Beforeapplyingthisfile, pleaseinitializeMthematicaprogram!
Propositionb5. 1.

= F1:=cOX"2+¢c2y"2+d0OX "3 +d1lx"2y +d2Xxy"2+
d3y"3+e0x"4+elx"3y+e2x”2y"r2+e3xy"r3+edyn4

nei= F2:=0g11x"2+0922y~2+9332z72+2931xz+20932yz+
2 (X"2+y"2+272) (b1x+b2y+ b3z)+a X "2+y"2+272)"2

nai= Coefficient [F2 /. {z »F1}, x*"2]1 /. {x->0, y >0}
oufz= g1l
n4i= Coefficient [F2 /. {z » F1}, y*"2] /. {Xx->0, y >0}
oufa= 922

ns= Coefficient [F2 /. {z » F1}, x*3] /. {x-0, y->0}
ours= 2b1l+2c0g31

ner= Coefficient [F2 /. {z »F1}, x*"2y] /. {(x-0, y->0}
1

Oout[6]= E (4 b2 +4 cO 932)

n7= Coefficient [F2 /. {z » F1l}, xy"2] /. {x->0, y-0}
1

out[7]= 5 (4bl+4c293l)

ne= Coefficient [F2 /. {z - F1}, y*3] /. {x-0, y->0}
ousl= 2 b2 +2¢29g32

nor= Coefficient [F2 /. {z »F1}, x*4]1 /. {(Xx->0, y >0}
ouo- a+2hb3c0+2d0g31l+c0?g33
o= Coefficient [F2 /. {z - F1}, x*"3y] /. {(x->0, y->0}

out[10]= % (12d1g31+12d0g32)

= Coefficient [F2 /. {z » F1}, x"2y~2] /. {x-0, y -0}
out[11)= % (8a+8b3c0+8b3c2+8d2g31+8d1g32+8c0c2g33)
2= Coefficient [F2 /. {z » F1}, xy”"3] /. {(x-0, y->0}
ou12)= % (12 d3 g31 + 12 d2 g32)

nzp= Coefficient [F2 /. {z »F1}, y*4]1 /. {(x->0, y >0}
ouiz- a+2b3c2+2d3g32+c22g33

1
= Sol ve[{do ==2bl+2c0g31, d2 == P (4bl+4c2 931)}, {931, bl}]
~do +d2 c2d0 - c0d2
out[14]= {{931 5 bl- ,7}}
2 (c0-c2) 2 (c0-c2)
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1
5= Sol ve[{dl === (4b2+4¢c0g32), d3==2b2+2c2 932}, {932, b2}]

2
-d1 +d3 c2dl-c0d3
out[15]= {{932 s b2 _—}}
2 (c0-c2) 2 (c0-c2)
elis
) ) 1 -d0 +d2 -dl +d3
6= Simpl i fy[— (12 d1 g31 + 12 d0 g32) /. {9314 — 09325 _—}]
6 2 (c0-c2) 2 (c0-c2)
d1d2 +d0 (-2d1+d3)
Oout[16]= -
c0-c2
e3dis
Sinplif [1 (12d3 31 +12d2 g32) /. {931 ~d0+d2 s ~d1+d3 1
Inf17]:= Ol | - + . - -— > _—
W Y 9 9 9 2 (c0-c2) O 2 (cO-c2)

dl1d2 +d0d3-2d2d3
cO0-c2

Out[17]=

nis- Sol ve [{eo ==a+2b3c0+2d0 g3l +c02 g33,

1
e2 ==:1 (8a+8hb3c0+8b3c2+8d2931+8d1g32+8c0c2g33),

e4 ==a+2b3c2+2d3g32+c22933} /.

-d0 +d2 -d1 +d3
{9314 — g32- -—}, {933, b3, a}]
2 (c0-c2) 2 (c0-c2)
1
out[18]= {{933 5> ——
(c0-c2)8

(d0?-d1?-2d0d2 +d2? +2d1d3-d3*-cOed+c2e0+cOe2-c2e2-cOed+c2ed),
1
b3 5 -————— (-2¢2d0%+c0d1%+c2d1%®+c0d0d2 +3¢c2d0d2 -
2 (c0-c2)8
c0d2?-c2d2?-3c0d1d3-c2d1d3+2c0d3?+2c0c2e0-
2c2°e0-c0”e2+c2”°e2+2c0%e4-2c0c2ed),

1
a-»-——————(c2?d0*-c0c2d1”-c0c2d0d2-c2°d0d2+c0c2d2”+c0®dld3+
(c0-c2)3
c0c2dld3-c0?2d32-c0c2?2e0+c2%e0+c0®c2e2-c0c22e2-c0%ed+c0%c2 e4)}}

Propositionb5. 2.

npop= PLT_] :=-d0%+ (-4c0*+4c0%c2-6d0*+d1”+2d0d2+4c0e0-4c2e0) T?+
(-8d0d1+4d1d2+4d0d3+4cO0el-4c2el) T+
(-12¢0%c2+12¢0%c2?-5d0?-2d1%-4d0d2+3d2°+6d1d3+4cOe0-4c2e0 +
4c0e2-4c2e2) T*+(-8d0d1+8d2d3+4cO0el-4c2el+4cO0e3-4c2e3) T+
(-12c0%c2?+12c0¢2°-3d1°-6d0d2+2d2*+4d1d3+5d3°+4c0e2-4c2e2+
4cOed4-4c2e4) T°+ (-4d1d2-4d0d3+8d2d3+4c0e3-4c2e3) T +
(-4c0c2®+4c2*-d2°-2d1d3+6d3°+4cOed-4c2ed) T? +d3* T
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nrzop= Col | ect [P[t] /. {el-» (2d0dl-d1d2-d0d3) / (cO0-c2),
e3 ->(2d2d3-d1d2-d0d3) 7/ (c2-c0)}, t, Sinplify]

