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ABSTRACT. We establish homotopy ribbon concordance obstructions coming from the Blanchfield
form and Levine-Tristram signatures. Then, as an application of twisted Alexander polynomials,
we show that for every knot K with nontrivial Alexander polynomial, there exists an infinite
family of knots that are all concordant to K and have the same Blanchfield form as K, such that
no pair of knots in that family is homotopy ribbon concordant.

1. INTRODUCTION

We study homotopy ribbon concordance of knots, extending the work [FP19] by the first and
fifth authors on the classical Alexander polynomial to the Blanchfield form and to Levine-Tristram
signatures. Then we present an application of twisted Alexander polynomials to homotopy ribbon
concordance. As described in [FP19], the classical Alexander polynomial is useful to show that
there exists an infinite family of concordant knots that are not homotopy ribbon concordant to each
other. In this paper we show that there exists such an infinite family of knots even with isomorphic
Seifert forms, and so also isomorphic Blanchfield forms, using twisted Alexander polynomials.

Let J and K be oriented knots in S3, and let 7; and mx be the knot groups of J and K,
respectively. A locally flat oriented annulus C properly embedded in S® x [0,1], is called a
homotopy ribbon concordance from J to K if the following conditions are satisfied, where we write
7o =m(S% x [0,1]\ O):

(1) 0C = —-J x {0} UK x {1};

(2) the induced homomorphism ¢;: m; — 7¢ is surjective;

(3) the induced homomorphism tx: T — 7 is injective.
If there exists a homotopy ribbon concordance from J to K, then we say that J is homotopy
ribbon concordant to K, and write J >¢op, K. In particular, in this case J and K are topologically
concordant.

The notion of a homotopy ribbon concordance is a topological analogue of the notion of a
(smooth) ribbon concordance, defined by Gordon [Go81] as a smooth, oriented annulus C' properly
embedded in S3 x [0,1] satisfying condition (1), such that after a small isotopy, the canonical
projection of C to [0,1] is a Morse function without local minima. A ribbon concordance from
J to K satisfies conditions (1), (2) and (3), and thus is a homotopy ribbon concordance from J
to K [Go81, Lemma 3.1]. For further classical work on ribbon concordances we refer the reader
to [Gi84, Miy90, Miy98, Si92]. Recently, a number of articles [JMZ19, LZ19, MZ19, Sal9, Z19)
have related the Heegaard Floer and the Khovanov homology theories to ribbon concordances of
knots. Those relationships rely on smooth techniques and do not generalize to homotopy ribbon
concordances of knots.

On the other hand, we prove that the following statement, proven first by Gilmer [Gi84] for
ribbon concordances using smooth methods, does in fact hold for homotopy ribbon concordances.
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We denote the complement of an open tubular neighborhood of K in S2 by Xx. Let us write
Hy(Xg; Z[t*!]) for the Alexander module of K, and Bl for the Blanchfield pairing of K, which is
a sesquilinear Hermitian pairing on H; (X ; Z[t*!]) with values in Q(¢)/Z[t*!]. For a submodule
G C Hi(Xg; Z[t*)), let G+ := {a € H\(Xg;Z[tT']) | Vb € G : Blg(a,b) = 0}.

Theorem 1.1. If J >, K, then there exists a submodule G C Hy(X y; Z[t*']) such that G C G+
and the pairing on G+ /G induced by Bl; is isometric to Bly.

This theorem extends the result [FP19, Theorem 1.1] that for J >, K, the Alexander polynomial
of K divides that of J, i.e. Ag | A;. Gilmer showed that any ribbon concordance obstruction that
is determined by the isometry class of the Blanchfield pairing (which contains the same information
as the S-equivalence class of the Seifert form [T73]) is subsumed by the obstruction given in
Theorem 1.1. However, that obstruction is not easily testable. So we derive homotopy ribbon
obstructions coming from the homology of the double branched cover, and from Levine-Tristram
signatures, in Propositions 3.2 and 3.3 respectively.

Then we move on to an application of twisted invariants. The following theorem shows the
subtlety of the homotopy ribbon concordance relation, even for smoothly concordant knots with
isomorphic Seifert forms.

Theorem 1.2. Let K be an oriented knot in S* with nontrivial Alexander polynomial Ag, and
let V be a Seifert form of K. Then there exists an infinite family {K;}, of oriented knots in S3
satisfying the following.
(i) For every i, K; has a Seifert form isomorphic to V.
(ii) For every i, K; is ribbon concordant to K.
(i) For every i # j, K; is not homotopy ribbon concordant to Kj;.

