuI4Apu4A7q0AAGCl7gDd494716H4u6NrxlbyfwR97nD9UdjTE=</latexit><latexit sha1_base64="thcfHaGgtBz0VOz2p04/YRIOkrI=">AAAB5XicbZBLSwMxFIXv+Kxj1erWTbAjuCozbnQpuHHhooJ9SDuUTJppQ5PMkNwRSumvcONCEf+SO/+N6WOhrQcCH+ck5N6T5FJYDMNvb2Nza3tnt7Tn75cPDo8qx+WmzQrDeINlMjPthFouheYNFCh5OzecqkTyVjK6neWtZ26syPQjjnMeKzrQIhWMorOegsC/7wk/CHqValgL5yLrEC2hCkvVe5Wvbj9jheIamaTWdqIwx3hCDQom+dTvFpbnlI3ogHccaqq4jSfzgafk3Dl9kmbGHY1k7v5+MaHK2rFK3E1FcWhXs5n5X9YpML2OJ0LnBXLNFh+lhSSYkdn2pC8MZyjHDigzws1K2JAaytB15LsSotWV16F5WYscP4RQglM4gwuI4Apu4A7q0AAGCl7gDd494716H4u6NrxlbyfwR97nD9UdjTE=</latexit><latexit sha1_base64="mYY39FsMB8TX1EQ2YoilYkKPKQA=">AAAB8HicbZC7TsMwFIZPyq2EW4GRxaJBYqoSFhgrWBgYikQvqI0qx3Vaq7YT2Q5SFfUpWBhAiJXHYeNtcNsM0PJLlj795xz5nD9KOdPG97+d0tr6xuZWedvd2d3bP6gcHrV0kilCmyThiepEWFPOJG0aZjjtpIpiEXHajsY3s3r7iSrNEvlgJikNBR5KFjOCjbUePc+96zPX8/qVql/z50KrEBRQhUKNfuWrN0hIJqg0hGOtu4GfmjDHyjDC6dTtZZqmmIzxkHYtSiyoDvP5wlN0Zp0BihNlnzRo7v6eyLHQeiIi2ymwGenl2sz8r9bNTHwV5kymmaGSLD6KM45MgmbXowFTlBg+sYCJYnZXREZYYWJsRq4NIVg+eRVaF7XA8r1frV8XcZThBE7hHAK4hDrcQgOaQEDAM7zCm6OcF+fd+Vi0lpxi5hj+yPn8AfhDjog=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit><latexit sha1_base64="bq4b9t276gUjCE3fjxrpbxX50wY=">AAAB8HicbZC9TsMwFIVvyl8JfwVGFosGialKusBYwcLAUCTagtqoclyntWo7ke0gVVGfgoUBhFh5HDbeBrfNAC1HsvTp3Hvle0+UcqaN7387pbX1jc2t8ra7s7u3f1A5PGrrJFOEtkjCE/UQYU05k7RlmOH0IVUUi4jTTjS+ntU7T1Rplsh7M0lpKPBQspgRbKz16HnubZ+5ntevVP2aPxdahaCAKhRq9itfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrUWJBdZjPF56iM+sMUJwo+6RBc/f3RI6F1hMR2U6BzUgv12bmf7VuZuLLMGcyzQyVZPFRnHFkEjS7Hg2YosTwiQVMFLO7IjLCChNjM3JtCMHyyavQrtcCy3f1auOqiKMMJ3AK5xDABTTgBprQAgICnuEV3hzlvDjvzseiteQUM8fwR87nD/jjjoo=</latexit>

(step as smooth curve)step line tension

a
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Coarea formula:

[DM, Kohn, 2006]

Est
N ! E[h]

<latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="LUYsdy8buJKq8Utno/kxWpUFFQg=">AAAB/HicbZBLSwMxFIXv+Kxj1epWkGBHcFVm3OhSkIIrqWAfMB1LJk3b0MyD5I5Shu7c+FfcuFDE3+HOf2P6WGjrgcDHOQk394SpFBpd99taWV1b39gsbNnbxZ3dvdJ+saGTTDFeZ4lMVCukmksR8zoKlLyVKk6jUPJmOLya5M0HrrRI4jscpTyIaD8WPcEoGqtTOnIcu9q5uc81jttK9AdIlUoeSdUfBLbjdEplt+JORZbBm0MZ5qp1Sl/tbsKyiMfIJNXa99wUg5wqFEzysd3ONE8pG9I+9w3GNOI6yKd7jMmJcbqklyhzYiRT9/eLnEZaj6LQ3IwoDvRiNjH/y/wMexdBLuI0Qx6z2aBeJgkmZFIK6QrFGcqRAcqUMH8lbEAVZWiqs00J3uLKy9A4q3iGb10owCEcwyl4cA6XcA01qAODJ3iBN3i3nq1X62NW14o17+0A/sj6/AELipZi</latexit><latexit sha1_base64="LUYsdy8buJKq8Utno/kxWpUFFQg=">AAAB/HicbZBLSwMxFIXv+Kxj1epWkGBHcFVm3OhSkIIrqWAfMB1LJk3b0MyD5I5Shu7c+FfcuFDE3+HOf2P6WGjrgcDHOQk394SpFBpd99taWV1b39gsbNnbxZ3dvdJ+saGTTDFeZ4lMVCukmksR8zoKlLyVKk6jUPJmOLya5M0HrrRI4jscpTyIaD8WPcEoGqtTOnIcu9q5uc81jttK9AdIlUoeSdUfBLbjdEplt+JORZbBm0MZ5qp1Sl/tbsKyiMfIJNXa99wUg5wqFEzysd3ONE8pG9I+9w3GNOI6yKd7jMmJcbqklyhzYiRT9/eLnEZaj6LQ3IwoDvRiNjH/y/wMexdBLuI0Qx6z2aBeJgkmZFIK6QrFGcqRAcqUMH8lbEAVZWiqs00J3uLKy9A4q3iGb10owCEcwyl4cA6XcA01qAODJ3iBN3i3nq1X62NW14o17+0A/sj6/AELipZi</latexit><latexit sha1_base64="EAu2yYbqQZlKklln7lI5gPBIHWY=">AAACB3icbZDLSsNAFIYn9VbjrepSkMFGcFUSN7osSsGVVLAXSGOZTKft0MkkzJwoJXTnxldx40IRt76CO9/G6WWhrT8MfPznHM6cP0wE1+C631ZuaXlldS2/bm9sbm3vFHb36jpOFWU1GotYNUOimeCS1YCDYM1EMRKFgjXCweW43rhnSvNY3sIwYUFEepJ3OSVgrHbh0HHsSvv6LtMwaine6wNRKn7AFb8f2I7TLhTdkjsRXgRvBkU0U7Vd+Gp1YppGTAIVRGvfcxMIMqKAU8FGdivVLCF0QHrMNyhJxHSQTe4Y4WPjdHA3VuZJwBP390RGIq2HUWg6IwJ9PV8bm//V/BS650HGZZICk3S6qJsKDDEeh4I7XDEKYmiAUMXNXzHtE0UomOhsE4I3f/Ii1E9LnuEbt1i+mMWRRwfoCJ0gD52hMrpCVVRDFD2iZ/SK3qwn68V6tz6mrTlrNrOP/sj6/AGQppfQ</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit><latexit sha1_base64="bJaRAZRsDyhOv7nPoZ0vQWu3hMo=">AAACB3icbZDLSsNAFIYnXmu8VV0KMtgKrkrSjS6LUnAlFewF2lgm00kzdDIJMydKCd258VXcuFDEra/gzrdxello6w8DH/85hzPn9xPBNTjOt7W0vLK6tp7bsDe3tnd283v7DR2nirI6jUWsWj7RTHDJ6sBBsFaiGIl8wZr+4HJcb94zpXksb2GYMC8ifckDTgkYq5s/Khbtavf6LtMw6ijeD4EoFT/gajv07GKxmy84JWcivAjuDApoplo3/9XpxTSNmAQqiNZt10nAy4gCTgUb2Z1Us4TQAemztkFJIqa9bHLHCJ8Yp4eDWJknAU/c3xMZibQeRr7pjAiEer42Nv+rtVMIzr2MyyQFJul0UZAKDDEeh4J7XDEKYmiAUMXNXzENiSIUTHS2CcGdP3kRGuWSa/imXKhczOLIoUN0jE6Ri85QBV2hGqojih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sj6/AGRRpfS</latexit>

Usually convex
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Entropic step-step repulsions
[Gruber, Mullins, 1967; Jayaprakash, Rottman, Saam, 1984; Saito, 1996; Jeong, Williams, 1999]

Entropic step-step repulsion
[Gruber, Mullins, 1967; Jayaprakash, Rottman, Saam, 1984; Jeong, Williams, 1999]

• Gruber and Mullins considered step wandering via kink formation.
Wandering is constrained: step does not pass neighboring steps

(to first approximation, neighb. steps are treated as straight walls)
Step configurational entropy between walls of separation 2w:

S(w;T ) = S0(T )− g̃(T )/w2

g1 g3/3
• Same behavior if walls are replaced by neighb. steps; w → a/|tanθ|

γ̃(tan θ;T ) = g0(T ) + [(f0 − TS0)/a]| tan θ|+ [T g̃(T )/a3]| tan θ|3
free energy cost
per isolated step [Jayaprakash, Rottman, Saam, 1984]

2w
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Entropic step-step repulsion: Sketch of calculation 
[Gruber, Mullins, 1967; Saito, 1996]

11/26

Energy of system (model Hamiltonian):
x

<latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit><latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit><latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit><latexit sha1_base64="jDX1iAWn2tZCLIcF8wNf8hXHj+o="></latexit>

y
<latexit sha1_base64="S43NLdGMRicoHCEFgMcrvPlr2MM="></latexit><latexit sha1_base64="S43NLdGMRicoHCEFgMcrvPlr2MM="></latexit><latexit sha1_base64="S43NLdGMRicoHCEFgMcrvPlr2MM="></latexit><latexit sha1_base64="S43NLdGMRicoHCEFgMcrvPlr2MM="></latexit>