oupo- -d0? + (-4 ¢0*+4¢c0%c2-6d0*+d1?+2d0d2+4c0e0-4c2e0)t?
(-12¢0%c2+12¢c0%c2®-5d0*-2d1%-4d0d2 +
3d22+6d1d3-4c2e0-4c2e2+4c0 (e0+e2))t4+
(-12¢0%c2®-3d1%-6d0d2+2d2°+4d1d3+5d3*-4c2e2 -
4c2e4+4c0 (3c2°+e2+e4))t"
(-4c0c2®+4c2"-d2*-2d1d3+6d3*+4cO0ed-4c2ed)t®+d3?t10
Exanpl e 5. 3.
nei= Solve[ (X2 +y"r2+2z72)"2-2ax"2-2by”r2-2¢cz"2+d"2 =0, z]
outi21}= {{Ze—\/<C—X2—y2—\/(C2—d2+2aX -2cx?+2by?-2cy?))},
(c-xz—yz—\/(cz—d2+2ax -2cx®+2by?-2cy?))},
-/ (c-x?-y?+y/(c?-d*+2ax®-2cx?+2by*-2cy?))},
>/ (c-x?-y?+q/(c?-d*+2ax?-2cx*+2by*-2cy?))}

In[22):= Series[\/1+2t . {t, 0, 2}]

t2
ouzzl= 1 +t —? +O[t 3

In[23]:= Series[‘\l1+t , {t, 0, 2}]

oues= 1 +— - — + O[t }3

nap= F3[X_, Y_1:=824/(C-x"2-y"2+s1L~/(1+1/L"2 (2 (a-c)x"2+2 (b-c)y"2)))
cOis
nesi= Siompli fy[DIF3[X, y1, {X, 2}1/2 /. {x >0, y>0}]
(L+ (-a+c)sl)s2
2LVc+Lsl

Out[25]= —

c2is
neel= Sinmpl i fy[D[F3[X, y1, {y, 2}1/2/. {x->0, y->0}]
(L+ (-b+c)sl)s2

Out[26]= -
2LVc+Lsl

cO0O-c2is

) ) (L+ (-a+c)sl)s2 (L+ (-b+c)sl)s2
n27= Si rrpl|fy[- _ |- ]

2LVc+Ls1 2LVc+Ls1

(a-b)sls2
oue7 ————

2L+Vc+Lsl

elis
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nee= Siompli fy[DIF3[X, y1, {X, 4}1/24 /. {x-0, y->0, sl-1}]

ouzel= ((-2 (@a-¢)? (c+L) -L (-a+c+L)?)s2) /(8L% (c+L)%?)

neor= Sionmpl i fy [DIF3[x, y1, {X, 4}1/24 /. {x->0, y->0, sl--1}]
(2(@a-c)?2 (c-L)-L(a-c+L)?)s2

Out[29]=
8 (c-L)3%2L3

e2is
nop= Siompli fy[DID[F3[X, y1, {X, 2}1/4, {y, 2}1/. {x-»0, y->0, s1-1}]
1

— (a(2bc-2¢*+3bL-3cL-L?) +(c+L) (2c?+cL+L*-b (2c+L))) s2
418 (c+L)

outf3ol= -
nzi= Sionpli fy [DIDIF3[X, y1, {X, 2}1/4, {y, 2}1 /. {x->0, y->0, sl-»-1}]
om[al]:;<a (2bc-2¢*-3bL+3cL-L%) +(c-L) (2¢c®-cL+L?+b (-2c+L))) s2
4 (c-L)%23
niz21- Expand[-2 (a-c) (b-c) (c+L)-L (a-c-L) (b-c-L)+
(a(2bc-2¢*+3bL-3cL-L?) +(c+L) (2c®+cL+L?-b (2c+L)))]
outzzl= 0
edis
nza= Sinpli fy[DIF3[X, y1, {y, 4}1/24/. {x-0, y->0, s1-1}]
oups- ((-2 (b-¢)? (c+L) -L (-b+c+L)?)s2) /(8L% (c+L)%?)
4= Sionpli fy[DIF3[X, Y1, {Y, 4}1/24 /. {x-0, y->0, sl--1}]

2(b-c)?(c-L)-L (b-c+L)?)s2

Out[34]=
8 (C_L)3/2L3
s- Q[t ] := (t72+1) (e0+€2t"2+e4t"4) - (cO+Cc2tN2)"3 /.

(L+ (-a+c)sl)s2 (L+ (-b+c)sl)s2

{CO -> - , C2 => - )

2LVc+Ls1 2L+Vc+Lsl

e0 -> ((-2sl1 (a-c)? (c+Lsl) -L (-a+c+Ls1)?)s2)/(8L% (c+Ls1)%?), e2->

1

(-2sl1 (a-c) (b-c) (c+sllL)-L(a-c-Lsl) (b-c-Lsl1))s2,
418 (c+Ls1)3?
e4 -> ((-2s1 (b-c)? (c+Lsl) -L (-b+c+Ls1)?)s2)/(8L° (C+le)3/2)}

nasi- Fact or [Q[t] /. {3141, s2-51, Lovch2-dr2 }]

oupsr ((-a+c-bt?.ct?) (a-d-bt?-dt?) (a+d+bt2+dt?)) /

8 (cz—d2)3/2 (c+\/ﬁ]3/2]
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na7- Fact or [Q[t] /. {514-1, s251, L>ch2-dr2 }]
out[37]= —((—a+C—bt2+Ct2) (a—d+bt2—dt2) (a+d+bt2+dt2>>/

3/2
8 (czfd2)3/2 [cf czfdz] }

nzei- Fact or [Q[t] /. {s1->1, s25-1, Locr2-dr2 }]

out[38]= —((—a+c-bt2+ct2) (a—d+bt2—dt2) (a+d+bt2+dt2>>/
3/2

8(c27d2)3/2[c+\/c27d2) }

nzop- Fact or [Q[t] /. {sl—»-l, s25-1, Locr2-dr2 }]

out[39]= ((—a+c-bt2+ct2) (a—d+bt2—dt2) (a+d+bt2+dt2))/
3/2
8(c27d2)3/2(c7\/c27d2) ]

Pr oof of Theorem2. 10.

