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Three Tales of Three Scales in Epitaxial Growth:

Reconciling step motion with crystal facet evolution
Lecture II:



“Classical” shape relaxation by surface diffusion
[Herring, 1950, 1951; Mullins, 1957]
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: smooth

Vn = �⌦div�J
<latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="ZOkLZeKN+nl+38snX3PJ6TdEQWk=">AAACOnicbZDLSgMxFIbPeHe8VbduglZwY5lxoxtBcKG4UcFWoVOGM2lag7kMSUYoQ1/Dp3GrPoMP4U5cipnahbcDIT//n8M5+bJccOui6CWYmJyanpmdmw8XFpeWV2qriy2rC0NZk2qhzXWGlgmuWNNxJ9h1bhjKTLCr7Paoyq/umLFcq0s3yFlHYl/xHqfovJXWono9bKXqYCc5k6yPpEyMJF1+N0yTY5QSSZJp0bUD6S9yGtbraW0zakSjIn9FPBabMK7ztPaRdDUtJFOOCrS2HUe565RoHKeCDcOksCxHeot91vZSoWS2U45+NiRb3umSnjb+KEdG7veOEqWtlvMvJbob+zurzP+yduF6+52Sq7xwTNGvQb1CEKdJhckjMIw6MfACqeF+V0Jv0CB1Hua/U36YleO0FnYYemDxbzx/RWu3EUeN+CKCOViHDdiGGPbgEE7gHJpA4R4e4BGegufgNXj7QjsRjBmvwY8K3j8BGRKvfg==</latexit><latexit sha1_base64="ZOkLZeKN+nl+38snX3PJ6TdEQWk=">AAACOnicbZDLSgMxFIbPeHe8VbduglZwY5lxoxtBcKG4UcFWoVOGM2lag7kMSUYoQ1/Dp3GrPoMP4U5cipnahbcDIT//n8M5+bJccOui6CWYmJyanpmdmw8XFpeWV2qriy2rC0NZk2qhzXWGlgmuWNNxJ9h1bhjKTLCr7Paoyq/umLFcq0s3yFlHYl/xHqfovJXWono9bKXqYCc5k6yPpEyMJF1+N0yTY5QSSZJp0bUD6S9yGtbraW0zakSjIn9FPBabMK7ztPaRdDUtJFOOCrS2HUe565RoHKeCDcOksCxHeot91vZSoWS2U45+NiRb3umSnjb+KEdG7veOEqWtlvMvJbob+zurzP+yduF6+52Sq7xwTNGvQb1CEKdJhckjMIw6MfACqeF+V0Jv0CB1Hua/U36YleO0FnYYemDxbzx/RWu3EUeN+CKCOViHDdiGGPbgEE7gHJpA4R4e4BGegufgNXj7QjsRjBmvwY8K3j8BGRKvfg==</latexit><latexit sha1_base64="eE9BvaXor4ARMFLQFj5ktIARdyE="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit>

diffusivity

(const.) surface free energy/area

mean curvature

µ = ⌦�
<latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="z/W4JVAkTv8ghfSimLYuYDRKo40=">AAACI3icbZBLSwMxFIXv1FetVas7cRNsBVdlxo1uBMGNOyvYB3RKuZOmbWgyGZKMUErx17hVf43gQvwnYvpY2MeBwOE7CffmRIngxvr+l5fZ2Nza3snu5vby+weHhaN8zahUU1alSijdiNAwwWNWtdwK1kg0QxkJVo8Gd5O8/sy04Sp+ssOEtST2Yt7lFK1D7cJJKZTpTfggWQ/DHkqJJBxgkmCpXSj6ZX8qsmqCuSnCXJV24TfsKJpKFlsq0Jhm4Ce2NUJtORVsnAtTwxKkA+yxprMxSmZao+kXxuTckQ7pKu1ObMmU/n8xQmnMUEbupkTbN8vZBK7LmqntXrdGPE5Sy2I6G9RNBbGKTPogHa4ZtWLoDFLN3a6E9lEjta61tVMW4IRYpYQZ51xhwXI9q6Z2WQ78cvDoQxZO4QwuIIAruIV7qEAVKLzAK7zBu/fhfXrfs2oz3rzjY1iQ9/MHRoKnuA==</latexit><latexit sha1_base64="z/W4JVAkTv8ghfSimLYuYDRKo40=">AAACI3icbZBLSwMxFIXv1FetVas7cRNsBVdlxo1uBMGNOyvYB3RKuZOmbWgyGZKMUErx17hVf43gQvwnYvpY2MeBwOE7CffmRIngxvr+l5fZ2Nza3snu5vby+weHhaN8zahUU1alSijdiNAwwWNWtdwK1kg0QxkJVo8Gd5O8/sy04Sp+ssOEtST2Yt7lFK1D7cJJKZTpTfggWQ/DHkqJJBxgkmCpXSj6ZX8qsmqCuSnCXJV24TfsKJpKFlsq0Jhm4Ce2NUJtORVsnAtTwxKkA+yxprMxSmZao+kXxuTckQ7pKu1ObMmU/n8xQmnMUEbupkTbN8vZBK7LmqntXrdGPE5Sy2I6G9RNBbGKTPogHa4ZtWLoDFLN3a6E9lEjta61tVMW4IRYpYQZ51xhwXI9q6Z2WQ78cvDoQxZO4QwuIIAruIV7qEAVKLzAK7zBu/fhfXrfs2oz3rzjY1iQ9/MHRoKnuA==</latexit><latexit sha1_base64="9qtokK231o6EIa3rlEdE5zKbdpw=">AAACLnicbZDLSgMxFIYzXmu9VV2Jm2AruCozbnQjFN24s4K9QGcoZ9JMG5pMhiQjlFJ8Grfq0wguxK1PIabtLOzlh8DPd87hnPxhwpk2rvvprKyurW9s5rby2zu7e/uFg8O6lqkitEYkl6oZgqacxbRmmOG0mSgKIuS0EfZvx/XGE1WayfjRDBIaCOjGLGIEjEXtwnHJF+m1fy9oF/wuCAHY70OSQKldKLpldyK8aLzMFFGmarvw63ckSQWNDeGgdctzExMMQRlGOB3l/VTTBEgfurRlbQyC6mA4+cIIn1nSwZFU9sUGT+j/iSEIrQcitJ0CTE/P18ZwWa2VmugqGLI4SQ2NyXRRlHJsJB7ngTtMUWL4wBogitlbMemBAmJsaku3zMAxMVJyPcrbwLz5eBZN/aLsuWXvwS1WbrLocugEnaJz5KFLVEF3qIpqiKBn9IJe0Zvz7nw4X873tHXFyWaO0Iycnz+LOqlN</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit>

