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How can the motion of atoms give rise to
organized (surface) structures and devices?
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Macroscale

20 µm
[Imaging of Si(001): Blakely,Tanaka, 1999 ]

[Imaging : B. S. Swartzentruber, 2002]

terrace
step

Mesoscale

25 nm

Below the roughening
transition temperature:

Steps and terraces

a

h

Classical-atomistic scale
h

How can one reconcile models
across these scales?
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Mesoscale: Step flow: BCF model [Burton, Cabrera, Frank, 1951]

• Robin-type boundary conditions at bounding step edges : 

i-th terrace,
hi< h<hi+1

h=hi
hi+1

top terrace

• Adatom diffusion
on i-th terrace:

x

y

• Step normal velocity :

s
Local coordinates (⌘,�);

descending steps of height a;
i-th step at ⌘ = ⌘i

vi,?

vi,? = a2(Ji�1,? � Ji,?)

Gibbs-Thomson relation

Ji = �Dsr⇢i, Ds�⇢i + F =
@⇢i
@t

⇡ 0 ⌘i < ⌘ < ⌘i+1

�J+
i,? = q+[⇢

+
i � ⇢eqi (�, t)], ⌘ = ⌘i; J�

i,? = q�[⇢
�
i � ⇢eqi+1(�, t)], ⌘ = ⌘i+1

⇢eqi = ⇢se
µi/T
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Step motion and continuum limit (Review)

xxi xi+1

i-terrace
…

…

x

h

a

ẋi = a(Ji�1 � Ji) at x = xi

Mass flux on i-th terraceStep velocity

(i-th terrace)
�Ji = q(⇢i � ⇢eqi ) at x = x+

i

Ji = q(⇢i � ⇢eqi+1) at x = x�
i+1

Ds@xx⇢i = @t⇢i ⇡ 0 , Ji = �Ds@x⇢i xi < x < xi+1

Diffusion; Attachment/detachment

Adatom density

Step chemical potential, near equilibrium

⇢eqi = ⇢se
µi/T

µi = a
�Est

N

�xi

step chem. 
potential

Total step
energy (N steps)

J = � Ds

1 +
Ds

qa
|rh|

@x⇢
eq

@t̃h = �@xJ
a ! 0

⇢eq = ⇢se
µ/T

µ = a
�E[h]

�h

Mass conservation

“Fick’s law” for surface diffusion

Near-equilibrium condition

Diffusion-limited kinetics
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Mesoscale

25 nm

BCF (phenomenological) model:
Adatom diffusion/Fick’s law +

Step velocity law +
Linear kinetic relation at step

Kinetic restricted 
solid-on-solid

model:
Atoms hop

in 1+1 dimensions

From atoms to step motion

5/24



Motivation

[Patrone, DM, 2014; Patrone, Einstein, DM, 2014; Lu, Liu, DM, 2015; 
Schneider, DM, 2017; Schneider, Patrone, DM, 2018]

• The BCF model is primarily phenomenological.
We need to understand its plausible atomistic origin. 

• If crystal surfaces have high supersaturations, the pileup of
adsorbed atoms (adatoms) obstructs step motion.

We need to understand how this may affect BCF-type step laws.

Heuristic study for 1+1 dims. 
Pending issues, especially in 2+1 dimensions…
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Fig. 2. Microscopic view: Schematic of atomistic processes allowed by the 1D atom-
istic model on lattice with lateral spacing a. Movable atoms are shown in dark grey.
(a) Top panel: Hopping of adatoms on each terrace with rate D, detachment of edge
atom from step to upper (�) or lower (+) terrace with rate Dk�±, and deposition
of atoms from above with rate F . (b) Middle panel: Hopping of adatoms near step
to same terrace with rate D, attachment of adatom from lower terrace to step edge
with rate D�+, and hopping of unbonded neighboring adatoms with rate D. (c)
Bottom panel: Attachment of adatom from upper terrace to step edge, and hopping
of adatom lying on top of another adatom to same terrace with rate D.

the system, including the atoms deposited on the surface from above.

9

Atomistic scale: Basic transitions: Toy model

step atom

edge atomadatom

Standard hopping

Detachment

Deposition

Attachment

AttachmentNo

No islands form

Position of edge atom can only change by -1, 0, 1 on lattice

No

Atoms do not interact
elastically

s

! = #$%&/(

N lattice sites; Na = O(1) as a ! 0

2
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FIG. 1. Schematic for main assumptions of KRSOS model.
Bottom panel: Movable atoms are shown in dark grey. The ki-
netic rates are: D, for atom hopping away from the step; D�±
(dashed atoms and arrows) for atom attachment to the step
from the upper (�) or lower (+) terrace; Dk�± for atom de-
tachment or attachment at step; F for deposition from above;
and ⌧�1 for desorption. The factors �± = exp[�E±/(kBT )]
account for Ehrlich-Schwoebel barriers, E± [5, 6]. The step
position is s(↵,m). Top panel: 1D energy-barrier landscape.

where N is an integer expressing the system size (N �
1), k = exp[�EB/(kBT )], and EB is the bonding en-
ergy of an atom to the step (kBT is the Boltzmann en-
ergy). By condition (2), the number of externally de-
posited atoms at the desorption time scale is more than
one, but is limited by the average number of adatoms
detached from the step in equilibrium. We obtain three
types of results. First, we describe analytically the sta-
tionary solution, peq↵,m, of Eq. (1); see Eq. (3). This solu-
tion describes the KRSOS model in equilibrium. The use
of peq↵,m along with a “maximum principle” for Eq. (1),
outlined below, enable us to estimate the magnitude of
corrections to the BCF model. Our approach provides an
atomistic view of the interplay between deposition and
desorption in regime (2). Second, by time-dependent av-
erages over states (↵,m), we derive non-equilibrium ki-
netic laws for the motion of a step; these include correc-
tions to the BCF model. We find that such deviations are
controlled by the Arrhenius factor k and the equilibrium
adatom density, ceq; see Eqs. (4)–(11). In particular, es-
timates (11) form a key result of our analysis. Third, we
connect our approach to nanowire growth (see Table I).

The present work forms an extension of recent studies
in the atomistic origin of crystal growth, e.g., [9–17]. Our
specific objectives, however, are di↵erent from those of
past works. For example, here we explain why neglecting
atomic correlations in mesoscale theories such as variants
of the BCF model [4] may pose restrictions on atomistic
rates. We describe these restrictions, as well as possible
implications of their violation in single-step motion.

Our analysis prioritizes kinetic corrections to the 1D
BCF model, when the system is not at equilibrium, and
thus complements [9, 10, 13–15], which focus on the
derivation of the standard BCFmodel (near equilibrium).
Our goals resemble those of [16, 17], in which correc-
tions to the BCF model due to nucleation are considered.

