
Lemma 5.6.

In[1]:= Collect@Expand@H1 + t^2L He0 + e2 t^2 + e4 t^4L -

Hc0 + c2 t^2L^3 - He4 - c2^3L Ht^2 - h1L Ht^2 - h2L Ht^2 - h3LD, tD

Out[1]= -c03
+ e0 - c23 h1 h2 h3 + e4 h1 h2 h3 +

I-3 c02 c2 + e0 + e2 + c23 h1 h2 - e4 h1 h2 + c23 h1 h3 - e4 h1 h3 + c23 h2 h3 - e4 h2 h3M t2
+

I-3 c0 c22
+ e2 + e4 - c23 h1 + e4 h1 - c23 h2 + e4 h2 - c23 h3 + e4 h3M t4

In[2]:= SolveA9-c03
+ e0 - c23 h1 h2 h3 + e4 h1 h2 h3 � 0,

-3 c02 c2 + e0 + e2 + c23 h1 h2 - e4 h1 h2 + c23 h1 h3 - e4 h1 h3 + c23 h2 h3 - e4 h2 h3 � 0,

-3 c0 c22
+ e2 + e4 - c23 h1 + e4 h1 - c23 h2 + e4 h2 - c23 h3 + e4 h3 � 0=, 8e0, e2, e4<E

Out[2]= 99e0 ® -I-c03
- c03 h1 - c03 h2 - c03 h1 h2 - c03 h3 - c03 h1 h3 - c03 h2 h3 - 3 c02 c2 h1 h2 h3 +

3 c0 c22 h1 h2 h3 - c23 h1 h2 h3M � HH1 + h1L H1 + h2L H1 + h3LL,

e2 ® -Ic03
- 3 c02 c2 + c03 h1 - 3 c02 c2 h1 + c03 h2 - 3 c02 c2 h2 - 3 c0 c22 h1 h2 +

c23 h1 h2 + c03 h3 - 3 c02 c2 h3 - 3 c0 c22 h1 h3 + c23 h1 h3 - 3 c0 c22 h2 h3 +

c23 h2 h3 - 3 c0 c22 h1 h2 h3 + c23 h1 h2 h3M � HH1 + h1L H1 + h2L H1 + h3LL,

e4 ® -I-c03
+ 3 c02 c2 - 3 c0 c22

- c23 h1 - c23 h2 - c23 h1 h2 - c23 h3 -

c23 h1 h3 - c23 h2 h3 - c23 h1 h2 h3M � HH1 + h1L H1 + h2L H1 + h3LL==

In[3]:= e0 := -I-c03
- c03 h1 - c03 h2 - c03 h1 h2 - c03 h3 - c03 h1 h3 - c03 h2 h3 -

3 c02 c2 h1 h2 h3 + 3 c0 c22 h1 h2 h3 - c23 h1 h2 h3M � HH1 + h1L H1 + h2L H1 + h3LL

In[4]:= e2 := -Ic03
- 3 c02 c2 + c03 h1 - 3 c02 c2 h1 + c03 h2 - 3 c02 c2 h2 - 3 c0 c22 h1 h2 +

c23 h1 h2 + c03 h3 - 3 c02 c2 h3 - 3 c0 c22 h1 h3 + c23 h1 h3 - 3 c0 c22 h2 h3 +

c23 h2 h3 - 3 c0 c22 h1 h2 h3 + c23 h1 h2 h3M � HH1 + h1L H1 + h2L H1 + h3LL

In[5]:= e4 := -I-c03
+ 3 c02 c2 - 3 c0 c22

- c23 h1 - c23 h2 - c23 h1 h2 -

c23 h3 - c23 h1 h3 - c23 h2 h3 - c23 h1 h2 h3M � HH1 + h1L H1 + h2L H1 + h3LL

In[6]:= Collect@Expand@
a + b z + k1 x^2 + k2 y^2 + k3 z^2 + d z Hx^2 + y^2 + z^2L + e Hx^2 + y^2 + z^2L^2 �.