maoj= NT: = -5 RTKTA2 ET1 (RTDT-2 (bT+a) CTA2) +DTA3RTB1+2DT*"2DT1RT 2 B2 -
DTA2 RTA2KT ((3d3T+d2) (5RT- (b"2+1) TA2) + (d1T+3d0) (b"2+1)) +
DT"2B3+2 (bT+a) DTDTLRTCTB4+10 (b T+a) DTDT2 RTA2 KT CTA2 +
DTB5-4 (b T+a) DTLRTKTCTA3 (5 (b T+a) CTL+2Db CT) +
4 (bT+a) CTA4KT (3d0B6+d1 B7 +d2B8-3d3TBY) +4CT"4B10

nai- Bl:= KT (42 (b2 +1) RT-20 (a”2+b"2+1)) -
4C2RT (3abRT-2 (a"2+b"2+1-a72b”2) T+2ab (a”2+1)) +
2 (b"2+1)ClRT (3RT+4abT+4ar2+4) -4 (b"2+1) RTRTLcO

n42p= B2:=-(4 (b"2+1) T+5ab) KT- ((b*"2+1) T"2+a”2+1) KT1 +
4 (@*2+1) (b"2+1)CT-2 ((a”2+1)c2+ (b"2+1) cO) RT

n43p= B3:=KT"2 (-4aRTCT1+12 (b"2+1) (bT+a) TCT +

8ab (bT+a)CT+12bRTCT+2bRT (2c0+cl1T)) +

KTKT1 (4abT(bT+a)CT-12 (bT+a) RTCT+bTRT (2c0+cl1lT) +aTRTCT1) +

KT (-4a (b"2+6) RTCT"2- (18 (b"2+1) T(bT+a)+16ab (bT+a)-4b (a”"2+1))
RTCTCT1+8 (a2 +1) (b"2+1) (bT+a) CT "2 -
8(bT+a) ((a"2+1)c2+ (b"2+1)cO)RTCT+4abT (bcl-2ac2) RTCT+
4a (b”r"2+1) (2cO0+clT)RTCT-2ac2 (2cO0+clT)RT*"2-2bcOCT1RT 2 -
12 (b"2+1) (bT+a) TRTACT*"2-8ab (bT+a) RT1CT*"2-4 (bT+a) RTRT1CTCTL +
AbRTRT1CT"2-4 (bT+a) RT"2CT17r2-8c2 (bT+a) RT"2CT+4bRT*2CTCT1) -

2(bT+a)KTLICT (2abTRT1ICT+5RT1RTCT +6 RT*2 CT1) -

4 (bT+a) KTI2RTCT*2 (RT+abT) -

8 (a"2+1) (b"2+1) (bT+a) RTICT"3 +

8 (bT+a) ((a”2+1)c2+ (b"2+1)c0) RTRTLCT 2 -

8 (a"2+1) (b"2+1) (bT+a) RTCT"2CT1

naa- B4:=2 (3 (b"2+1) T+5ab) KTCT+5RTKTCT1+2 ((b"2+1) TA2+a”2+1) KT1CT -
8 (a”2+1) (b"2+1) CTA2+4RTCT ((a?2+1) c2+ (b”"2+1) cO)
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nasp= B5: =9 CTA"2KTA3 +KT*"2CT*"2 (6RT1ICT+4RTCT1+8b (bT+a) CT-8 (bT+a)"2CT1) -

8 (bT+a)"2KTKT1CT 3+

KTCT"2 (-8 (bT+a) (bcl-2ac2) RTCT-8b (bT+a) RTCTLICT+8b"2RTCT"2 -
4b (bT+a) RTCTCT1-48 (bT+a)"2CT ((a”"2-1)c2+ (b"2+1) cO) +
24acl (bT+a) RT1CT-48 (bT+a) CT (2a (c2-c0) -bcl) +
12 (bT+a)?"2RTCT1"2-8b (bT+a) RT1CT"2+8 (bT+a)"2RT1CTCT1 +
16c2 (bT+a)"2RTCT-8b (bT+a) RTCTCT1) +

8 (bT+a)"2KT1CT*"3 (RT1ICT+3RTCT1) +8 (bT+a)"2RTCT*"4KT2 -

16b (bT+a) RTCT*"4 ((a”"2-1) c2+ (b”"2+1) c0) -

32 (bT+a)"2RTCT*"3CT1 ((a”"2-1)c2+ (b"2+1)cO) +

16a (bT+a) RTRT1c1CTI*"3CT1l+4abRTRT1cl1CT" "4 +

8a (b"2+1) (bT+a) RTcl1CTI*"4-8bRTCT"4 (2a (c2-c0) -bcl) -

32 (bT+a) RTCT"3CT1 (2a (c2-c0) -bcl)

ne= B6:=-(b”"2+1) (bT+a) +2a

nan= B7 = = (b”"2+1) T (bT+a) +aRTL+2 (aT+b)

ns= B8 :=-(a”"2-3) (bT+a)+aTRT1l-4a-4 (bT+a) RT
naop= B9 = (a”"2-1) (bT+a)+2a+4 (bT+a) RT

nsop= B10: =KT*2 (2bCT-4 (bT+a) CTl) -2 (b T+a) CTKTKT1 +

KT (aRT1cl1CT-4 (bT+a)CT ((a”"2-1)c2+ (b”"2+1)c0)-4a (c2-c0) CT+
2bclCT-2a (bT+a)?2c2 (2c0+clT)-2b (bT+a)?*2c0CT1+
2ab(bT+a)clClr+a(bT+a)?2clCTl+(1/2) (bT+a) RTlcl (2cO0+clT) -
2((bT+a) (c2-c0) (2cO0+clT)+ (bT+a)clCTl) +

8b(bT+a)”r2 ((a”"2-1)c2+ (b"2+1)c0) CT"2 +

16 (b T+a)*"3CTCT1 ((a”"2-1)c2+ (b"2+1)cO) -

8a(bT+a)?"2RT1cl1CICIl1-2ab (bT+a) RT1cl1CT*2-

4a (b"2+1) (bT+a)”2clCi*"2+4b (bT+a) CT"2 (2a (c2-c0) -bcl) +

16 (b T+a)”2CTCT1 (2a (c2-c0) -bcl)