Of course, the second item implies that K; is concordant to K; for every %, j. The third item
implies [Go81, Lemma 3.1] that K; is not ribbon concordant to K;. We prove Theorem 1.2
by applying twisted Alexander polynomials [Lin01, W94]. In fact, we establish an obstruction
to homotopy ribbon concordance in terms of these invariants. Suppose that J >, K with a
homotopy ribbon concordance C. Let a: m¢ — GL(n, R) be an n-dimensional representation over
a Noetherian UFD R. We write A5/ (¢) and A% " (¢) for the twisted Alexander polynomials of .J
and K associated to the induced representations av o ¢y and « o tx respectively. The invariants are
elements in R[t*!], and well-defined up to multiplication by a unit in R[t*!]. We write f | g for
f,g € R[t*1] if g = fh for some h € R[t*!]. In particular, 0 | g < 0 = g.

The following theorem generalizes the result [FP19, Theorem 1.1] on the classical Alexander
polynomial to the case of twisted Alexander polynomials.

Theorem 1.3. For a homotopy ribbon concordance C from J to K and a representation o: 7o —
GL(n, R), the following holds:
A%OLK | A?OLJ.

Let us briefly sketch the proof of Theorem 1.2 assuming Theorem 1.3. The infinite family
{K;}5°, of knots in the statement of the theorem is produced by a satellite construction. Let K be
an oriented knot with nontrivial Alexander polynomial and let V' be a Seifert form associated to a
Seifert surface F for K. We pick a simple closed curve A in S3, unknotted in S and disjoint from F,
and think of K as a knot in the solid torus exterior of A. Then, fixing a prime p, we consider
the satellite knots K, of T'(p, ¢)t — T'(p, ¢) with pattern K for primes g # p, where T'(p, q) is the
(p, g)-torus knot. By the construction we can check that the family of knots { K }4-p, with ¢ prime,
satisfies conditions (i) and (ii) of Theorem 1.2. Also, for appropriate A and p we can see condition
(iii) as follows. Suppose that K, >, Ky for ¢,¢" # p with a homotopy ribbon concordance C.

The non-triviality of the Alexander polynomial of K enables us to find a metabelian representation
oLk,

a: m¢ — GL(n,Z) factoring through a p-group such that if A, "7(t) | A;otK“' (t), then ¢ = ¢'.
q q



HOMOTOPY RIBBON CONCORDANCE 3

The condition that the representation « factors through a p-group is important in showing that
both of these twisted polynomials are nonzero. Thus (iii) follows from Theorem 1.3.

Let us conclude the introduction with some open questions highlighting the differences between
ribbon concordance and homotopy ribbon concordance. The set of ribbon concordances is closed
under composition. We do not know whether this holds for homotopy ribbon concordances, too.

Question 1.4. Is the homotopy ribbon concordance relation transitive, i.e. does I >¢op J and
J >top K for oriented knots I, J, K imply I >, K7

The transitivity of the surjectivity condition (2) is easily verified, but the same cannot be said
for the injectivity condition (3).

Let us emphasize that Theorems 1.1 and 1.3 actually hold without condition (3). So, one might
be tempted to simply strike condition (3) from the definition of homotopy ribbon concordances;
Theorems 1.2 and 1.3 would still hold. However, there is some indication that this would be a less
natural definition than the one we have given. Let K, K5 be two knots with trivial Alexander
polynomial. For such knots, there exist discs embedded properly and locally flat in D* with
OD; = K; and 71 (D*\ D;) = Z [FQ90, Theorem 11.7B]. Tubing together D; and D yields a
topological concordance from K to Ko satisfying conditions (1) and (2), but (if K2 is nontrivial)
not (3). So then without (3), >¢op has no hope of being a partial order. This observation also
implies that, to answer the following question positively, one must indeed make use of condition (3).

Question 1.5. Does J >, K imply g(J) > g(K)?

The analogous statement for ribbon concordance was established by Zemke using knot Floer
homology [Z19].

One may easily show using embedded Morse theory (see e.g. [BP16]) that for smoothly concordant
knots K, J, there exists a third knot L that is ribbon concordant to both K and J. Whether the
analogous statement holds for homotopy ribbon concordance is less clear.

Question 1.6. Given two topologically concordant knots K, J, does there exist a third knot L such
that L >op K and L >¢op J ?