8x ® x1, y ® y1, z -> z1 + t<D, 8x1, y1, z1<D

Out[6]= a + b t + k3 t2
+ d t3

+ e t4
+ e x14

+ e y14
+

Ib + 2 k3 t + 3 d t2
+ 4 e t3M z1 + Ik3 + 3 d t + 6 e t2M z12

+

Hd + 4 e tL z13
+ e z14

+ y12 Ik2 + d t + 2 e t2
+ Hd + 4 e tL z1 + 2 e z12M +

x12 Ik1 + d t + 2 e t2
+ 2 e y12

+ Hd + 4 e tL z1 + 2 e z12M

In[7]:= Factor@d + 4 e t + 2 s Hk3 + 3 d t + 6 e t^2L + 2 s^2 Hb + 2 k3 t + 3 d t^2 + 4 e t^3L �.
8s ® -Hb + 2 k3 t + 3 d t^2 + 4 e t^3L � H4 Hb t + k3 t^2 + d t^3 + e t^4LL<D

Out[7]= -I-b3
- 2 b2 k3 t - 5 b2 d t2

- 20 b2 e t3
+ 5 b d2 t4

- 20 b e k3 t4
+ 4 b d e t5

+ 2 d2 k3 t5
-

8 e k32 t5
+ d3 t6

+ 8 b e2 t6
- 4 d e k3 t6M � J8 t2 Ib + k3 t + d t2

+ e t3M
2
N

t - equation is :



In[8]:= FactorA

-I-b3
- 2 b2 k3 t - 5 b2 d t2

- 20 b2 e t3
+ 5 b d2 t4

- 20 b e k3 t4
+ 4 b d e t5

+ 2 d2 k3 t5
-

8 e k32 t5
+ d3 t6

+ 8 b e2 t6
- 4 d e k3 t6M �. 8b ® -1, k1 ® c0, k2 ® c2,

k3 ® He0 - e2 + e4L � Hc0 - c2L^2, d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,

e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<E

Out[8]= II-1 - h1 - h2 - h1 h2 - h3 - h1 h3 - h2 h3 - h1 h2 h3 + 2 c0 t +

2 c2 h1 t + 2 c0 h2 t + 2 c2 h1 h2 t + 2 c0 h3 t + 2 c2 h1 h3 t + 2 c0 h2 h3 t +

2 c2 h1 h2 h3 t - c02 t2
+ c02 h1 t2

- 2 c0 c2 h1 t2
- c02 h2 t2

- c22 h1 h2 t2
-

c02 h3 t2
- c22 h1 h3 t2

- 2 c0 c2 h2 h3 t2
+ c22 h2 h3 t2

- c22 h1 h2 h3 t2M

I1 + h1 + h2 + h1 h2 + h3 + h1 h3 + h2 h3 + h1 h2 h3 - 2 c0 t - 2 c0 h1 t - 2 c2 h2 t -

2 c2 h1 h2 t - 2 c0 h3 t - 2 c0 h1 h3 t - 2 c2 h2 h3 t - 2 c2 h1 h2 h3 t +

c02 t2
+ c02 h1 t2

- c02 h2 t2
+ 2 c0 c2 h2 t2

+ c22 h1 h2 t2
+ c02 h3 t2

+

2 c0 c2 h1 h3 t2
- c22 h1 h3 t2

+ c22 h2 h3 t2
+ c22 h1 h2 h3 t2M

I1 + h1 + h2 + h1 h2 + h3 + h1 h3 + h2 h3 + h1 h2 h3 - 2 c0 t - 2 c0 h1 t - 2 c0 h2 t -

2 c0 h1 h2 t - 2 c2 h3 t - 2 c2 h1 h3 t - 2 c2 h2 h3 t - 2 c2 h1 h2 h3 t + c02 t2
+

c02 h1 t2
+ c02 h2 t2

+ 2 c0 c2 h1 h2 t2
- c22 h1 h2 t2

- c02 h3 t2
+ 2 c0 c2 h3 t2

+

c22 h1 h3 t2
+ c22 h2 h3 t2

+ c22 h1 h2 h3 t2MM � IH1 + h1L3 H1 + h2L3 H1 + h3L3M

The solution t for the third factor is :

In[9]:= SolveAI1 + h1 + h2 + h1 h2 + h3 + h1 h3 + h2 h3 + h1 h2 h3 - 2 c0 t -

2 c0 h1 t - 2 c0 h2 t - 2 c0 h1 h2 t - 2 c2 h3 t - 2 c2 h1 h3 t - 2 c2 h2 h3 t -

2 c2 h1 h2 h3 t + c02 t2
+ c02 h1 t2

+ c02 h2 t2
+ 2 c0 c2 h1 h2 t2

- c22 h1 h2 t2
-

c02 h3 t2
+ 2 c0 c2 h3 t2

+ c22 h1 h3 t2
+ c22 h2 h3 t2

+ c22 h1 h2 h3 t2M � 0, tE

Out[9]= ::t ® J2 c0 + 2 c0 h1 + 2 c0 h2 + 2 c0 h1 h2 + 2 c2 h3 + 2 c2 h1 h3 + 2 c2 h2 h3 + 2 c2 h1 h2 h3 -