1= ATl = (- (T"2+1)M2ET1+2TCT*2 (2CT+c0-c2)} (AET-TET1) +
4cO0CT2 {((T"2+1) ET1-4c2TCT*2}

ns2p- AT2 = ET1 {-(TA2+1)A2ET1+2TCI"2 (2CT+c0-C2)} +
4C2TCT 2 {(TA2+1) ETL-4c2TCT"2)}

3= NTR: =20 (c0-c2)7"2T"2 (AT1x +AT2Yy)

4= M:= {{NT -NTR /. {KT -> RT1 CT - RT CT1,
KTl ->2 (b"2+1) CT-2Cc2RT, KT2 ->2 (b"2+1) CT1-2Cc2RT1}} /.
{RT -> (b"2+1) T"2+2abT+a”2+1, RT1->2 (b”"2+1)T+2ahb,
RT2 ->2 (b”"2+1), CT->c0 +c1 T+ c2T"2, CT1->¢c1+2c2T, CI2 ->2c2,
DT ->d0+d1T+d2T"2+d3T"3, DT1 ->d1+2Td2+3d3T"2, DI2 ->2d2 +6d3T,
ET1-el+2e2T+3e3T"2+4e4T"3, ET»>e0+e1T+e2T"2+e3T"3+e4T"4}} /.
{a-2c0x, b-2c2y, c1-0, d0O-4e0x+ely, dl-3elx+2e2y,
d2 ->2e2x+3e3y, d3-e3x+4edy}

nssi= Simplify[M/., (x>0, y->0}]

ourssl= {{{0}}}

nisel= Sinmplify[Coefficient [M x, 11 /. {y - 0}]
oursel= {{{0}}}

ns7= Sinplify[Coefficient [M y, 11 /. {Xx - 0}]
ours7= {{{0}}}
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For AT = AT1/ (2 (cO-c2))
nss;= g0 =e0-c0™3
nEo= ql i =el
neoj= 2 : =e2+e0-3c0”2c2
ne1= g3 :=e3 +el
ne2)= g4 1 =e4+e2-3c0c2”"2
ne3= g5 : = e3
ne4)= 6 : = e4-c2”3

nesi= ga0l : =-ql/q0
neel= gall:=-q92/q0
ne71= ga2l:=-q9q3/q0
nes= ga3l:=-q94/q0
o= gad4l :=-95/q0
nop= gabl:=-q96/q0
7= gao2 : =

-(0l+09241+09317"2+944173+0951"4+q641”5) / (g0-92+094-96 + (g1l -0g3 +Q5) 1)
02+031+041i"2+051"3+096 41”4

In[72]:= ga12 L=
g0-92+94-06+(gl-9g3+q5) 1
g3+094i1+9g5472+q641"3
n7ear= ga22 1= -
g0-92+94-9g6+ (ql-93+Q5) 1
4 51 6172
inf741= ga32 : = - Sl
q0-92+94-96+ (q1-93+05) 1
5+061
In[75]:= ga42 L= - d d
q0-92+94-96+ (q1-93+095) 1
6
In[76]:= ga52 L= = d
q0-92+94-96+ (q1-93+095) 1
n77):= gai3d : =

-(01-0921+9q31"2-0441"3+09541"4-961"5)/(q0-92+94-96- (g1l -0g3 +05) 1)
02-0q31+041"2-0g514"3+096 414

7= gal3d : =
g0-92+94-06-(gl-9g3+qg5) 1
g3-944i1+9g5472-q6 41”3
n79p= ga23 1= -
g0-92+94-96-(gql-9g3+Qg5) 1
4-09541+096 472
ingo)= ga33: = - a a a
q0-92+94-96-(q1l-93+095) 1
5-0q61
In[81]:= ga43 L= d d

_qO—q2+q4—q6—(q1—q3+q5)i
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q6
g0-92+94-96-(gql-93+Qq5) 1

ng3= AL = (AT1 /. {CT ->c0 + ¢c2T"2,
ETl1-5el1+2e2T+3e3T"2+4e4T"3, ET->e0+elT+e2T"2+e3T"3+e4T"4})

ins2)= gab3: = -

4= A2 1= (AT2 /. {CT ->c0 + c2T"2,
ETl1>el+2e2T+3e3T"2+4e4T"3, ET>e0+elT+e2T"2+e3T"3+ed4T"4})

mes- b1l := (AL /. {T=0}) /(2 (cO-c2))

nesi- b12 1= = (AL /. {T - 4}) / (4 (cO-c2))

ne7= b13 == (Al /. {T>-4}) / (4 (c0-c2))

mes- b21 1= (A2 /. {T=0}) /(2 (cO-c2))

ngo= b22 1= - (A2 /. {T>1}) / (4 (c0-c2))

noj= b23 = - (A2 /. {T>-4}) / (4 (c0-c2))

nor- BTl:= (AL /. {T->1t})/(2(c0-c2)t (t7"2+1))-bll/t -b12/ (t -1) -b13/ (t +1)
nozj= BT2:= (A2 /. {T>t})/(2(c0-c2)t (t"2+1))-b21/t -b22/ (t -1) -b23/ (t +1)

3= Cancel [Sinplify[BT1]]
1
{ 2 (c0-c2)