L<latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="9I36y1v5UMlJMAxeSJG2kevEpRA="></latexit><latexit sha1_base64="9I36y1v5UMlJMAxeSJG2kevEpRA="></latexit><latexit sha1_base64="S33GpC2TZVplDl+7yJofYKYT4ss="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit><latexit sha1_base64="NXh5VOoT/wBeN8DJhoi327/SuWQ="></latexit>0
<latexit sha1_base64="vFB1/3tmnm/9/w1UxwNs58MeuNQ="></latexit><latexit sha1_base64="vFB1/3tmnm/9/w1UxwNs58MeuNQ="></latexit><latexit sha1_base64="vFB1/3tmnm/9/w1UxwNs58MeuNQ="></latexit><latexit sha1_base64="vFB1/3tmnm/9/w1UxwNs58MeuNQ="></latexit>

ia
<latexit sha1_base64="DUqre6Bx7wtFTjcnjr43Qk+aHPU="></latexit><latexit sha1_base64="DUqre6Bx7wtFTjcnjr43Qk+aHPU="></latexit><latexit sha1_base64="DUqre6Bx7wtFTjcnjr43Qk+aHPU="></latexit><latexit sha1_base64="DUqre6Bx7wtFTjcnjr43Qk+aHPU="></latexit>

xi�1
<latexit sha1_base64="+d8gO4YbM/XxkEWlG02f5a6ZkwU="></latexit><latexit sha1_base64="+d8gO4YbM/XxkEWlG02f5a6ZkwU="></latexit><latexit sha1_base64="+d8gO4YbM/XxkEWlG02f5a6ZkwU="></latexit><latexit sha1_base64="+d8gO4YbM/XxkEWlG02f5a6ZkwU="></latexit>

xi
<latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="Mp/EuQ90REIbT2evQ7hkO+w83oA="></latexit><latexit sha1_base64="Mp/EuQ90REIbT2evQ7hkO+w83oA="></latexit><latexit sha1_base64="Kyi6kEyDXzJew2a1r/Wohidur68="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit><latexit sha1_base64="3Z8Bq9KiRcOAGZZutQ33pDVmY+E="></latexit>

step

a
<latexit sha1_base64="JMd4GExjhnJO5AckEAZ41bAOg+E="></latexit><latexit sha1_base64="JMd4GExjhnJO5AckEAZ41bAOg+E="></latexit><latexit sha1_base64="JMd4GExjhnJO5AckEAZ41bAOg+E="></latexit><latexit sha1_base64="JMd4GExjhnJO5AckEAZ41bAOg+E="></latexit>

due to kink formation

H({xi}
L/a
i=1 ) = H0 + J

L/aX

i=1

|xi � xi�1|

a
<latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="gZ3Zt754AW6XTlxksGb5TawqbOo="></latexit><latexit sha1_base64="gZ3Zt754AW6XTlxksGb5TawqbOo="></latexit><latexit sha1_base64="U5hY8p+pGOWf6ymvTpCoWs1DppE="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit><latexit sha1_base64="nVd/5betW4ELuEZ23jyBh5VPYKs="></latexit>

walls

2w
<latexit sha1_base64="daqmsnrO49khuXbm6Rvsu2fA2ig="></latexit><latexit sha1_base64="daqmsnrO49khuXbm6Rvsu2fA2ig="></latexit><latexit sha1_base64="daqmsnrO49khuXbm6Rvsu2fA2ig="></latexit><latexit sha1_base64="daqmsnrO49khuXbm6Rvsu2fA2ig="></latexit>

xi/a = 1, . . . ,
2w � a

a
<latexit sha1_base64="b4gnmAAxZL9mxoyfbaTYpT9HIDA="></latexit><latexit sha1_base64="b4gnmAAxZL9mxoyfbaTYpT9HIDA="></latexit><latexit sha1_base64="b4gnmAAxZL9mxoyfbaTYpT9HIDA="></latexit><latexit sha1_base64="b4gnmAAxZL9mxoyfbaTYpT9HIDA="></latexit>

Partition function:

tri-diagonal, pos. symmetric matrix
depending on e�J/(kBT )

<latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="6+nnP9EZ/ePt+w7zs7kGZ41yoCQ="></latexit><latexit sha1_base64="6+nnP9EZ/ePt+w7zs7kGZ41yoCQ="></latexit><latexit sha1_base64="516OKOPmVJElrntQrJ2ZsmX2jek="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit><latexit sha1_base64="r8sU1LtjREdUvRSrZYM5UmgF30c="></latexit>

(N = L/a � 1)
<latexit sha1_base64="vdjGSaoJYM/PDffPTULocC9SyrM="></latexit><latexit sha1_base64="vdjGSaoJYM/PDffPTULocC9SyrM="></latexit><latexit sha1_base64="vdjGSaoJYM/PDffPTULocC9SyrM="></latexit><latexit sha1_base64="vdjGSaoJYM/PDffPTULocC9SyrM="></latexit>

= e�H0/(kBT )tr
⇥
TN ⇤
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Z =

(2w�a)/aX

x1
a =1

· · ·
(2w�a)/aX

xN
a =1

e�H({xi})/(kBT )
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⇥
TN ⇤

=

(2w�a)/aX

k=1

�N
k ⇡ �N

1 (�k�1 > �k; all k); �k : eigenvalues of T
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�k = 1 + 2e�J/(kBT ) cos

✓
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a

w

◆
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w
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Step free energy
(per unit step length):



Step-step elastic-dipole interactionsStep-step elastic-dipole interaction

Each step is modeled as a force dipole.
Dominant dipole moment is along step edge,
parallel to terrace

[See also Pimpinelli, Villain, 1998]

dl1

dl2R Elastic-dipole interaction energy of segments 1, 2:

d2E12 ∝
dl1 · dl2
R3 w

Energy per unit length for straight steps: dEint/dl ∝ w−2
Continuum limit: Energy density ∝ | tan θ|2| tan θ|

Other extensions: effects of stress [Kukta, Bhattacharya, 2002]

dl1

dl2R

Each step is modeled as a force dipole.
Dominant dipole moment is along step edge, parallel to terrace.