(Naive) Scaling prediction: ⌧ ⇠ c(T )L4
<latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="YzhnL+PoliAiru+68kA6YEEXmRg="></latexit><latexit sha1_base64="YzhnL+PoliAiru+68kA6YEEXmRg="></latexit><latexit sha1_base64="h92YxdZrhxkx4NhHcbbAByVtQsg="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit> size

lifetime

D0e�Ea/(kBT )
<latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="bRrmbHebuva+q9SZOQhzpUWlcCE=">AAACI3icbZBLSwMxFIXv1Fcdq1Z34ibYCnVhnXGjS/EBLiv0BX0MmTRtQzOTIckIZSj+GrfqrxFciP9ETB8L+zgQOHwn4d4cP+JMacf5slJr6xubW+lteyezu7efPchUlYgloRUiuJB1HyvKWUgrmmlO65GkOPA5rfmDu3Fee6ZSMRGW9TCirQD3QtZlBGuDvOxRPm/ftx1E28n5g4cvCgPvtnw2svN5L5tzis5EaNm4M5ODmUpe9rfZESQOaKgJx0o1XCfSrQRLzQinI7sZKxphMsA92jA2xAFVrWTyhRE6NaSDukKaE2o0of9fJDhQahj45maAdV8tZmO4KmvEunvdSlgYxZqGZDqoG3OkBRr3gTpMUqL50BhMJDO7ItLHEhNtWls5ZQ6OiRaCq5FtCnMX61k21cui6xTdJwfScAwnUAAXruAGHqEEFSDwAq/wBu/Wh/VpfU+rTVmzjg9hTtbPH/T5pSs=</latexit><latexit sha1_base64="bRrmbHebuva+q9SZOQhzpUWlcCE=">AAACI3icbZBLSwMxFIXv1Fcdq1Z34ibYCnVhnXGjS/EBLiv0BX0MmTRtQzOTIckIZSj+GrfqrxFciP9ETB8L+zgQOHwn4d4cP+JMacf5slJr6xubW+lteyezu7efPchUlYgloRUiuJB1HyvKWUgrmmlO65GkOPA5rfmDu3Fee6ZSMRGW9TCirQD3QtZlBGuDvOxRPm/ftx1E28n5g4cvCgPvtnw2svN5L5tzis5EaNm4M5ODmUpe9rfZESQOaKgJx0o1XCfSrQRLzQinI7sZKxphMsA92jA2xAFVrWTyhRE6NaSDukKaE2o0of9fJDhQahj45maAdV8tZmO4KmvEunvdSlgYxZqGZDqoG3OkBRr3gTpMUqL50BhMJDO7ItLHEhNtWls5ZQ6OiRaCq5FtCnMX61k21cui6xTdJwfScAwnUAAXruAGHqEEFSDwAq/wBu/Wh/VpfU+rTVmzjg9hTtbPH/T5pSs=</latexit><latexit sha1_base64="sv6/9zFhs2rWFfaRgIv+CAp5SVs=">AAACLnicbZDLSsNAFIYn9VbjrepK3Aw2Ql1YEze6LFXBZYXeoE3DZDpph04yYWYilFB8Grfq0wguxK1PIU4vC1v7w8DPd87hnPn9mFGpbPvDyKysrq1vZDfNre2d3b3c/kFd8kRgUsOccdH0kSSMRqSmqGKkGQuCQp+Rhj+4Gdcbj0RIyqOqGsbEDVEvogHFSGnk5Y4sy7zt2JB00vM7D10UBl65ejYyLcvL5e2iPRH8b5yZyYOZKl7up93lOAlJpDBDUrYcO1ZuioSimJGR2U4kiREeoB5paRuhkEg3nXxhBE816cKAC/0iBSf070SKQimHoa87Q6T6crE2hstqrUQF125KozhRJMLTRUHCoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t6ZY5OCaKcyZHpg7MWYznv6lfFh276DzY+VJ5Fl0WHIMTUAAOuAIlcA8qoAYweALP4AW8Gm/Gu/FpfE1bM8Zs5hDMyfj+BR2xpsA=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="bRrmbHebuva+q9SZOQhzpUWlcCE=">AAACI3icbZBLSwMxFIXv1Fcdq1Z34ibYCnVhnXGjS/EBLiv0BX0MmTRtQzOTIckIZSj+GrfqrxFciP9ETB8L+zgQOHwn4d4cP+JMacf5slJr6xubW+lteyezu7efPchUlYgloRUiuJB1HyvKWUgrmmlO65GkOPA5rfmDu3Fee6ZSMRGW9TCirQD3QtZlBGuDvOxRPm/ftx1E28n5g4cvCgPvtnw2svN5L5tzis5EaNm4M5ODmUpe9rfZESQOaKgJx0o1XCfSrQRLzQinI7sZKxphMsA92jA2xAFVrWTyhRE6NaSDukKaE2o0of9fJDhQahj45maAdV8tZmO4KmvEunvdSlgYxZqGZDqoG3OkBRr3gTpMUqL50BhMJDO7ItLHEhNtWls5ZQ6OiRaCq5FtCnMX61k21cui6xTdJwfScAwnUAAXruAGHqEEFSDwAq/wBu/Wh/VpfU+rTVmzjg9hTtbPH/T5pSs=</latexit><latexit sha1_base64="bRrmbHebuva+q9SZOQhzpUWlcCE=">AAACI3icbZBLSwMxFIXv1Fcdq1Z34ibYCnVhnXGjS/EBLiv0BX0MmTRtQzOTIckIZSj+GrfqrxFciP9ETB8L+zgQOHwn4d4cP+JMacf5slJr6xubW+lteyezu7efPchUlYgloRUiuJB1HyvKWUgrmmlO65GkOPA5rfmDu3Fee6ZSMRGW9TCirQD3QtZlBGuDvOxRPm/ftx1E28n5g4cvCgPvtnw2svN5L5tzis5EaNm4M5ODmUpe9rfZESQOaKgJx0o1XCfSrQRLzQinI7sZKxphMsA92jA2xAFVrWTyhRE6NaSDukKaE2o0of9fJDhQahj45maAdV8tZmO4KmvEunvdSlgYxZqGZDqoG3OkBRr3gTpMUqL50BhMJDO7ItLHEhNtWls5ZQ6OiRaCq5FtCnMX61k21cui6xTdJwfScAwnUAAXruAGHqEEFSDwAq/wBu/Wh/VpfU+rTVmzjg9hTtbPH/T5pSs=</latexit><latexit sha1_base64="sv6/9zFhs2rWFfaRgIv+CAp5SVs=">AAACLnicbZDLSsNAFIYn9VbjrepK3Aw2Ql1YEze6LFXBZYXeoE3DZDpph04yYWYilFB8Grfq0wguxK1PIU4vC1v7w8DPd87hnPn9mFGpbPvDyKysrq1vZDfNre2d3b3c/kFd8kRgUsOccdH0kSSMRqSmqGKkGQuCQp+Rhj+4Gdcbj0RIyqOqGsbEDVEvogHFSGnk5Y4sy7zt2JB00vM7D10UBl65ejYyLcvL5e2iPRH8b5yZyYOZKl7up93lOAlJpDBDUrYcO1ZuioSimJGR2U4kiREeoB5paRuhkEg3nXxhBE816cKAC/0iBSf070SKQimHoa87Q6T6crE2hstqrUQF125KozhRJMLTRUHCoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t6ZY5OCaKcyZHpg7MWYznv6lfFh276DzY+VJ5Fl0WHIMTUAAOuAIlcA8qoAYweALP4AW8Gm/Gu/FpfE1bM8Zs5hDMyfj+BR2xpsA=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit><latexit sha1_base64="LD9dgDPQScBf+lu9ku1z+qb1zDg=">AAACLnicbZDLSgMxFIYz9VbHW9WVuAl2hLqwznSjy1IVXFboDXoZMmmmDc1MhiQjlKH4NG7VpxFciFufQkwvC3v5IfDznXM4J78XMSqVbX8aqbX1jc2t9La5s7u3f5A5PKpJHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS9wa343r9iQhJeVhRw4i0A9QLqU8xUhq5mRPLMu86NiSd5PLeRVe5gVuqXIxMy3IzWTtvTwSXjTMzWTBT2c38trocxwEJFWZIyqZjR6qdIKEoZmRktmJJIoQHqEea2oYoILKdTL4wgueadKHPhX6hghP6fyJBgZTDwNOdAVJ9uVgbw1W1Zqz8m3ZCwyhWJMTTRX7MoOJwnAfsUkGwYkNtEBZU3wpxHwmElU5t5ZY5OCaKcyZHpg7MWYxn2dQKecfOO4+FbLE0iy4NTsEZyAEHXIMieABlUAUYPIMX8ArejHfjw/gyvqetKWM2cwzmZPz8AR5RpsI=</latexit>
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On surface relaxation by the Mullins model

