
SYMMETRIES OF HYPERBOLIC SPATIAL GRAPHSIN 3-MANIFOLDSTORU IKEDADepartment of Mathemati
s, Kindai University,3-4-1 Kowakae, Higashi-Osaka, Osaka 577-8502, JapanDedi
ated to Professor Yukio Matsumoto on his 70th birthdayAbstra
t. We 
onsider symmetries of spatial graphs in 
ompa
t 3-manifoldsdes
ribed by smooth �nite group a
tions. We �rst present a method for 
on-stru
ting an in�nite family of hyperboli
 spatial graphs with given symmetry.Next, we apply this method to the study of links in 3-manifolds whi
h 
an beregarded as systems of rotation axes in 
losed hyperboli
 3-manifolds obtainedby Dehn surgeries.A
knowledgement. I would like to express my gratitude to Professor YukioMatsumoto for his helpful advi
es and en
ouragement in various s
ene of mya
tivities in topology. 1. Introdu
tionLet Ge be the set of �nite graphs with no vertex of degree less than two ea
hof whose 
omponents has Euler 
hara
teristi
 e. The set of spatial embeddings ofgraphs in Ge into M is denoted by Ge(M). We refer to a �nite group generated byself-di�eomorphisms of M as a smooth �nite group a
tion on M .Myers proved in [8℄ that every 
losed 
onne
ted 3-manifold 
ontains in�nitely manyhyperboli
 links up to ambient isotopy. Myers' result is generalized in [4℄ to the 
ase ofhyperboli
 spatial graphs in 
losed orientable 3-manifolds. It is a natural question toask whether this result extends to the 
ase of symmetri
 hyperboli
 spatial graphs. Inthis talk, we �rst present a method for 
onstru
ting hyperboli
 spatial graphs setwiseinvariant under a �nite group a
tion to prove the following theorem (see [4℄).Theorem 1.1. Let G be a smooth �nite group a
tion on a 
ompa
t 
onne
ted 3-manifold M . For any integer e � 0, there are in�nitely many ambient isotopy 
lassesof setwise G-invariant hyperboli
 spatial graphs in Ge(M).As an appli
ation, we show the following theorem (see [5℄).Theorem 1.2. Let M be a 
losed orientable 3-manifold, fp1; p2; : : :g a sequen
e ofintegers greater than one. For any link L in M , there exists an in�nite sequen
efL1;L2; : : :g of framed links in M � L su
h that the Dehn surgery of M alongea
h Li yields a 
omplete hyperboli
 3-manifold Mi of �nite volume whi
h admitsan orientation-preserving smooth �nite 
y
li
 group a
tion of order pi with �xed pointset L, and that any two of the Mi's are not di�eomorphi
.E-mail address: ikeda�math.kindai.a
.jp .
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Figure 1. Hyperboli
 spatial graphs in S3
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6e5e 7e1e �7 B6
T6 �3;2Figure 2. Constru
tion of �3;22. Hyperboli
 spatial graphs with given symmetriesThe basi
 idea of this talk is to use the spatial graph �n in S3 illustrated in Figure1, where n is an integer greater than two. Paoluzzi and Zimmermann proved in[9℄ that the exterior E(�n) of �n is a 
ompa
t hyperboli
 3-manifold with totallygeodesi
 boundary. Denote by Bn�1 the bouquet of n � 1 
ir
les obtained from �nby sliding ea
h of the edges e3; : : : ; en along e1 so that one of the endpoints goes fromv2 to v1. For example, �7 and B6 are illustrated in Figure 2.Let n be a positive integer, and �k, where k � 4, a 
losed 3-ball asso
iated witha system F (�k) of k disjoint disks marked on the boundary. Note that Tkn =(E(v1); Bkn \E(v1)) is a kn-string tangle. Take an orientation-preserving di�eomor-phism f : E(v1) ! �k. By sliding the ar
s, one 
an assume that ea
h ar
 has itsendpoints on the same disk in F (�k), and that ea
h disk meets n ar
s. By slidingfurther, one 
an assume that on ea
h disk n endpoints, one for ea
h ar
, are 
ollapsedto one single point 
reating a system �k;n of k disjoint 
opies of a star with n edges.For example, T6 and �3;2 are illustrated in Figure 2.