[For a thorough exposition, see book by Pimpinelli & Villain, 1998]
Elastic-dipole interaction energy of infinitesimal step segments 1 and 2:

d2E12 / dl1 · dl2
R3
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Interaction energy per unit length for straight step:
dEint

dl
/ w�2
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Continuum limit: Energy density / | tan ✓|2| tan ✓|
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Digression: On the missing p2 term  (T<TR)
�̃(p) = g1|p|+

g2
2
p2 +

g3
3
|p|3 ; p = rh .
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Diggression: On the missing p2  term (T<TR)

γ̃(p) = g1|p|+
g2
2
p2 +

g3
3
|p|3; p = ∇h

• Direct derivation of γ̃ for entropic or elastic-dipole step-step
interactions [Gruber, Mullins, 1967; Jayaprakash, Rottman, Saam, 1984].

• Experimental evidence: equilibrium Pb crystal shapes [Bonzel, 2003]

• Some DFT computations on Pb surface [Yu, Bonzel, Scheffler, 2006]
• Theoretical argument by reductio ad absurdum for specific 1D geometry
[Najafabadi, Srolovitz, 1994] .

Against  p2  term  :

However…
• Garćıa and Serena [1995] link p2 term to electronic surface states.
However: Another calculation gives term |p|5/2 sin(qFa/|p|+θ0), qF : Fermi
wavevector [Hyldgaard, Einstein, 2005; DM, Bonzel, Scheffler, unpub.]
Strong quantum coherence is required (difficult at T > 0)
• Special networks of crossing steps [Carlon, van Beijeren, 1996; Vilfan, 1996]
• Special case of local strain on Si(001) [Swartzentruber et al., 1993]

wavenumber
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Equilibrium crystal shape
[Wulff, 1901; Hilton, 1903; Herring, 1951; Landau, Lifshitz, 1958; Taylor, 1974; Andreev, 1982]

Equilibrium crystal shape

Wulff problem: Given γ(ν), find the crystal shape S that
minimizes E[S] for fixed volume enclosed by S

[Wulff, 1901; Hilton, 1903; Herring, 1951; Landau, Lifshitz, 1958; Taylor, 1974; Andreev, 1982]

Wulff construction: The crystal shape R(α) or z(x) satisfying the Wulff
problem is formed by the inner envelope of hyperplanes normal to radial
vector of polar plot (r, θ,φ) of γ; r = γ, (θ,φ): angular coordinates of ν

Legendre transform (“Andreev construction”) In 1D, the equilibrium
crystal shape is the Legendre transform of the projected free energy density,
γ̃ = γ/ cos θ, in the variable m = tan θ. This can be extended to 2D.
For approp. cont. differentiable γ̃, the shape is described by x 7→ z where

x =
1

ß

∂γ̃

∂m
, z =

1

ß

µ
γ̃ −m ∂γ̃

∂m

¶
; ß : Lagrange mult.

Example: 1D case of vicinal surface [Bonzel, 2003]:

S γ(ν(θ))

1D aspect: Normal vector to Wulff shape is time self-similar solution
of an associated Riemann problem for hyperbolic conservation law

[Peng, Osher, Merriman, Zhao, 1999]

O
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Facets from a continuum view

Singularity

tan θ = 0: Facet

Facets (thermodynamically)
• Below roughening temperature, TR, corner singularities of γ̃, as a function
of slope m = tan θ, correspond to planar macroscopic surface regions of the
equilibrium crystal shape, called facets [Jeong, Williams, 1999]

z = h(x)

x

facet

h0

1D: By Legendre transform of γ̃(p) = g1|p|+ (g3/3)|p|3,

h0 − h(x) =
2

3

Ã
ß

g3

!1/2
(x− xf )3/2 +O((x− xf )2) x→ xf

[Jayaprakash, Saam,1984; Rottman,Wortis,1984]
xf

Good agreement with experimental data for Pb crystallites [Bonzel,2003]
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Below the roughening temperature, TR , (corner) singularities of g, as a function of slope 

m=tanq , correspond to planar macroscopic surface regions of the equilibrium crystal shapes,
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Singularity

tan θ = 0: Facet

Facets (thermodynamically)
• Below roughening temperature, TR, corner singularities of γ̃, as a function
of slope m = tan θ, correspond to planar macroscopic surface regions of the
equilibrium crystal shape, called facets [Jeong, Williams, 1999]

z = h(x)

x

facet

h0

1D: By Legendre transform of γ̃(p) = g1|p|+ (g3/3)|p|3,

h0 − h(x) =
2

3

Ã
ß

g3

!1/2
(x− xf )3/2 +O((x− xf )2) x→ xf

[Jayaprakash, Saam,1984; Rottman,Wortis,1984]
xf

Good agreement with experimental data for Pb crystallites [Bonzel,2003]
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tan θ
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Surface Motion near Equilibrium:

An Introduction
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Remarks on crystal surface motion

• Early theories of crystal surfaces invoke concepts of continuum thermodynamics.

• Advantage: direct use of large scales.

• Disadvantage: Below the roughening transition temp., the relation of steps to continuum 
is tricky.

One of our goals is to illuminate connection of full continuum (PDEs for surface height) 
to step motion (BCF model).