However, we neglect nucleation here and instead place
emphasis on systematic estimates of corrections due to
kinetic interactions when the adatom system is not di-
lute. Our approach is distinct from that in [12, 13] where
discrete adatom di↵usion is speculated without invoca-
tion of adatom correlations. The present master-equation
approach originated from [10] where deposition and des-
orption are left out. Our formalism extends the atomistic
model of [11] to include desorption. Detailed derivations
are omitted here; the interested reader may consult [18].
We use the symbol |̂ for a (Lagrangian) lattice site

relative to the step, as opposed to the (Eulerian) index j
of the fixed lattice. The lattice spacing is denoted by a.

Microscale model. We now elaborate on the KRSOS
model; cf. Eq. (1). Following [9–11], we represent each
configuration by the ordered pair (↵,m); the multiset
↵ is an unordered list of the lattice sites that contain
adatoms. For example, the state (↵,m) = ({},m0) has
no adatoms and an initial total number of atoms equal
to m0. The state (↵,m) = ({ı̂, ı̂, |̂},m0 + 2) contains two
adatoms at site ı̂ and one at |̂, of which two came from
external deposition and one detached from the step.
By this formalism, the microscale step position is

uniquely determined in a given state (↵,m): If the step
is initially at site s0 in the fixed lattice frame, the step
position at a later configuration (↵,m) is s(↵,m) =
s0� |↵|+m�m0. This formula invokes the cardinality of
↵, |↵|: the total number of adatoms in the given state.

The above system representation along with rules (a)–
(c) (see Introduction) can be used to define the tran-
sition rates T(↵,m),(↵0,m0) of Eq. (1). By Fig. 1, this
matrix accounts for: atom hopping away from the step
(rate D); attachment/detachment at the step (rates D�±
and Dk�±); and external deposition as well as desorp-
tion (rates F and ⌧�1). Formulas for T(↵,m),(↵0,m0) are
prescribed accordingly; see [9, 10] for mass conserving
KRSOS transitions, and [11] if external deposition is in-
cluded. For desorption, we define T(↵,m),(↵0,m0) = ⌧�1 if
m = m0 � 1 and |↵| = |↵0| � 1 and |↵0 \ ↵| = 1. Note
that the multiset di↵erence ↵ \↵0 contains the elements
in ↵ that are not in ↵0, counting multiplicity.

We now outline attributes of Eq. (1) that can be used
to quantify corrections to the BCF model. A stationary
solution to this equation may or may not exist for long
times if F > 0. In contrast, for mass-conserving dynam-
ics (if F = 0), it was shown [10] that a stationary solution
to the master equation always exists since the transition
rates satisfy Kolmogorov’s criterion [19].

In the present case, a consequence of kinetic regime (2)
is the existence of a stationary solution to Eq. (1), viz.,

peq↵,m = (1� k)N�1k|↵|(1�R)Rm�m0 ; (3)

R = F⌧
(N�1)k is a non-dimensional parameter expressing

the relative strength of deposition compared to desorp-
tion. Notice that Eq. (3) satisfies the detailed-balance
relation T(↵,m),(↵0,m0)k

|↵0|Rm0
= T(↵0,m0),(↵,m)k

|↵|Rm,
by leaving out the normalization factor. In other words,

Desorption

Key parameters:
k and F/D

controlling diluteness
of adatoms
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Program

• Formulate a master equation for adatom configurations. 

• Formally express statistical averages related to step motion.

• Examine limit of vanishing lattice spacing via scaling of atomistic
parameters.

Dimensionality: 1D. Nucleation is neglected. Step is imposed.
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Stages:



Atomistic configurations and step motion

(↵,m): state of system
Mass of system (changed by deposition from above)

s0: initial site for edge atom
: initial mass

multiset: positions of adatoms

s: Microscale step position

adatom number increase

Edge atom adatom

s ja

mass increase (# of deposited atoms)

s = {s0 � (|↵|� |↵0|) + (m�m0)}a
<latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="SvkMmwptN6d9yRKRT2mCz20CEn8=">AAACanicdVFdS8MwFM3q16xTt2cfLA5lT6P1RR8VRXyc6D5gLSNJ77awNC1JKpTSP+Crv86f4pvpNkH3cSHkcM4N9+QeknCmtOt+Vayd3b39g+qhfVSzj09O67WeilNJoUtjHssBwQo4E9DVTHMYJBJwRDj0yeyh1PvvIBWLxZvOEggiPBFszCjWhuqM6k237c7LWQfeEjTRskaNCvHDmKYRCE05VmrouYkOciw1oxwK208VJJjO8ASGBgocgQryuc/CuTRM6IxjaY7Qzpz9+yLHkVJZRExnhPVUrWpEZdukktymlcPUJnGY6vFtkDORpBoEXRgcp9zRsVMuywmZBKp5ZgCmkpk/OnSKJabarNT2H8HsQMKrsRzzJzMlJwaERd4tflFU5KLY0HnPkykmoHO/dLVsXly2CcVbjWAd9K7bntv2XlxURWfoArWQh27QHXpGHdRFFIXoA31Wvq1z62oRnlVZpthA/8pq/QBAr8Iu</latexit><latexit sha1_base64="vl20EVJmJbPd5Wd4MnxByuvsiY0="></latexit><latexit sha1_base64="vl20EVJmJbPd5Wd4MnxByuvsiY0="></latexit><latexit sha1_base64="TBGITphBTc0QIjNv8Ur638iqG9g="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="SvkMmwptN6d9yRKRT2mCz20CEn8=">AAACanicdVFdS8MwFM3q16xTt2cfLA5lT6P1RR8VRXyc6D5gLSNJ77awNC1JKpTSP+Crv86f4pvpNkH3cSHkcM4N9+QeknCmtOt+Vayd3b39g+qhfVSzj09O67WeilNJoUtjHssBwQo4E9DVTHMYJBJwRDj0yeyh1PvvIBWLxZvOEggiPBFszCjWhuqM6k237c7LWQfeEjTRskaNCvHDmKYRCE05VmrouYkOciw1oxwK208VJJjO8ASGBgocgQryuc/CuTRM6IxjaY7Qzpz9+yLHkVJZRExnhPVUrWpEZdukktymlcPUJnGY6vFtkDORpBoEXRgcp9zRsVMuywmZBKp5ZgCmkpk/OnSKJabarNT2H8HsQMKrsRzzJzMlJwaERd4tflFU5KLY0HnPkykmoHO/dLVsXly2CcVbjWAd9K7bntv2XlxURWfoArWQh27QHXpGHdRFFIXoA31Wvq1z62oRnlVZpthA/8pq/QBAr8Iu</latexit><latexit sha1_base64="vl20EVJmJbPd5Wd4MnxByuvsiY0="></latexit><latexit sha1_base64="vl20EVJmJbPd5Wd4MnxByuvsiY0="></latexit><latexit sha1_base64="TBGITphBTc0QIjNv8Ur638iqG9g="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit><latexit sha1_base64="vNVQPc9QBMy3b2qU1DwMZtX9u3s="></latexit>
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Master equation

ṗ↵,m(t) =
X

↵0,m0

T(↵,m),(↵0,m0)p↵0,m0(t)

All transition rates not listed in (7) are zero. Here, we introduce the multiset
di↵erence ↵ \↵0, which itself is a multiset containing the elements in ↵ that
are not in ↵0, counting multiplicity. For example, {ı̂, |̂, |̂} \ {|̂} = {ı̂, |̂}. Addi-
tionally, the symbol || · || indicates the `

p-norm with p � 1, and we define the
“multiset increment operation” as ↵̃ = {ı̂+ 1| for all ı̂ 2 ↵}, i.e. the set ↵̃ is
just ↵ after each element has been incremented by one. Setting F = 0 in (7)
reduces (6) to the master equation governing surface relaxation [7].

