TORSION FUNCTIONS ON MODULI SPACES IN VIEW OF THE CLUSTER
ALGEBRA

TAKAHIRO KITAYAMA AND YUJI TERASHIMA

ABsTRACT. We introduce non-acyclic PGL,(C)-torsion of a 3-manifold with toroidal boundary
as an extension of J. Porti’s PGL,(C)-torsion, and present an explicit formula of the PGL, (C)-
torsion of a mapping torus for a surface with punctures, by using the higher Teichmiiler theory
due to V. Fock and A. Goncharov. Our formula gives a concrete rational function which repre-
sents the torsion function and comes from a concrete cluster transformation associated with the
mapping class.

1. INTRODUCTION

In the important work [P] J. Porti introduced non-acyclic PGL,(C)-torsion of a 3-manifold
with toroidal boundary, and began to study the torsion as a function on the moduli space of
PGL,(C)-representations of the fundamental group. In particular, in the case of a mapping
torus for the once-punctured torus, he gave a concrete way to compute the torsion function, by
using trace functions.

In this paper we introduce non-acyclic PGL,(C)-torsion of a 3-manifold with toroidal bound-
ary, and present an explicit formula of the PGL,(C)-torsion of a mapping torus for a general
surface with punctures, by using the higher Teichmiiler theory due to V. Fock and A. Gon-
charov [FG]. See Theorems 4.1 and 4.2 for the precise statement of our main theorems. Our
formulas, with methods developed in [TY, NTY], give concrete rational functions which rep-
resent the functions induced by twisted Alexander polynomials and the non-acyclic torsion on
components of the PGL,(C)-character variety. The rational functions come from a concrete
cluster transformation [FZ1, FZ2] associated with the mapping class. Moreover, we show that
for any pseudo-Anosov mapping class of a surface, the conjugacy class of a holonomy repre-
sentation of the mapping torus is contained in the components.

Other attempts to define non-acyclic PGL,(C)-torsion and to give formulas in terms of quan-
tities closely related to cluster variables should be remarked. In [MFP3] P. Menal-Ferrer and
J. Porti defines non-acyclic PGL,(C)-torsion of a 3-manifold by another method, and shows
an explicit relationship between its asymptotic behavior on n and the volume of the manifold,
extending the result of Miiller for closed manifolds [Mii]. In [DG] T. Dimofte and S. Garoufa-
lidis defines a series of invariants in terms of the shapes together with the gluing equations of
an ideal triangulation of a 3-manifold, and conjectures that each invariant of the series agree
with each term of the asymptotic expansion of the Kashaev invariant of the manifold. In par-
ticular, its first one of the series should conjecturelly give non-acyclic PGL,(C)-torsion, and
they verify this experimentally for a large class of 3-manifolds. In [GGZ, GTZ] S. Garoufa-
lidis, M. Goerner, D. P. Thurston and C. K. Zickert study moduli spaces of higher dimensional
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representations for a general 3-manifold in terms of analogous coordinates to Fock and Gon-
charov’s associated to an ideal triangulation of the manifold itself. It is interesting to obtain
an explicit formula of the PGL,(C)-torsion for a general 3-manifold, with a combination of the
above results and our method.

This paper is organized as follows. In Section 2, following Fock and Goncharov [FG], we
review cluster algebras associated to an ideal triangulation of a punctured surface and then show
that the characters of geometric representations of mapping tori are described by the cluster
variables. Section 3 is devoted to introduce and study non-acyclic Reidemeister torsion for
higher dimensional representations. In Section 4 we prove the main theorems, and demonstrate
our theory with concrete examples.

Acknowledgment. The authors would like to thank H. Fuji, K. Nagao, Y. Yamaguchi and
M. Yamazaki for valuable conversations. The authors also wishes to express their thanks to the
anonymous referee for several useful comments in revising the manuscript.

2. CHARACTER VARIETIES AND CLUSTER ALGEBRAS

2.1. Character varieties. We begin with reviewing some of the standard facts on character
varieties. See Lubotzky and Magid [LM] for more details.

Let S be a compact connected oriented surface with m boundary circles. The group PGL,(C)
acts on the affine algebraic set Hom(n; S, PGL,(C)) by conjugation. We denote by Xg, the
algebro-geometric quotient of the action, which is called the PGL,(C)-character variety of m;S .
For a representation p: m§ — PGL,(C) we write y,, for its image by the quotient map and call
it the character of p. We fix representatives ¥,,...,¥, € m;S of the boundary circles of §. A
framed representation is a pair of a representation p: m;S — PGL,(C) and Borel subgroups
Bi,..., B, of PGL,(C) such that p(¥,) € B; for all i. The set X, of framed representations is
a closed subset of the affine algebraic set Hom(x,S, PGL,(C)) x 8™, where B is the flag va-
riety of PGL,(C) parameterizing Borel subgroups. The PGL,(C) acts on Xy, by conjugation.
We denote by X, the algebro-geometric quotient of the action, and for a framed representa-
tion (p, By, ..., B,,) we write x(, ,...5,) for its image by the quotient map. Forgetting framings
(By,...,B,) gives a regular map ;sz,n — Hom(m S, PGL,(C)). We denoted by : X5, = Xs.,
the induced map on the quotients.

The tangent space T, X, is identified with a subspace of the 1st twisted group cohomology
H,y,,(718;9g1,(C)) by the monomorphism given by

l=0]

where pp = p and y € mS [W]. It is easily seen that the map T35, 5, )Xsn —
T, Hom(r,, PGL,(C)) is an epimorphism, and so is (d70)y, ;4" Ty, s Xsn = Ty, Xsn-

We denote by I's the mapping class group of S which is defined to be the group of isotopy
classes of orientation preserving homeomorphisms of S, where these isotopies are understood
to fix S pointwise. For ¢ € I's we write M, for the mapping torus § X [0, 1]/(x, 1) ~ (¢(x),0)
of ¢. A mapping class ¢ € I's induces automorphisms ¢* on Xy, and Xs, by pullback of

representations. For a representation p: 1My, — PGL,(C), x,, ; is contained in the fixed point

i

dt dt

. [y . dp(Y)p(y™)
t=0

5

set X‘Sp’n of *: Xg, = Xs..
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2.2. Cluster algebras associated to an ideal triangulation. We review cluster algebras for
S, following [FG]. Here, in particular, we only consider y-variables. See [FZ1, FZ2] for more
details on cluster algebras. In the following we assume that S is non-empty and that if the
genus of S is 0, then the number m of the boundary circles is greater than 3.