By use of a 1D model for the random motion of individual atoms, we will heuristically 
show the plausible emergence of a simplified BCF-type model (in 1+1 dimensions).

Lecture II

Lecture III
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T<TR : Two scales and their relationT< TR :Two scales and their relation

``Macroscale’’; scale

[Imaging of Si(001): Blakely,Tanaka, 1999 ]

h

[Imaging : B. S. Swartzentruber, Sandia Lab, 2002]

25 nm
terrace

step

Nanoscale [same material/orientation]

~1 atom;
height a

PDE for height h 
h

xy

Steps modeled by 
smooth curves [BCF, 1951]

Motion of steps: Discrete scheme

vi
moving: In terms of step

positions ?

ith step

x

y

λ

20μm

18/26



Microscopic processes [Burton, Cabrera, Frank, 1951]

Microscopic processes [BCF, 1951]

Terrace diffusion

(Asymmetrically with 
ES=Ehrlich-Schwoebel barrier;

rates ku & kl)

k
Ds

Incorporation to step edge

Edge diffusion

Steps move by mass conservation as atoms attach/detach 
Combination of kinetic and energetic effectsSteps move by mass conservation as atoms attach/detach at them.

Combination of thermodynamic and kinetic effects.
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Step motion and continuum limit (heuristics): Example in 1D 

xxi xi+1

i-terrace
…

…

x

h

a

ẋi = a(Ji�1 � Ji) at x = xi

Mass flux on i-th terrace
Step velocity

(i-th terrace)
�Ji = q(⇢i � ⇢eqi ) at x = x+

i

Ji = q(⇢i � ⇢eqi+1) at x = x�
i+1

Ds@xx⇢i = @t⇢i ⇡ 0 , Ji = �Ds@x⇢i xi < x < xi+1

Diffusion; Attachment/detachment

Adatom density

J = � Ds

1 +
Ds

qa
|rh|

@x⇢
eq

@t̃h = �@xJ
a ! 0

⇢eq = ⇢se
µ/T

µ = a
�E[h]

�h

Mass conservation

“Fick’s law” for surface diffusion

Near-equilibrium condition

Diffusion-limited kinetics

[Nozieres, 1987; Rettori, Villain, 1988; Ozdemir, Zangwil, 1990]
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Step chemical potential, near equilibrium

⇢eqi = ⇢se
µi/T

µi = a
�Est

N

�xi

step chem. 

potential

Total step

energy (N steps)
Gibbs-Thomson

rel.



On coarse graining of step motion (heuristics)

This approach becomes questionable, when, e.g.

• Coarse graining occurs near facets (Lecture II)
• Parameters vary from one terrace to the next, e.g., in surface reconstructions.

21/26

• Step density is assumed to vary slowly across terraces.

• More careful treatment invokes weak formulation [DM, Kohn, 2006]

• In 2D, the continuum-scale surface mobility emerges from step flow kinetics as 
a 2nd-rank tensor [DM, Kohn, 2006].  No 1D analog (see Lecture II)

• Formally, discrete variables are expanded in Taylor series, e.g.,

Xj ⇡ X (j✏) : Xj+n ⇡ X (h) + (n✏)Xh(h) +
1

2
(n✏)2Xhh + . . . as ✏ ! 0
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Continuum surface energy & typical relaxation by surface diffusion

For surface relaxation (without ext. deposition) in Diffusion-Limited regime, PDE for height, h,  is:

@h

@t
= �

✓
�E

�h

◆

L2
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E[h] =

Z
g1|rh|+ g3

3
|rh|3 dx
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Outside facets.
Structure is consistent with (discrete) step flow

This structure admits extensions; surprises in regard to kinetic mobility (Lecture II)

Including facets: Fully continuum framework :
@h

@t
2 �@H�1E
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(subdifferential of E )

[Kobayashi, Giga, 1999; Spohn, 1993; Odisharia, Thesis, 2006; Kashima, 2004; Giga, Giga, 2010; Giga, Kohn, 2011]

``Extended-gradient formalism’’
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Flavor of abstract framework: Extended-gradient formalism

@HE[h] := {f 2 H : E[h+ g]� E[h] � (f, g)H 8g 2 H}

What should the above rule amount to, practically?
Suppose the facet is smoothed out via regularization 
of E[h] by some parameter, n. Then, in the limit as n approaches 0,
one should recover the evolution of the above formalism.

Typically: H = L
2
, H

�1

reflects kinetics
surface 
diffusion:
DL kinetics“Natural” boundary conditions at facet edges follow.

Evolution PDE is everywhere replaced by

the rule that �@th is an element of subdi↵erential

@HE[h] with minimal norm in Hilbert space H.
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Digression: ODE (toy) model

du(t)

dt
= �sgn(u(t)) ; u(0) = u0
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Find the continuous solution to ODE:

