HIGHER HOLONOMY MAPS FOR HYPERPLANE
ARRANGEMENTS
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ABSTRACT. We develop a method to construct representations of the homotopy 2-
groupoid of a manifold as a 2-category by means of K.-T. Chen’s formal homology
connections. As an application we describe 2-holonomy maps for hyperplane
arrangements and discuss representations of the category of braid cobordisms.

1. INTRODUCTION

The purpose of this article is to give a systematic treatment of representations of
the homotopy 2-groupoid of a manifold as a 2-category by means of K.-T. Chen’s
formal homology connections. The 2-categories play an important role in higher
gauge theory (see Baez and Huerta [1]). In particular, the 2-holonomy maps have
been investigated in the framework of 2-connections. The notion of formal homology
connections was developed by K.-T. Chen in the theory of iterated integrals of
differential forms in order to describe the homology group of the loop space of a
manifold M by the chain complex formed by the tensor algebra of the homology
group of M (see [3], [4] and [5]).

We apply such method to the complement of complex hyperplane arrangements.
In this case because of the formality of the space the formal homology connection
can be described by quadratic derivations. In particular, we discuss in details the 2-
flatness condition in the case of the configuration space of ordered distinct points in
the complex plane. We describe categorified infinitesimal pure braid relations in this
setting. It is an important problem to construct a categorification of the Knizhnik-
Zamolodchikov (KZ) connections. There is a work by Cirio and Martins [8] on
the categorification of the KZ connections by means of 2-Yang-Baxter operators for
slo(C). In this paper we give a universal expression of 2-holonomy maps based on
the formal homology connections. One of our motivations is to apply such methods
to braided surfaces in 4-space studied by Carter, Kamada and Saito (see [2], [10]).
We discuss an application of 2-holonomy maps to a construction of representations
of the 2-category of braid cobordisms.

The paper is organized in the following way. In Section 2 we briefly review K.-
T. Chen’s iterated integrals and their basic properties. In particular, we recall
the formula for the composition of plots. In Section 3 we describe the notion of
formal homology connections. In particular, we explain the notion of 2-connections
and 2-curvatures in this framework. In Section 4 we give a general method to
construct representations of homotopy 2-groupoids by means of the formal homology
connection. We also describe the notion of crossed modules in this setting. In
Section 5 we apply the above method to the complement of complex hyperplane
arrangement. In particular, we describe 2-flatness condition for braid arrangements.
We discuss an application to a representation of the category of braid cobordisms.



2. PRELIMINARIES ON K.-T. CHEN’S ITERATED INTEGRALS

First, we briefly recall the notion of iterated integrals of differential forms due to
K.-T. Chen. We refer the reader to [3], [4] and [5] for details. Let M be a smooth
manifold and wq, - - - ,wy be differential forms on M. We fix two points xy and x; in
M and consider the space of piecewise smooth paths « : [0,1] — M with v(0) = x¢
and (1) = x;. We denote by P(M;x¢,x1) the above space of paths. In particular,
in the case xg = x; the path space P(M;xg,x1) is called the based loop space of
M and is denoted by €24, M. In the following we suppose that the differential forms
w1, -+ ,wy are of positive degrees. We denote by

pjMx--xM-—M 1<j<k
~—_——
k
the projection to the j-th factor and set
w1 X - X W = piwi A -+ A Diw.
We consider the simplex
Ap={(t1, ) eR*; 0<t <o <ty < 13
and the evaluation map
©: A X P(M;x0,%x1) > M x - x M
—_——
k
defined by @(t1,--- ,tg;y) = (yv(t1), - ,¥(tx)). The iterated integral of wy,- - ,w

is defined as
Ay

/ go*(w1><~~-><wk)
Ag

is the integration along the fiber with respect to the projection
p: A x P(M;x0,%x1) — P(M;%0,X1).

The above iterated integral is considered as a differential form on the path space
P(M;x9,x1) with degree q1 + --- 4 ¢ — k, where we set ¢; = degw;. To justify
differential forms on the path space P(M;xg,x1) we use the notion of plots. A plot
a: U — P(M;x¢,x1) is a family of piecewise linear paths smoothly parametrized
by a compact convex set U in a finite dimensional Euclidean space. Given a plot «
we denote the corresponding iterated integral

(for),

as a differential form on U obtained by pulling back the iterated integral [ wy - - - wy
by the plot a. Namely, the above expression stands for

/ ((id X @) o p)* (w1 X + -+ X wg)
A

where we consider the integration along the fiber with respect to the projection
Ak xU —U.

We denote by Q*(P(M;xp,x1)) the set of such differential forms on the path
space P(M;xq,x1) obtained as iterated integrals of differential forms of positive

where the expression



degrees on M. In particular, in the case w1, - - ,wy are 1-forms, the iterated integral
J w1+ -wyg is a function on the path space and its value on a path v : [0,1] — M is
the iterated line integral

/Wl"'wk:/ fi(te) - f(ty) dty - - - dty
ol Ag
where v*w; = f;(t) dt, 1 < j < k.
We take an extra point x2 in M and consider the plots
a:U— P(M;x¢,x1), [:U— P(M;x1,x3).
The composition of the plots a and (8
af: U — P(M;xo,X2)
is defined by

B alz)(2t), 0<t<
aB(2)(1) —{ o D) b

for x € U. Asisshown by K.-T. Chen, we have the following rule for the composition
of plots.