Let Q be a quiver with the vertex set I = {1,2,..., [} and without loops and oriented 2-cycles.
For i, j € I we set

€; := #{oriented edges from i to j} — #{oriented edges from j to i}.

Note that Q is uniquely determined by the skew-symmetric matrix ¢;. For k € I the mutation
@ at k € I'is defined by the following matrix €/;:

, {—eij if k e {i, jl,

€ e tenles
1] Eij + |Elk|Ekj;€lk|€kj| lfk ¢ {i, j}
A complex torus
Xg = (CH
is associated to Q. Let (v, ..., y;) be the standard coordinates on the torus. For k € I a rational

map (ui).: Xo — X, associated to the mutation 14 Q is defined by the following:

y;! ifi =k,

the ith coordinate of (/Jk)*(yl, - ,y[) = yi(l + ylzl)_fik ifi # kand €, > 0,
yi(l+y)™ ifi # kand €; < 0.

Shrinking each component of S, we get a closed surface S with marked points. A triangu-
lation of S with vertices at the marked points is called an ideal triangulation of S . In this paper
we only consider an ideal triangulation without self-folded edges. Such a triangulation exists
under the above assumption on .

Let T be an ideal triangulation of S and let n be a positive integer. We identify each triangle
of T with the triangle

x+y+z=n, x,y,z>0

and consider its triangulation given by the lines x = p,y = p,z = pwhere 0 < p < nis
an integer. The subtriangulation 7, of T is called the n-triangulation of T. The quiver Qr,
associated to T, is defined as:

Or, =T\ TO,

where T and T\" are the 1-skeletons of T and T, respectively. (See Figure 1.) The vertex set
I, of Or, consists of vertices of T, except the marked points of S. The orientation of each
edge of Qr, 1s provided by that of S as follows. Take a triangle A of 7', which is oriented as a
subspace of S. Then each edge of O, contained in A is oriented so that the direction is parallel
to one of the boundary edge of A. For simplicity of notation, we set X7, := Xp,,. Writing e
and f for the number of edges and faces of T respectively, we have
-1H(n-2

izl = (n = D+ S22
X(©§)=—-e+f,

2e = 3f.

f
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These imply the formula
dim X7, = Iz, = =(n* = 1x(S).
In the following we set
[ =—m® - 1)y(S).

y

Ficure 1. The 3-triangulation 7’3 and the quiver Q7

Fock and Goncharov [FG, Section 9] constructed a regular map vr: X7, — Xs, and a
rational map ¢7: X5, — Xr, such that ¢r o vy = id. In particular, v7 is an embedding, and
[FG, Theorem 9.1] implies that the images for all the triangulations cover X ,. The regular
map vr: Xr, — Xs, is explicitly constructed in [FG, Section 9.10], and the rational map
or: Xsn, = Xr, isin [FG, Section 9.3]. For (yi,...,y;) € X7, we set

XOtyy) = TTO v, -5 0)-
Remark 2.1. Fock and Goncharov associated cluster algebras also to an ideal triangulation with

self-folded edges. See [FG, Section 10.7] for the treatment of the case.

2.3. The mapping class group actions on cluster variables. Here we define the action
¢*: Xy, — Xp, for each ¢ € I's. The definition plays important role to relate the moduli
space for M, to cluster algebras for the fiber surface. In fact the fixed point set X?Tn parameter-
izing X?; makes sense.

A mapping class ¢ € I's naturally induces a bijection ¢, : Ir, — I,r),. It defines an isomor-
phism o : Xy7), — X1, by

O-(ytp*(l)’ ce ’ytp*(l)) = (Yl, cee ,)’l)-

The isomorphism o is called the labeling change of ¢. This is essential for obtaining the genuine
action ¢*: X7, — Xr, defined later.

Proposition 2.2. For ¢ € I's the following diagram commutes:
X«p(T),n E— XT,n

V(T) l vr l

o
XS,n > XS,n-
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Proof. We first briefly overview the flow of the construction of the map vy : X7, — Xs,. Let
I be the 1-skeleton of a dual complex of 7. Replacing edges and vertices of I by rectangles
and hexagons respectively, we obtain a decomposition of S. The orientation of S naturally
induces that of each edge of the decomposition. We denote by A the set of oriented edges of
the decomposition. It follows from [FG, Lemma 9.6] that X, can be regarded as a quotient
of PGL,(C)®. For (yy,...,y;) € Xr, arepresentative of v(yy,...,y;) in PGL,(C)* is explicitly
given as in [FG, Theorem 9.2].

Let e € A. If e is an edge of a rectangle, then let vy, ..., v, be the vertices of Qr, on the
two triangles sharing the edge corresponding with the rectangle. If e is an edge of a hexagon,
then let vy, ..., v, be the vertices of Qr, on the triangle corresponding with the hexagon. It
follows from the construction [FG, Theorem 9.2] of vy : X7, — X, that for (yy,...,y) € X7,
vr(y1, ...,y is presented by an element of PGL,(C)* whose image of e is determined only by
the coordinates (y,,,. .., Yr,) in (y1,...,y), and that vw(T)(cr‘l(yl, ...,y1) is represented by one
whose image of ¢(e) is similarly determined by (Yy,)s - - - V() in o~ '(y1,...,y), which are
equal to (yy,,...,y,) in (y1,...,y). Therefore