Among the transition rates that are zero, notable examples include

T(↵,m),(↵0,m0) = 0, if m = m
0 and |↵| < |↵0

|� 1 or |↵| > |↵0
|+ 1; (8a)

T(↵,m),(↵0,m0) = 0, if m = m
0 and |↵| = |↵0

|+ 1

and � 1 2 ↵0; (8b)

T(↵,m),(↵0,m0) = 0, if m = m
0 + 1 and |↵|  |↵0

|. (8c)

Equation (8a) indicates that no more than one atom may attach to or detach
from the step in a single transition. Equation (8b) asserts that no atoms may
detach if the site directly above the edge atom is occupied, and (8c) prevents
atoms from being deposited at s(↵,m). Note that the transitions described in
(7a)-(7c), along with (8a) and (8b) are subject to detailed balance [6, 7].

The master equation (6) along with transition rates (7) and (8) completely
govern the full mass-dependent microscale model. For some of our purposes,
notably the maximum principle of Section 3 and its application, we require an
alternate version of equation (6) that describes the evolution of a marginalized

PDF, p↵(t), where the mass variable has been summed.

Definition 3. (Marginal probability density function.) The marginal proba-
bility density is

p↵(t) =
X

m

p↵,m(t), (9)

where p↵,m(t) satisfies (6) with transition rates (7) and (8).

The marginal PDF in Definition 3 satisfies what will be referred to as the
marginalized master equation, found by summing over the mass variable m

on both sides of (6). It is important to note that a sum over m on the right-
hand side of master equation (6) involves careful consideration of rules (7)
since the transition rates T(↵,m),(↵0,m0) depend on m in addition to the PDF
p↵,m(t).

Next, we give the marginalized master equation and rules for the associated
transition rates. The master equation for the marginalized PDF of Definition

12

 
X

↵,m

T(↵,m),(↵0,m0) = 0

!

Only 1 adatom moves at a time 

Deposited atom does
not instantly become edge atom

probability density for (↵0,m0)

[Schneider, DM, 2017; Schneider, Patrone, DM, 2018]

3

in regime (2), the interplay between mass-non-conserving
processes brings about a balance that allows for equilib-
rium to prevail at long enough times. Formula (3) en-
ables us to quantify the impact of the correlated motion
of adatoms at the mesoscale, as discussed below.

In regime (2), Eq. (1) obeys a “maximum princi-
ple” [18] which states that if the initial data p↵,m(0)
satisfies max

↵,m
{p↵,m(0)/peq↵,m}  C with a parameter-

independent constant C, then max
↵,m

{p↵,m(t)/peq↵,m}  C.

Thus, if the distribution over atomistic configurations is
close enough to equilibrium initially, it always remains
so. This property is derived by singling out the elements
T(↵,m),(↵,m) in the summation over (↵0,m0) in Eq. (1)
and recalling that peq↵,m obeys (1) with zero left-hand side.

Discrete averaging. Next, we make use of the averaging

hQi =
X

↵,m

Q(↵,m)p↵,m(t) , (4)

where Q(↵,m) is any microscale quantity and p↵,m(t)
obeys Eq. (1). For example, for suitable Q(↵,m), the
flux on the right (+) or left (�) of the step is

J±(t) =±
X

↵,m

⇥
T(↵±,m),(↵,m)p↵,m(t)

�T(↵,m),(↵±,m)p↵±,m(t)
⇤
; (5)

↵± is the adatom state resulting from rightward or left-
ward detachment at the step.

The discrete kinetic laws that we obtain via Eq. (4) at
the mesoscale include: (i) a step velocity law; (ii) a condi-
tion for the adatom flux at the step; and (iii) a di↵usion-
like equation for the adatom density. These laws form
the core of the BCF model [8]. Laws (ii) and (iii) contain
corrections due to the correlated motion of adatoms.

The average step velocity is obtained by di↵erentiating
step position, &(t) = hs(↵,m)ia, at time t, in view of
Eqs. (1) and (5). The resulting motion law is

&̇(t) = a [J�(t)� J+(t)] , (6)

as expected by mass conservation [8].
For case (ii), by manipulating Eq. (5) we obtain [11]

J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t) , (7)

where c|̂(t) is the Lagrangian adatom density |̂ lattice
sites away from the step, c|̂(t) = h⌫|̂(↵)i/a, and ⌫|̂(↵)
is the number of adatoms at site |̂ for configuration ↵.
The equilibrium adatom density, ceq, is calculated via
stationary solution (3), and is found to be

ceq =
hni

(N � 1)a
=

k/a

1� k
, (8)

which is independent of the parameter R, and agrees
with the respective result in [10] for conserved dynamics

in the dilute limit, if k ⌧ 1. In Eq. (7), the terms f±(t)
are corrective fluxes beyond the BCF model; for example,

f+(t) = k


ceq +

X

↵,m

1(⌫�1(↵) > 0)p↵,m(t)/a

�

�
X

↵,m

1(⌫1(↵) > 1)⌫1(↵)p↵,m(t)/a , (9)

which comes from the high occupancy of lattice sites; the
function 1(·) is 1 if its argument is true and 0 otherwise.
For case (iii), we seek an equation of motion for the

adatom density. It is convenient to accomplish this task
for the Eulerian density, ⇢j(t) = h⌫j�s(↵,m)(↵)i/a. The
di↵erentiation of this ⇢j(t) in t and use of Eq. (1) yield

⇢̇j(t) = D�j⇢j(t) +
F

(N � 1)a
� 1

⌧
⇢j(t)

�D�jRj(t) +
1

⌧
Rj(t) , (10)

for all j away from the step [20], which is a variant of
the usual discrete di↵usion; �j is the second-order finite-
di↵erence operator, viz., �juj = uj�1 � 2uj + uj+1.
The derivation of Eq. (10) relies on the separation of
terms expressing occupancy of lattice sites by two or
more adatoms from other contributions to the requisite
average. The terms Rj(t) then result as high-occupancy
corrections to discrete di↵usion, which originate from the
correlated motion of adatoms; see Fig. 2.