Proposition 2.1. The relation

(o). = 5, (o). (o),

0<i<k
holds

For a path o we define its inverse path a~! by
a tt) = a1l —1t).

we have

(o) =0

As a differential form on the path space P(M;xq,x1) we have the following.

For the composition ca™?

Proposition 2.2. For the iterated integral [ wi ---wy we have

d/wl---wk

k
i—1+1
j=1
k

—_

+ (_1)uj+1/w1...w].1(wj /\wj+1)wj+2"'wk
j=1
where we put v; = degwy + -+ +degw; —j for j > 1 and vy = 0.
Thus we obtain the complex Q*(P(M;x¢,x1)) with the differential
d: QIP(M;xp,x1)) — QITYP(M;x0,%1))

explicitly geven as in Proposition 2.2.



3. FORMAL HOMOLOGY CONNECTIONS

Let M be a smooth manifold. We put
H, (M) = P Hy(M;R)
q>0
and consider the tensor algebra

k

i - @ (@ m.00).
k>0

In the following we suppose that dim Hy (M) is finite. We denote by Q*(M) the al-

gebra of differential forms on M and consider the tensor product Q*(M)®@TH(M).

We suppose that the differential d acts trivially on TH; (M;R). Namely, we set

dweX)=dw® X, we Q' (M), X e TH{(M;R).
When Hi (M) has a basis X1, , Xy, Q"(M) ® TH (M) is identified with the
ring of non-commutative polynomials
(M) [ Xy, X
over *(M). We assign the degree of X; € H),, (M) as
deg X; =p; — 1

by shifting the degree by 1. For the product of homogeneous elements we define the
degree of X;, --- X;, as

k
deg X;, --- X;, = ZdegXip.
p=1

In this way we regard TH (M) as a graded algebra. For homogeneous elements
X,Y in Q*(M)[Xy,- -+, X,,] we define the graded Lie bracket by

[X,Y]=XY — (—-1)PY X

where deg X = p and degY = g.
We consider the augmentation map

e:R[Xy,-, Xn] — R

defined by £(Xj) =0, 1 < k < m. We denote by J the kernel of the augmentation
map €, which is the 2-sided ideal of TH, (M) generated by X1, - -+, X,,,. We consider
the completion of TH (M) with respect to the powers of the augmentation ideal,

— —

which is denoted by TH; (M). The tensor product Q*(M) ® TH (M) is identified
with the ring of non-commutative formal power series
O (M)(( X1, Xim))

— —_—

over ()*(M). We denote by TH, (M), the degree ¢ part of TH (M) with respect
to the above degrees.
For a differential form w we define the parity operator ¢ as £(w) = w when w is of

—

even degree and e(w) = —w when w is of odd degree. For w@ X € Q*(M)®TH, (M)
we set e(w® X) =w ® X if w is a differential form of even degree and e(w ® X) =
—w ® X if w is a differential form of odd degree. Extending the above map linearly

o —

we obtain the operator € on Q*(M) @ TH(M).



We extend naturally the wedge product and iterated integrals on Q*(M)QT H4 (M).
This means that we define as

(W X)N (¢RY)=(wAp)R XY,

/(801®Z1)"'(90k®zk)= </901"'<Pk>®21"'2k-

Here the right hand side of the second equation is considered as an element of

o —

QO (P(M;x0,%x1)) @ THy (M).

We say that a linear map

_—

0: TH+(M)q — T.H+(M)q_1
is a derivation of degree —1 if it satisfies the Leibniz rule
§(uwv) = (Su)v + (—1)38“y(5v).

According to K.-T. Chen a formal homology connection

—

w e (M) @ TH, (M)

is by definition an expression written as

m
i=1 i1-ip

with differential forms of positive degrees wj;,...;, satisfying the following properties.

[wi], 1 <i <'m, is a dual basis of X;, 1 <i <m.

o fw+dw—e(w) Nw=0.

° degwil...ik = deg Xil .- 'Xik +1

e § is a derivation of degree —1.

e 0X; € J? where J is the augmentation ideal of TH_ (M).

For a formal homology connection w we define the generalized curvature k by

k=dw—¢e(w)Aw.

—

From the above conditions it can be shown that d o 6 = 0 and (T'"Hy (M), ¢) forms
a complex. The formal homology connection can be written in the sum

w=w® @ .04
with the p-form part
WP € QP(M) © THL(M),_;.
The 2-form part of x is written as
k? = dw® £ M A LM

which coincides with the usual curvature form for w®). From the equation dw—+x = 0
we have the equation

§w® 4+ dw® + M A LM =,

Let us consider the 3-form part of x given by

K@ — 4@ _ 0 A @ 4 @ A 0.



We call k(3 the 2-curvature of the pair w) and w(®. We have the equation
8w + dw® — WM A W® 4@ AWM =0,

Although the formal homology connection is not uniquely determined, we can
construct it inductively starting from the initial term > ", w;X; . Here are some
examples. For details about the examples (1) and (3) we refer the reader to [15].