" 0 Vyr) © T G ) = e s V1)

for any (yy, ...,y € X1, and the lemma follows. O

Let 7’ be an ideal triangulation of S obtained from 7 by a flip f at an edge e. We identify
each of two triangles sharing e as a face with the triangle

x+y+z=n, x,y,z>0

so that the edge on the line x = O represents e. Let v(l), - vg_z be the vertices of Qr, on the line
x=0,andletv|,...,v/ . ,andw!,...,w . bethese on the line x = i contained in the interior
of the two triangles for 1 < i < n—2. Then the following composition of mutations change Qr,
into Oz, [FG, Proposition 10.1]:

i

n-2 0
l‘l o...o#’

where
0._
/'l '_l’tv?o."ol'lvg_l’
i ,
W= (g ooy

n—i-1

)o(ywilo~--o,uwi_ ), forl<i<n-2.

n—i—1

A rational map f.: Xr,, = X7, is defined as

form @000 (W),

The following commutative diagram is proved in [FG, Sections 10.5 and 10.6]:

1
XT,n
XS,n

Definition 2.3. We take a sequence fi, ..., f, of flips changing T into ¢(7") and define a rational
map ¢: X7, = X7, as

XT’,n

QO*ZO'O(fq)*OH-O(fl)*,

where o is the labeling change of ¢.
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The following is now a direct consequence of Proposition 2.2.

Corollary 2.4. For ¢ € I's the following diagram commutes:

s

4
Xrp — Xran

XS,n L) XS,n-
Note that it follows from the above corollary that ¢*: X7, — X7, does not depend on the
choice of a sequence of flips.

2.4. The character of a holonomy representation. We show that the characters of geometric
representations of mapping tori are described by cluster variables.

It is well-known that for ¢ € I'y the mapping torus M, has a hyperbolic structure if and only
if ¢ 1s pseudo-Anosov [Th].

Theorem 2.5. Let ¢ € I's be pseudo-Anosov and p: niM, — PGL,(C) a holonomy represen-
tation of M. Then there exists y; € C* fori =1,... 1 such that x,, . = X,y

Proof. Since for any representative ¥ € m;S of a boundary circle of § a Borel subgroup con-
taining p(¥) is uniquely determined, 71‘1()([4”1 ;) consists of one point x|, s 5.5, It suffices
to show that the rational map ¢r: Xs, — Xr, is defined on the point, since, if so, then
‘PT(X(plnl <.Bi...B,)) € X1 satisfies the desired condition.

Let e be an edge of T and let I" be the 1-skeleton of a dual complex of T. Write x, y, z, f for the
vertices of two triangles of T sharing e so that x7z and xzy are the triangles compatible with the
orientations coming from that of §. There are natural 4 (unoriented) loops yy, ¥y, ¥, ¥, in I start-
ing at a point on the dual edge of e and going around the boundary of the dual cells of the vertices
x,y,z,t respectively. Take representatives ¥y, ¥y, ¥.. ¥ € miS of y., vy, ¥, ¥, with any orienta-
tions respectively, and let A, Ay, 4, 4, € CP! be the fixed point of the Mobius transformations
P¥x), pFy), p(¥2), p(¥:) respectively. Then, if defined, the coordinate y, of ¢r(x(l, s 51,..5.)
corresponding to the vertex on e is given by

_ (/lx - /lt)(/ly - /lz)
YT L m )=y

See [FG, Sections 9.3 and 9.5] for the definition of the coordinate functions. Since ¥, ¥y, ¥, ¥:
are distinct nontrivial elements of the free group 7S and since p: m;M, — PGL,(C) is faithful,
p(¥x), p(¥y), p(¥,), p(¥;) are non-commutative with each other, and so A, 4, 4, 4, are all distinct
elements. Therefore the value y, is nonzero for each e, which implies that ¢7: X5, — X725 1s
defined on x(, s.51....5.)- m]

Corollary 2.6. For any pseudo-Anosov mapping class ¢ € T's the fixed point set X“;fn is
nonempty.

Proof. Let v,: X7, — X7, be the map defined as follows. For (yi,...,y)) € X2, each co-
ordinate of ¢,(y;,...,y;) corresponding to a vertex of Q7, on an edge of T is defined to be y;
corresponding to the unique vertex of Qr, on the same edge, and the other coordinates are all
defined to be 1. The commutativity of the following diagram is straightforward by the definition
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#

¢
XT,Z — XT,Z

o
Xy — Xpp

It follows from this commutativity, Corollary 2.4 and Theorem 2.5 that for (y;,...,y;) € X7z in
Theorem 2.5, t,(y1,...,y) € X‘;’n, which proves the corollary. O

3. TORSION FUNCTIONS

3.1. Reidemeister torsion. First we review basics of Reidemeister torsion. See Milnor [Mil]
and Turaev [Tu] for more details.

LetC, = (C, E"—) C,-1 = -+ = () be a finite dimensional chain complex over a commuta-
tive field F, and let ¢ = {c¢;} and i = {h;} be bases of C, and H.(C,) respectively. Choose bases b;
of Imd;;; foreach i = 0, 1,...n, and take a basis b;h;b;_; of C; for each i as follows. Picking a
lift of A; in Ker 0; and combining it with b;, we first obtain a basis b;h; of C;. Then picking a lift
of b;_; in C; and combining it with b;h;, we obtain a basis b;h;b;_; of C;. The algebraic torsion
7(C,, c, h) is defined as:

(C.yc,h) o= | |Wbihibioy fe) V" € B,
i=0

where [d’/d] is the determinant of the base change matrix from d to d’ for bases d and d’. If C.
is acyclic, then we just write 7(C,, ¢). It can be easily checked that 7(C,, c, h) does not depend
on the choices of b; and b;h;b;_;.

The algebraic torsion 7 has the following multiplicative property. Let

0-C.->C.,—>C'->0

be a short exact sequence of finite dimensional chain complexes over F and let ¢ =
{cih,d = {c},¢” = {c’}and h = {b},h = {K},h” = {h!} be bases of C,,C,,C; and
H.(C,),H.(C}),H.(C)). Picking a lift of ¢’ in C; and combining it with the image of ¢} in

C;, we obtain a basis c/c!’ of C;. We denote by . the corresponding long exact sequence in

homology, and by d the basis of H, obtained by combining &, h’, h” .
Lemma 3.1. ([Mil, Theorem 3. 1]) If [cc!/c;] = 1 for all i, then
7(Cyc,h) = 7(CL, ¢, )T(C, ¢, ) T(H., d).