u
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<latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="SgJ958WbxC3pG5x9MevQj0DmWx8=">AAACDHicbZDNSgMxFIXv1L9aq1a3boKt4KrMuFF3ghuXFRxbaIeSSTNtaGYyJHeEMvQZ3KpP40p8BV9GzLRd2J8DgcN3Eu7NCVMpDLruj1Pa2t7Z3SvvVw6qh0fHtZPqs1GZZtxnSirdCanhUiTcR4GSd1LNaRxK3g7H90XefuHaCJU84STlQUyHiYgEo2iR38j6bqNfq7tNdyaybryFqcNCrX7ttzdQLIt5gkxSY7qem2KQU42CST6t9DLDU8rGdMi71iY05ibIZ8tOyYUlAxIpbU+CZEb/v8hpbMwkDu3NmOLIrGYF3JR1M4xuglwkaYY8YfNBUSYJKlL8nAyE5gzlxBrKtLC7EjaimjK0/WycsgQLgkpJM63YwrzVetaNf9W8bXqPLpThDM7hEjy4hjt4gBb4wEDAK7zBu/PhfDpf82ZLzqLiU1iS8/0HS8efBg==</latexit><latexit sha1_base64="SgJ958WbxC3pG5x9MevQj0DmWx8=">AAACDHicbZDNSgMxFIXv1L9aq1a3boKt4KrMuFF3ghuXFRxbaIeSSTNtaGYyJHeEMvQZ3KpP40p8BV9GzLRd2J8DgcN3Eu7NCVMpDLruj1Pa2t7Z3SvvVw6qh0fHtZPqs1GZZtxnSirdCanhUiTcR4GSd1LNaRxK3g7H90XefuHaCJU84STlQUyHiYgEo2iR38j6bqNfq7tNdyaybryFqcNCrX7ttzdQLIt5gkxSY7qem2KQU42CST6t9DLDU8rGdMi71iY05ibIZ8tOyYUlAxIpbU+CZEb/v8hpbMwkDu3NmOLIrGYF3JR1M4xuglwkaYY8YfNBUSYJKlL8nAyE5gzlxBrKtLC7EjaimjK0/WycsgQLgkpJM63YwrzVetaNf9W8bXqPLpThDM7hEjy4hjt4gBb4wEDAK7zBu/PhfDpf82ZLzqLiU1iS8/0HS8efBg==</latexit><latexit sha1_base64="/PQ2lXaV/ElOpypGfE1Hc1X1U/s=">AAACF3icbZC7TsMwFIZPuJZyKzCyWLRITFXCAmwVLIxFIrRSG1WO67RWHTuyHaQq6jOwAk/DhFgZeRmE02agl1+y9Os75+gc/2HCmTau++OsrW9sbm2Xdsq7e/sHh5Wj4yctU0WoTySXqh1iTTkT1DfMcNpOFMVxyGkrHN3l9dYzVZpJ8WjGCQ1iPBAsYgQbi/xa2nNrvUrVrbtToWXjFaYKhZq9ym+3L0kaU2EIx1p3PDcxQYaVYYTTSbmbappgMsID2rFW4JjqIJseO0HnlvRRJJV9wqAp/T+R4VjrcRzazhiboV6s5XBVrZOa6DrImEhSQwWZLYpSjoxE+c9RnylKDB9bg4li9lZEhlhhYmw+K7fMwZwYKbmelG1g3mI8y8a/rN/UvQe32rgtkivBKZzBBXhwBQ24hyb4QIDBC7zCm/PufDifztesdc0pZk5gTs73HzPIoIQ=</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit>
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du

dt
= 0 if u = 0

<latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="8jHuH5s7AfhAxz5SC5XVPbeJPYc=">AAACOnicbZDNSgMxFIXv+O9Ytbp1E7SCqzLjRl0UBDcuFawVOqVk0kwbmkyG5I5YhnkOn8at+gq+hCtxKaY/gn8HAodzEu7NF2dSWAyCF29ufmFxaXll1V+rrG9sVrcq11bnhvEm01Kbm5haLkXKmyhQ8pvMcKpiyVvx8Gzct265sUKnVzjKeEfRfioSwSi6qFsNazU/SgxlRREZRXplXn45LBtBRCIV67tCJGVE8kbg12rd6l5QDyYif004M3sw00W3+hH1NMsVT5FJam07DDLsFNSgYJKXfpRbnlE2pH3edjalittOMflaSfZd0iOJNu6kSCbp9xcFVdaOVOxuKooD+7sbh/917RyT404h0ixHnrLpoCSXBDUZcyI9YThDOXKGMiPcroQNqAOFjua/U36E4wS1lrb0HbDwN56/pnlYP6mHlwGswA7swgGEcASncA4X0AQG9/AAj/DkPXuv3tuU7Jw3Q7wNP+S9fwKUzLB4</latexit><latexit sha1_base64="8jHuH5s7AfhAxz5SC5XVPbeJPYc=">AAACOnicbZDNSgMxFIXv+O9Ytbp1E7SCqzLjRl0UBDcuFawVOqVk0kwbmkyG5I5YhnkOn8at+gq+hCtxKaY/gn8HAodzEu7NF2dSWAyCF29ufmFxaXll1V+rrG9sVrcq11bnhvEm01Kbm5haLkXKmyhQ8pvMcKpiyVvx8Gzct265sUKnVzjKeEfRfioSwSi6qFsNazU/SgxlRREZRXplXn45LBtBRCIV67tCJGVE8kbg12rd6l5QDyYif004M3sw00W3+hH1NMsVT5FJam07DDLsFNSgYJKXfpRbnlE2pH3edjalittOMflaSfZd0iOJNu6kSCbp9xcFVdaOVOxuKooD+7sbh/917RyT404h0ixHnrLpoCSXBDUZcyI9YThDOXKGMiPcroQNqAOFjua/U36E4wS1lrb0HbDwN56/pnlYP6mHlwGswA7swgGEcASncA4X0AQG9/AAj/DkPXuv3tuU7Jw3Q7wNP+S9fwKUzLB4</latexit><latexit sha1_base64="BAIjD5HzKYhE9ffoUUX21R8cr/g="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit>