-IH-2 c0 - 2 c0 h1 - 2 c0 h2 - 2 c0 h1 h2 - 2 c2 h3 - 2 c2 h1 h3 - 2 c2 h2 h3 -

2 c2 h1 h2 h3L2
- 4 H1 + h1 + h2 + h1 h2 + h3 + h1 h3 + h2 h3 + h1 h2 h3L

Ic02
+ c02 h1 + c02 h2 + 2 c0 c2 h1 h2 - c22 h1 h2 - c02 h3 +

2 c0 c2 h3 + c22 h1 h3 + c22 h2 h3 + c22 h1 h2 h3MMN �

I2 Ic02
+ c02 h1 + c02 h2 + 2 c0 c2 h1 h2 - c22 h1 h2 - c02 h3 + 2 c0 c2 h3 +

c22 h1 h3 + c22 h2 h3 + c22 h1 h2 h3MM>,

:t ® J2 c0 + 2 c0 h1 + 2 c0 h2 + 2 c0 h1 h2 + 2 c2 h3 + 2 c2 h1 h3 + 2 c2 h2 h3 + 2 c2 h1 h2 h3 +

-IH-2 c0 - 2 c0 h1 - 2 c0 h2 - 2 c0 h1 h2 - 2 c2 h3 - 2 c2 h1 h3 - 2 c2 h2 h3 -

2 c2 h1 h2 h3L2
- 4 H1 + h1 + h2 + h1 h2 + h3 + h1 h3 + h2 h3 + h1 h2 h3L

Ic02
+ c02 h1 + c02 h2 + 2 c0 c2 h1 h2 - c22 h1 h2 - c02 h3 +

2 c0 c2 h3 + c22 h1 h3 + c22 h2 h3 + c22 h1 h2 h3MMN �

I2 Ic02
+ c02 h1 + c02 h2 + 2 c0 c2 h1 h2 - c22 h1 h2 - c02 h3 + 2 c0 c2 h3 +

c22 h1 h3 + c22 h2 h3 + c22 h1 h2 h3MM>>

denominator :

In[10]:= SimplifyAI2 Ic02
+ c02 h1 + c02 h2 + 2 c0 c2 h1 h2 -

c22 h1 h2 - c02 h3 + 2 c0 c2 h3 + c22 h1 h3 + c22 h2 h3 + c22 h1 h2 h3MME

Out[10]= 2 Ic02 H1 + h1 + h2 - h3L + 2 c0 c2 Hh1 h2 + h3L + c22 Hh2 h3 + h1 Hh2 H-1 + h3L + h3LLM
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square root part :

In[11]:= SimplifyA

IH-2 c0 - 2 c0 h1 - 2 c0 h2 - 2 c0 h1 h2 - 2 c2 h3 - 2 c2 h1 h3 - 2 c2 h2 h3 - 2 c2 h1 h2 h3L2
-

4 H1 + h1 + h2 + h1 h2 + h3 + h1 h3 + h2 h3 + h1 h2 h3L Ic02
+ c02 h1 + c02 h2 + 2 c0 c2 h1 h2 -

c22 h1 h2 - c02 h3 + 2 c0 c2 h3 + c22 h1 h3 + c22 h2 h3 + c22 h1 h2 h3MME

Out[11]= 4 Hc0 - c2L2 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L

other part :

In[12]:= Simplify@
2 c0 + 2 c0 h1 + 2 c0 h2 + 2 c0 h1 h2 + 2 c2 h3 + 2 c2 h1 h3 + 2 c2 h2 h3 + 2 c2 h1 h2 h3D

Out[12]= 2 H1 + h1L H1 + h2L Hc0 + c2 h3L

Therefore, setting w : c0 � c2, k : H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L ,

t : HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �
Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL,

First we prove s : -Hb + 2 k3 t + 3 d t^2 + 4 e t^3L � H4 Hb t + k3 t^2 + d t^3 + e t^4LL

is equal to

s : - c2 I-h1 h2 + h1 h3 + h2 h3 + h1 h2 h3 + H2 h1 h2 + 2 h3L w + H1 + h1 + h2 - h3L w2M

k � 82 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L H-1 + wL <

We consider the difference Htimes the denominatorL :

In[13]:= ds := -Hb + 2 k3 t + 3 d t^2 + 4 e t^3L - H4 Hb t + k3 t^2 + d t^3 + e t^4LL
I- c2 I-h1 h2 + h1 h3 + h2 h3 + h1 h2 h3 + H2 h1 h2 + 2 h3L w + H1 + h1 + h2 - h3L w2M

k � 82 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L H-1 + wL <M

In[14]:= Simplify@Factor@Hds �. 88b ® -1, k1 ® c0, k2 ® c2, k3 ® He0 - e2 + e4L � Hc0 - c2L^2,
d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,
e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<<L �.