Estimates of corrections. In principle, the corrections
f±(t) and Rj(t) are negligible when the system is su�-
ciently dilute [10, 11]. In contrast, these corrective terms
may become important when two or more adatoms are
on the same terrace with high enough probability; see
Fig. 2(b), (c). Therefore, it is meaningful to determine
for what values of atomistic parameters the terms f±(t)
and Rj(t) contribute significantly to the mesoscale laws.
By invoking properties of Eq. (1), we obtain the bounds

|Rj(t)| . kceq , |f±(t)| . kceq , (11)

provided the system is in growth regime (2). Here, the
symbol . indicates boundedness up to a constant factor
that does not depend on KRSOS parameters.
Estimates (11) are derived by combining formulas for

the corrections f±(t) and Rj(t), e.g., Eq. (9), with the
“maximum principle” for Eq. (1) and the stationary solu-
tion, peq↵,m, from Eq. (3). Consequently, f±(t) and Rj(t)
are found to be bounded by time-independent quantities
that can be evaluated via our explicit formula for peq↵,m.
Kinetic Monte Carlo (KMC) simulations confirm es-

timates (11). In Fig. 3 (bottom panel), we compare
the high-occupancy corrections to the discrete di↵usion,
calculated via KMC simulations, to the value kceq that
enters estimates (11) with unit prefactor. The adatom
densities and corresponding corrections shown in Fig. 3
are averages over configurations generated by the usual
Bortz-Kalos-Lebowitz algorithm (or “n-fold way”) [21].

Average of Q:

Goal:
To obtain relations among 

averages for step position and adatom density 
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Master equation: More details

ṗ↵,m(t) =
X

↵0,m0

T(↵,m),(↵0,m0)p↵0,m0(t)

All transition rates not listed in (7) are zero. Here, we introduce the multiset
di↵erence ↵ \↵0, which itself is a multiset containing the elements in ↵ that
are not in ↵0, counting multiplicity. For example, {ı̂, |̂, |̂} \ {|̂} = {ı̂, |̂}. Addi-
tionally, the symbol || · || indicates the `

p-norm with p � 1, and we define the
“multiset increment operation” as ↵̃ = {ı̂+ 1| for all ı̂ 2 ↵}, i.e. the set ↵̃ is
just ↵ after each element has been incremented by one. Setting F = 0 in (7)
reduces (6) to the master equation governing surface relaxation [7].

Among the transition rates that are zero, notable examples include

T(↵,m),(↵0,m0) = 0, if m = m
0 and |↵| < |↵0

|� 1 or |↵| > |↵0
|+ 1; (8a)

T(↵,m),(↵0,m0) = 0, if m = m
0 and |↵| = |↵0

|+ 1

and � 1 2 ↵0; (8b)

T(↵,m),(↵0,m0) = 0, if m = m
0 + 1 and |↵|  |↵0

|. (8c)

Equation (8a) indicates that no more than one atom may attach to or detach
from the step in a single transition. Equation (8b) asserts that no atoms may
detach if the site directly above the edge atom is occupied, and (8c) prevents
atoms from being deposited at s(↵,m). Note that the transitions described in
(7a)-(7c), along with (8a) and (8b) are subject to detailed balance [6, 7].

The master equation (6) along with transition rates (7) and (8) completely
govern the full mass-dependent microscale model. For some of our purposes,
notably the maximum principle of Section 3 and its application, we require an
alternate version of equation (6) that describes the evolution of a marginalized

PDF, p↵(t), where the mass variable has been summed.

Definition 3. (Marginal probability density function.) The marginal proba-
bility density is

p↵(t) =
X

m

p↵,m(t), (9)

where p↵,m(t) satisfies (6) with transition rates (7) and (8).

The marginal PDF in Definition 3 satisfies what will be referred to as the
marginalized master equation, found by summing over the mass variable m

on both sides of (6). It is important to note that a sum over m on the right-
hand side of master equation (6) involves careful consideration of rules (7)
since the transition rates T(↵,m),(↵0,m0) depend on m in addition to the PDF
p↵,m(t).

Next, we give the marginalized master equation and rules for the associated
transition rates. The master equation for the marginalized PDF of Definition
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X

↵,m

T(↵,m),(↵0,m0) = 0

!

Only 1 adatom moves at a time 

Deposited atom does
not instantly become edge atom

Hopping by 1 lattice site,
away from step

attachment

detachment

deposition

probability density for (↵0,m0)

3

in regime (2), the interplay between mass-non-conserving
processes brings about a balance that allows for equilib-
rium to prevail at long enough times. Formula (3) en-
ables us to quantify the impact of the correlated motion
of adatoms at the mesoscale, as discussed below.

In regime (2), Eq. (1) obeys a “maximum princi-
ple” [18] which states that if the initial data p↵,m(0)
satisfies max

↵,m
{p↵,m(0)/peq↵,m}  C with a parameter-

independent constant C, then max
↵,m

{p↵,m(t)/peq↵,m}  C.

Thus, if the distribution over atomistic configurations is
close enough to equilibrium initially, it always remains
so. This property is derived by singling out the elements
T(↵,m),(↵,m) in the summation over (↵0,m0) in Eq. (1)
and recalling that peq↵,m obeys (1) with zero left-hand side.

Discrete averaging. Next, we make use of the averaging

hQi =
X

↵,m

Q(↵,m)p↵,m(t) , (4)

where Q(↵,m) is any microscale quantity and p↵,m(t)
obeys Eq. (1). For example, for suitable Q(↵,m), the
flux on the right (+) or left (�) of the step is

J±(t) =±
X

↵,m

⇥
T(↵±,m),(↵,m)p↵,m(t)

�T(↵,m),(↵±,m)p↵±,m(t)
⇤
; (5)

↵± is the adatom state resulting from rightward or left-
ward detachment at the step.

The discrete kinetic laws that we obtain via Eq. (4) at
the mesoscale include: (i) a step velocity law; (ii) a condi-
tion for the adatom flux at the step; and (iii) a di↵usion-
like equation for the adatom density. These laws form
the core of the BCF model [8]. Laws (ii) and (iii) contain
corrections due to the correlated motion of adatoms.

The average step velocity is obtained by di↵erentiating
step position, &(t) = hs(↵,m)ia, at time t, in view of
Eqs. (1) and (5). The resulting motion law is

&̇(t) = a [J�(t)� J+(t)] , (6)

as expected by mass conservation [8].
For case (ii), by manipulating Eq. (5) we obtain [11]

J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t) , (7)

where c|̂(t) is the Lagrangian adatom density |̂ lattice
sites away from the step, c|̂(t) = h⌫|̂(↵)i/a, and ⌫|̂(↵)
is the number of adatoms at site |̂ for configuration ↵.
The equilibrium adatom density, ceq, is calculated via
stationary solution (3), and is found to be

ceq =
hni

(N � 1)a
=

k/a

1� k
, (8)

which is independent of the parameter R, and agrees
with the respective result in [10] for conserved dynamics

in the dilute limit, if k ⌧ 1. In Eq. (7), the terms f±(t)
are corrective fluxes beyond the BCF model; for example,

f+(t) = k


ceq +

X

↵,m

1(⌫�1(↵) > 0)p↵,m(t)/a

�

�
X

↵,m

1(⌫1(↵) > 1)⌫1(↵)p↵,m(t)/a , (9)

which comes from the high occupancy of lattice sites; the
function 1(·) is 1 if its argument is true and 0 otherwise.
For case (iii), we seek an equation of motion for the

adatom density. It is convenient to accomplish this task
for the Eulerian density, ⇢j(t) = h⌫j�s(↵,m)(↵)i/a. The
di↵erentiation of this ⇢j(t) in t and use of Eq. (1) yield

⇢̇j(t) = D�j⇢j(t) +
F

(N � 1)a
� 1

⌧
⇢j(t)

�D�jRj(t) +
1

⌧
Rj(t) , (10)

for all j away from the step [20], which is a variant of
the usual discrete di↵usion; �j is the second-order finite-
di↵erence operator, viz., �juj = uj�1 � 2uj + uj+1.
The derivation of Eq. (10) relies on the separation of
terms expressing occupancy of lattice sites by two or
more adatoms from other contributions to the requisite
average. The terms Rj(t) then result as high-occupancy
corrections to discrete di↵usion, which originate from the
correlated motion of adatoms; see Fig. 2.