(-64 c0* c2? + 96 c0° c2° - 64 c0? c2* + 16 cO c2® + 64 c0*c2 €0 - 72 c0 c2” e0 + 24 c2° €0 -
3e1?2+20c0%e2-36c0%c2e2+36c0c22e2-12c2%e2-8e0e2+56c0%c2elt -
54c0c2?elt +18c2%elt -4e0elt -8ele2t +18c0®e3t -18c0%c2e3t +
18 c0c2?2e3t -6c2%e3t -12e0e3t -96c0°c23t?+64c0?c2t?-16c0c2°t2?+
56c0c2?2e0t?-24c2%e0t?-3e1?t?+48c0%c2e2t?-36c0c22e2t?2+12c2%e2t?-
8el0e2t?-4e22t2-10ele3t?+16c0%°ed4t?-16e0ed4t?+46c0c22elt?-
18c2%elt®-8ele2t®+40c0?c2e3t3-18c0c22e3t3+6c2%e3t3-12e0e3t3-
8e2e3t3-12eled4t®-64c0?c2*t*+16c0c2°t*+16c22e0t*+36c0c2%2e2t*-
12c2%e2t*-4e2?t*-10ele3t*-3e3%t*+32c0%c2ed4t*-16e0edt?-8e2edt?+
12c2%el1t®+26c0c22e3t%-6c2%e3t5-8e2e3t°-12eled4t®-4e3e4t5-
1600025t6+8c23e2t6—3e32t6+1600022e4t6—8e2e4t6+4c23e3t7—4e3e4tw}

out[93]=
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4= Reml : = Pol ynoni al Rerai nder [

—————— (-64c0%c2%+96 c0® c2® - 64 c0? c2* + 16 0 ¢c2° + 64 c0? c2 €0 -

2 (c0-c2)
72c0c22e0+24c22e0-3e12+20c0%e2-36c0%c2e2+36c0c22e2-
12c2%e2-8e0e2+56c02c2elt -54c0c2%elt +18c2%elt -4el0elt -
8ele2t +18c0%e3t -18c0%c2e3t +18c0c22e3t -6c2°e3t -12e0e3t -
96c0%c2%t2+64c0%2c2*t?-16¢c0c2°t2+56c0c2?2e0t?2-24c2%e0t?-
3e1%t?+48c0%c2e2t?2-36c0c2%2e2t?+12c2%e2t?-8e0e2t?-4e2%t2-
10ele3t?+16c0%ed4t?-16e0ed4t?+46c0c2?elt®-18c2%elt®-8ele2t3+
40c0%c2e3t3-18c0c2?e3t3+6c2%e3t%-12e0e3t%-8e2e3t3-12eledt3-
64c0%c2*t*+16c0c2°t*+16c2%e0t*+36c0c2?e2t*-12c2%e2t*-4e2%t%-
10ele3t*-3e3?t*+32c0%c2ed4t*-16e0ed4t*-8e2ed4t*+12c2%elt®+
26c0c22e3t°-6c2%e3t®-8e2e3t°-12eled4t5-4e3e4t°-16c0c25t%+
8c2%e2t®-3e3°t%+16c0c2?°e4t®-8e2e4t®+4c2%°e3t’-4e3e4t’),

q0+qlt +g2t"*2+93t"*"3+94t"*4+95t"*5+961t "6, t]
ThereforegOis
ins= Si nmpli fy[Coefficient [Renl, t, 0] +bl11 ga0l +b12 gal02 +b13 gad3]
ous)= { (c2® (24 e0® +e1? -12e0e2) +e0 e3”-24c0?c2e0 (c2°-e4) -24e0’ed -el’ed +
12e0e2e4 +c0® (12c2°e2-e3%-12e2e4)) /(2 (cO-c2) (c2°-e4))}
noe= g0 1 = {(c2® (24 €0? +el”?-12e0 e2) +e0e3” -24c0?c2e0 (c2°-e4) -24e0”e4-el’ed +
12e0e2e4+c0® (12c2%e2-e3°-12e2e4)) / (2 (cO-c2) (c2°-e4))}
glis
7= Sinmpl i fy[Coefficient [Renl, t, 1] +bl1lgall +bl2gal2+bl3gal3]
oupr- {(ele3?+2c¢2® (21e0el-4ele2-7e0e3) -26c0°c2el (c2°-e4) +14c0°e3 (c2°-e4) -
42e0eled +8ele2ed +14e0eled) /(2 (cO-c2) (c2°-e4))}
nosp= g1 0= {(e1e3*+2c2% (21e0el-4ele2-7e0e3) -26c0”c2el (c2®-e4) +
14c0%e3 (c2°-e4) -42e0eled+8ele2ed+14e0e3ed) /(2 (cO-c2) (c2°-e4))}
g2is
o= Sinmpli fy[Coefficient [Renl, t, 2] +bl1 ga2l +bl1l2 ga22 +b13 ga23]

ouel- { (e0e3% +e2e3?-32c0c2”e0 (c2°-e4) -19el’e4-24e0e2e4+8e2°e4+8ele3ed+
16 c0® (c2°-e4) e4 +16e0e4® +c2® (19el®+24e0e2-8e2°-8ele3 -16e0ed) +
c0®c2 (8c2°e2-3e3°-8e2e4)) /(2 (cO-c2) (c2°-e4))}

inf1oo}= g2 : =
{(e0e3*+e2e3°-32c0c2%e0 (c2°-e4) -19el’e4-24e0e2e4+8e2”°ed4+8eleled+

16 c0® (c2°-e4) e4+16e0e4? +c2° (19el”°+24e0e2-8e2°-8ele3-16e0e4) +
c0®c2 (8c2°e2-3e3”°-8e2e4)) /(2 (cO-c2) (c2°-e4))}

g3is
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n[101]:=

Sinplify[Coefficient [Reml, t, 3] +bllga3l+bl2ga32+bl3ga33]

oupo- {(ele3®+e3%-36c0c2?el (c2°-ed) +

n[102]:=

In[103]:=

12c0%c2e3 (c2®-e4) -22ele2ed -16e0e3ed+14e2e3e4 +8eled® +
2¢2° (11ele2+8e0e3-7e2e3-4eled)) /(2 (cO-c2) (c2°-ed))]}

g3:={(ele3*+e3%-36c0c2’el (c2°-e4) +
12c0?c2e3 (c2°-e4) -22ele2e4-16e0e3ed+14e2e3e4+8eled’+
2c2® (11ele2+8e0e3-7e2e3-4eled)) /(2 (cO-c2) (c2®-e4))}

gdis
Sinmplify[Coefficient [Reml, t, 4] +bllgad4l +bl2gad42 +bl3 gad3]