8c0 ® w c2, t ® HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �
Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL<D �.

8k ®
, H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L<D

Out[14]= 880<<

Therefore we get ds = 0.

Here we introduce u, v as follows :

In[15]:= u := h1 + 2 h12
+ h13

+ h2 - 2 h1 h2 - h12 h2 + 2 h13 h2 + 2 h22
- h1 h22

- 4 h12 h22
+ h23

+

2 h1 h23
- 2 h3 + h1 h3 + 2 h12 h3 - h13 h3 + h2 h3 + h12 h2 h3 + 2 h22 h3 + h1 h22 h3 -

h23 h3 - 4 h32
- h1 h32

+ 2 h12 h32
- h2 h32

- 2 h1 h2 h32
+ 2 h22 h32

- 2 h33
- h1 h33

- h2 h33

In[16]:= v := 2 - 2 h12
+ 4 h1 h2 - 2 h22

+ 4 h3 + 2 h32

Next we calculate 1 � e''' = 1 � a' = 1 � Hb t + k3 t^2 + d t^3 + e t^4L

We prove 1 � e''' = -c2 Hu + v kL w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

IHw - 1L^3 Hh1 - h2L2 Hh1 - h3L Hh2 - h3L H1 + h3LM

To do so, we consider the difference :
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In[17]:= die3 := 1 - Hb t + k3 t^2 + d t^3 + e t^4L -c2 Hu + v kL w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

IHw - 1L^3 Hh1 - h2L2 Hh1 - h3L Hh2 - h3L H1 + h3LM

In[18]:= Simplify@HHdie3 �. 88b ® -1, k1 ® c0, k2 ® c2, k3 ® He0 - e2 + e4L � Hc0 - c2L^2,
d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,
e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<<L �.

8c0 ® w c2, t ® HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �
Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL<L �.

8k ®
, H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L<D

Out[18]= 80<

In[19]:= Simplify@u + v , H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L �. 8h3 ® r, h2 ® q + r, h1 ® p + q + r<D

Out[19]= p3 H1 + 2 q + rL + p H1 + rL2 H1 + 2 q + rL +

2 p2 I1 + q + q2
+ 2 r + q r + r2

-
,Hq Hp + qL H1 + q + rL H1 + p + q + rLLM +

2 H1 + rL2 Iq + q2
+ q r +

,Hq Hp + qL H1 + q + rL H1 + p + q + rLLM

In[20]:= ExpandAIp H1 + 2 q + rL + 2 I1 + q + q2
+ 2 r + q r + r2MM^2 - 4 q Hp + qL H1 + q + rL H1 + p + q + rLE

Out[20]= 4 + 4 p + p2
+ 8 q + 8 p q + 8 q2

+ 16 r + 12 p r + 2 p2 r + 24 q r + 16 p q r + 16 q2 r +

24 r2
+ 12 p r2

+ p2 r2
+ 24 q r2

+ 8 p q r2
+ 8 q2 r2

+ 16 r3
+ 4 p r3

+ 8 q r3
+ 4 r4

As for k3''' = Hk3 + 3 d t + 6 e t^2L +

3 Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s + 6 Hb t + k3 t^2 + d t^3 + e t^4L s^2

we prove k3''' =

Hc2 Hh1 + h2 + 2 h1 h2 - 2 h3 - h1 h3 - h2 h3L H-1 + wLL � H2 H1 + h1L H1 + h2L H1 + h3LL

Consider the difference

In[21]:= dk3 := Hk3 + 3 d t + 6 e t^2L +

3 Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s + 6 Hb t + k3 t^2 + d t^3 + e t^4L s^2 -

Hc2 Hh1 + h2 + 2 h1 h2 - 2 h3 - h1 h3 - h2 h3L H-1 + wLL � H2 H1 + h1L H1 + h2L H1 + h3LL

In[22]:= SimplifyAIHdk3 �. 88b ® -1, k1 ® c0, k2 ® c2, k3 ® He0 - e2 + e4L � Hc0 - c2L^2,

d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,
e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<<L �.