Estimates of corrections. In principle, the corrections
f±(t) and Rj(t) are negligible when the system is su�-
ciently dilute [10, 11]. In contrast, these corrective terms
may become important when two or more adatoms are
on the same terrace with high enough probability; see
Fig. 2(b), (c). Therefore, it is meaningful to determine
for what values of atomistic parameters the terms f±(t)
and Rj(t) contribute significantly to the mesoscale laws.
By invoking properties of Eq. (1), we obtain the bounds

|Rj(t)| . kceq , |f±(t)| . kceq , (11)

provided the system is in growth regime (2). Here, the
symbol . indicates boundedness up to a constant factor
that does not depend on KRSOS parameters.
Estimates (11) are derived by combining formulas for

the corrections f±(t) and Rj(t), e.g., Eq. (9), with the
“maximum principle” for Eq. (1) and the stationary solu-
tion, peq↵,m, from Eq. (3). Consequently, f±(t) and Rj(t)
are found to be bounded by time-independent quantities
that can be evaluated via our explicit formula for peq↵,m.
Kinetic Monte Carlo (KMC) simulations confirm es-

timates (11). In Fig. 3 (bottom panel), we compare
the high-occupancy corrections to the discrete di↵usion,
calculated via KMC simulations, to the value kceq that
enters estimates (11) with unit prefactor. The adatom
densities and corresponding corrections shown in Fig. 3
are averages over configurations generated by the usual
Bortz-Kalos-Lebowitz algorithm (or “n-fold way”) [21].

Average:

T(↵,m),(↵0,m0) = ⌧�1 if m = m0 � 1, |↵| = |↵0|� 1, |↵0 \↵| = 1

are deposited on the surface from above.

Definition 2. (Discrete step position.) For each state (↵,m), the discrete step
position in Eulerian coordinates is s(↵,m) = s0 � |↵| + m � m0. For fixed
mass m, the step position is uniquely determined from the number of adatoms
|↵| and the initial position of the site to immediately to the right of the step
edge, s0. Accordingly, s(↵,m) also references the site to the right of the step
edge; see Figure 2.

2.2.2 Master equation

The KRSOS model is characterized by a time-dependent probability density
function, p↵,m(t), defined over the domain of discrete states (↵,m). Accord-
ingly, the time evolution of the system is described by the master equation

ṗ↵,m(t) =
X

↵0,m0
T(↵,m),(↵0,m0)p↵0,m0(t) , (6)

under given initial data, p↵,m(0). In the above, T(↵,m),(↵0,m0) expresses the
overall transition of the system from state (↵0

,m
0) to state (↵,m). Evidently,

master equation (6) governs a Markov process with countably infinite states.
Setting ✏ = 0 reduces (6) to the master equation governing surface relax-
ation [7].

Next, we describe the rates T(↵,m),(↵0,m0). The nonzero transition rates obey
the following rules:

T(↵,m),(↵0,m0) = D, if m = m
0 and |↵| = |↵0

| and |↵ \↵0
| = 1

and
����||↵ \↵0

||� ||↵0
\↵||

���� = 1; (7a)

T(↵,m),(↵0,m0) = D�±, if m = m
0 and |↵| = |↵0

|� 1

and ↵0
\ ↵̃ = {±1}; (7b)

T(↵,m),(↵0,m0) = Dk�±, if m = m
0 and |↵| = |↵0

|+ 1

and ↵ \ ↵̃0 = {±1}; (7c)

T(↵,m),(↵0,m0) =
F

N � 1
, if m = m

0 + 1 and |↵| = |↵0
|+ 1

and |↵ \↵0
| = 1; (7d)

and, so that probability is conserved,
T(↵0,m0),(↵0,m0) = �

X

(↵,m)
(↵,m) 6=(↵0,m0)

T(↵,m),(↵0,m0) for all (↵0
,m

0). (7e)

Here we use the symbol || · || to indicate the `
p-norm with p � 1, and define

the “multiset increment operation” as ↵̃ = {ı̂ + 1| for all ı̂ 2 ↵}, i.e. the set
↵̃ is just ↵ after each element has been incremented by one.
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relative to edge
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Definition. The marginal probability density is

Marginal density

p↵(t) =
X

m

p↵,m(t)

ṗ↵ =
X

↵0

T↵,↵0p↵0(t)

= D
X

↵0

[A↵,↵0 + ✏B↵,↵0 ]p↵0(t); ✏ = F/D .

The marginalized master equation is

Diffusion,
attachment/detach.

Deposition
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Property of marginalized master equation

PROPOSITION 1. If a non-trivial steady-state solution, pss↵ , of the
marginalized master equation exists, then any solution p↵(t) satisfies

max
↵

p↵(t)

pss↵
 max

↵

p↵(0)

pss↵
, t > 0 .

Proof. We have

ṗ↵(t) = T↵,↵p↵(t) +
X

↵0 6=↵

T↵,↵0p↵0(t)

= T↵,↵p
ss
↵
p↵(t)

pss↵
+

X

↵0 6=↵

T↵,↵0pss↵0
p↵0(t)

pss↵0

=
X

↵0 6=↵

T↵,↵0pss↵0

⇢
p↵0(t)

pss↵0
� p↵(t)

pss↵

�
.

Note that T↵,↵0pss↵0 � 0 for all ↵0 6= ↵. If ↵ maximizes (minimizes) p↵0(t)/pss↵0

over all ↵0, then ṗ↵(t)  0 (ṗ↵(t) � 0). ⇤

 
X

↵0

T↵,↵0pss↵0 = 0

!

Near equilibrium evolution: max↵{p↵(0)/pss↵ }  C. 13/24



Equilibrium prob. density in closed form

pss↵,m = peq↵ = (1� k)N�1k|↵|

peq↵,m = (1� k)N�1k|↵|(1�R)Rm�m0

R =
F ⌧

(N � 1)k

• 1 < F ⌧ < (N � 1)k :

(Mass conserving)• ⌧ ! 1, F ⌧ ! 0:
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Discrete averages: Definitions

number of adatoms per site

0 1-1-2

- +

Definition 3. Discrete adatom fluxes at step edge:

J±(t) = ⌥
X

↵,m

I(⌫�1(↵,m) = 0)

⇥
⇥
T(↵±,m),(↵,m)p↵,m(t)� T(↵,m),(↵±,m)p↵±,m(t)

⇤

(ii) The Lagrangian-type adatom density is defined by

c|̂ =
X

↵,m

⌫|̂(↵)p↵,m(t)/a =
X

↵

⌫|̂(↵) p↵(t)/a .

|̂

where ↵± = e↵ [ {±1} results by atom detachment

Definition 2. (i) The Eulerian adatom density is

⇢j(t) =
X

↵,m

⌫j�s(↵,m)(↵)p↵,m(t)/a .