Define

) u(t) =

⇢
u0 � t sgn(u0) , 0  t  |u0|
0 , t > |u0|

<latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="sVvZAQCfYwn11vlWfQDcC5ZiMGw="></latexit><latexit sha1_base64="sVvZAQCfYwn11vlWfQDcC5ZiMGw="></latexit><latexit sha1_base64="N5TM+r1MRfoynO2Le/kBvX3UWes="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit>

du✏(t)

dt
= � u✏(t)p

u(t)2 + ✏2
; small ✏ (✏ # 0)

<latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="epQRAKN7kb+SCF6aH9wk643MhEs="></latexit><latexit sha1_base64="epQRAKN7kb+SCF6aH9wk643MhEs="></latexit><latexit sha1_base64="gqfWXkuVBZTvbNxDFHG2CyOB8e8="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit>

This result can be recovered by regularization, e.g., consider

u(t)

|u(t)| =
 

�

�u

!
|u| if u 6= 0

<latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="YMbKzGZjh1a221CFX8C+n+CmCsE="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="YMbKzGZjh1a221CFX8C+n+CmCsE="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit>

|u|
<latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="5zfsLd7MsUXK8Z1g+0kRMNBUFbk=">AAACEHicbZDNTgIxFIXv4B+OqOjWTSNj4orMuFF3Jm5cYuIIBiakUwo0tNNJ2zEhA0/hVn0aV8YX8GWMHWAh4EmanHynzb09ccqZNr7/7ZQ2Nre2d8q77l5l/+CwelR51DJThIZEcqlaMdaUs4SGhhlOW6miWMScNuPRbZE3n6nSTCYPZpzSSOBBwvqMYGPRk+e5k2ziel63WvPr/kxo3QQLU4OFGt3qT6cnSSZoYgjHWrcDPzVRjpVhhNOp28k0TTEZ4QFtW5tgQXWUzxaeojNLeqgvlT2JQTP690WOhdZjEdubApuhXs0K+F/Wzkz/KspZkmaGJmQ+qJ9xZCQqfo96TFFi+NgaTBSzuyIyxAoTYzv6d8oSLIiRkuupawsLVutZN+FF/boe3PtQhhM4hXMI4BJu4A4aEAIBAS/wCm/Ou/PhfM6bLTmLio9hSc7XLyfon+8=</latexit><latexit sha1_base64="5zfsLd7MsUXK8Z1g+0kRMNBUFbk=">AAACEHicbZDNTgIxFIXv4B+OqOjWTSNj4orMuFF3Jm5cYuIIBiakUwo0tNNJ2zEhA0/hVn0aV8YX8GWMHWAh4EmanHynzb09ccqZNr7/7ZQ2Nre2d8q77l5l/+CwelR51DJThIZEcqlaMdaUs4SGhhlOW6miWMScNuPRbZE3n6nSTCYPZpzSSOBBwvqMYGPRk+e5k2ziel63WvPr/kxo3QQLU4OFGt3qT6cnSSZoYgjHWrcDPzVRjpVhhNOp28k0TTEZ4QFtW5tgQXWUzxaeojNLeqgvlT2JQTP690WOhdZjEdubApuhXs0K+F/Wzkz/KspZkmaGJmQ+qJ9xZCQqfo96TFFi+NgaTBSzuyIyxAoTYzv6d8oSLIiRkuupawsLVutZN+FF/boe3PtQhhM4hXMI4BJu4A4aEAIBAS/wCm/Ou/PhfM6bLTmLio9hSc7XLyfon+8=</latexit><latexit sha1_base64="iX7kpVbDJfe9T2/PmqAUNZqYiFc=">AAACG3icbZC7TsMwFIadcivhVmBksWiQmKqEBdgqWBiLRGhRG1WO67RW7TiyHaQq7VOwAk/DhFgZeBmE02agl1+y9Os75+gc/2HCqNKu+2OV1tY3NrfK2/bO7t7+QeXw6FGJVGLiY8GEbIVIEUZj4muqGWklkiAeMtIMh7d5vflMpKIiftCjhAQc9WMaUYy0QU+OY4/Tse043UrVrblTwWXjFaYKCjW6ld9OT+CUk1hjhpRqe26igwxJTTEjE7uTKpIgPER90jY2RpyoIJsePIFnhvRgJKR5sYZT+n8iQ1ypEQ9NJ0d6oBZrOVxVa6c6ugoyGiepJjGeLYpSBrWA+e9hj0qCNRsZg7Ck5laIB0girE1GK7fMwZxoIZia2CYwbzGeZeNf1K5r3r1brd8UyZXBCTgF58ADl6AO7kAD+AADDl7AK3iz3q0P69P6mrWWrGLmGMzJ+v4DGWChcQ==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit>