Examples : (1) Let T = S' x S' be the 2-dimensional torus. The de Rham
cohomology H*(T') has a basis represented by wi,ws,w; A wy and we put X1, X9, Y
its dual basis of the homology. The formal homology connection is given as
Ww=w X1 +wr®@Xo+ (w1 Aw2) Y
with the derivation defined by
6(X1) =0, 6(X2) =0, 6(Y) = —[X1, Xo].
(2) Let CP"™ denote the complex n-dimensional projective space. and 7 the Kéhler
form. For k = 0,1,--- ,n the cohomology group Hs,(CP™; R) is isomorphic to R
and has a basis [7*]. Let X} denote the dual basis of [7%] in the homology group
Hy,(CP™;R). We put
w=TRX1+7°0Xo+ - +7"2 X,
Then we have o
K= —wAw=— Z Tt ® X X;.
i,j>1
By defining
0X1=0

0Xp= ), XiXpi 2<k<n,
1<i<k—1
we get the condition dw + k = 0. The above (w, ) is a formal homology connection
for CP".
(3) Let G be the unipotent Lie group consisting of the matrices

1 = =z
g: 0 1 y b x?y?’ZER
0 0 1

and Gz its subgroup consisting of the above matrices with z,y, 2 € Z. We denote by
M the quotient space of G by the left action of Gz. We see that M has a structure
of a compact smooth 3-dimensional manifold. We put

wy =dz, wo =dy, wig = —xdy + dz.

We observe that H'(M) has a basis represented by wi,ws and H%(M) has a basis
represented by w1 A wig, w2 A wie. These are typical examples of non-trivial Massey
product. We denote by X1, Xo € Hi(M) the dual basis of [w1], [we] and by Y7,Ys €
Hy(M) the dual basis of w1 A wia], [w2 A wiz]. We obtain that the derivation ¢ is
given by

§(X1) =0, 6(X2) =0, §(Y1) = [[X1, Xo], X1], 6(Y2) = [[X1, X2, Xo].

In the above examples (1) and (2) the derivations § are quadratic, which reflects
the fact that the corresponding spaces are formal. On the other hand in the example



(3) there are non-trivial Massey products and the derivations are not quadratic.
We recall celebrated theorem of Deligne, Griffiths, Morgan and Sullivan [9] that a
compact Kahler manifold is formal. Consequently the derivation, for the formal
homology connection is quadratic in this case.

For the formal homology connection w we define its transport by

o0
T=1+) /w---w
k=1 k

which is considered to be an element of

Q*(P(M, X0, X1>) QR TH (M)
The following proposition plays a key role for the construction of higher holonomy
maps. For the proof we refer the reader to [15].

Proposition 3.1. Given a formal homology connection (w,d) for a manifold M the
transport T satisfies dI' = 0T.

4. PATH GROUPOIDS, 2-PATH GROUPOIDS AND THEIR REPRESENTATIONS

In this section we recall the notion of path groupoids and 2-path groupoids. We
refer the reader to [1] for more details including the notion of 2-categories. Let us
recall that a groupoid is a category such that all the morphisms are invertible. In
particular, a groupoid with one object is nothing but a group. For a smooth manifold
M we define the path groupoid P;(M). For this purpose we introduce the notion
of a thin homotopy. We take xg,x; € M and let 79 and +; be piecewise smooth
paths 7; : [0,1] — M, i = 0,1, such that ~;(0) = x¢ and v;(1) = x;. We shall say
that the paths vy and ~; are thin homotopic if there exists a piecewise smooth map
H :[0,1)> - M with

H(t,0) =~0(t), H(t,1) =7(t), 0<t <1
H(0,s) =x0, H(1,s) =x1, 0<s <1

satisfying rank dH,, < 1 for any p € [0, 1]? such that dH,, is defined.

The path groupoid P;(M) is a category whose objects are points in M and
whose morphisms are piecewise smooth paths between points up to a thin homotopy.
Namely, for xg,x; € M the set of morphisms between them is

Hom(xg,x1) = P(M;x0,%x1)/ ~

where the paths v, v1 € P(M;x¢,x1) satisfy the equivalence relation vy ~ 71 if and
only if the one is obtained from the other by a thin homotopy. We see that P (M)
has a structure of a groupoid since there is an associativity and each morphism has
its inverse.

Now we explain the notion of 2-categories. In general, a 2-category consists of
objects, 1-morphisms and 2-morphisms, which are morphisms between morphisms.
There are two kinds of compositions for 2-morphisms, horizontal compositions and
vertical compositions and there are several coherency conditions among them. We
do not give here a full definition of a 2-category.

The path 2-groupoid Po(M) is a 2-category defined as follows. The objects are
points in M and the 1-morphisms are piecewise smooth paths between points up to
a thin homotopy. To define the 2-morphisms we consider a disc given by a piecewise



smooth function F : [0,1]> — M spanning 2 paths 7o and ; connecting xq and x;.
Namely, we consider a piecewise smooth function F' : [0,1]> — M with

F(ta 0) = ’YO(t)? F(t? 1) = ’Yl(t)a 0<t<1,

F(0,s) =x9, F(1,s) =x1, 0<s<1.
Let Fy and F} be piecewise smooth discs F; : [0,1]> — M, i = 0,1, spanning the
paths 79 and ~;. We shall say that Fy and F} are thin homotopic if there exists a
family of discs F, : [0,1]2 — M, 0 < r < 1, spanning the 2 paths 7o and ~; such
that the following conditions (1) and (2) are satisfied. We put G(¢,s,r) = F.(¢, s).

(1) The function G(t,s,r) is piecewise smooth.
(2) rank dG, < 2 for any p € [0,1]3 such that dG, is defined.

A 2-morphism between the paths 7o and 7, is a piecewise smooth disc F : [0,1]? — M
spanning the paths vy and 77 considered up to thin homotopy. Putting c(s)(t) =
F(t,s), we obtain a family of paths

c:[0,1] — P(M;x0,x1).