In the following when we write C*(?, Z) for a CW-pair (Y, Z), 7, Z stand for the universal
cover of Y and the pullback of Z by the universal covering map Y > Y respectively. For a n-
dimensional representation p: m;Y — GL(V) over a commutative field F we define the twisted
homology group and the cohomology group associated to p as follows:

H{(Y,Z;V) := H(C.(Y.Z) @211 V),
H/(Y, Z; V) := H'(Homzr, v(Cu(Y, Z), V).
If Z is empty, then we write Hf.’ (Y;V)and H ;(Y ; V) respectively.
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For a basis h of H,(Y; V) the Reidemeister torsion 7,(Y; h) associated to p and £ is defined as
follows: We choose a lift € in Y for each cell e C Y. Then

7o(Y1 1) = T(C.(Y) @y Vo (€ ® 1) ) € FX/(=1)" det p(m Y).

If HY(Y;V) = 0, then we drop 4 in the notation 7,(Y; h). It can be easily checked that 7,(Y; h)
does not depend on the choice of é and is invariant under conjugation of representations. It is
known that Reidemeister torsion is a simple homotopy invariant.

Let M be a compact connected orientable 3-manifold with empty or toroidal boundary and
let : myM — (t) be a homomorphism. For a representation p: mY — GL,(F) satisfying
H!®(Y;F()") = 0, where y®p: mM — GL,(F(r)) is given by y®p(y) = y(y)p(y) fory € m M,
the Reidemeister torsion 7yg,(M) is known by Kirk and Livingston [KL], and Kitano [K] to
be essentially equal to the twisted Alexander polynomial associated to ¢ and p. For twisted
Alexander polynomials we refer the reader to [FV].

3.2. Non-acyclic Reidemeister torsion for higher dimensional representations. We intro-
duce non-acyclic Reidemeister torsion of a 3-manifold for higher dimensional representations
as a natural generalization of Porti’s torsion for a 2-dimensional representation [P].

For a compact orientable manifold Y and a representation p: m;Y — PGL,(C) the Killing
form of pgl,,(C) induces a non-degenerate intersection pairing:

3.1 HM (Y3 pgl,(C)) x HyS™ (Y, 8Y; pgl,(C)) — C.

Let M be a compact connected orientable 3-manifold whose boundary consists of m tori
T; and let y; c T; be a simple closed curve for each i. For a representation p: miM —
PGL,(C) a homomorphism pal,(CY"”i — HM(M; pal,(C)), where pgl,(C)""i = {v €

pal,(C) ; Ad Op(mT)v = v}, is defined to map v to [¥; ® v] for v € pgl,(Cy"Ti, where ¥;
is a lift of y; in M. Similarly, a homomorphism pgl, (C)”‘T' — HAdOp(M pgl,(C)) is de-
fined to map v to [T ® v] for v € pgl,(C)"7i, where T is a lift of T; in M. We denote by
Yi: @, pal, (O T — H(M;pgl,(C)) and yr: @, pgl,(C)"" — Hy**(M; pgl,(C)) the
direct sums of the homomorphisms for i respectively.

Definition 3.2. A representation p: 1M — PGL,(C) is called (y1,...,y.)-regular if:

(i) Hy"*(M; pgl,(C)) = 0
(ii) dim pgl,(C)"Ti = n — 1 for each i,
(iii) ¢ : @7, pgl (O — Hfd (M pgl,(C)) is surjective.

Remark 3.3. The above definition is equivalent to one for representations myM — S L,(C) by
Porti [P, Définition 3.21]. (See also [P, Proposition 3.22].)

It is easily seen that if a representation p: 1M — PGL,(C)is (yi,...,yn,)-regular, then so is
a conjugation of p.

The following theorem strongly depends on the works of Menal-Ferrer and Porti [MFP1,
MFP2].

Theorem 3.4. Suppose that M is a hyperbolic 3-manifold. Let p: 1M — PGL,(C) be a
holonomy representation and ,,: PGL,(C) — PGL,(C) is the representation induced by an ir-
reducible representation S L,(C) — S L,(C). Then for any y; C T; which is not null-homologous
the composition v, o p: ;M — PGL,(C) is (y1,...,Ym)-regular.
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Proof. Since Ad o, o p is non-commutative,
HngLnop(M; Dgln(C)) = pg[n(C)mM =0

Now it follows from Poincaré duality and the duality induced by the intersection pairing (3.1)
that Hg demer(p1: pgl,(C)) = 0, which proves the condition (i).

Since pl,,r,: mT; — is a parabolic representation for each i, it follows from [MFP1, Lemma
2.1] that dim pgl,(C)"7i = n — 1 for each i, which proves the condition (ii).

We denote by X, and X,, , the PGL,(C)-character varieties of the fundamental groups of M
and vy; respectively. It follows from [MFP1, Theorem 1.1] that regular functions X,;, — C in-
duced by symmetric polynomials of eigenvalues for ¢, o p(y;) for all i except for the determinant
give biholomorphic local coordinates of X, as a m(n — 1)-dimensional complex manifold. It is
easy to check that X,, , has a similar biholomorphic local coordinates as a (n — 1)-dimensional
complex manifold. Hence the homomorphism T, Xun = &T, X, o is an isomorphism,

Xinop Xinop
which implies that so is the homomorphism H A dos, Op(M pal,(C)) - &;H Ad o op(7i§ pgl,,(C)) un-
der the identifications T, Xy, = H}m o Op(M pal,(C)) and T, X, ., = = H! Ador Op(y,-; pal,(C))

for each i. (See also [MFP2, Theorem 0.3].) Now it follows from Pomcare duality and the dual-
ity induced by the intersection pairing (3.1) that the homomorphism eaind 1% (vi; pgal,(C)) —
AdO‘"°p (M pgl,(C)) is an isomorphism. Since

dim pgl,(C)"" = dim H" " (y;; pgl,(©) = n — 1,

the homomorphism pgl,,(C)" 7 — HAd o (ys ngn(C)) mapping v to [§; ® v] for v € pgl,(C)"Ti

is an isomorphism for each i. Therefore y;: & pgl,(C)"7 — Hfd°p (M; pgl,(C)), which is a

composition of the above homomorphisms, is also an isomorphism, which proves the condition

(iii). ]

Lemma 3.5. Ifa representation p: mT* — PGL,(C) satisfies that dim pgln(C)”‘T2 =n-1, then
(i) dim Hy* (T pgl,(©)) = dim Hy* (T pgl,(C)) = n - 1,

(if) dim H(T?; pgl,(C)) = 2(n — 1).