±
+

Definition 1. The average step position is

&(t) = a
X

↵,m

{s0 � (|↵|� |↵0|) + (m�m0)}p↵,m(t) .
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⇢̇j(t) = D[⇢j�1(t)� 2⇢j(t) + ⇢j+1(t)] +
F

(N � 1)a

�D[Rj�1(t)� 2Rj(t) +Rj+1(t)]

+ boundary (step-edge) terms
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discrete Fick’s law Mass accumulation near step edge

Discrete averages: Adatom density

discrete diffusion

high-occupation correction

0 1-1-2

- +

|̂

⌫|̂(↵) is replaced with 1(⌫|̂(↵) > 0), which amounds to using the definition of
adatom density in [7].

Now, by transition rates (7) and our definition of ⌫|̂(↵), we write equation
(32) as

⇢̇j(t) = D [⇢j�1(t)� 2⇢j(t) + ⇢j+1(t)] +
F

(N � 1)a

�D [Rj�1(t)� 2Rj(t) +Rj+1(t)]

�
X

↵,m

(

�j,s(↵,m)


D1(⌫�1(↵) > 0) +D1(⌫1(↵) > 0) +

F

N � 1

�

� �j,s(↵,m)�1


D1(⌫�1(↵) > 0) +Dk��1(⌫�1(↵) = 0)

�D��1(⌫1(↵) = 0)1(⌫�1(↵) > 0)
�

� �j,s(↵,m)+1


D1(⌫1(↵) > 0) +Dk�+1(⌫�1(↵) = 0)

�D�+1(⌫1(↵) = 1)
�)

p↵,m(t)/a . (33)

A few remarks on (33) are in order. The first two lines include a di↵usion-
type second-order di↵erence scheme for ⇢j(t) and the accompanying correc-
tion to discrete di↵usion, respectively. The third line of (33) asserts that
the right-hand side vanishes identically when j = s(↵,m). The remaining
terms function as boundary conditions at the right (j = s(↵,m) + 1) or left
(j = s(↵,m)� 1) of the step; they contribute only when j is in the vicinity of
the step via the Kronecker delta functions. The corrections Rj(t) are defined
as

Rj(t) =
X

↵,m

h
⌫j�s(↵,m)(↵)� 1(⌫j�s(↵,m)(↵) > 0)

i
p↵,m(t)/a . (34)

The terms (34) measure discrete corrections related to certain correlated mo-
tion of adatoms. In particular, these corrections to discrete di↵usion arise from
the fact that the KRSOS model includes constant adatom hopping rates, re-
gardless of the number of adatoms present at a given lattice site. In e↵ect,
atomistic configurations with multiple adatoms at the same lattice site intro-
duce interactions between particles since only one is able to move. This high-
occupancy e↵ect can be seen in (34) since ⌫j�s(↵,m)(↵) � 1(⌫j�s(↵,m)(↵) >

0) 6= 0 when two or more adatoms are at site j.

In its present form, (33) is slightly misleading, since it does not explicitly
reveal advection terms coming from ⇢̇j(t), when j is close enough to the step
edge. Such terms should express the jump that the adatom density possibly
exhibits across the edge, i.e., the property that c1(t) � c�1(t) (in Lagrangian
coordinates) is in principle an O(1) quantity.

To unveil this e↵ect, we resort to Lagrangian coordinates on the lattice. The
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by 2-particle 
or highly occupied states

&̇(t) = a [J�(t)� J+(t)]
From average step position:

(Def. 1)

Evolution of discrete adatom density  (by Def. 2 and master eq.):

By vanishing 
bdry
terms

J±(t) = ⌥Da [c±2(t)� c±1(t)]⌥Da
h
R̂±2(t)� R̂±1(t)

i

(⌧ ! 1)
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Discrete averages: Kinetic relation at step edge

0 1-1-2

- +Linear kinetic term correction
j

From F=0: equil. soln.
of master eqn. ceq =

hni
(N � 1)a

=
k/a

1� k

Def. 3: J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t)

Mass
Flux  

(Def.3)

viz.,

J+(t) =
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h
T(↵+,m),(↵,m)p↵,m(t)� T(↵,m),(↵+,m)p↵+,m(t)
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=Dk�+

X

↵,m

1(⌫�1(↵) = 0)p↵,m(t)�D�+
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#

=�D�+a [c1(t)� c
eq]�D�+af+(t) (29)

In the above, the second equality results from substitution of the transition
rates (7), the third equality results from summing the mass variable, the fourth
equality makes use of the complement rule for probability, and the fifth equal-
ity includes multiplication by one and addition by zero. Similar steps can be
used to derive the corresponding formula for J�(t). Together, these fluxes can
be written as

J±(t) = ⌥D�±a [c±1(t)� c
eq]⌥D�±af±(t) . (30)

In (30), the first term on the right-hand side is the discrete analog of the linear
kinetic relation of the BCF model. We invoke the definitions for c±1(t) and c

eq

according to (26a) and (27), respectively; and define

f+(t) = k

"

c
eq +

X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�
X

↵

1(⌫1(↵) > 1)⌫1(↵)p↵(t)/a (31a)

and

f�(t) = k

"

c
eq +

X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�
X

↵
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�
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↵

1(⌫1(↵) = 0)1(⌫�1(↵) > 1)

⇥ [⌫�1(↵)� 1] p↵(t)/a . (31b)

Equations (31) signify corrective fluxes accompanying the discrete analog of
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In the above, the second equality results from substitution of the transition
rates (7), the third equality results from summing the mass variable, the fourth
equality makes use of the complement rule for probability, and the fifth equal-
ity includes multiplication by one and addition by zero. Similar steps can be
used to derive the corresponding formula for J�(t). Together, these fluxes can
be written as

J±(t) = ⌥D�±a [c±1(t)� c
eq]⌥D�±af±(t) . (30)

In (30), the first term on the right-hand side is the discrete analog of the linear
kinetic relation of the BCF model. We invoke the definitions for c±1(t) and c
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according to (26a) and (27), respectively; and define
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Equations (31) signify corrective fluxes accompanying the discrete analog of
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Kinetic Monte Carlo (KMC) simulations: Flux

F = 0, k = 2.5⇥ 10�3

system may no longer be modeled in accord with the BCF theory if, for ex-
ample: k = O(1); or, k = O(a) and ✏ = O(a2). These conditions indicate
situations in which high supersaturation may occur, because of large enough
detachment rate at the step edge or high enough deposition onto the surface
from above.
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Fig. 4. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for di↵erent values of
deposition rate, F , with N = 50, D = 1010, k ⇡ 0.0025, and �± = 1. From left to
right: (a) F = 0 (✏ = 0); (b) F = 106 (✏ = 10�4); and (c) F = 107 (✏ = 10�3).
In each plot, the solid line represents kinetic law (56), by neglect of f+. The error
bars are determined by use of the standard deviation of flux in: (a) 10 ensembles of
107 simulations; and (b), (c) 10 ensembles of 106 simulations. Evidently, the system
evolves closely to thermodynamic equilibrium, in accord with the BCF model.