We represent a 2-morphism beween the paths vy and +; as such family of paths.

Let 79, 71 and 79 be piecewise smooth paths connecting xg and x;. For a 2-
morphism ¢; between 7y and v; and a 2-morphism ¢, between ~; and 2 we define
their vertical composition c¢s - ¢; by the family of paths given by

(ca-c1)(s)(t) = {Cl(QS)(t), 0<s<3

e(2s—1)(t), $<s<1

as depicted in Figure 1.
For the 2-morphisms ¢y and cy respectively represented by the plots

ay: I — P(M;x9,%x1), ag:I— P(M;x1,X2).

We define their horizontal composition co o ¢; by the composition of the plots asa;.

© O
GO

FIGURE 1. vertical and horizontal compositions

We consider the homotopy equivalence classes of paths in the groupoid P;(M)
fixing the endpoints. We denote the set of such equivalence classes by II; (M). We
see that IT; (M) has a structure of a groupoid and call it the homotopy path groupoid



of M. In a similar way, we define the homotopy 2-groupoid Ils(M) by taking the
homotopy equivalence classes of discs fixing the boundary in the path 2-groupoid
Pao(M).

Now we construct a representation of the path groupoid P;(M) by means of the
iterated integrals of a formal homology connection. Let w be a formal homology
connection for M with the derivation §. First, we consider the 1-form part of w
which is denoted by w(!). For a piecewise smooth path v in M the holonomy of the
connection w) is given the transport as

Hol(y) = (T,~) = 1+; /yw(l)...wm

k

which is an element of TH, (M),. Let us notice that the iterated integrals are
independent of a thin homotopy of a path and that the above holonomy is well-
defined. For the composition of paths we have

Hol(af) = Hol(a)Hol(3)
by Proposition 2.1. Moreover, the relation
Hol(a™) = Hol(a)™!

holds. Therefore, we obtain a representation of the path groupoid

Hol : Py (M) — TH, (M),

We denote by TH (M) the group of invertible elements in Tm )o- The above
Hol is considered to be a functor from the path groupoid P;(M) to the group

TH,(M)y. Let us construct a representation of the homotopy path groupoid
I, (M). We consider TH (M), as a 2-sided module over TH (M),. Let Zy de-

note the 2-sided ideal of Tm ); generated by the image of the derivation

5 . TH+(M)1 — TH+(M)O
We define the category Hps(1) as follows. The set of objects of Hps(1) consists of

one point and the set of morphisms consists of invertible elements in Tm )o/Zo-
Proposition 4.1. The above holonomy map induces a well-defined functor.
Hol : 1I1 (M) — Hum(1)
Proof. We consider Hol as a function in v € P(M;x,x1). Then we have
d Hol(y) = (dT,~) = (6T, 7)

—

by Proposition 3.1. Hence we have d Hol(y) = 0 in TH_,(M),/Zy. This shows that
if 70,71 € P(M;x0,x1) are connected by a homotopy fixing the endpoints xg, x1,

then we have Hol(y) = Hol(1) in Tm)o/fo. This completes the proof. O

By fixing a base point xg € M we have the holonomy map

Hol : m (M, xq) — Tm)o/fo.
One of the main results due to K.-T. Chen is that the holonomy map induces an
isomorphism

—_—

Rﬂ'l(M,Xo) =TH (M)()/IO



—

where Ry (M, x¢) is the completion of the group ring R (M, xg) with respect to

—

the powers of the augmentation ideal. The algebra R (M, xg) is called the Malcev
completion of the fundamental group m (M, o).
We consider a piecewise smooth 1-parameter family of paths

c:[0,1] — P(M;x0,x1),

as in the definition of the path 2-groupoid P2(M). We regard c¢ as a l-chain of
P(M;x0,x1). For the formal homology connection we consider the transport

oo
Ty [en
k=1 k

We regard its pullback ¢*T" = T, an element of Q*(I) ® TH.(M). We denote by
(T, c) the integration of the 1-form part of ¢*T over the unit interval I. We define
the 2-holonomy

—

Holy : Po(M) — TH{ (M),

by Hols(c) = (T, c). The symbol (T ¢) stands for the integration of the 1-form part
of T on the 1-chain c.
For the vertical composition of the 1-morphisms

a:l — P(M;xg,x1), f(:1— P(M;x0,%x1)

we have
Hols(a- B) = Hola(a) + Hola(3)

since the left hand side is considered to be the integration of over the some of the
1-chains represented by « and 3. The horizontal composition of the 1-morphisms

c1: I — P(M;x0,x1), co2:1— P(M;x1,%2)

the 2-holonomy is expressed as

Holy(cpo0c1) = /TC2 NTe,

by means of Proposition 2.1. We obtain that the 2-holonomy map Holy gives a
representation of the path 2-groupoid Po(M).

Theorem 4.1. The above 2-holonomy map gives a representation of the homotopy
2-groupoid

Holy : Ty(M) — TH (M), /T,

where I is the ideal generated by the image of the derivation

d: Tfir(\]W)2 — T]‘fr(\]W)l
Moreover, The 2-holonomy map satisfies

§Holy(c) = Hol(v1) — Hol ()

where ¢ is a 2-morphism between vy and ;.

10



Proof. As is shown in the above argument we have a representation of the path
2-groupoid given by
HOZQ : PQ(M) e TH+(M)1.