Is surface flux driven by the chemical potential or the adatom density? 
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Much less developed view [Mullins, 1957]: J = �Dsr�⇢
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(Gibbs-Thomson relation) ⇢ = ⇢s exp

✓
µ

kBT

◆

<latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="0AEXYE+C5P/Njj5j7iwDTkoZtiA="></latexit><latexit sha1_base64="0AEXYE+C5P/Njj5j7iwDTkoZtiA="></latexit><latexit sha1_base64="QwhrC6XTQ1ucnqWtwInVO4XqbT0="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="0AEXYE+C5P/Njj5j7iwDTkoZtiA="></latexit><latexit sha1_base64="0AEXYE+C5P/Njj5j7iwDTkoZtiA="></latexit><latexit sha1_base64="QwhrC6XTQ1ucnqWtwInVO4XqbT0="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit><latexit sha1_base64="DOaNOrR1Up7fcL7Wqs/dWKnx7hU="></latexit>

2/25



On surface relaxation by the Mullins model
[Nichols, 1976; DM, Nurnberg, Sudoh, in prep.]
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<latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="OZ/roKE19g7wSIEEBNaLMsZQ3t4=">AAACanicdVFdS8MwFE3r16xTt2cfLA5lT6P1RR8VRXycaLfBNkaS3m1haVqSVCilf8BXf50/xTfTbYLu40LI4Zwb7sk9JOFMac/7suyd3b39g8qhc1R1jk9Oa9WOilNJIaAxj2WPYAWcCQg00xx6iQQcEQ5dMnso9e47SMVi8aazBIYRngg2ZhRrQ7VHtYbX8ublrgN/CRpoWaO6RQZhTNMIhKYcK9X3vUQPcyw1oxwKZ5AqSDCd4Qn0DRQ4AjXM5z4L99IwoTuOpTlCu3P274scR0plETGdEdZTtaoRlW2TSnKbVg5Tm8R+qse3w5yJJNUg6MLgOOWujt1yWW7IJFDNMwMwlcz80aVTLDHVZqXO4BHMDiS8GssxfzJTcmJAWORB8YuiIhfFhs57nkwxAZ0PSlfL5sXlmFD81QjWQee65Rv84qEKOkMXqIl8dIPu0DNqowBRFKIP9Gl92+f21SI821qmWEf/ym7+AECxwi4=</latexit><latexit sha1_base64="VPGUg+4IOJAi4gV3BoT6T4GRNW4="></latexit><latexit sha1_base64="VPGUg+4IOJAi4gV3BoT6T4GRNW4="></latexit><latexit sha1_base64="aqPo5eJjG6x6DjA4ZrPk+Nowqzs="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit><latexit sha1_base64="tvPsVotf4SIHsMNwb6Zy2bTu6eQ="></latexit>