SYMMETRIES OF HYPERBOLIC SPATIAL GRAPHS IN 3-MANIFOLDS 3Let (�;� ) and (�0; � 0) be 
opies of (�k; �k;n) and (�`; �`;n) for some k and `.For a disk F in F (�) and a disk F 0 in F (�0), suppose that an orientation-reversingdi�eomorphism ' : F ! F 0 takes � \F to � 0\F 0. Glue � and �0 along F and F 0 by'. Denote by � [' � 0 the result of gluing � and � 0 by this operation. Then � [' � 0has a 
omponent of Euler 
hara
teristi
 1�n. The following proposition implies thatE(� [' � 0) is a 
omplete hyperboli
 3-manifold of �nite volume.Proposition 2.1 (Myers [8℄). Let M be a 
ompa
t 
onne
ted 3-manifold with non-empty boundary, and F a 
ompa
t 
onne
ted proper surfa
e of negative Euler 
hara
-teristi
 in M bounded by essential loops on �M . Then M is a 
ompa
t, irredu
ible,atoroidal, anannular 3-manifold with in
ompressible boundary if so is ea
h pie
e ob-tained by splitting M along F .Suppose that a 3-manifold M is equipped with a triangulation K with 3-simpli
es�1; : : : ; �n. Sin
e a regular neighborhood N of the 1-skeleton is a handlebody, Kis modi�ed to a 
ell de
omposition of M , 
alled a polyhedral de
omposition of Mindu
ed from K, whose 3-
ells are the 0-handles and 1-handles of N , and �i\E(M1)for 1 � i � n. In this de
omposition, at most three 3-
ells meet along ea
h 1-
ell, andat most four 3-
ells meet at ea
h 0-
ell. Therefore, the union of any sub
olle
tion of3-
ells is a 3-dimensional submanifold of M in 
ontrast to the 
ase of a triangulationof M possibly 
ontaining a pair of 3-simpli
es whi
h interse
t in a 0- or 1-simplex.Let P be a 3-dimensional polyhedral 
ell 
omplex with 3-
ells �1; : : : ; �n. The num-ber of the fa
es of ea
h �i is denoted by f(i). Let e � 0 be an integer, and 'i : �f(i) !�i an orientation-preserving di�eomorphism su
h that it takes the pre
isely one diskin F (�f(i)) into ea
h fa
e of �i, and that 'i(�f(i);1�e) \ Fi;j = 'j(�f(j);1�e) \ Fi;jholds for ea
h pair of �i and �j with a 
ommon fa
e Fi;j . We denote by �P1�e theunion Sni=1 'i(�f(i);1�e).Let M be a 
ompa
t 3-manifold. The 
losed Haken number of M , denoted byh(M), is the maximal number of disjoint, in
ompressible, pairwise non-parallel, 
losedsurfa
es that 
an be embedded in M (see [6℄).Lemma 2.2. Let 
1 and 
2 be hyperboli
 spatial graphs in distin
t 
losed 3-manifoldsX1 and X2 with k-valent verti
es v1 and v2, where k � 3, respe
tively. Let 
 be thevertex 
onne
ted sum of 
1 and 
2 at v1 and v2. Then h(E(
)) > h(E(
1))+h(E(
2)).Let �k;i be the hyperboli
 spatial graph obtained from i 
opies of �2k by repeatingthe vertex 
onne
ted sum operation i � 1 times. Denote by �P1�e;i the result of thevertex 
onne
ted sum operation with �k;i at ea
h vertex of �P1�e. Lemma 2.2 impliesthat the sequen
e fh(�P1�e;1); h(�P1�e;2); h(�P1�e;3); : : :g is stri
tly in
reasing.Lemma 2.3. Let F be a polygon, and v an interior point or a vertex of F . LetM be a prism with base F . Suppose that M is equipped with the 
ell de
ompositionP indu
ed from the stellar subdivision of F at v, in whi
h the 3-
ells are triangularprisms. Then E(�P1�e;i) is a 
ompa
t, irredu
ible, atoroidal, anannular 3-manifoldwith in
ompressible boundary.Lemma 2.4. Let M be a 
onvex polyhedron, and v an interior point or a vertex ofM . Suppose that M is equipped with a stellar subdivision P at v. Then E(�P1�e;i) is a
ompa
t, irredu
ible, atoroidal, anannular 3-manifold with in
ompressible boundary.Outline of proof of Theorem 1.1. A triangulation K of the quotient orbifold M=G is
onstru
ted using a G-invariant triangulation of M (see [2, Lemma 3.1℄) so that the



4 TORU IKEDAsingular lo
us S is a sub
omplex of K. Denote by P the polyhedral de
omposition ofM=G indu
ed from K. Modify P by subdividing the 3-
ells interse
ting S as statedin Lemmas 2.3 and 2.4. Deform �P1�e;i so that ea
h 
omponent atta
hing �M=G ismodi�ed to a bouquet of 1�e 
ir
les by sliding its 2�e verti
es to one point along the2-
ell on whi
h they lies. Then we obtain a G-invariant spatial graph �P1�e;i in Ge(M).The hyperboli
ity of �P1�e;i follows by applying Proposition 2.1 to ea
h step of the
onstru
tion of E(�P1�e;i) by gluing the pie