ouoz= {(-8c2°e0-4c0c2%e2+16c0?c2* e4 -4e2”e4 - 16 cO’ c2ed” -

In[104]:=

n[105]:=

out[105]=

In[106]:=

In[107]:=

Oout[107]=

2e4 (8ele3-3e3°+4e0ed) +c2® (4e2”°+16ele3-5e3°+16e0ed -12e2¢e4) +
c0c2® (-3e3”*+4e2e4) +e2 (e3%+12e4?)) /(2 (cO-c2) (c2°-ed))}

g4 :={(-8c2%°e0-4c0c2°e2+16c0°c2"ed -4e2%e4-16c0°c2ed” -
2e4 (Bele3-3e3”°+4e0ed) +c2® (4e2°+16ele3-5e3°+16e0ed-12e2e4) +
c0c2® (-3e3%°+4e2e4) +e2 (e3°+12e4%)) /(2 (cO-c2) (c2®-e4))}

g5is
Simplify[Coefficient [Renl, t, 5] +bl1 gabl1+bl12ga52 +bl3 ga53]

{(-10c2°el1-2c0c2°e3+e3%+2c0c2’°e3e4-4e2e3e4-10eled’ +
6e3ed”+c2° (4e2e3+20eled-6e3e4)) /(2 (cO-c2) (c2°-e4))}

95:={(-10c2°e1-2c0c2°e3+e3%+2c0c2’°e3e4-4e2e3e4-10eled®+
6e3e4”+c2’ (4e2e3+20ele4-6e3ed)) /(2 (cO-c2) (c2®-ed))}

Cancel [Sinplify[BT2]]
1
{2 (c0-c2)
(20c0%c2el-18c0c2’el+6c2°el-4ele2+18c0°e3-54c0”°c2e3+54c0c2”e3 -

18c2%e3-64c0%c23t +96c0?c2*t -64c0c2°t +16c2°%t —el1?t +40c0?c2e2t -
36c0c2?e2t +12c2%e2t -4e2?t —6ele3t +24c0%edt -72c0%c2e4dt +
72c0c2?e4t -24c2%e4t +22c0c2?elt?-6c2%elt?-4ele2t?2+60c0%c2e3t?-
54c0c2?e3t?+18c2%e3t?-12e2e3t?2-8eledt?-96c0%2c2*t3+
64c0c2°t3-16c2°t3+44c0c2?e2t®-12c2%e2t3-4e22t%-6el1e3ts-
9e32t3:80c0%c2e4t3-72c0c2?ed4t®+24c2%e4t®-16e2e4t3+8c2%elt?+
66c0c2?e3t*-18c2%e3t*-12e2e3t*-8eledt?-24e3e4t*-64c0c2°t%+
16c2%t%+16c2%e2t®-9e3%2t%+88c0c2%2e4t®-24c2%e4t®-16e2e4t5-
16e42t5+24023e3t6—2463e4t6—16026t7+32023e4t7—16e42tﬂ}
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ini1os;= Ren® : = Pol ynoni al Rerai nder[
————— (20c0*c2el-18c0c2’°el+6c2°el-4ele2+18c0%e3-54c0°c2e3+
2 (c0-c2)
54c0c22e3-18c2%e3-64c0%c23t +96c0%2c2*t -64c0c2%t +16c25t -el?t +
40c0%c2e2t -36c0c2%e2t +12c2%e2t -4e2?t -6ele3t +24c0%e4t -
72c0%c2edt +72c0c2%edt -24c2%e4t +22c0c2?elt?-6c2%elt?-
4ele2t?+60c0%?c2e3t?2-54c0c2?e3t2+18c2%e3t?-12e2e3t°-8eledt?-
96 c0%c2*t3+64c0c2°t3-16c25t%+44c0c2?e2t®-12c2%e2t3-4e2%2t3-
6ele3t®-9e32t3+80c0%c2e4t3-72c0c2?ed4t3+24c2%ed4t®-16e2e4t3+
8c2%elt*+66c0c2?2e3t*-18c2%e3t*-12e2e3t*-8eledt*-24e3e4t*-
64c0c25t5+16c2%t%+16c2%e2t®-9e32t°+88c0c2%2e4t®-24c2%e4t®-
16e2e4t>-16e4°t°+24c2%e3t%-24e3e4t°-16c2°t"+32c2%e4t’ -16e4%t’),

qO+qlt +02t~2+q3t"3+04t~4+q5t~5+061t"6, t]
ThereforehOis
iniroor= Sinpl i fy[Coefficient [RenR, t, 0] +b21 gal0l +b22 ga02 + b23 gal3]
ouos- { (2¢0°c2el-2c0’°c2e0el-el®+4e0ele2+10c0%e3+
e0® (-6el+10e3) +c0® (6edel-4ele2-20e0e3)) /(2 (cO-c2) (c0®-e0))}
mpiop= h0 i = {(2c0°c2el-2c0?c2e0el-el®+4e0ele2+10c0%e3+
e0% (-6el+10e3) +c0® (6e0el-4ele2-20e0e3)) /(2 (cO-c2) (c0®-e0))}
hlis
naai= Sionpli fy[Coefficient [Ren2, t, 1] +b21 gall +b22 gal2 +b23 gal3]

oupiz- {(-16 c0* c2? €0 + 16 c0 c2? e0? +4c0°c2e2 -el®e2 +c0’c2 (3el”-4e0e2) +
e0 (-6el*+4e2”+16ele3) +8c0%ed +e0” (-12e2+8ed) +
c0® (5el®+12e0e2-4e2°-16ele3-16e0ed)) /(2 (cO-c2) (c0®-e0))}