Suppose that for paths 7y and v in P(M;xo,x1) piecewise smooth discs Fj :
[0,1]2 = M, j = 1,2 with

Fy(t,0) = yo(t), Fy(t,1) = n(t)

Fj(O, S) = X0, Fj(l,S) = X1,
are connected by a piecewise smooth homotopy preserving the above boundary con-

ditions. This gives homologous 1-chains ¢; and co in P(M;x,x1) and there is a
2-chain y such that ¢y — co = dy. We have

Hols(c1) — Hola(c2) = Hola(0y)
which is by definition (T, 9y). By the Stokes theorem we have
(T, 0y) = (dTy).

On the other hand we have dT" = 0T by Proposition 3.1. This shows that Holy(c1) =
Hols(co) in T H+( )1/Z1 and the 2-holonomy map from the homotopy 2-groupoid
IIo(M) is well-defined. The equality 0 Holo(c) = Hol(v1) — Hol(vy) follows from
Proposition 3.1 and the Stokes theorem. We refer the reader to [15] for details of
this part. O

We define the category Hys(2) as follows. The objects of Hjs(2) consist of invert-

ible elements in TH (M),. For invertible elements g; and g» in TH (M), the set
of morphisms from ¢g; to go is defined by

Hom(g1, g2) = {v € TH.(M),/T1 | 6(v) = g2 — g1}

The above theorem shows that Hola can be considered to be a functor sending a 2-
morpshim in the homotopy 2-groupoid Iy (M) to a morphism in the category Has(2).

We regard TH+( )1/Z1 as a 2-sided module over T’ H+(M )o- The derivation 0 has
the compatibility

(X -v)=X-0v), 6(v-X)=06()-X
for X rX e TH+( )o and v € TH+( )1/Z1. In this sense the pair TH+( )1/Z1 and
TH+(M )o together with the derivation
5 TH, (M), /T, — TH. (M),

has a structure of a crossed module.

5. 2-HOLONOMY FOR THE COMPLEMENT OF HYPERPLANE ARRANGEMENTS

We start by recalling basic facts on hyperplane arrangements. Let
A= {H17"' 7Hf}
be a collection of finite number of complex hyperplanes in C"”. We call A a hyper-

plane arrangement. Let f;, 1 < j < ¢, be linear forms dining the hyperplanes H;.
We consider the complement

MA)=C"\ | J H

HeA

11



and denote by Q*(M(A)) the algebra of differential forms on M (.A) with values in
C. The Orlik-Solomon algebra OS(.A) is the subalgebra of Q*(M(A)) generated by
the logarithmic forms w; = dlog f;, 1 < j < £. We refer the reader to [18] for basic
properties of the Orlik-Solomon algebra. The fundamental fact is that the inclusion
map
i:0S8(A) — Q" (M(A))

induces an isomorpshim of cohomology, where the differential on OS(A) is trivial.
In particular, we have an isomorpshims of algebras

OS(A) = H*(M(A); C).

A formal homology connection for M (.A) is described as follows. Let {Z;} be a
basis of H(M(A);C) and {¢;} be its basis in the Orlik-Solomon algebra OS(.A).

—

We define the derivation ¢ : THy(M(A)), — THy(M(A)), ; as the dual of the
wedge product. More explicitly, when the wedge product is given by

(i) Noj =Y chipn
k
the derivation § is defined as
0Zr =Y c5Z:Z;.
i?j
We obtain the condition
e(w) Aw = d(w)
by defining the derivation § in the above way. Therefore, we have the following
theorem, which reflects the formality of M (.A) (see [14] for details).

Theorem 5.1. For a complex hyperplane arrangement A a formal homology con-
nection for its complement M(A) is given by

m
WZZ(,DJ'@ZJ‘
j=1

with the derivation ¢ : THmA))p — TH.?]\T(.A))IJ_1 defined as the dual of the
wedge product.

Let us consider the derivation

6 : THL(M(A)), — TH:(M{A)),
and the ideal 7y generated by the image of 4. The ideal Zy has generators

[ij7Xj1 +- +Xjk]7 1<p<k,
for the maximal family of hyperplanes {Hj,,--- , Hj, } such that

COdimc(Hjl N---N ij) = 2.

The primitive part of THmA)) is call the holonomy Lie algebra for the arrange-
ment A. As is shown in [11] the holonomy Lie algebra is isomorphic to the nilpotent
completion of the fundamental group w1 (M (A)) over C.

We consider the configuration space of ordered distinct n points in the complex
plane C given as

Xo={(z1, ,2n) €C" 5 2 # 2 i i £ j}.

12



The configuration space X, is the complement of the union of big diagonal hyper-
planes H;; defined by z; = z; in C" for 1 <i < j < n. By considering the action of
the symmetric group &,, by the permutation of coordinates, we consider the quotient
space

Y, =X,/6,.
There is a covering map

T X, — Y,
The fundamental group m(Y},,) is the braid group of n strings denoted by B,, and
71(X,,) is the pure braid group of n strings denoted by P,.

We set
wij:dlog(zi—zj), 1<i<ji<n.
Then the Orlik-Solomon algebra OS(X,,) is generated by w;;, 1 < i < j < n, with
the Arnold relations
(5.1) wij N Wik + Wik N\ wig + wik A wij =0, 1<i<ji<k<n.
It is known that the degree g part of OS(X,,) has a basis represented by
wiljl/\---/\wiqjq, j1<"'<jq.