This paper is organized as follows. Section 2 provides a brief review of twisted Alexander
polynomials of knots. Section 3 contains the proof of Theorem 1.1 and Propositions 3.2 and 3.3. In
Section 4 we generalize the results in [FP19] to the case of twisted Alexander modules, and prove
Theorem 1.3. In Section 5 we describe a satellite construction producing such an infinite family of
knots as in Theorem 1.2, and a satellite formula of twisted Alexander polynomials. In Section 6 we
introduce certain nonzero twisted Alexander polynomials associated to metabelian representations,
which are useful for applications of Theorem 1.3. Section 7 fleshes out the details of the proof of
Theorem 1.2 that was sketched above. Appendix A discusses the base ring change properties of
Blanchfield pairings that are needed in Section 3.

Acknowledgments. The authors thank Maciej Borodzik for inspiring ideas regarding applications
of the Blanchfield obstruction. Some of the work on this article was undertaken at the MPIM
Bonn during the workshop on 4-manifolds in September 2019, and some motivation came from the
workshop on low-dimensional topology in Regensburg one month later. TK was supported by JSPS
KAKENHI Grant Numbers JP18K13404, JP18KK0380. LL was supported by the Emmy Noether
Programme of the DFG. MN gratefully acknowledges support by the SNSF Grant 181199.

2. TWISTED ALEXANDER POLYNOMIALS

We begin with the definition of twisted Alexander polynomials of knots [Lin01, W94]. We also
refer the reader to the survey papers [DFL15, FV11] for more details on the invariants. In this
section, let R be a Noetherian UFD with (possibly trivial) involution =: R — R, and Q(R) is its
quotient field.
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2.1. Twisted homology and cohomology groups. Let X be a path connected space having
universal cover X and let Y be a subspace of X. Let Y be the pullback of ¥ by the covering
map X — X. Note that m(X) acts on X on the left via deck transformations. The singular
chain complex C,(X,Y) of (X,Y) is a left Zm, (X)-module. We write C, (f(, Y) when we think of
C.(X,Y) as a right Zm (X)-module, using the involution of Zr (X) reversing elements of 1 (X).

Let a: m(X) — GL,(R) be a representation. For each nonnegative integer ¢ we define the
i-th twisted homology group H*(X,Y; R™) and the i-th twisted cohomology group H.(X,Y; R™) of
(X,Y) associated to « as:

HX(X,Y;R") = Hy(C.(X,Y) @z (x) R"),
HY(X,Y;R") = H'(Homgy, x)(C.(X,Y), R™)).

When Y is empty, we write H*(X; R") and H{ (X; R™) respectively.

If (X,Y) is a CW-pair, then the cellular twisted homology and cohomology groups are similarly
defined for the cellular chain complex of (X' , )N/), and isomorphic to the singular twisted homology
and cohomology groups respectively.

The 0-th twisted homology and cohomology groups are computed as follows (see for instance
[HS71, Proposition 3.1]):

Hy (X5 R") = R"[{a(y)v —v [y € m(X),ve R"},
HY(X;R") ={ve R"|aly)v=uforall y € m(X)}.

2.2. Twisted Alexander polynomials of knots. Let K be an oriented knot in S3. Recall
that we denote the complement of an open tubular neighborhood of K in S® by Xk, and set
mx =71 (Xk). Let ¢x: mx — Z be the abelianization map sending a meridional element to 1.

Let a: mx — GL(n, R) be a representation. We write a ® ¢ : T — GL(n, R[t*1]) for the
tensor representation given by

a® ¢x(y) = a(y)t?x™

for v € mx. We call H*®?* (X g; R[t*1]") the twisted Alezander module of K associated to v, which
is a finitely generated R[t*!]-module. We define the twisted Alevander polynomial A% (t) € R[tT!]
of K associated to « to be its order. Namely, for an exact sequence

R 5 REF™ — HY®9% (X s REF™) = 0

with [ > m, A% (t) is the greatest common divisor of the m-minors of a representation matrix of r,
and is well-defined up to multiplication by a unit in R[t*']. In the following we write f = g for
f,g € R[t*'] if f = ug for some unit u € R[t*1].

Remark 2.1.

(1) The twisted Alexander polynomial of K associated to the trivial representation mx —
GL(1,Z) coincides with the classical Alexander polynomial Ag(t) of K.
(2) The twisted Alexander polynomial A% (%) is invariant under conjugation of representations a.