2= hl = {(-16c0%c2”e0+ 16 c0c2? e0? +4c0°c2e2 -el?e2+c0?c2 (3el’-4e0e2) +
e0 (-6el”+4e2”°+16ele3) +8c0%ed +e0” (-12e2+8e4) +
c0® (5el”+12e0e2-4e2”°-16ele3-16e0e4)) / (2 (cO-c2) (c0®-e0))}
h2is
niisp= Sionpl i fy[Coefficient [RenR, t, 2] +b21 ga2l +b22 ga22 + b23 ga23]

oupia= {-(12¢0*c2?el-12c0c2’e0el +el1®-36c0°c2e3 +

36c02c2e0e3+el1?2e3+2e0 (4e0-11e2)e3+2e0el (7e2-8e4d) -
2¢0° (7ele2+4e0e3-11e2e3-8eled)) /(2 (cO-c2) (c0®-e0))}

npa= h2 1= {-(12¢c0*c2?el-12c0c2’e0el +el®-36c0°c2e3 +

36c0%c2e0e3+el?e3+2e0 (4e0-11e2)e3+2e0el (7e2-8e4) -
2c0% (7Tele2+4e0e3-11e2e3-8eled)) /(2 (cO-c2) (c0®-e0))}

h3is
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nisp= Sionmpli fy[Coefficient [Ren2, t, 3] +b21 ga31 +b22 ga32 +b23 ga33]

ouis- { (16 c2®e0%-8c0*c2?e2-el’e2-8e0e2” +c0c2® (3el®+8e0e2) -8eleleld+

19e0e3?+32c0°c2e4-32c0%°c2e0es-16€e0°e4 -el?ed +24e0e2e4d +c0®
(-16c2°e0+8e2°+8ele3-19e3°+16e0ed -24e2e4)) /(2 (cO-c2) (c0®-e0))}

npiep= h3 1= {(16 c2® e0?-8c0c2? e2-el?e2-8e0e2”+c0c2” (3el”+8e0e2) -8edeleld+

19e0e3”+32c0°c2e4-32c0°c2e0e4-16e0°ed-el’e4 +24e0e2e4 +
c0® (-16c2°e0+8e2”+8ele3-19e3°+16e0e4-24e2e4)) / (2

(c0-c2) (c0®-e0))}
hdis
nui7i= Sionpli fy[Coefficient [RenR2, t, 4] +b21 gad4l + b22 gad2 + b23 ga43]

oupir- {-(-14c2®e0el -26c0%c2”e3+26c0c2’°e0e3 +el’e3+8e0e2e3+14e0eled -
42e0e3e4+2c0® (7c2®el-4e2e3-7eled+21e3e4)) /(2 (cO-c2) (c0®-e0))}

ntigr= h4 :
{- (—14 c2%e0el-26c0%c2?2e3+26c0c2?e0e3+el?e3+8e0e2e3+14e0eled-42e0

e3e4+2c0° (7c2®el-4e2e3-7eled+21e3ed)) /(2 (cO-c2) (c0®-e0))}
h5is

nep= Sionpli fy[Coefficient [Ren2, t, 5] +b21 ga51 +b22 ga52 + b23 ga53]

ouiol- { (c2° (1% +12 (-c0® +e0) e2) +e0e3? +24c0c2® (cO®-e0) e4-el’ed -12e0e2ed +
24 e0e4? -c0° (e3”-12e2e4 +24e4%)) /(2 (cO-c2) (c0®-e0))}

nizop= h5 i = {(c2® (1% +12 (-c0° +e0) e2) +e0e3?+24c0c2” (c0®-e0) e4 -el’e4 -
12e0e2e4 +24e0e4”-c0® (e3°-12e2e4+24e4%)) / (2 (cO-c2) (c0®-e0))}

mey= f1:=2 (c0-c2) (c0”3-e0) (c2*3-e4) (5h0-gl)

npezp= f2:=2 (c0-c2) (cO"3-e0) (c223-e4) (2hl-g2)

me3= £3:=2 (c0-c2) (c0"3-e0) (c2"3-e4) (h2-g3)

4= f4: =2 (c0-c2) (c0”3-e0) (c2"3-e4) (h3-2g4)

npesi= f5:=2 (c0-c2) (c0Or"3-e0) (c2”"3 -e4) (h4 -5¢g5)

ni2ei= Col l ect [f1, {el, e3}, Sinplify]
out[126]= {el ((-c0®+e0) e3?+12 (c0®-e0) (3c0?c2-e0-e2) (c2°-ed)) +

36 (c0°-e0)” e3 (c2°-e4) +e1® (-5c2°+ 5 e4) }

n27= Col I ect [f2, {el, e3}, Sinplify]
oupzr= { (c0®-e0) (3¢c0®c2-e0-e2) e3”-

el” (9¢c0®-6c0°c2-7e0+2e2) (c2®-ed) -24 (cO®-e0) ele3 (c2°-e4)}
nies;= Col | ect [f3, {el, e3}, Sinplify]

oupzs- { (-¢0®+e0) e3%+el ((-c0®+e0) e3?+8 (c0®-e0) (c2®-ed) (3cOc2®-e2-ed)) +
8 (c0®-e0) (3c0?c2-e0-e2)e3 (c2°-e4)+el® (-c2°+ed) +el®e3 (-c2°+e4)]
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9= Col | ect [f4, {el, e3}, Sinplify]
oupzo- {-24 (c0®-e0) eled (c2°-e4) +
el” (c2°-e4) (3c0c2”-e2-e4) + (c0®-e0) e3” (6c0c2®°-9c2°-2e2+7e4)}
npzop= Col I ect [f5, {el, e3}, Sinplify]
oui- {(~5¢0° +5e0) 3% +36 (c0®-e0) el (c2°-e4)” +