u
<latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="Jrogd6OWhT8aeZBM3ThMdRv3Gsc=">AAACDnicbZDNSgMxFIXv1L86Vq1u3QQ7gqsy40bdCW5cVnBsoR1KJs20oZlkSDJCGfoQbtWncSW+gS8jZtou7M+BwOE7CffmxBln2vj+j1PZ2t7Z3avuuwe1w6Pj+kntWctcERoSyaXqxFhTzgQNDTOcdjJFcRpz2o7H92XefqFKMymezCSjUYqHgiWMYGNR2/Pc3PW8fr3hN/2Z0LoJFqYBC7X69d/eQJI8pcIQjrXuBn5mogIrwwinU7eXa5phMsZD2rVW4JTqqJitO0UXlgxQIpU9wqAZ/f+iwKnWkzS2N1NsRno1K+GmrJub5CYqmMhyQwWZD0pyjoxE5d/RgClKDJ9Yg4lidldERlhhYmxDG6cswZIYKbmeurawYLWedRNeNW+bwaMPVTiDc7iEAK7hDh6gBSEQGMMrvMG78+F8Ol/zZivOouJTWJLz/QdCOZ7l</latexit><latexit sha1_base64="Jrogd6OWhT8aeZBM3ThMdRv3Gsc=">AAACDnicbZDNSgMxFIXv1L86Vq1u3QQ7gqsy40bdCW5cVnBsoR1KJs20oZlkSDJCGfoQbtWncSW+gS8jZtou7M+BwOE7CffmxBln2vj+j1PZ2t7Z3avuuwe1w6Pj+kntWctcERoSyaXqxFhTzgQNDTOcdjJFcRpz2o7H92XefqFKMymezCSjUYqHgiWMYGNR2/Pc3PW8fr3hN/2Z0LoJFqYBC7X69d/eQJI8pcIQjrXuBn5mogIrwwinU7eXa5phMsZD2rVW4JTqqJitO0UXlgxQIpU9wqAZ/f+iwKnWkzS2N1NsRno1K+GmrJub5CYqmMhyQwWZD0pyjoxE5d/RgClKDJ9Yg4lidldERlhhYmxDG6cswZIYKbmeurawYLWedRNeNW+bwaMPVTiDc7iEAK7hDh6gBSEQGMMrvMG78+F8Ol/zZivOouJTWJLz/QdCOZ7l</latexit><latexit sha1_base64="3yWyiyDdydUd93b7eG9Is49x85g=">AAACGXicbZC7TsMwFIYdriXcCowsFg0SU5WwAFsFC2ORCK3URpXjOq1VJ47sE6Qq6kOwAk/DhFiZeBmE02agl1+y9Os75+gc/2EquAbX/bHW1jc2t7YrO/bu3v7BYfXo+EnLTFHmUymkaodEM8ET5gMHwdqpYiQOBWuFo7ui3npmSnOZPMI4ZUFMBgmPOCVgUMtx7Mx2nF615tbdqfCy8UpTQ6Wavepvty9pFrMEqCBadzw3hSAnCjgVbGJ3M81SQkdkwDrGJiRmOsin507wuSF9HEllXgJ4Sv9P5CTWehyHpjMmMNSLtQKuqnUyiK6DnCdpBiyhs0VRJjBIXPwd97liFMTYGEIVN7diOiSKUDAJrdwyBwsCUgo9sU1g3mI8y8a/rN/UvQe31rgtk6ugU3SGLpCHrlAD3aMm8hFFI/SCXtGb9W59WJ/W16x1zSpnTtCcrO8/KImgZQ==</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit>

slope 1 slope -1

pick slope 0

(What happens if u = 0?)
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“Extended-gradient formalism”
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[Kobayashi, Giga, 1999]



Continuum surface energy & relaxation

For relaxation in DL regime (Ds/kaÆ0), the PDE is of form:

ht ∝ ∆
Ã
δE

δh

!

L2

E[h] =

Z
g1|∇h|+

1

3
|∇h|3 dx

outside facets;
consistent with discrete step flow

Subgradient formulation is not consistent 
with step flow:

microstructure on top of facets (Lecture III)
[Israeli,Kandel,1999; DM,Fok,Aziz,Stone,2006]

∆h=0

PDE

This structure admits extensions; surprises in 2D (Lecture II)

ht ∈ −∂H−1E : subgradient of E

Fully continuum framework:

[Kashima, 2005; Odisharia, 2006; 2nd-order: Kobayashi, Giga 1999; Giga, Giga, Kobayashi, 1999]

Including facets:

Subgradient formulation is in principle 
not consistent with step flow

Microstructure on top of facets matters (Lecture II)

[Israeli, Kandel, 1999; DM, Fok, Aziz, Stone, 2006; Nakamura, DM, 2013; Schneider, Nakamura, DM, 2014]

Our understanding so far relies on specific examples 
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Epilogue: The regime below roughening transition
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• Step motion is described by the BCF model  [1951] and its extensions: near-equilibrium 
thermodynamics and kinetics of steps.

• PDEs for crystal surfaces must be viewed as appropriate limits of step flow.
Dimensionality and kinetics affect the PDE structure crucially – see Lecture II.

• Issues for PDEs arise near facets, where microscale events influence continuum solutions;
see Lecture II.

• Deviations from near-equilibrium kinetics can occur in actual materials.
Extensions to far-from-equilibrium evolution of steps must account for motion of kinks.
[Caflisch, E, Gyure, Merriman, Ratsch, 1999; Filimonov, Hervieu, 2004; Balykov, Voigt, 2005-6;

Caflisch, Li, 2003; Kallunki, Krug, 2003; DM, Caflisch, 2008…] 

• The BCF model, although mostly successful, is largely phenomenological.
How does the BCF model emerge from atomistic dynamics?  For a toy model in 1D, see Lec. III.