9c0 ® w c2, t ® HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �

Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL,

s -> - c2 I-h1 h2 + h1 h3 + h2 h3 + h1 h2 h3 + H2 h1 h2 + 2 h3L w + H1 + h1 + h2 - h3L w2M

k � 82 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L H-1 + wL <=M �.

8k ®
, H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L<E

Out[22]= 880<<

As for k2''' :=

k2 + d t + 2 e t^2 + Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s + 2 Hb t + k3 t^2 + d t^3 + e t^4L s^2

We prove k2''' = -
c2 H2 + h1 + h2L H-1 + wL

2 H1 + h1L H1 + h2L

Consider the difference

In[23]:= dk2 := k2 + d t + 2 e t^2 + Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s +

2 Hb t + k3 t^2 + d t^3 + e t^4L s^2 - -
c2 H2 + h1 + h2L H-1 + wL

2 H1 + h1L H1 + h2L
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In[24]:= SimplifyAIHdk2 �. 88b ® -1, k1 ® c0, k2 ® c2, k3 ® He0 - e2 + e4L � Hc0 - c2L^2,

d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,
e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<<L �.

9c0 ® w c2, t ® HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �

Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL,

s -> - c2 I-h1 h2 + h1 h3 + h2 h3 + h1 h2 h3 + H2 h1 h2 + 2 h3L w + H1 + h1 + h2 - h3L w2M

k � 82 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L H-1 + wL <=M �.

8k ®
, H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L<E

Out[24]= 880<<

As for k1''' :=

k1 + d t + 2 e t^2 + Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s + 2 Hb t + k3 t^2 + d t^3 + e t^4L s^2

We prove k1''' =
c2 Hh1 + h2 + 2 h1 h2L H-1 + wL

2 H1 + h1L H1 + h2L

Consider the difference

In[25]:= dk1 := k1 + d t + 2 e t^2 + Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s +

2 Hb t + k3 t^2 + d t^3 + e t^4L s^2 -
c2 Hh1 + h2 + 2 h1 h2L H-1 + wL

2 H1 + h1L H1 + h2L

In[26]:= SimplifyAIHdk1 �. 88b ® -1, k1 ® c0, k2 ® c2, k3 ® He0 - e2 + e4L � Hc0 - c2L^2,

d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,
e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<<L �.

9c0 ® w c2, t ® HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �

Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL,

s -> - c2 I-h1 h2 + h1 h3 + h2 h3 + h1 h2 h3 + H2 h1 h2 + 2 h3L w + H1 + h1 + h2 - h3L w2M

k � 82 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L H-1 + wL <=M �.

8k ®
, H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L<E

Out[26]= 880<<

As for a''' := e + Hd + 4 e tL s + Hk3 + 3 d t + 6 e t^2L s^2 +

Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s^3 + Hb t + k3 t^2 + d t^3 + e t^4L s^4

We prove a''' = -c2^3 Hu + v kL

w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 � I16 H1 + h1L2 H1 + h2L2 Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wLM

Consider the difference

In[27]:= da := e + Hd + 4 e tL s + Hk3 + 3 d t + 6 e t^2L s^2 + Hb + 2 k3 t + 3 d t^2 + 4 e t^3L s^3 +

Hb t + k3 t^2 + d t^3 + e t^4L s^4 - -c2^3 Hu + v kL w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

I16 H1 + h1L2 H1 + h2L2 Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wLM
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In[28]:= SimplifyAIHda �. 88b ® -1, k1 ® c0, k2 ® c2, k3 ® He0 - e2 + e4L � Hc0 - c2L^2,

d ® HHc0 + c2L e2 - 2 c2 e0 - 2 c0 e4L � Hc0 - c2L^2,
e ® Hc2^2 e0 - c0 c2 e2 + c0^2 e4L � Hc0 - c2L^2<<L �.

9c0 ® w c2, t ® HHw + h3L H1 + h1L H1 + h2L + Hw - 1L kL �

Hc2 HH1 + h1 + h2 - h3L w^2 + 2 Hh1 h2 + h3L w + h1 h3 + h2 h3 - h1 h2 + h1 h2 h3LL,

s -> - c2 I-h1 h2 + h1 h3 + h2 h3 + h1 h2 h3 + H2 h1 h2 + 2 h3L w + H1 + h1 + h2 - h3L w2M

k � 82 H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L H-1 + wL <=M �.