 9.5

 10

 10.5

 11

 11.5

 12

 12.5

 13

 0  0.05  0.1  0.15  0.2

 1e-08

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 10

 0  0.05  0.1  0.15  0.2

Figure 15: Evolution for an 4:1:1 cigar for the exponential law (1.5), α = 1. Plots are at
times t = 0, 0.001, 0.005, 0.01. Below a plot of the discrete energy |Γm|. Bottom shows
a log-plot of |Γm|− |ΓM |. fig:cigar411SDexp
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Figure 19: A plot of tOVUL against a for the flow (1.4), 5.5 tOVUL against a for the flow
(1.5) with α = 1 for a convex domain, and 0.15 tOVUL against a for the flow (1.5) with
α = 1 for a domain with a convex hole. Compare with Nichols (1976, Fig. 7). [Computed
with a variant of scheme (Fm,⋆) from Barrett et al. (2018).] fig:Nichols76b
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Pinch-off times versus aspect ratio

first pinch off 2 → 3 transition

flow a tOVUL a tOVUL

(1.4) 7.08 0.276 10.80 0.681

(1.5), convex domain 7.37 0.033 11.14 0.081

(1.5), domain with convex hole 6.93 2.968 10.55 6.191

Table 1: Critical aspect ratio a, and pinch off times, tOVUL, for the three flows. tab:pinchoff
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Figure 17: We display the generating curve for the pinch-off times for a = 8. Plots from
left to right are for (1.4), (1.5) (convex domain) and (1.5) (domain with convex hole). fig:axinew8

3.3 Nichols (1976)

We are trying to reproduce Figure 7 in Nichols (1976). To this end we look at

V = −B∆s κ , B = 1 , (3.1)

for initial data given by initial cigar shape of total dimension a × 1 × 1. Hence the two
spherical caps have radius r0 =

1
2 , and the cylindrical tube in the middle has radius 1

2 and
length a− 1.

The dimensionless time units in Nichols (1976) are τ = (18/π r0)4B t = (18/1
2 π)

4 t =
(36/π)4 t ≈ 17243 t. But in our experiments, this scaling did not yield results that match
with Figure 7 in Nichols (1976). Hence, for simplicity, here we use the scaling t̃ =
16 r40 B t = t for our chosen parameters.

In Figures 18 and 19 we plot the ovulation time tOVUL against the aspect ratio a for
the two evolution laws (1.4) and (1.5) for α = 1, where for the latter we compute for both
a convex domain, and for a domain with a convex hole inside it. The results show that
the time scales of the three flows differ markedly. Moreover, the critical ratios at which
pinch-off occurs, and where two spheres change to three spheres, are also different. Pinch
off occurs for a critical aspect ratio of a = 7.08, 7.37 and 6.93 for the three flows, see
Table 1. An example of the pinch-off profiles, for all three flows, is given in Figure 17.
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first pinch off 2 → 3 transition

flow

a tOVUL a
tOVUL

(1.4)

7.08 0.276 10.80 0.681

(1.5), convex domain
7.37 0.033 11.14 0.081

(1.5), domain with convex hole 6.93 2.968 10.55 6.191

Table 1: Critical aspect ratio a, and pinch off times, tOVUL, for the three flows.
tab:pinchoff
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Figure 17: We display the generating curve for the pinch-off times for a = 8. Plots from

left to right are for (1.4), (1.5) (convex domain) and (1.5) (domain with convex hole).
fig:axinew8

3.3 Nichols (1976)We are trying to reproduce Figure 7 in Nichols (1976). To this end we look at

V = −B∆s κ , B = 1 ,

(3.1)

for initial data given by initial cigar shape of total dimension a × 1 × 1. Hence the two

spherical caps have radius r0 = 1
2 , and the cylindrical tube in the middle has radius 1

2 and

length a− 1.
The dimensionless time units in Nichols (1976) are τ = (18/π r0)4B t = (18/ 1

2 π)4 t =

(36/π)4 t ≈ 17243 t. But in our experiments, this scaling did not yield results that match

with Figure 7 in Nichols (1976). Hence, for simplicity, here we use the scaling t̃ =

16 r 40 B t = t for our chosen parameters.
In Figures 18 and 19 we plot the ovulation time tOVUL against the aspect ratio a for

the two evolution laws (1.4) and (1.5) for α = 1, where for the latter we compute for both

a convex domain, and for a domain with a convex hole inside it. The results show that

the time scales of the three flows differ markedly. Moreover, the critical ratios at which

pinch-off occurs, and where two spheres change to three spheres, are also different. Pinch

off occurs for a critical aspect ratio of a = 7.08, 7.37 and 6.93 for the three flows, see

Table 1. An example of the pinch-off profiles, for all three flows, is given in Figure 17.

Referencesgflows3d J. W. Barrett, H. Garcke, and R. Nürnberg. On the parametric finite element approxi-

mation of evolving hypersurfaces in R3. J. Comput. Phys., 227(9):4281–4307, 2008.

axisd J. W. Barrett, H. Garcke, and R. Nürnberg. Finite element methods for fourth order ax-

isymmetric geometric evolution equations, 2018. http://arxiv.org/abs/1806.05093.
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Macroscale

20 µm
[Imaging of Si(001): Blakely,Tanaka, 1999 ]

[Imaging : B. S. Swartzentruber, 2002]

terrace
step

Mesoscale

25 nm

Below the roughening
transition temperature:

Steps and terraces

a

h

Classical-atomistic scale
h

How can one reconcile models
across these scales?