3. THE BLANCHFIELD PAIRING

3.1. Proof of the Blanchfield homotopy ribbon obstruction. Recall that for a knot K, X
denotes the complement of an open tubular neighborhood of K in S3, and the Alexander module of
K is Hi(Xg; Z[t*']), where t acts as a generator of the deck transformation group of the infinite
cyclic covering of Xg. The Blanchfield pairing Bli of K is a non-singular sesquilinear Hermitian
form

Blg: H (X Z[tTY]) x Hy (X Z[tTY]) — Q(b)/Z[tFY],
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which may be defined by setting its adjoint 2 — Blx(—, ) to be the composition

3.1) H(Xg:Z[tH) —— Hy(Xx, 0X 5 Z[5Y) 220 B2 (X g Z[*)

—1
I Y (X Q) /I ]) —Es Homgee (H: (Xic; ZIEE), Q1) /Z[E)),

where the first map is the natural one, PD denotes the Poincaré duality map, Sk denotes the
Bockstein connecting homomorphism in cohomology induced by the short exact sequence 0 —
Z[t*] — Q(t) — Q(t)/Z[t*'] — 0, and & is the so-called Kronecker evaluation (see e.g. [FP17] for
details regarding this definition). The involution = on Z[t*'] is given by p(t) = p(t~'), and for a
Z[t*'-module M, M denotes the module given by the same abelian group as M, and p(t) acting
as p(t). We write Hom(-, -) as Hom(-, -).

Let us now recall Theorem 1.1 from the introduction, and prove it.

Theorem 1.1. If J >, K, then there exists a submodule G C Hy(X j; Z[t*']) such that G C G+
and the pairing on G+ /G induced by Bl; is isometric to Blg.

Proof. Let C be a homotopy ribbon concordance from J to K and let X be its exterior, i.e. the
complement of an open tubular neighborhood of C in S® x [0,1]. See [FNOP19] for a thorough
treatment of tubular neighborhoods of submanifolds of a topological 4-manifold. The boundary
0X¢ is homeomorphic to the gluing of X_; and Xk along their boundary tori, gluing meridian to
meridian and longitude to longitude.

The composition j: X; — X of orientation reversal and inclusion induces a surjection
Ju: Hi (X5 Z[tTY]) — Hi(Xc; Z[t*Y]), while the inclusion k: Xx — X induces an injection
k.: Hy(Xr; Z[t*']) — H1(Xc; Z[tT]). This was shown in [FP19]; we will generalize it to twisted
homology in Section 4.

The surjectivity of j, implies that the kernel of the homomorphism induced by the inclusion
0Xc — X is a metabolizer of Blgx, = Bl; @ Blk (see [FLNP17] for additivity of the Blanchfield
form and [F04, Prop. 8.2] for the proof that the kernel is a metabolizer). The remainder of the
proof is an algebraic argument that we outsource to the following lemma, applied with e = j,,
m = k., \g = Bly, Ay = Blg, and R = Z[t*!]. |

For a commutative ring R, we write Q(R) for the total quotient ring of R, i.e. the localization of
R with respect to the multiplicative set of elements of R that are not zero divisors. An element a
of an R-module is called torsion if it is annihilated by some r € R that is not a zero divisor, and
an R-module is called torsion if all its elements are torsion.

Lemma 3.1. Let R be a commutative ring with an involution. Let M, E be finitely generated
R-torsion modules with sesquilinear, Hermitian and non-singular pairings Apr: M x M — Q(R)/R
and Ag: E x E — Q(R)/R. Let N be an R-module with an epimorphism e: E — N and a
monomorphism m: M — N, such that the kernel of (e + m): E® M — N is a metabolizer for
AE @ M. Let G be the kernel of e. Then the pairing induced by Ag on GL/G s isometric to Aps.

Proof. Let S = e~ *(Im(m)) C E and define g: S — M as m~! oe. Let us check that g respects
the pairings. Let aj,as € S be given. Then for i € {1,2}, we have e(a;) = m(g(a;)), so
a; — g(a;) € Ker(e +m). Since Ker(e + m) is a metabolizer for A @& Aps, we have

—Ap(a1,a2) + An(—g(a1), —g(az2)) =0 = Ap(ar,a2) = An(g(ar), g(az))

as claimed. Next, g is clearly surjective and has kernel G = Kere, so it induces an isometry
S/G — M. Let us now prove that S = G*.
To show S C G+, let a € S. If b € G, then