Figure 4 depicts the adatom flux on the right of the step edge under conditions
that enable the system to remain close to thermodynamic equilibrium, i.e., for
su�ciently small detachment rate or external deposition rate. In these cases,
the supersaturation has small values. Linear kinetic law (56), with neglect of
the corrective flux, f+, is found on average to provide a reasonably accurate
approximation for the adatom flux at the step edge.

The remaining plots of this section depict situations in which the adatom
flux on the right of the step edge may deviate from linear kinetic law (56),
and thus f+ may become significant. In particular, Figures 5 and 6 reveal the
behavior of the adatom flux versus supersaturation on the right of the step for
large enough k or F , respectively. The deviation from the conventional linear
behavior predicted by (56) is manifested di↵erently in each case.

Let us consider the high-detachment rate cases with zero deposition, as these
are depicted in Figure 5. If the supersaturation is su�ciently close to zero,
when the flux is small enough, then the flux is approximately linear with
supersaturation but with a slope that can be di↵erent from the value D�+a

predicted by kinetic law (56). Farther away from equilibrium, the dependence
of adatom flux on supersaturation evidently becomes nonlinear. This nonlinear
behavior becomes more pronounced for larger k.

Next, consider a small detachment factor, k, but large deposition rate F ; see
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system may no longer be modeled in accord with the BCF theory if, for ex-
ample: k = O(1); or, k = O(a) and ✏ = O(a2). These conditions indicate
situations in which high supersaturation may occur, because of large enough
detachment rate at the step edge or high enough deposition onto the surface
from above.
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Fig. 4. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for di↵erent values of
deposition rate, F , with N = 50, D = 1010, k ⇡ 0.0025, and �± = 1. From left to
right: (a) F = 0 (✏ = 0); (b) F = 106 (✏ = 10�4); and (c) F = 107 (✏ = 10�3).
In each plot, the solid line represents kinetic law (56), by neglect of f+. The error
bars are determined by use of the standard deviation of flux in: (a) 10 ensembles of
107 simulations; and (b), (c) 10 ensembles of 106 simulations. Evidently, the system
evolves closely to thermodynamic equilibrium, in accord with the BCF model.

Figure 4 depicts the adatom flux on the right of the step edge under conditions
that enable the system to remain close to thermodynamic equilibrium, i.e., for
su�ciently small detachment rate or external deposition rate. In these cases,
the supersaturation has small values. Linear kinetic law (56), with neglect of
the corrective flux, f+, is found on average to provide a reasonably accurate
approximation for the adatom flux at the step edge.

The remaining plots of this section depict situations in which the adatom
flux on the right of the step edge may deviate from linear kinetic law (56),
and thus f+ may become significant. In particular, Figures 5 and 6 reveal the
behavior of the adatom flux versus supersaturation on the right of the step for
large enough k or F , respectively. The deviation from the conventional linear
behavior predicted by (56) is manifested di↵erently in each case.

Let us consider the high-detachment rate cases with zero deposition, as these
are depicted in Figure 5. If the supersaturation is su�ciently close to zero,
when the flux is small enough, then the flux is approximately linear with
supersaturation but with a slope that can be di↵erent from the value D�+a

predicted by kinetic law (56). Farther away from equilibrium, the dependence
of adatom flux on supersaturation evidently becomes nonlinear. This nonlinear
behavior becomes more pronounced for larger k.

Next, consider a small detachment factor, k, but large deposition rate F ; see
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�+ := (c1 � ceq)/ceq
supersaturation

✏ = F/D = 10�3

k = 2.5⇥ 10�3
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Fig. 5. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge without external de-
position (F = 0) for di↵erent values of detachment factor, k, and fixed parameters
N = 50, D = 1010, and �± = 1. From left to right: (a) k = 0.04; (b) k = 0.09; and
(c) k = 0.20. In each plot, the solid line represents kinetic law (56), by neglect of
f+. The error bars are determined by use of the standard deviation of flux in 10
ensembles of 105 simulations.

Figure 6. We observe that for the smallest value of F used in these plots [Fig-
ure 6(a)], the flux computed via KMC simulations agrees reasonably well with
linear kinetic law (56) for a wide range of values for the supersaturation, �+.
For larger values of F [Figures 6(b), (c)], the flux remains linear in the density
with a slope equal to the predicted value, D�+a, as the density approaches its
equilibrium value. However, as the supersaturation increases in magnitude, the
nonlinear dependence of the flux is noticeable and becomes more pronounced
with increasing varied parameter, F . It is worth noting that an increase in
the deposition rate F used in KMC simulations beyond the one used in Fig-
ure 6(c), even by a factor of two, drastically alters the long-time behavior of
the system: apparently no steady state can be established for su�ciently large
F .
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Fig. 6. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for small yet fixed
detachment factor, k = 2.5 ⇥ 10�3, and di↵erent values of deposition rate F , with
fixed parameters N = 50, D = 1010, and �± = 1. From left to right: (a) F = 108

(✏ = 10�2); (b) F = 2 ⇥ 108 (✏ = 2 ⇥ 10�2); and (c) F = 4 ⇥ 108 (✏ = 4 ⇥ 10�2).
The solid line represents kinetic law (56), by neglect of f+, in each plot. The error
bars are determined using the standard deviation of flux in 10 ensembles of: (a) 106

simulations; and (b), (c) 105 simulations.

As described above, the high-k and F cases of Figures 5 and 6, respectively,
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✏ = F/D = 4⇥ 10�2

k = 2.5⇥ 10�3

�+ := (c1 � ceq)/ceq
supersaturation

σ
+

-1 -0.8 -0.6 -0.4 -0.2 0

J
+
/(
D
φ
+
a
c
e
q
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

σ
+

-1 -0.8 -0.6 -0.4 -0.2 0

J
+
/(
D
φ
+
a
c
e
q
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

σ
+

-1 -0.8 -0.6 -0.4 -0.2 0

J
+
/(
D
φ
+
a
c
e
q
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) (b) (c)

Fig. 5. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge without external de-
position (F = 0) for di↵erent values of detachment factor, k, and fixed parameters
N = 50, D = 1010, and �± = 1. From left to right: (a) k = 0.04; (b) k = 0.09; and
(c) k = 0.20. In each plot, the solid line represents kinetic law (56), by neglect of
f+. The error bars are determined by use of the standard deviation of flux in 10
ensembles of 105 simulations.