Proof. Since H)“*(T?; pgl,(C)) is isomorphic to pgl,(C)""",
dim H2*(T?; pgl,(C)) = dim pal,(CY" ™" = n — 1.
It follows from the duality induced by the intersection pairing (3.1) that
dim Hgdw(Tz; pgl,(C)) = dim H?doP(TZ; pal,(C) =n-1.
Since
2
D=1 dim HM (T pgl,(C)) = (n* = Iy(M) = 0
i=0
we have

dim Hy"*(T?; pgl,(C)) = dim Hy"*(T*; pgl,(C)) + dim Hy"*(T*; pgl,(C)) = 2(n — 1).
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Lemma 3.6. If a representation p: miM — PGL,(C)is (yi,...,yn)-regular fory, ...,V then
dim H}* (M pgl,(C)) = dim Hy** (M; pgl,(C)) = m(n - 1).

Proof. Since ¢p: @7 pgl,(C)rdrmTd — Hfdc’p (M; pgl,(C)) is surjective, so is the homo-
morphism Hf‘do” (OM; pgl, (C)) — H?doﬂ (M; pgl,(C)). It follows from the duality induced
by the intersection pairing (3.1) that the dual homomorphism H? dop (M, oM, pgl,(C)) —
H?d P(0M; pgl,(C)) is injective. Now the homology long exact sequence for the pair (M, IM)
gives the exact sequence

0 — Hy (M, 0M; pal,(C)) — H; " (0M; pal,(C)) — H**(M; pgl,(C)) — 0.

Hence by Lemma 3.5 (ii) we obtain

o | o
dim H* (M pgl,(C)) = > dim H*(dM;; pgl,(C))

1 m ] .
=3 Zl dim H{**(T; pal, (C)) = m(n - 1).
Since
3

Z(—l)i dim H ' (M; pgl,(©)) = (n* = 1)y(M) = 0,

i=0
we have

dim H,"(M; pgl,(C)) = dim H}* (T pgl,,(C)) = m(n - 1).
O

Lemma 3.7. If a representation p: miM — PGL,(C) is (yi,...,y)-regular for y,, ...,y then
Y1t L, pal(CY"T — HY(M; pal,(C)) and yr: &L, pal,(CY"T — Hy (M; pql,(C)) are
isomorphisms.

Proof. By Lemma 3.6
dim H* (M5 pal,(C)) = dim H}*(M; pgl,(C)) = dim &, pgl,(CY" " = m(n — 1).

Since ¢: @, pgl (O — Hfdf’p (M; pgl,(C)) is surjective, it is an isomorphism. Since
Hg dop (M; pgl,,(C)) = 0, it follows from the duality induced by the intersection pairing (3.1)
that H? 4P (M, OM; pgl,(C)) = 0. Now the homology long exact sequence for the pair (M, dM)
implies that the homomorphism H,(0M; pgl,(C)) — Hg‘d"p (M; pgl,(C)) is injective. Hence
Yo @ pgl,(C)"T — H?d (M pal,(C)) is also injective, and so it is an isomorphism. m|

Definition 3.8. For a (y,,...,y,)-regular representation p: 1yM — PGL,(C) we define the
non-acyclic Reidemeister torsion Ty, ., ,(M) associated to (yi,...,Y¥n) and p as follows. We

.....

.....

where

hy = Yi(by), ..., ¢1(bp)),
h2 = <lﬂ2(b1), ey wZ(bm)>
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.....

another basis of pgl,(C)™’7 for each i, and set

hy = Wb, .. (b)),
hy = W (DY), .. a(by))-
Then by the definition of Reidemeister torsion we have
(7} /hi]

oMW UN)) = ——
Taaep(MEH U ) = s

TAdop(M; hy U hy).

and an easy computation implies
[ /1) = (/o] = | | 167/01,
i=1

which shows the independence.

3.3. Non-acyclic Reidemeister torsion for fibered 3-manifolds. We show a formula com-
puting non-acyclic Reidemeister torsion of fibered 3-manifolds from the monodromy maps.
The formula generalizes a homological version of [D, Main Theorem] for fibered knots and
2-dimensional representations.

Theorem 3.9. Let yy,...,Yy. be the boundary components of S and let ¢ € I's. For a
(Y15 - - - Ym)-regular representation p: myM, — PGL,(C) satisfying H(l)\dOp(S; pal,(C)) =0,
det(tp, — id)
""" (l _ 1)m(n—l) ’
where we consider ¢, : H?d (S pgl,(C)) — Hf‘d %(S; pgl,(C)) in the formula.

Proof. We denote by ¢/ : pgl (C)""1 — H‘fd"p (S; pal,(C)) the factor of ¥ : pgl,(Cy"Ti —
Hfd *(M,; pal,(C)). It follows from the duality induced by the intersection pairing (3.1) that
H? 4°0(S .88 ; pgl,(C)) = Hg 4°($: pgl,(C)) = 0. Now the homology long exact sequence
for the pair (S, 4S) implies that the homomorphism H?d S ; pgl,(C)) — H?d (S5 pgl,(C))
is injective, and so is }. Choose a basis b; of pal,(C)"'Ti for each i and take a basis
h= (), ..., (bn)) U b of H(S; pgl,(C)), by adding subbasis b.