es given by the polyhedral de
ompositionof M . �3. Hyperboli
 rotations about links in 3-manifoldsFrom now on, �n for an integer n � 0 will denote a 
losed orientable 3-manifoldwhi
h is a 3-sphere if n = 0, and otherwise the 
onne
ted sum of n 
opies of S2�S1.Moreover, we will refer to a �nite 
y
li
 group a
tion G on �n as a standard 
y
li
a
tion of order p � 2 if it is indu
ed from a �nite 
y
li
 group a
tion on S3 generatedby a rotation about a trivial knot K of period p via the 0-surgeries along n disjointsetwise invariant meridians of K.Let 
 be a spatial graph in a 
losed 3-manifold X . Suppose that a sphere S in Xinterse
ts 
 in k points avoiding the verti
es and splits X into two manifolds X1 andX2. By 
ollapsing ea
h sphere �Xi to a point, 
 \Xi is deformed to a spatial graph
i in a 
losed 3-manifold Xi. We say that 
 is a vertex 
onne
ted sum of 
1 and 
2 atv1 and v2. Note that the exterior E(
) is obtained by gluing E(
1) and E(
2) along
ompa
t planar surfa
es of Euler 
hara
teristi
 2� k on the boundaries.Proposition 3.1. Let G be a standard 
y
li
 a
tion on �n, where n � 0, of orderp � 2. For any positive integer �, there exists a setwise G-invariant hyperboli
 linkL� in �n disjoint from the �xed point set of G su
h that h(E(L�)) > � holds.Outline of proof. Suppose that the polyhedral de
omposition P of �n=G and thespatial graph �Pk;i in �n=G are as stated in the proof of Theorem 1.1. Modify �Pk;iby performing the vertex 
onne
ted sum operation with Bk at ea
h vertex. Then weobtain a setwise G-invariant link �Pk;i in �n disjoint from the �xed point set of G.The hyperboli
ity of �Pk;i follows indu
tively from Proposition 2.1. Sin
e the sequen
efh(�Pk;1); h(�Pk;2); : : :g is stri
tly in
reasing, h(�Pk;i) > � holds for some i. �Lemma 3.2. Let M be a 
losed orientable 3-manifold. For any n-
omponent link Lin M and for any integer p � 2, there exists a framed link L in M � L su
h thatDehn surgery of M along L yields �n�1 whi
h admits a standard 
y
li
 a
tion oforder p with �xed point set L.Outline of proof. By a Dehn surgery on a framed link L 0 in M � L, we see L asa link in S3 (see [7, 11℄). Trivialize L by the �1-Dehn surgeries 
orrespondingto 
rossing 
hanges of its diagram, as illustrated in Figure 3. The 
omponentsL0; : : : ; Ln�1 of L respe
tively bound disjoint disks �0; : : : ; �n�1 in S3. Take dis-joint disks D1; : : : ; Dn�1 in S3 su
h that ea
h Di is a band sum of meridian disksof N(L0) and N(Li) along a band in E(L). The open solid torus S3 � L0 admitsan S1-bundle stru
ture with �bers �D1; : : : ; �Dn�1 su
h that ea
h �Di has a �beredregular neighborhood Vi 
ontaining �i in its interior. Let G be the �nite 
y
li
 groupa
tion on S3 of order p generated by a rotation about L0 setwise preserving ea
h �berof S3�L0. The 0-surgeries along �D1; � � � ; �Dn�1, whi
h yields �n�1, takes ea
h Vi
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'Figure 3. Dehn surgery realizing 
rossing 
hangeto a solid torus with the 
ore Li. Then the a
tion of G on S3 � intSn�1i=1 Vi extendsto a required a
tion on �n�1. �Let X be a 
ompa
t orientable hyperboli
 3-manifold with a torus boundary 
om-ponent T . For a slope � on T , denote by X(�) the 3-manifold obtained by Dehn�lling X along �. Thurston's hyperboli
 Dehn surgery theorem [10℄ and the result ofBa
hman, Derby, Talbot and Sedgwi
k [1℄ lead to the following proposition.Proposition 3.3. Let X be a 
ompa
t orientable hyperboli
 3-manifold with a torusboundary 
omponent T . Then there are in�nitely many slopes Æ on T su
h that X(Æ)is a hyperboli
 3-manifold with the 
losed Haken number h(X(
)) = h(X).Outline of proof of Theorem 1.2. Assume by Lemma 3.2 that G is a standard 
y
li
a
tion on �n�1 with �xed point set L. Let f�1; �2; : : :g be a stri
tly in
reasingsequen
e of positive integers de�ned by �1 = 1 and �i+1 = h(E(L�i)), where L�i isa link given by Proposition 3.1. Proposition 3.3 implies that some equivariant Dehnsurgeries along L�i yields a 
losed hyperboli
 3-manifold �i with h(�i) = �i+1 inwhi
h L is the �xed point set of the a
tion indu
ed from G. �Referen
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