This is called the normal form of a basis of OS(X,). We denote by Xj,j, ... i,j, its
dual basis of the homology H,(X;). The formal homology connection is given by

(5.2) w = ) (Wirgs A AWigig) ® Xiyjy o sigia-
J1<<jg,1<q<n

Example: Let us describe the case n = 4, which will play an important role in the
following computation. In this case we have

dim H'(X,4) = 6, dim H%(X,) = 11, dim H3(X,) = 6.

Let us denote by A? the degree ¢ part of the Orlik-Solomon algebra OS(X4). Then
Al has a basis wij, 1 <i<j <4, and A? has a basis wij Nwie, 1 < g,k < £,5 < L.
A basis of A3 is given by

wig Awig Awja, 1<1<2,1<5<3

To describe the derivation

—_

6: THy(X4)y — TH(Xy),

we need to determine the product structure A : A! x A2 — A3, In order to write
down this product in terms of the above basis we use the Arnold relation (5.1) in
the form

Wik N Wik = Wij N\ Wik — wij N\ Wik, 1<j<k
successively. For example, we have
wig A (w23 A wssg) =wiz A wag A wsag — wiz A waz A wig
= w12 Awaz ANwsg — w12 Awiz Awsg — w12 A waz Awig + w2 Awiz A wig.

The 1-form part of the formal homology connection is

w(l) = sz‘j & X’L’j

1<j

13



where X;;, 1 <i < j <n, is a basis of Hi(Xy;C) corresponding to the hyperplanes
H;;. The representation of the path groupoid described in the previous section is
give as

Hol : P1(X,) — C{(Xy;))
where C((X;;)) is the ring of non-cummutative formal power series with indetermi-
nates Xj;, 1 <1 < j < n. Let us describe the derivation

—_—

0 :TH{(X,), — TH(Xy),-
For 4, j,k such that 1 <1i < j <k <n we have
0Xijik = [Xin, Xij + Xji), 0Xij 0 = [ Xk, Xij + X
and for distinct ¢, j, k, £ we have
0 Xij e = —[Xij, Xial.
Hence the ideal Zj is generated by the infinitesimal pure braid relations:
(X, Xij + Xul, [Xoj + X, Xji] (i <j < k),
(Xij, Xel, (4,7, k, £ distinct).
We obtain the representation of the homotopy path groupoid
Hol : 111 (X;) — C((Xi;))/Zo.
In particular, we obtain the holonomy map
Hol : P, — C((Xi;))/Zo

which is a prototype of the Kontsevich integral [16] for knots and gives a universal
finite type invariants for pure braids (see [12], [13] and [6]).

Here we explain a relation to the Knizhnik-Zamolodchikov (KZ) connection. Let
g be a complex semi-simple Lie algebra and {I,} an orthonormal basis of g with
respect to the Cartan-Killing form. We set Q =3 I, ® I,. Let r; : g — End(V;),
1 <4 < n, be representations of the Lie algebra g. We define €);; to be the action of
Q on the i-th and j-th components of the tensor product V; ® - - - ® V,, by means of
the above representations r;, 1 < i <n. We put

1
W= ; Qyjdlog(z; — zj),
where x is a non-zero complex parameter. Then we have a representation of the
algebra
p: C{Xi))/Zo — End(V1 @ --- @ V)
by defining p(X;;) = 2€;;. The above 1-form w defines a flat connection for a trivial
vector bundle over the configuration space X, with fiber V3 ® --- ® V,,. This is
called the KZ connection. The holonomy map of the KZ connection gives linear
representation of the pure braid group P,, wich was studied in [12].
We deal with the 1-form part and the 2-form part

W =>"w; @ Xy, w® = (Wirjy Awigsy) ® Xigjy g
i<j J1<j2
From the condition dw + k£ = 0 for the formal homology connection we obtain the

equation
5@ +w® A w® =0,

14



Let us consider the derivation

—

6 : TH(Xpn)y — THy(Xn);.
We express the 3-form part of the generalized curvature x by the normal form of
a basis of OS(X,,) as
1 2 2 1
W Aw® — W@ AWM = Z (Wirgy A Wigjy A Wisjs) @ Ziyj inga,izgs
J1<j2<J3
Then we have
0(Xirju iniasisgs) = —Zinjr ingaisis
and the ideal Z; is generated by Z;, j, isj.,isj5, Which are expressed by Lie brackets
of X;; and Xj,j, i.5,- Let us describe explicitly these generators. First, we have

(5.3) [ Xke, Xirjyingo] for {k, £} N {i1, j1,i2,j2} =0, k < £,41 < ji,d2 < j2, J1 < J2
For 4,4, k, ¢ such that 1 <1 < j < k < ¢ < n we have the following generators.
(5.4) (Xie, Xijik + Xjnpe] + [ Xij + Xjn + Xjo, Xiwie) — [ Xk + Xne, Xij i)

— [Xik + X, Xjg,e) + [Xik, Xij o — Xik jie]

(5.5) (Xje, Xij ik + Xikwe] + [ Xij + Xin + Xie, Xjape) — [ X + Xie, Xij je]
+ [ Xk + Xjjo + X, Xinje] + [ Xjo, Xijre — Xjiie]

(5.6) — [ Xk, Xijie + Xikie) + [ Xie, Xjje + Xjnpe — Xij jk)
+ [ Xij + Xiw + Xjo + Xie, X e

(5.7) — [ Xk, Xijie + Xjrjel + [ Xjo, Xinjie + Xiwpe — Xijan]
+ [ X + Xig + Xjg + Xpe, X je]

(5.8) [ Xke, Xijin + Xijiel + [ Xij + Xjn + Xjo, Xiwwe] — [Xin + Xie, Xk ke]
— [ Xie, Xijwe) + [Xue, —Xinjo + X, ie]

(5.9) (Xke, Xijjie + Xijjel + [ Xij + Xiw + Xie, Xjipe] — [ Xjn + Xjo, Xk ke
— [ Xk + Xjo, Xij kel + [ Xne, Xikjo — Xiin,iel

Let us take a representation of the pair Tmn)l /Z, and Tﬁ(n)o together
with the derivation o .