Take a representative of ¢ and a triangulation of S such that the representative is simplicial,
and consider the following exact sequence:

0 — CM(F) @ pgl,(C) 222 cA42(S [0, 11) ® pgl, (C) — CAP(M,) ® pal,(C) — 0.
By Lemma 3.1

.....

where
H, = (0 - HMNP(M,) —» HMNP(S) =55 HMNP(S) - HN(M,) - 0),
d:= h1 Ul’thth.
Since 7,(S X [0, 1]; h) = 7,(S; h), we have

,,,,,
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Considering the following commutative diagram of exact sequences

0 —— HYOM,) —— & (r) —— &H"" () — H'"(0M,)

l l ! !

id—p. ° 0
0 — HM*(M,) —— HM(S) % HMY(S) —— HMY(M,) — 0,

where we omit to write the coefficient pgl,(C), we see that the homomorphism
HM(S5pg1,(C)) — HMP(M,; pal,(C)) maps (b)), ..., (b,)) to hy and that the homo-

morphism H, dOp( :pgl,(C)) — H?d (S5 pal,(C)) maps hy to (Y (by), ..., ¥ (by)). Therefore

det(t, — id)

(l _ l)m(n >’

which proves the theorem. O

(H,,d)™" = det((id — ¢,): Coker Y — Cokery)) = +1

For a later use, we recall a well-known formula of ‘twisted Alexander polynomials’ for
fibered 3-manifolds. See for instance [Mi2].

Lemma 3.10. Let ¢ € I's and let yr: mi M, — (t) be the homomorphism induced by the fibration.
For a representation p: 1M, — GL,(V) over F,

(M,) = det(tp; — id)
. _
veRRTel T det(tgy — id)’

where ¢y: Hy(S; V) — Hi(S; V), @1 H)(S;V) = H{(S; V) are the homomorphisms induced
by ¢.

The following is a direct corollary of Theorem 3.9 and Lemma 3.10.

Corollary 3.11. Let yi, ...,y be the boundary components of S, let ¢ € I's and let y: m M, —
(t) be the homomorphism induced by the fibration. For a (yi,...,Yyn.)-regular representation
p: 1M, — PGL,(C) satisfying H,**(S; pgl,(C)) = 0,

TyeAd op( )

T(71 ,,,,, ym)p( )_1 St - l)m(n n’

where we consider ¢, : H?d *(S; pgl,(C)) — H, Ader (S5 gl (C)) in the formula.

4. MAIN THEOREMS

4.1. Proof. In this section we show the main theorems on torsion invariants and cluster alge-
bras for surfaces.

Recall that Fock and Goncharov constructed a regular map vr: X Tn — Xy, for an ideal
triangulation 7 of S, and that T, X, is identified with a subspace of H A d Dp(7T1S pgl,(C)) for a

.....

representation p: mS — PGL (C) Thus vy induces amap Ty, . X7, — Ado (1.8 5 gl (©)).

Lemma 4.1. Let (yl,...,yl) € Xr, and p: miS — PGL,(C) a representation such that

X1 = Xpr I Hyy (iS5 981,(C)) = 0, then the map Tyy,.._ypXrn — Hyy,,(m1S;p81,(C))
is an isomorphism.
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Proof. Since T, X5, embeds in H,lm Op(mS ; pal,(C)), we have

[ =dimXs, < T\, Xs, < Hyy,,(m1S: pal,(C)) = L,
and so the inequalities are all equalities. = Moreover, since for x5, € Xsn
(dn)X(pol B - TX(p,B|,...,Bm)X san = Ty, Xsn is an epimorphism, we have

.....

and the inequality is an equality, which proves the lemma. |
Now we prove the following main theorems:

Theorem 4.2. Let ¢ € Is. For a representation p: miM, — PGL,(C) satisfying
H)* (S5 pa1,(C)) = 0 and (%, .....Y0) € X4, if Xpip s = X!

Tyeadop(M,) = det (t( ()Oa(yj)) - I)

i

.....

O1ey)=00y?)

Proof. In the following the coefficients of all the twisted homology groups and all the twisted
cohomology groups are understood to be pgl,(C).

It follows from Lemma 4.1 and Corollary 2.4 that the homomorphism ¢*: H Ad op(mS ) —

A Glc)p(mS) is presented by the matrix ( ‘Da*y(iy’ ) Since HllA dop (m1S) is isomorphic to H, dop(S)
and since H}\do (S) is isomorphic by Poincaré duality to the dual of H?d (S,0S), the homo-
morphism ¢, : H" 10(5,88) — H}MY(S,3S) is presented by the transpose of (a“;*—y(,”)). Thus by
Lemma 3.10 we only need to show that the homomorphisms ¢, : H?d *S) = Hf‘d *(S) and
Oy Hfd #(S,08) - Hfd (S, 0S) are equivalent to each other.

It follows from the duality induced by the intersection pairing (3.1) that H? 10(5,08) =

Hg 4°°(§) = 0. Hence the homology long exact sequence for the pair (M, dM) gives the follow-
ing commutative diagram of exact sequences:

0 —— HMPBS) —— HMP(S) —— H}M(S,88) —— H)'(0S) —— 0

A ] \

0 —— HM7(0S) —— H“(S) —— H"(S.05) —— Hy""(@S) — 0,

where it follows again from the duality induced by the intersection pairing (3.1) that Hg 1098)
is isomorphic to the dual of Hfd (8S). Now it is a simple matter to check that ¢, : Hfd (S —
Hfd *?S)and g, : H fd *,08) > H fd (S, 0S) are equivalent, which completes the proof. O

The proof of the following theorem is now straightforward from Corollary 3.11 and Theorem
4.2.

Theorem 4.3. Let y,...,yn be the boundary components of S, and let ¢ € T's. For a
Y1seeesYm)- regular representation p: m1{M, — PGL,(C) satisfying Hg dep (S;pal,(C)) = 0and

,...,yl)GXT,,, lf\X/ﬂn]S X(VO

.....

det(t((w;%)_ )‘01 Y)=0737)

...........
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Remark 4.4. It follows from Theorems 2.5 and 3.4 that the assumptions of the above theorems
are satisfied for a pseudo-Anosov ¢ € I's and a holonomy representation of M,,.