What is a ”suitable” macroscale description?
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Crystal facets (macroscopic plateaus)

4 H.P. Bonzel / Physics Reports 385 (2003) 1–67

Fig. 2. (a) SEM image of an equilibrated Pb crystallite viewed along a [1 !10] direction, annealed at T =473 K and imaged
at room temperature [37]. (b) STM image of Pb crystallite on Ru(001) at 323 K, showing top (111) facet, average facet
radius ∼ 140 nm, and smaller side facets [49 ]. (c) STM image of a 3D Pb crystallite at 363 K, showing (111) facet at
the top (average facet radius ∼ 230 nm) and step resolved vicinal surface next to this main facet. (d) Schematic of a 3D
crystallite supported by a "at substrate. Note de#nitions of contact angle, surface and interface free energies.

describe the time dependent shape changes in 3D [22–26]. A number of reviews of anisotropic
surface free energy and ECS have appeared in the past [6,27–34], some in close relationship to the
e$ect of adsorption on the ECS [35 ,36].
It follows from the foregoing that a systematic study of 3D equilibrium crystal shapes can yield

important surface energetic quantities, such as step, kink, surface and step–step interaction free en-
ergies [30,37–44]. Exact 3D images of well equilibrated crystallites are needed for the evaluation
of fundamental energies of forming these defects and of their interaction. A beautiful example of
an equilibrated Pb crystallite, imaged by scanning electron microscopy (SEM), is shown in Fig. 2a
[37]. The crystal of 6 !m diameter is viewed along a ⟨110⟩ direction, such that "at (111) and
(100) oriented facets appear on the periphery. The transitions between facets and rounded regions

(a)
⇠ 0.5µm

STM image: faceted Pb crystallite (top view)

[Bonzel, 2003]

Facet

steps

H.P. Bonzel / Physics Reports 385 (2003) 1–67 25

(a)
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Pb(111) facet, x0 = 265 nm
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-z
0 (

nm
)

x-x0 (nm)(b)

Fig. 16. (a) Step-resolved image of (111) facet and vicinal surface of a Pb crystallite annealed at 380 K. (b) Line scan
from image of Fig. 16a showing sequence of monatomic steps, !t by Eq. (6).

Returning to Fig. 16 of Pb, a portion of a line scan taken for a certain azimuthal direction is
presented in Fig. 16b. This scan was successfully !tted with Eq. (7) yielding relative values of
f3=! = 2065 nm and f4=! = −320 nm [70]. Alternatively, !tting the data in Fig. 16b with Eq. (7),
modi!ed by setting f4=0 and by assuming a free exponent n, resulted in f3=!=1840 nm and n=1:48.
The similarity of f3=! values obtained in the two !ts indicates that the second term of Eq. (7) is
of minor importance here, i.e. that the in"uence of the higher order f4 interaction is negligible. The
same kind of !t was carried out for 180 line scans, taken in 2◦ azimuthal increments all around the
(111) facet. Despite considerable scatter in the pre-factor of (x−x0)n, the average values of f3=! and
nwere 1840 nm and 1:49± 0:06, respectively. The average value for the exponent is identical with
the theoretically predicted universal value of 3=2, in contrast to a previous report of non-universal

⇠ 5 nm

H.P. Bonzel / Physics Reports 385 (2003) 1–67 21

Fig. 12. Sequence of STM images of single layer peeling from Pb(111) facet at 353 K. Image size: 400 nm × 200 nm,
last three, 200 nm × 100 nm [48].

Fig. 13. Experimental top layer peeling kinetics for three examples with late decays !tted by Eq. (14). Fit curves shown
as thick black lines [48].

an exponent of 4.8, in excellent agreement with the theoretical value of 5. A numerical simulation
of single layer peeling based on the theory of decay of a cone [26,143,144] is shown in Fig. 14b.
Repulsive step interaction was included and parameters for di"usion controlled kinetics were used.
The results reproduce the experiment well [48]. A systematic study of the temperature dependence
of the kinetics of approaching the ECS would yield important data on the energetics of sur-
face di"usion and/or adatom detachment from step/kink sites. Such a study has thus far not been
carried out.

4.3. Facet shapes and boundaries

The most frequently investigated material in the form of small micron-sized crystallites near
equilibrium is Pb. Because of its relatively low melting temperature of Tm = 600:7 K and low

(b)

Sequence of STM images: Single-layer peeling 

on facet [Thurmer et al. 2001]

How can a macroscopic
description (PDE) outside facet
be reconciled with step motion 

near facet?

free bdry
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Mesoscale: Step flow: BCF model [Burton, Cabrera, Frank, 1951]

• Robin-type boundary conditions at bounding step edges : 

i-th terrace,
hi< h<hi+1

h=hi
hi+1

top terrace

• Adatom diffusion
on i-th terrace:

x

y

• Step normal velocity :

s
Local coordinates (⌘,�);

descending steps of height a;
i-th step at ⌘ = ⌘i

vi,?

vi,? = a2(Ji�1,? � Ji,?)

Gibbs-Thomson relation

µi(�, t): step chemical potential: change of i-th step energy per atom

Ji = �Dsr⇢i, Ds�⇢i + F =
@⇢i
@t

⇡ 0 ⌘i < ⌘ < ⌘i+1

�J+
i,? = q+[⇢

+
i � ⇢eqi (�, t)], ⌘ = ⌘i; J�

i,? = q�[⇢
�
i � ⇢eqi+1(�, t)], ⌘ = ⌘i+1

[Rowlinson, Widom, 1982…]
⇢eqi = ⇢se

µi/T
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Macroscale

20 µm
[Imaging of Si(001): Blakely,Tanaka, 1999 ]

[Imaging : B. S. Swartzentruber, 2002]

terrace
step

Mesoscale

25 nm

From step motion laws to PDEs

a

a!
0

v?
!