8k ®
, H1 + h1L H1 + h2L Hh1 - h3L Hh2 - h3L<E

Out[28]= 880<<

Therefore A := -k1''' � H2 e'''L is Hunder u ® U, v ® VL

In[29]:= SimplifyB -
c2 Hh1 + h2 + 2 h1 h2L H-1 + wL

2 H1 + h1L H1 + h2L
-c2 HU + V kL w +

h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

IHw - 1L^3 Hh1 - h2L2 Hh1 - h3L Hh2 - h3L H1 + h3LM � 2F

Out[29]= c22 Hh1 + h2 + 2 h1 h2L HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L2 H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wL2M

In[30]:= A0 := c22 Hh1 + h2 + 2 h1 h2L HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L2 H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wL2M

B := -k2''' � H2 e'''L is

In[31]:= SimplifyB- -
c2 H2 + h1 + h2L H-1 + wL

2 H1 + h1L H1 + h2L
-c2 HU + V kL w +

h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

IHw - 1L^3 Hh1 - h2L2 Hh1 - h3L Hh2 - h3L H1 + h3LM � 2F

Out[31]= - c22 H2 + h1 + h2L HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L2 H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wL2M

In[32]:= B0 := - c22 H2 + h1 + h2L HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L2 H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wL2M

C := -k3''' � H2 e'''L is

In[33]:= SimplifyB

-HHc2 Hh1 + h2 + 2 h1 h2 - 2 h3 - h1 h3 - h2 h3L H-1 + wLL � H2 H1 + h1L H1 + h2L H1 + h3LLL

-c2 HU + V kL w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

IHw - 1L^3 Hh1 - h2L2 Hh1 - h3L Hh2 - h3L H1 + h3LM � 2F

Out[33]= c22 Hh1 + h2 + 2 h1 h2 - 2 h3 - h1 h3 - h2 h3L HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L2 H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L2 H-1 + wL2M
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In[34]:= C0 := c22 Hh1 + h2 + 2 h1 h2 - 2 h3 - h1 h3 - h2 h3L HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L2 H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L2 H-1 + wL2M

D^2 := a''' � e''' is

In[35]:= SimplifyB -c2^3 HU + V kL w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

I16 H1 + h1L2 H1 + h2L2 Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wLM

-c2 HU + V kL w +
h1 h2 + h3 + k

1 + h1 + h2 - h3
^4 �

IHw - 1L^3 Hh1 - h2L2 Hh1 - h3L Hh2 - h3L H1 + h3LM F

Out[35]= c24 HU + k VL2
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

8

�

I16 H1 + h1L2 Hh1 - h2L2 H1 + h2L2 Hh1 - h3L2 Hh2 - h3L2 H1 + h3L2 H-1 + wL4M

Therefore D is

c22 HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wL2M

In[36]:= D0 := c22 HU + k VL
h1 h2 + h3 + k

1 + h1 + h2 - h3
+ w

4

�

I4 H1 + h1L Hh1 - h2L H1 + h2L Hh1 - h3L Hh2 - h3L H1 + h3L H-1 + wL2M

In[37]:= Simplify@B0 � A0D

Out[37]= -
2 + h1 + h2

h1 + h2 + 2 h1 h2

In[38]:= Simplify@C0 � A0D

Out[38]=
h1 + h2 + 2 h1 h2 - 2 h3 - h1 h3 - h2 h3

Hh1 + h2 + 2 h1 h2L H1 + h3L

In[39]:= Simplify@D0 � A0D

Out[39]=
h1 - h2

h1 + h2 + 2 h1 h2

Since A0 > 0, we have B0 < 0, D0 > 0. Further

In[40]:= Simplify@HA0 - C0L � A0D

Out[40]=
2 H1 + h1L H1 + h2L h3

Hh1 + h2 + 2 h1 h2L H1 + h3L

In[41]:= Simplify@HC0 - D0L � A0D

Out[41]=
2 H1 + h1L Hh2 - h3L

Hh1 + h2 + 2 h1 h2L H1 + h3L
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In[42]:= Simplify@H-B0 - D0L � A0D

Out[42]=
2 H1 + h2L

h1 + h2 + 2 h1 h2

Hence we have A0 > C0 > D0 > 0, -B0 > D0.

Further

In[43]:= Simplify@HA0 - C0L � HC0 - B0LD

Out[43]= h3

In[44]:= Simplify@HA0 - D0L � HD0 - B0LD

Out[44]= h2

In[45]:= Simplify@HA0 + D0L � H-B0 - D0LD

Out[45]= h1
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