The advantage of our main theorems is that cluster variables naturally describe torsion invari-
ants as functions on the moduli spaces of representations in a combinatorial way. In fact, the
rational function induced by the coefficients of the polynomial

0™ (y;)
det(t( ; )—1)

de o (522) 1)

m
=1 ([ _ l)m(n—l)

or that by

in the theorems can be algorithmically computed from the ideal triangulation 7" and a sequence
of flips representing ¢, and now regarded as torsion functions on the moduli spaces.

Remark 4.5. In [NTY] the cluster variables in X7, are interpreted as the shape parameters of
ideal tetrahedra of M., and the volumes are also explicitly computed from the cluster variables.
This is one advantage with the cluster variables to parametrize representations. For example,
this is very useful for identifying the complete holonomy representation.

The following question concerning the condition on the cluster variables that ensures
(y15 - - - » Ym)-regularity naturally arises from Theorem 4.3:

Question 4.6. Let yy, ..., Y, be the boundary components of S, and let ¢ € I's. For a represen-
tation p: mM, — PGL,(C) and (5, ... ,y?) € X“;’n, T Xple,s = X050 and if

.....

90" (y))
det (1 (22) 1)
. ( ( i ) )(yl ..... W=0.e?)
lim
t—1 (t — 1)m(n—1)
is nonzero, then is p a (yi,...,vn)-regular representation satisfying H(? dor(s pgl,(C)) = 0?

4.2. Examples. Finally, we demonstrate our theory for ¢ = LR (the figure eight knot comple-
ment) and for ¢ = LLR in the case of n = 3.

Let S be a one-holed torus, and we identify S with R?/Z? so that the marked point corre-
sponds to the integral points of R%. The mapping class group I's = S L,(Z) is generated by the

matrices
10 1 1
At

We set ¢ = LR, and then the mapping torus M,, is known to be homeomorphic to the figure eight
knot complement. We consider an ideal triangulation 7" defined by the lines x =0, x =y,y =0
with respect to the standard coordinates (x,y) of R2. Then the quiver Q73 and the coordinates

(V1> Y2, Y3, Y4, Y5, Y6, Y7, ¥8) € X713 1s given as in Figure 2.
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Y1 Y2

Ys Y

FIGURE 2. One-holed torus S with the quiver Q7 3

A computation implies that L*, R*: X3 — X3 are described as follows:

L(yy) =Sy 92 + yays + Yiyaya)yy

1 + ¥
. (I + y2)ys(1 +y1 + y1ys + y1)2)s8)
Ly <2y L
Ly = yi(1 +y2)ysys
Ty + 1+ 1ys + 1yays)
L' () (T4 y2 + y2y4 + y1y294)ys
4) =
L+ y1 +y1ys + yiya2ys
1 + ¥
L(ys) =————
> yi(l +y2)yg
L' (v = (1 + y1)y3V4Ys
T+ y2)(1 +y2 + yoya + y1y2ys)
1 +
L'(y;) ="
(U vy
L* () :)’4(1 + Y1+ Y18 + Y1y2ys)

L+ y2 +y2y4 + y1y2)4
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_ 0+ y3)(L + Y6 + Yoys + Y3Y6)'s)

R*
1) T+

. _ (1 +y6)(1 +y3 + y3y4 + y3Y4Y6)

R(y2) = 1
+ 3
2

. y3yays(1 + ye)

R'(y;) = :
(1 +y3)(1 + y3 + y3y4 + y3Y4Y6)

. _ya(l + Y6 + Y6ys + Y3Y6Ys)

R'(ys) =
I +y3 +y3y4 + y3Y4Ys6
1+ y3
R'(ys) =————
> Vaya(l + ye)

. (1 +y3)y2y7ys

R'(ye) = .
(I +y6)(1 + ys + ysys + y3Y6)s8)
1+ Y6
R'(y7) =———
7T+ y3)yeys

er~ (L4 Y3+ Y394 + ¥3Y46))8

R (y3) =

1+ y6 + y6ys + ¥3Ye6s

Combining them, we compute ¢* = R* o L*: X753 — X7 as follows:

@ (1) =(r7(1 + 2y1 + Y7 + Y1)s + Y1Ys + Y1yaYs + Y1vays + 1ysvs + yivaysys)(1 + 22 + 3
+2Y2y4 + 2Y172y4 + 2Y5Y4 + 2Y195V4 + Y3Vs + 201055 + V1VaVi + YaYaYe + Y1Y3Y4Ye
+V3VaV6 + 2V1Y3VaYe + Y1VaYaYe + Y1YaYaYes + Y1VaViVeYs + Y1Y2Y3ViVeys))

[((1+ 2y, + y% + yoya + y1y2ya + }’%)’4 + yl)%)&t + y§y4y6 + )71)73)’4)’6)(1 + Y1+ Y18
+ y1)2)8))

@ (v2) =(s(1 + 22 + ¥5 + YaYa + Y1YaYa + Y3Va + YiYoYa + YoyaYe + y15yaye)(1 + 21 + )7
+ 2y1Ys + 21Ys + 2y172)s + 2Y1V2Ys + ViVaVs + Yivayays + ViVs + 2V1V2)% + VIVoys
+ V1YaVE + 21V2Y305 + ViVayaYs + YiVayaYaVs + YiVayayays + YiVaYayaYe)s))

J((1+ Y2 + yaya + y1y2ya)(1 + 21 + ¥7 + Y1¥s + Y1¥s + Y1¥2Ys + YiYays + Y1yays
+ Y1y2y3)s))
©*(y3) =O7y3(1 + 2y + Y3 + Y2ya + Y1Y2Ya + Yaya + Y1¥3Va + YaVaYe + Y1Y3YaY6)Vs)
J((1+ 2y + y7 +y1)s + ¥i¥s + Y1YaVs + YiYays + Y1yays + yiyayaye)(1 + 2y + ]
+ 21Ys + 2V1Ys + 2V172)8 + 2Y1VaYs + ViVaVs + Yivayays + ViVs + 2V1Va); + VIVays