@th

|rh
|

h

[Rigorous analysis: Al Hajj Shehadeh, Kohn, Weare, 2011; Gao, Ji, Liu, Witelski, 2018]

[Sample of studies in physics/math. physics: Spohn, 1993; Selke, Duxbury, 1995; 
Chame, Rousset, Bonzel, Villain, 1996; Israeli, Kandel, 1999; Chame, Villain, 2001] 
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Scope

Facets are special regions of the crystal surface.

We need to understand how microscale step motion influences 
facet evolution.

[DM, Aziz, Stone, 2005; DM, Kohn, 2006; Fok, Rosales, DM, 2008; 
Bonito, Nochetto, Quah, DM, 2009;  DM, Nakamura, 2011; Nakamura, DM, 2013;

Schneider, Nakamura, DM, 2014; Liu, Lu, DM, Marzuola, submitted]

PDE away from facet?

Boundary conditions at facet?
Issues:

8/25



Relaxation PDE in 2+1 dimensions, outside facets

Step
chemical 
potential

step veloc.

Total step energy [DM, Kohn, 2006] 

Generally (without linearization):

Ji,? / ⇢i � ⇢seµi/T J / �M(rh) ·reµ/T

Ill-defined on facet

Facet: rh = 0

4th-order, parabolic-
like PDE for h

µi ! µ =

✓
�E

�h

◆

L2

dEst
N

dt
=

X

i

Z

step i

vi,? µi ds

E[h] =

Z
�(rh) dx =

Z
{g1|rh|+ (g3/3)|rh|3} dx

)

Flux
(Fick-type law) 

Tensor mobility; in diffusion-limited kinetics, M=1

⇡ ⇢eqi

(linearization)

Ji / �r⇢i, divJi = 0
on terrace;

Ji,? / ⇢i � ⇢s(1 + µi/T )

at step

J = �M(rh) ·rµ)
Singular surface free energy

mass
conservation

) @h

@t
= �divJvi,? = Ji�1,? � Ji,?
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PDE in diffusion-limited kinetics (M=1)

By linearized Gibbs-Thomson relation: 

@th(x, t) = C�

"
�div

 
rh

|rh| + g|rh|rh

!#
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�E

�h
; E[h] =

Z
�(rh) dx, �(p) = |p|+ (g/3)|p|3
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singular at facet

[Aspects of analysis: Kobayashi, Giga, 1999; Spohn, 1993; Odisharia, Thesis, 2006;
Kashima, 2004; Giga, Giga, 2010; Giga, Kohn, 2011…]

What is the meaning of this evolution equation 
(in continuum-scale framework) in presence of facets?
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PDE: Extended-gradient formalism,typical settings

@HE[h] := {f 2 H : E[h+ g]� E[h] � (f, g)H 8g 2 H}

What should the above rule amount to, practically?

Suppose the facet is smoothed out via regularization 
of E[h] by some parameter, n. Then, in the limit as n approaches 0,

one should recover the evolution of the above formalism.

Typically: H = L
2
, H

�1

reflects kinetics surface 
diffusion:

DL kinetics“Natural” boundary conditions at facet edges follow.

Evolution PDE is everywhere replaced by

the rule that �@th is an element of subdi↵erential

@HE[h] with minimal norm in Hilbert space H.
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Discrete scheme for steps:

PDE

BC’s ?

Diffusion-limited kinetics: Radial geometry

h
E

t
h

d
d

Dµ
¶
¶   

PDE:

Nearest-neighbor,
force-dipole

step-step interactions

Step curvature

Linearized Gibbs-Thomson rel.
H

�1 gradient flow

Ė =
��E
�h

, ht

�
L2 = �k��E

�h
k2
H�1  0

E[h] =

Z ⇥
|rh|+ (g/3)|rh|3

⇤
dx ; g =

g3
g1

[Schneider, Nakamura, DM, 2014]
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Free-boundary approach: Boundary conditions

(hf,Jf ,µf, xf )

(h
, J

,µ
, x

) =

slope=0

r

Natural BC’s in radial setting

Keep

time of
n-th step collapse

Q(t) =
1

2

⇢
rn+2(tn) + rn+1(tn)

2rn+2(tn)
+

rn+1(tn) + rn(tn)

2rn+1(tn)

�

tn  t < tn+1

In close agreement with step simulations; 
Q(t) ⇡ const., n � 1

Collapse times tn
• Height continuity: h(r+f , t) = hf (t)

• Slope continuity

• (Normal) Mass-flux er · J: cont.

• µ = �div⇠: extended continuously

onto facet

• er · ⇠ = ⇠: continuous

rf (t)

hf (t)

[Schneider, Nakamura, DM, 2014]

Alternative:

⇠(rf (t)
�, t) = Q(t) ⇠(rf (t)

+, t)

µ(rf (t)
�, t) = Q(t)�1 µ(rf (t)

+, t)

Replace by jumps:
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Rel. step interaction strength: g=0.1

Jump
bc’s

Natural
bc’s

Numerics: Conical initial data; self-similar regime 

Can we reconcile these two scales via resolving only few top steps?

Discrete slopes behave as self-similar for long times
Ansatz: m(r, t) ⇡ M(rt�1/4)
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g=0.1Step trajectories

(relative to initial configuration)
i-th step collapse time, ti

15/25

ri(t)
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“Hybrid” iterative scheme: Algorithm

t = tn⇤

Top view
steps

continuum

Initiation: n0 = 0 , n⇤ � 1 ; t̃0 = 0

rn+M+l+1 = rn+M+l +
a

m(rn+M+l, t)
; l = 0, 1 , t̃n0 < t  t̃n⇤ , n0  n < n⇤

1. Compute slope profile via natural bc’s.

2. Simulate M top steps, typically M=3, terminated by

3. Re-compute slope using jump conditions at:

4. Go to 2, and iterate (advancing time).
[Schneider, Nakamura, DM, 2014] 16/25



Numerics (conical initial data)

natural
bc’s

Hybrid, n*=5,
2 iter.Hybrid,

15 iter.

g=0.1 g=1

natural
bc’s

Hybrid,
5 iter.

m m

Open questions:
Can one derive jump conditions from step motion? 