12 (c0®-e0) e3 (c2°-e4) (3c0c2®-e2-e4) +el’e3 (7c23+e4>}

npz1= Col lect [f2-f4, {el, e3}, Simplify]

oupai- { (c0®-e0) e3? (3¢c0%c2-6c0c2*+9c2°-e0+e2-7e4) -
el® (c2°-e4) (9¢0°-6c0*c2+3c0c2*°-7e0+e2-ed)}

npazi= Siomplify[Cancel [((c0®-e0) (3c0%c2-6c0c2?2+9c2%-e0+e2-7e4))
((c0®-e0) (3c0?c2-e0-e2)e3-el? (9c0®-6c0°c2-7e0+2e2) (c2°-e4))"2-
(24 (c0®-e0) el e3 (c2°-e4))n2 /.
{e1-1, e3> +/((c2°-e4) (9c0°-6c0°c2+3c0c2*-7e0+e2-e4)/
((c0®-e0) (3c0°c2-6c0c2”+9c2°-e0+e2-7e4)))}]]

ousz= (9 (c0% - e0) (c2°-e4)? -64 (c2°-e4) (9c0°-6c0?c2+3c0c2’-Te0+e2-e4)+
(18 c0*c2*+3¢c2° (7e0-2e2) +5e0e2-e2°+3c0c2” (-5e0+e2) -
3c0% (12¢2°+2e2-7e4) +3c0%c2 (6c2°+e2-5e4) -16e0e4=5e2e4)°)| /
(3c0?c2-6c0c2?+9c2%-e0+e2-7ed)

in133;= Col | ect [
Expand|[ (-64 (c2°-e4) (9¢0°-6c0?c2+3c0c2”-7e0+e2-e4) + (18c0*c2? +3¢2°
(7e0-2e2) +5e0e2-e2°+3c0c2” (-5e0+e2) -3c0° (12c2°+2e2-7e4) +
3c0%c2 (6c2°+e2-5e4) —16e0e4+5e2e4)2)], e0, Sinpli fy]

oupzz- 324 ¢0° c2* +36 c2° €2 + €2 +9¢0° (216¢2°+12¢2° (5e2-19e4) + (2e2-7e4)?) -
108¢c0” c2® (12¢c2°+2e2-7ed) +64e2e4 -10e2% ed - 64 e4” + 25 e2° e4? +

e0? (15¢0c2?-21¢2°-5e2+16e4)”+4c2® (-16e2+3e2%+ 16 e4 - 15 e2? e4) -
6c0c2” (e2®+c2° (32+6e2%) -32e4-5e2°e4) -
18c0°c2 (72¢2°+2e2%+6c2° (3e2-17e4) -17e2e4 +35e4?) +
9c0%c2? (36¢c2°-7e2”+24e2e4 +25e4”-12¢c2% (3e2+5e4)) +
6c0° (90c2°e2+2e2°+96e4 -17e2°e4 +35e2e4” +3¢2° (-32+9e2*-39e2e4)) -
2e0 (-378c0%c2’ +5e2°-153¢0c2° (6c0®+e2) +18¢2° (57¢c0°+7e2) -3¢c0c2?
(3¢c0° (20e2-67e4) +e2 (10e2-41e4d)) +224 e4 - 41 e2° e4 + 80 e2 e4® + 9 c0? c2*
(30c0°-12e2+67 e4) +c2° (224 +51 2% +27c0° (13e2-46e4) -201e2e4) -
3c0°c2 (5e2°-41e2e4+80e4?) +3¢0° (10e2”-67e2ed +112e4%)) -3¢0 c2
(72c2%e2+c2% (-128 +21e2? - 120 e2e4) +2 (€2’ + 64 e4 - 10 e2% e4 + 25 e2 e4?) )



14| check-fifth2.nb

nsa= Sinplify[Coefficient [(-64 (c2°-e4) (9c0®-6c0%c2+3c0c22-7e0+e2-e4)+
(18c0%c2*+3c2® (7e0-2e2) +5e0e2-e2”°+3c0c2” (-5e0+e2) -3c0°
(12c2®+2e2-7e4) +3c0%c2 (6c2°+e2-5e4) -16e0e4+5e2e4)°), €0, 2]]

ousa- (15c0c22-21¢c2%-5e2+16 e4)”

o= Sinplify[Coefficient [(-64 (c2°-e4) (9c0®-6c0%c2+3c0c22-7e0+e2-e4)+
(18c0%c2?+3c2% (7e0-2e2) +5e0e2-e2”°+3c0c2” (-5e0+e2) -3c0°
(12c2%+2e2-7e4) +3c0%c2 (6c2°+e2-5e4) -16e0e4+5e2e4)°), €0, 1]]

oupss- -2 (-378¢0%¢c2’ +5e2%-153¢c0c¢2° (6¢0° +e2) +
18.¢2° (57c0®+7e2) -3c0c2” (3¢0° (20e2-67e4) +e2 (10e2-41ed)) +
224 e4 - 41 e2% e4 + 80 e2e4” +9¢c0? c2* (30¢0°-12e2+67 ed) +
c2® (-224 +51e2%+27¢0° (13e2-46e4) - 201 e2 e4) -
3c0°c2 (5e2°-41e2e4+80e4?) +3c0° (10e2*-67 e2e4 + 112 e4?))

nseq= Sionpl i fy[Ooeffici ent [(—64 (c2®-e4) (9c0®-6c0%c2+3c0c2*-7e0+e2-e4) +
(18c0*c2?+3¢c2% (7e0-2e2) +5e0e2-e2°+3c0c2® (-5e0+e2) -3¢0°
(12c2°+2e2-7e4) +3c0%c2 (6c2°+e2-5e4) -16e0e4+5e2e4)’), e0, 0]]

oupzel- 324 ¢0° c2* +36 c2° 2° + €2 +9¢0° (216¢2°+12¢2° (5e2-19e4) + (2e2-7e4)?) -

1080’ c2* (12¢c2°+2e2-7e4) +64e2ed-10e2% ed -

64 e4” +25e2° e4” +4¢c2® (-16e2+3e2% + 16 e4 - 15e2% e4) -

6c0c2” (e2®+c2° (32+6e2%) -32e4-5e2°e4) -

18c0°c2 (72¢2°+2e2%+6c2° (3e2-17e4) -17e2e4 +35e4?) +

9c0%c2” (36¢c2°-7e2?+24e2e4 +25e4”-12¢c2° (3e2+5e4)) +6c0°
(90c2°e2+2e2°+96e4-17e2°e4 +35e2e4” +3¢c2° (-32+9e2°-39e2e4)) -3c0?
c2 (72c2%e2+c2° (-128+21e2°-120e2e4) +2 (e2® +64 e4 - 10 e2” e4 + 25 e2 e4?))