Figure 6. We observe that for the smallest value of F used in these plots [Fig-
ure 6(a)], the flux computed via KMC simulations agrees reasonably well with
linear kinetic law (56) for a wide range of values for the supersaturation, �+.
For larger values of F [Figures 6(b), (c)], the flux remains linear in the density
with a slope equal to the predicted value, D�+a, as the density approaches its
equilibrium value. However, as the supersaturation increases in magnitude, the
nonlinear dependence of the flux is noticeable and becomes more pronounced
with increasing varied parameter, F . It is worth noting that an increase in
the deposition rate F used in KMC simulations beyond the one used in Fig-
ure 6(c), even by a factor of two, drastically alters the long-time behavior of
the system: apparently no steady state can be established for su�ciently large
F .
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Fig. 6. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for small yet fixed
detachment factor, k = 2.5 ⇥ 10�3, and di↵erent values of deposition rate F , with
fixed parameters N = 50, D = 1010, and �± = 1. From left to right: (a) F = 108

(✏ = 10�2); (b) F = 2 ⇥ 108 (✏ = 2 ⇥ 10�2); and (c) F = 4 ⇥ 108 (✏ = 4 ⇥ 10�2).
The solid line represents kinetic law (56), by neglect of f+, in each plot. The error
bars are determined using the standard deviation of flux in 10 ensembles of: (a) 106

simulations; and (b), (c) 105 simulations.

As described above, the high-k and F cases of Figures 5 and 6, respectively,
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F = 0, k = 0.2

KMC simulations: Flux (cont.)

Non-dilute regime
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Corrections to BCF model: Fitting to KMC data

F = 0, k = 0.2

di↵er in the way that the e↵ect of corrective flux f+ is manifested in the
observed value of the flux near equilibrium. Let us make an e↵ort to discuss
the origin of this behavior in the context of the atomistic model by resorting
to formulas (31). The first line in these formulas contains the prefactor k

along with a sum over states with one or more adatoms in the lattice site
corresponding to the edge atom. This set of configurations does not allow for
atom detachment; thus, according to this contribution to f+, the change of
the flux with supersaturation should be suppressed. This prediction should
explain the behavior of the slope of the flux versus supersaturation as shown
in Figure 5. The remaining terms in (31) come from two- or higher-particle
states, which furnish significant contributions if k or F is su�ciently large.
These remaining corrections account for configurations in which attachment
is inhibited, thus causing an overall increase of the flux out of the step. This
prediction is consistent with Figure 6.

We have been unable to explicitly express the corrective fluxes, f±(t), as a
function of adatom densities c±1(t) on the basis of the analytical model. In
order to quantify the nonlinear behavior of the flux near the step edge, we fit
the fluxes computed by KMC simulations to polynomials of �+ = c1/c

eq
� 1.

Figure 7 shows the fitted flux in two cases where deviations are significant:
High k with small F ; and high F with small k. In each case, a quadratic
polynomial of supersaturation appears to capture adequately the behavior of
the flux.
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Fig. 7. Plots of KMC simulations (circles) and fitted quadratic polynomials of �+
(solid line) for adatom flux versus supersaturation on the right of step edge, for
high detachment rate or high deposition rate. The fixed parameters are: N = 50,
D = 1010, and �± = 1. From left to right: (a) k = 0.20 with F = 0; and (b)
k = 2.5 ⇥ 10�3 with F = 4 ⇥ 108. In each plot, the widths of the error bars
are determined by use of the standard deviation of flux in 10 ensembles of 105

simulations.

We conclude that a linear kinetic relation for the adatom flux at the step edge
in principle does not su�ce to capture the full range of phenomena displayed
by the atomistic solid-on-solid model. Instead, it is more reasonable to propose

34

✏ = F/D = 4⇥ 10�2

k = 2.5⇥ 10�3

Non-dilute regime

Can one derive explicit formulas for the coefficients?
Extensions to higher dimension (curved steps) ?
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BCF model, corrections, and estimates

0 1-1-2

- +

) J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t)

Linear kinetic relation  correctionD�±a = O(1)

J±(t) = ⌥Da [c±2(t)� c±1(t)]⌥Da
h
R̂±2(t)� R̂±1(t)

i
Also:

Dilute regime: k  O(a) and ✏N ⌧ O(a); corrections are negligible

correction

[Schneider, Patrone, DM, 2018]

PROPOSITION 2. For near-equilibrium evolution, f±(t) obey

f±(t)  C1
k

1� k

k

a
+ C2

✏N

(1 + �±)a
.

In the same vein, the corrections R̂j(t) satisfy

R̂j(t)  C1
k

1� k

k

a
+ C2

✏N

a
(✏ = F/D) .
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Heuristics of proof (sketch)

• Assume max↵{p↵(0)/pss,✏↵ }  C.

• Apply “Max. principle” (Proposition 1): p↵(t) . pss,✏↵ .

• Consequently, e.g.,

|f+(t)| . f̃ss,✏
+ ⇠ kceq +

1

a

nh
kS(0)

1 + S(0)
2

i
+ ✏

h
kS(1)

1 + S(1)
2

io

S(l)
1 :=

X

↵

1(⌫�1(↵) > 0)pss,(l)↵ , S(l)
2 :=

X

↵

1(⌫1(↵) > 1)⌫1(↵)pss,(l)↵ ; l = 0, 1 .

• Expand pss,✏↵ ⇠ pss,(0)↵ + ✏ pss,(1)↵ , assuming small enough ✏.

• Compute S(0)
j exactly in closed form; and approximate each S(1)

j by a sum.

S(0)
1 =

1

Z

1X

n=1

✓
n+N � 3

n� 1

◆
kn = k , S(0)

2 =
1

Z

1X

`=2

`kl
1X

n=l

✓
n� `+N � 3

n� `

◆
kn�` =

2k2 � k3

1� k
.

|S(1)
j | . N

1 + �
; j = 1, 2
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Scaling limit for averages (! → 0)
0 1-1-2

- +

Correction (see Proposition 2)
J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t)

1. Flux towards edge (Robin boundary condition): 

Assume D := Da2 = O(1)

2. Diffusion on terrace, %& ' → %(), ')

Suppose +,±! = / 1 [,± = / ! ]
and 3 = /(!4)

=

) k = O(a)
1

1� k

k

a

/(!)

J±(t) = ⌥Da [c±2(t)� c±1(t)]⌥Da
h
R̂±2(t)� R̂±1(t)

i

O(a)

⇢̇j(t) = D [⇢j�1(t)� 2⇢j(t) + ⇢j+1(t)]+
F

(N � 1)a
�D [Rj�1(t)� 2Rj(t) +Rj+1(t)]

! �D @x⇢

! D @xx⇢ O(a)

O(a) if t = O(1/a)
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BCF model emerges



Epilogue

• By a model of master eq. in 1+1 dims, BCF description arises as 
low-supersaturation limit adatom gas.

• For high enough supersaturation, linear kinetic relation for adatom
flux acquires (nonlinear) corrections.  

• These corrections have been indicated by KMC simulations.
Incomplete analytical understanding.

• Model used so far implies regime near diluteness. Improvements?

• Stochastic fluctuations in step motion?  [Lu, Liu, DM, 2015]

• Need to study 2+1 dims, allowing for island formation. 24/24