How about other kinetic regimes?  Non-radial geometry?
17/25



PDE from full Gibbs-Thomson relation for steps

�
�E

�h
; E[h] =

Z
�(rh) dx, �(p) = |p|+ (g/3)|p|3
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What plausible predictions for facets can be made by this PDE
(in a full continuum-scale framework) ?

[Liu, Lu, DM, Marzuola, subm.]

Open issue: Rigorous formulation of appropriate gradient flow  

PDE plausibly comes from scaling limit of atomistic dynamics
[Marzuola, Weare (2013)]
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Reduction to 1+1 dimensions; periodic profile

Goal:
Formulate a system of ODEs 
for facet height and position 

via free-boundary viewNeglect of |hx|hx term

@th = @xx exp


�@x

✓
@xh

|@xh|

◆�

Claim: BC’s at facet:
µ(x, t) = �@x⇠̃(x, t) and ⇠̃(x, t): continuous in x

Facet speed by mass conservation

Note: If @xh 6= 0 then @th = 0.
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Free-boundary approach (construction of a solution)

h

x

xf (t)�xf (t)

Top facet

0

PDE structure:

ḣf  0

@th = �@xJ, J = �@xe
µ, µ = �@x⇠̃; h(x, 0) = h0(x)

ḣf = �@xJ ) J(x, t) = �xḣf + C1(t); C1(t) = 0 (by symmetry)

@xe
µ = �J ) µ(x, t) = ln


x2

2
ḣf + C2(t)

�
;

On top facet, �xf (t)  x  xf (t):

@x⇠̃ = �µ ) ⇠̃(x, t) = �
Z x

0
ln


s2

2
ḣf + C2(t)

�
ds+ C3(t); C3(t) = 0

Assumptions:
• Facet is symmetric; h(�x, t) = h(x, t).
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• Facet has zero slope; @xh = 0.
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• ⇠(p) = p/|p| (p: slope) is extended onto facet
as odd function on R; set ⇠̃(x, t) = ⇠(@xh).

<latexit sha1_base64="532mn3G6JJsHgBtJds/FLI4pxsQ="></latexit><latexit sha1_base64="532mn3G6JJsHgBtJds/FLI4pxsQ="></latexit><latexit sha1_base64="532mn3G6JJsHgBtJds/FLI4pxsQ="></latexit><latexit sha1_base64="532mn3G6JJsHgBtJds/FLI4pxsQ="></latexit>

• Mass flux J(x, t) is extended onto facet;
and J(x, t) = J(�x, t).

<latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="4aORbh+t7gcNT72dHiZmJEd0e1Y="></latexit><latexit sha1_base64="4aORbh+t7gcNT72dHiZmJEd0e1Y="></latexit><latexit sha1_base64="fBIpl+Y2O67oNIpO9aq5Mhc1E6w="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit><latexit sha1_base64="oBsmLJhl0aw2arTPOfP16eaKBTI="></latexit>

Apply:
Mass conservation: ẋf [h0(xf )� hf ] = ḣfxf

Continuity of ⇠̃(·, t), µ(·, t) ) C2(t) = 1� x2
f ḣf/2, and

extra relation between xf , ḣf .
<latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="rTSOdMwH96tZInt9au35fN7/WtE="></latexit><latexit sha1_base64="rTSOdMwH96tZInt9au35fN7/WtE="></latexit><latexit sha1_base64="fv/ZWzXgIA6PpaOKtQlTD70nbsA="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit><latexit sha1_base64="OEDWYZgGwvRjF0M6FDwKmrT5s/E="></latexit>