+ Y1YaYs + 2V1V2Y3Ys + ViYaYaVs + ViVaysvays + YiVay3YaYs + YiVaysyaVeds))
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@ (ya) =(rs(1 + y1 + y1ys + y1y2ys)(L + 2y2 + Y5 + 29234 + 2913034 + 295y + 2y1Y5)4 + ¥3V4
+ 2y15V5 + Y1V3Vi + YaYaYe + Y1¥aVaYe + YaVaVs + 2V1Y5Y4V6 + Y1V2VaVe + Y1V3VaVe)s
+ Y1Y3ViYeYs + Y1Y3Y3YaVeys))
J((1+ Y2+ yays + y1y2ya)(1 + 2y1 + 37 + 2y1y5 + 2Y1ys + 29152Ys + 2V1Y2Ys + Y1Y3)s
+ Y1Y2Y3Ys + YiVs + 2V1V2Ys + YiYaVs + ViVaVs + 2V1Vayays + Y1VaYaYs + YivayaYas
+ YIY2Y3YaYs + Y1V2Y3YaYe)s)

@ (ys) =((1 + y1 + y1ys + y1y2ys)(1 + 2y1 + y7 + y1ys + ¥i¥s + Y1yays + Y1yays + 1y3ys
+ Y1y2y3)s))
/()’%)’3(1 + 2y, + y% + Y2Ya + Y1y2ys + }’%)’4 + )’1)’%)’4 + Y§y4)’6 + y1y§y4y6)y§)

@ (¥6) =(73yaVe(1 + 2y1 + ¥7 + y1)s + Yi¥s + Y1YyaYs + Y1Y2Vs + Y1y3ys + ¥1¥2y3¥s))
J((L+ 2y, + Y5 + yoya + Y1Y2Ya + YoYa + Y1Y3Ya + Y3yaYe + y1¥3yave)(l + 2y2 + ¥3
+ 2y2y4 + 2Y1Y24 + 2Y5V4 + 2V155V4 + V3Vs + 201055 + Y1V3Vi + V3VaYs + Y1Y5YaYe
+ Y2Y4V6 + 2V1Y5Y4V6 + Y1VaViVe + V1Y2VaVes + YiVayiVeYs + YiV2Y3yiVeYs))

@ (7)) =((1 + y2 + yoya + y1y2y)(1 + 22 + Y5 + yaya + Y1y2ya + Y3Va + Y1VaVa + ¥3VaVe
+ )’1)%)’4)’6))
J(3y¥s(1 + 21 + Y7 + Y18 + Y1V + Y1YaYs + Y1YaVs + ¥1¥aYs + Y1V2y3)s)

@ (y8) =(ra(1 + y2 + yaya + y1y2ya)(1 + 2y1 + ¥ + 2y1ys + 297y + 2y12)s + 2V72)s + Y1Ya)s
+ YIVaysys + ViVg + 2V1Ya)g + VIVaVs + ViVaVs + 2Y1¥ayav; + ViVayaYs + Vivaysyayy
+ YIV3Y3YaYs + Y1V2y3Yaye)s))
J((+ Y1+ y1ys + y1y2ys)(1 + 22 + 5 + 2y2ya + 219204 + 29594 + 2y1Y5Y4 + Yo)s

+291Y5)5 + V1Y2Y5 + Y3YaVe + Y1Y3YaYe + YaVaVe + 2V1VaYiVe + Y1V3VaVe + Y1Y3ViVeYs

+ VIY3YVeVs + Y1Ya3Viveys)

The space of solutions of the equations ¢*(y;) = y; for all i parametrizes X?; and X?;. Here
we emphasize that the parametrization makes sense by using the labeling change o and by
Proposition 2.2 proved in the paper.

A solution is given by

~1-vV=3
2

<

1

-1+ V-3
—
This solution can be found, for example, by using the arguments in the proofs of Theorem
2.5 and Corollary 2.6. First we find an element (1, _1%@, %ﬁ) € X‘;; corresponding to the
character of a holonomy representation of the hyperbolic manifold M, as in [NTY, Section 5.1].

Il

<
0o No

Il

wo
Il
<
NG
Il
<
oo —o
Il
<

Il
Qo

yo=y
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Then the above element of X’ ‘;TS is the image of the map X7, — Xr3 in the proof of Corollary
2.6. In fact, it corresponds to the character of the composition of a holonomy representation and
the homomorphism PGL,(C) — PGL;(C) induced by an irreducible representation PGL,(C) —
S L;(C).

By Theorem 4.2 we obtain the twisted Alexander polynomial associated to the solution as:

0" (y))
det (Z(—(?y,- ) _ 1)

det(t(aﬁ%)_ )‘(yl YD=0s3))

...........

=(t— DX =5t + D" - 96 + 441 -9t + 1).
O yD=05d)

lim

1 2 4 943 _
lim —1p _y_r)x]l(t S5t+ D) -9 +44t -9t + 1)

= —84.

Next, we set ¢’ = LLR. Similarly, we can first compute ¢"* = R* o L* o L*: X753 — Xr3 and
the equations ¢"*(y;) = y; for all i defining X7.,. Then the following solution of the equations
corresponding to the character of a holonomy representation of M- is found as follows:

-3- V-7

0 _ 0:

yl_y2 2

0 o S+ V-7
y3:y6:T
o=y =1
yS:y7:T_

Again by Theorems 4.2 and 4.3, we obtain the twisted Alexander polynomial and the non-
acyclic torsion associated to the solution as:

o0 (v;
det (r(“)a—(y’)) - 1) =(t — D5 + 8i V7 — 226 — 80i V7r* + 227¢* + 208i V77
Vi

O yD=0F )
— 14207 — 80i V7#* + 2277 + 8i V7t — 221 + 1),
det(1(52) =) e
lim TSI —— lim(1® + 8 V71 — 220 — 80i V7r* + 2271 +208i V71’
— - —
— 14207 — 80i V71> + 2277 + 8i V7t — 221 + 1)
=—1008 + 64 V-T7.
In the above computations on torsion invariants we specify solutions as (yi,...,y;) =
o ..., y?) for simplicity of the expressions, but note that without any specification of solu-
tions our formulas give the torsion functions with coefficients in (y,...,ys) € Xr3.
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