§: TH, (M), /T) — TH, (M),

as a crossed module. Namely, we consider the following. There is a representation

o —

p:TH(Xy), — End(V)

as a complete algebra with some vector space V' and a representation

—

¢ TH.(X,);/Ty — End(W)

as 2-sided modules, which means that there are right and left action of End(V') on
End(W) compatible with p and p’. We also assume that there is a linear map

7: End(W) — End(V)
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such that the condition pod = 70 p’ holds. For X € T}fL(\)(n)O and Y € TH,(X,),
we have

PXY]) = p(X) - p/(Y) = p/(Y) - p(X)
which is denoted by [p(X), p/(Y)].

We set p(X;;) = Ti; and p'(Xi,j,i0jo) = Wiijisisje- Let us consider the 1-form
part and the 2-form part

Y= Zwij ® Xij, w? = Z (Wirj1 A Wigja) ® Xigjiingo-
1<j J1<jz
of the formal homology connection. Then the 1-form
A=) wiyTy
1<j
with values in End(V) and the 2-form
B = Z Wirji N Wigjo Wiy ings
J1<j2
with values in End (V) define a so-called 2-connection. They satisfy the the equation
T(A)+ BAB=0.

The pair A and B satisfy the 2-flatness condition in the sense that the 2-curvature
vanishes. Namely, we have

ANB—-BANA=0
where we use the right and left actions of End(V') on End(W) in the above equation.
This 2-flatness condition holds since we consider the representation p’ modulo the
ideal Z7. This corresponds to the Lie bracket relations between T;; and Wj, j, isjs
derived from the equations (5.4)—(5.9).
Let us consider a representation p’ satisfying
P,<Xi1j1,i2j2> =0
if {i1,71} N {i2,j2} = 0. In this case the 2-form B is written as
B= " (wij Awir Wijir +wij Awjk Wij jx)
i<j<k
and the 2-flatness condition can be reduced to the following equations.
it; Wisik + Wik ke) + [Tij + Tie + Tjo, Wiie) — [Tike + Thos Wijie) = 0
it» Wij it + Wik ke] + [Tij + Tite + Tio, Wik ke] — [Tk + Thoo, Wiji je) = 0
ik Wijiie + Wik iel — [Tie, Wik jo + Wik ke — Wijjk] = 0
it Wijie + Wik jel — [Tje Wikie + Wik e — Wijir] = 0
To, Wijiire + Wijael + [Tij + Tjr + Tjo, Wik k) — [Tir + Tio, Wik el = 0
Thoe, Wij ik + Wi ge) + [Tij + Tire + Tit, Wik ke) — [Tik + Tjos Wik ee] = 0

%
J
J
7

T
[T
[T
T
[
[

This recovers the 2-flatness condition described by Cirio and Martins in [7]. In [§]
they investigated the categorification of the KZ connection by means of 2-Yang-
Baxter operator for sly(C) with &,, symmetry.
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It is shown in [14] that the complex (T'Hy(X,),,
the homology group Hy(TH(X,),) = 0if ¢ # 0. We have

9) is acyclic. This means that

Ho(TH{(Xy),) =TH(Xn)y/Zo-

It is well-known that the configuration space X, is a K (m, 1) space and, in particular,
we have mo(X,,) = 0. Although, it is worthwhile to study the 2-holonomy map for
a representation of the category of braid cobordisms. First, we describe the notion
of the category of braid cobordisms. Let us recall that a braid is an embedding of
a 1-manifold which is a disjoint union of closed intervals into C x [0, 1] so that the
projection onto [0, 1] has no critical points, and the boundary of the 1-manifold is
mapped to 2n points

(1,0),(2,0),---,(n,0),(1,1),(2,1),--- ,(n,1) € C x [0, 1].

The isotopy classes of braids fixing the boundary form the braid group B,. A braid
cobordism between braids g and h is a compact surface S with boundary and corners,
smoothly and properly embedded in C x [0, 1]?, such that the following conditions
are satisfied.

(1) The boundary of S is the union of 1-manifolds
SN(Cx[0,1] x{0}) =g,
SN(Cx[0,1] x {1}) = h,
SN(Cx {0} x[0,1]) ={1,2,--- ,n} x {0} x [0, 1],
SN(Cx {1} x[0,1]) ={1,2,--- ,n} x {1} x [0,1].

(2) The projection of S onto [0, 1]? is a branched covering with simple branch points
only.