@th = 0
<latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="VI+3RFP5BpiiKQ9N2Jjw86nsNn0=">AAACGnicbZBLSwMxFIXv1FetVUe3boKt4KrMuNGNILhxWcE+oC1DJs20oZnJkNwplNJ/4lb9Ne5E8M+ImbYL+zgQOHwnyb2cMJXCoOf9OIWd3b39g+Jh6ah8fHLqnpWbRmWa8QZTUul2SA2XIuENFCh5O9WcxqHkrXD0mOetMddGqOQFJynvxXSQiEgwihYFrlvtplSjoDJAMrz3qoFb8WreXGTT+EtTgaXqgfvb7SuWxTxBJqkxHd9LsTfNP2WSz0rdzPCUshEd8I61CY256U3nm8/IlSV9EiltT4JkTv+/mNLYmEkc2psxxaFZz3K4LetkGN31piJJM+QJWwyKMklQkbwG0heaM5QTayjTwu5K2JBqytCWtXXKCswJKiXNrGQL89fr2TTNm5rv1fxnD4pwAZdwDT7cwgM8QR0awGAMr/AG786H8+l8LaotOMuOz2FFzvcf0bKj0A==</latexit><latexit sha1_base64="VI+3RFP5BpiiKQ9N2Jjw86nsNn0=">AAACGnicbZBLSwMxFIXv1FetVUe3boKt4KrMuNGNILhxWcE+oC1DJs20oZnJkNwplNJ/4lb9Ne5E8M+ImbYL+zgQOHwnyb2cMJXCoOf9OIWd3b39g+Jh6ah8fHLqnpWbRmWa8QZTUul2SA2XIuENFCh5O9WcxqHkrXD0mOetMddGqOQFJynvxXSQiEgwihYFrlvtplSjoDJAMrz3qoFb8WreXGTT+EtTgaXqgfvb7SuWxTxBJqkxHd9LsTfNP2WSz0rdzPCUshEd8I61CY256U3nm8/IlSV9EiltT4JkTv+/mNLYmEkc2psxxaFZz3K4LetkGN31piJJM+QJWwyKMklQkbwG0heaM5QTayjTwu5K2JBqytCWtXXKCswJKiXNrGQL89fr2TTNm5rv1fxnD4pwAZdwDT7cwgM8QR0awGAMr/AG786H8+l8LaotOMuOz2FFzvcf0bKj0A==</latexit><latexit sha1_base64="lmcJWAbVVF1QOPnlsiHGvf1S6EU=">AAACJXicbZDLSsNAFIYnXmu9RV26GWwFVyVxoxuh6MZlBXuBNoTJdNIOnWTCzEmhhL6JW/Vp3IngyjcRJ20W9vLDwM93zplz+INEcA2O821tbG5t7+yW9sr7B4dHx/bJaUvLVFHWpFJI1QmIZoLHrAkcBOskipEoEKwdjB7yenvMlOYyfoZJwryIDGIeckrAIN+2q72EKOBE+ICHd07VtytOzZkJrxq3MBVUqOHbv72+pGnEYqCCaN11nQS8LP+UCjYt91LNEkJHZMC6xsYkYtrLZpdP8aUhfRxKZV4MeEb/T2Qk0noSBaYzIjDUy7Ucrqt1UwhvvYzHSQospvNFYSowSJzHgPtcMQpiYgyhiptbMR0SRSiYsNZuWYA5ASmFnpZNYO5yPKumdV1znZr75FTq90V0JXSOLtAVctENqqNH1EBNRNEYvaBX9Ga9Wx/Wp/U1b92wipkztCDr5w/sraVc</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit><latexit sha1_base64="hy1wjHRAvQ2G50WLBxALNxqsiGU=">AAACJXicbZDLSsNAFIYn9VbrLerSzWAruCpJN7oRim5cVrAXaEOYTKft0EkmzJwUSuibuFWfxp0IrnwTcdJmYS8/DPx855w5hz+IBdfgON9WYWt7Z3evuF86ODw6PrFPz1paJoqyJpVCqk5ANBM8Yk3gIFgnVoyEgWDtYPyQ1dsTpjSX0TNMY+aFZBjxAacEDPJtu9KLiQJOhA94dOdUfLvsVJ258Lpxc1NGuRq+/dvrS5qELAIqiNZd14nBS7NPqWCzUi/RLCZ0TIasa2xEQqa9dH75DF8Z0scDqcyLAM/p/4mUhFpPw8B0hgRGerWWwU21bgKDWy/lUZwAi+hi0SARGCTOYsB9rhgFMTWGUMXNrZiOiCIUTFgbtyzBjICUQs9KJjB3NZ5106pVXafqPtXK9fs8uiK6QJfoGrnoBtXRI2qgJqJogl7QK3qz3q0P69P6WrQWrHzmHC3J+vkD7U2lXg==</latexit>
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Free-boundary approach: ODEs 

2
q

1 +X2
f ln

⇣q
1 +X2

f +Xf

⌘
� 2Xf =

s
|ḣf |
2

; Xf := xf

s
|ḣf |
2

ẋf [h0(xf )� hf ] = ḣf xf

ODE system for (xf , hf ), top facet (ḣf  0):

The top facet expands

h

xf (t)�xf (t)

hf (t)

ḣf  0

h

xf (t)�xf (t)

hf (t)

The bottom facet behaves differently:

h

xxf (t)�xf (t)

ODE system for (xf , hf ), bottom facet (ḣf � 0):

 f

⇣
arctan f � ⇡

2

⌘
+ 1 =

1

2xf
;  f :=

q
1�X2

f

Xf
, Xf := xf

s
ḣf

2

Q( f ) ; monotone, 0 < Q( f )  1

No evolution if facet size is below a “critical” value
ḣf � 0

ẋf [h0(xf )� hf ] = ḣf xf

(if Xf 6= 0)
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Numerical simulations of PDE and ODEs solutions
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Exp. PDE (regularized):
Numerics for PDE: Via regularization of E[h]

bottom facet freezes

@th = @xxe
�@x

✓
@xhp

(@xh)2+⌫2

◆

; h(x, t = 0) = sin(2⇡x)
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t = t0 > 0
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[Liu, Lu, DM, Marzuola, subm.]
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Fig. 2. Snapshots of evolving surface height profile, h(x, t), under initial data
h(x, 0) = sin(x) (top panel) by fourth-order total variation flows given by: expo-
nential PDE (32) with regularization parameter ⌫ = 10�3 on a time scale T = 10�4

(bottom left panel); and by PDE (33) with regularization parameter ⌫ = 10�3 on a
time scale T = 10�2 (bottom right panel).
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Fig. 3. (Color Online) Snapshots of evolving surface height profile, h(x, t), for two
di↵erent values (N = 60, 120) of the number, N , of grid points on a time scale
T = 10�4. The height h(x, t) evolves according to exponential PDE (32) with initial
data h(x, 0) = sin(x) and regularization parameter ⌫ = 10�3.

which explains the small discrepancy observed in those plots involving xf (t).
To compare the relevant parameters to the PDE evolution, we take

hf,pde(t) = max
x2[0,2⇡]

h(x, t) ,

xf = max{x 2 [0, 2⇡] : ( max
x2[0,2⇡]

h(x, t))� h(x, t) < "} , (34)
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Numerical simulations of PDE and ODE solutions (cont.)
[Liu, Lu, DM, Marzuola, subm.]
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Open question: How does this prediction compare to step motion?
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Numerical simulations of PDE vs ODEs (cont.) 
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Conclusion and Outlook

• Boundary conditions for PDE at facets need step microstructure. 
Proposal: jump discontinuities of thermodynamic variables.

Can the jump conditions emerge from limits of step flow?

• Thus far, progress has been made in radial setting, DL kinetics, self
-similar regime. Boundary conditions have been speculated (empirically),
motivating a hybrid iterative scheme (few steps).

Extensions to earlier times; richer kinetics, fully 2D setting?
Does the hybrid scheme really converge? Why?

• Full Gibbs-Thomson formula in step flow model yields an 
“exponential PDE” as formal continuum limit. This expresses 
top-bottom asymmetry in relaxation of height profile. 
Connection of continuum prediction to (discrete) step flow? 
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