FIGURE 2. braid cobordism

An example of a braid cobordism is depicted in Figure 2. We shall say that two
braid cobordisms S and S’ between the braids g and h are equivalent if there is an
isotopy through braid cobordism between S and S’ relative to the boundary. Let
BC,, be the category whose objects are braids with n-strands and whose morphisms
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are the equivalence classes of braid cobordisms. We define the composition of mor-
phisms in the following way. Let S be a braid cobordism between g and h and S
be a braid cobordism between h and k. We define the composition 5957 as the braid
cobordism given by the concatination of S; and Sy along their common boundary
h. Let us notice that in BC', two isotopic braids are isomorphic, but not equal.
We equip BC,, with a monoidal structure in the following way. Let S; be a braid
cobordism from g; to h; and S5 be a braid cobordism from go to he. We define a
braid cobordism Ss 0 .57 from g1g2 to hiho by identifying the top portion of 057 and
the bottom portion of dS2. This monoidal structure is not strictly associative since
the braids g3(g2g1) and (gsg2)g1 are isotopic but not equal. A braid cobordism is
also called a braided surface (see [2] and [10]).

A braid cobordism can be described diagramatically by Carter and Saito’s braid
movie which is a one-parameter deformation family of singular braids with double
points (see [2]). To construct a representation of BC), based on the 2-holonomy
map for the configuration space X, we consider the integration of the transport 7'
along the braid movie associated with a braid cobordism as shown in Figure 2. A
divergence for a braid with double points for such iterated integrals can be described
by a method similar to the one used by Le and Murakami [17]. Let us start with
a simple case. For a small positive number € we consider the path + given as the
segment connecting from 1 to € on the real line. We consider the 1-form w = %. For
a parameter A we consider the transport

T=1+A/w+---+A’“/w---w+~-
vy Y k

We have T = ¢ = ¢*1°2¢, This shows the asymptotic behavior of the above trans-
port when € tends to 0. In particular, we have

1 k
(5.10) /w :H(loge) .
Tk
We take n distinct points pq,--- , p, with coordinate functions z1,--- ,z,. We con-

sider the open set U in X,, defined by 21| < 1, |22| < 1 and |z;| > 1 for j > 3. We
put |z1 — 22| = ¢ and consider the situation when ¢ is sufficiently small. In this case
the equation (5.10) can be applied to estimate the asymptotics of the 2-holonomy
map when ¢ tends to 0 and we can regularize the 2-holonomy maps along braid
movies.

Acknowledgment. The author is partially supported by Grant-in-Aid for Scientific
Research, KAKENHI 16H03931, Japan Society of Promotion of Science and by
World Premier Research Center Initiative, MEXT, Japan.

REFERENCES

[1] J. C. Baez and J. Huerta, An invitation to higher gauge theory, Gen. Relativity Gravitation
43 (2011), no. 9, 2335-2392.

[2] J. S. Carter and M. Saito, Knotted surfaces and their diagrams, Math. Surv. and Mon. 55,
AMS, 1998.

[3] K. -T. Chen, Iterated integrals of differential forms and loop space homology, Ann. of Math.
97 (1973), 217-246.

[4] K. -T. Chen, Extension of C°° function algebra by integrals and Malcev completion of 71,
Advances in Math. 23 (1977), 181-210.

[5] K. -T. Chen, Iterated path integrals, Bull. of Amer. Math. Soc. 83 (1977), 831-879.

18



(6]

(7l

(8]

(9]

[10]
(11]

(12]
(13]
[14]
(15]

[16]
(17]

(18]

S. Chmutov, S. Duzhin and J. Mostovoy, Introduction to Vassiliev knot invariants, Cambridge
University Press, 2012.

L. S. Cirio and J. F. Martins, Categorifying the Knizhnik-Zamolodchikov connection, Differ-
ential Geometry and its Applications, 30 (2012), 238-261.

L. S. Cirio and J. F. Martins, Categorifying the s!(2; C) Knizhnik-Zamolodchikov connection via
an infinitesimal 2-Yang-Baxter operator in the string Lie-2-Algebra, Advances in Theoretical
and Mathematical Physics. 21 (2017), 147-229.

P. Deligne, P. Griffiths, J. Morgan and D. Sullivan, Real homotopy theory of K&hler manifolds,
Invent. Math. 29 (1975), 245-274.

S. Kamada, Braid and knot theory in dimension 4, Math. Surv. and Mon. 95, AMS 2002.

T. Kohno, On the holonomy Lie algebra and the nilpotent completion of the fundamental group
of the complement of hypersurfaces, Nagoya Math. J., 92 (1983), 21-37.

T. Kohno, Monodromy representations of braid groups and Yang-Baxter equations, Ann. Inst.
Fourier 37 (1987), 139-160.

T. Kohno, Vassiliev invariants of braids and iterated integrals, Advanced Studies in Pure Math.
27 (2000), 157-168.

T. Kohno, Bar Complex of the Orlik-Solomon algebra, Topology and its Appl. 118 (2002),
147-157.

T. Kohno, Higher holonomy maps of formal homology connections and braid cobordisms,
Journal of Knot Theory and Its Ramifications 26 (2016), 1642007-1 —14.

M. Kontsevich, Vassiliev’s knot invariants, Adv. Soviet Math. 16 (1993), 137-150.

T. Le and J. Murakami, Representation of the category of tangles by Kontsevich’s iterated
integral, Comm. Math. Phys. 168 (1995), 535-562.

P. Orlik and H. Terao, Arrangements of Hyperplanes, Springer Verlag, 1992.

Kavri IPMU, GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO,
3-8-1 KoMABA, MEGURO-KU, TOKYO 153-8914 JAPAN
E-mail address: kohno@ms.u-tokyo.ac.jp

19