>‘E(a7 b) = _()‘E(a7 _b) + )‘M(_g(a)v 0))7

which equals zero since a — g(a) and b are both contained in the metabolizer Ker(e 4+ m).
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To show G+ C S, let ¢ € G* be given. Consider the homomorphism S/G — Q(R)/R given
by [a] — Ag(a,c). The pairing induced on S/G by Ag is non-singular since it is isometric to M.
So its adjoint map is an isomorphism, whence there exists [¢/] € S/G such that for all [a] € S/G,
we have Ag(a,c) = Ag(a,c’). Thus for all a € S, we have Ag(a,c — ') = 0. If @ € E and
b € M with e(a) + m(b) = 0 are given, then a € S, and so —Ag(a,c — ¢) + Ay (b,0) = 0. Thus
c—c € Ker(e +m)*+ = Ker(e +m), and thus ¢ — ¢’ € Ker(e + m) N E =G C S. Since ¢ is also
in S, it follows that c € S. ]

3.2. Homotopy ribbon obstructions from the double branched covering and signatures.
Let us write [K] for the S-equivalence class of a knot K, i.e. [K] = [K’] if and only if Blx and Blg-
are isometric. Write

[J] =5 [K]

if the conclusion of the previous theorem holds, i.e. if there exists a submodule G C Hy (X j; Z[t*'])
such that G C G+ and the pairing on G+ /G induced by Bl; is isometric to Blx. This relation was
introduced by Gilmer [Gi84], who showed that if J is ribbon concordant to K, then [J] >gs [K].
Theorem 1.1 strengthens this statement, and may now be formulated as

J >op K = [J] >5 [K].

Gilmer provides an equivalent characterization of the relation >g in terms of Seifert matrices,
which constitutes his main technical tool. Among other results, he shows that the relation >g is a
partial order. In this text, we will rely on the definition of >g via the Blanchfield pairing, instead
of Seifert matrices.

There seems to be no known algorithm to decide whether [J] >g [K] holds for given knots J
and K. On the level of modules (forgetting about the Blanchfield pairing), the relation [J] >g [K]
implies that the Alexander module of K is a quotient of a submodule of the Alexander module
of J. But even this condition seems difficult to check for general given knots J and K.

Switching to PID coefficients at least gives testable obstructions beyond divisibility of the
Alexander polynomials. In particular, in this way one obtains homotopy ribbon obstructions from
the homology of the double branched covering, and from Levine-Tristram signatures. Let us state
these obstructions now. Denote the double branched cover of S3 along K by Yk o.

Proposition 3.2. If J, K are knots with [J] >g [K], then H1(Xk 2;Z) is isomorphic to a subgroup
of Hi(Xj2;Z). In fact, there exist abelian groups W, G and two short exact sequences

(3.2) 0 —— H\(Sk2;Z) —— H (X720, 7) —

CHQ T Qo
o

The proof will be given in Section 3.3. Recall that for a knot K, the order of Hy (X 2;Z) is
det K. Consequently, if p is an odd prime not dividing det J/ det K, then the p-primary parts of
H,(Xy;Z) and H1(Xg;Z) are isomorphic.

Let us denote the Levine-Tristram signature and nullity, of a knot K at e™* € S! for x € R,
by 0.(K) and n,(K) respectively. We write deg, (K) for the multiplicity of the root ™ of Ay,
which equals 0 if e™ is not a root of Ag. In this notation, the classical knot signature corresponds
to o1.
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Proposition 3.3. If J, K are knots with [J] >g [K], then for all x € R,
deg, (J) — deg,(K) = n2(J) = 12(K) = [02(J) — 0u(K)|.

The proof will be given in Section 3.4. Note that in the particular case, where e
of the quotient A;/Ag, one obtains that o, (J) = 0, (K).

The proofs of Propositions 3.2 and 3.3 follow a similar path for the start of their proofs. The
homology of the double branched covering and the Levine-Tristram signatures are determined by the
Blanchfield pairings BI® with certain PIDs R as coefficient module. As discussed in Appendix A, Bl
determines BI, and [J] > [K] implies the condition for BI* analogous to Theorem 1.1, which in
turn (using that R is a PID) implies (3.2) in Proposition 3.2 and the inequalities in Proposition 3.3.
Before delving into those proofs in full detail in Sections 3.3 and 3.4, let us give an example
application.

Ezample 3.4. Let K be the knot 12ns5g5 from the knot table [LM20]. This knot is a ribbon knot with
Alexander polynomial (t~' — 1+ ¢)* and non-constant signature profile: deg; /3(K) = 2,71 3(K) =
1,01/3(K) = 1. As an example application of the Blanchfield obstructions, let us prove that if J is
a prime knot with crossing number 12 or less such that J >y, K, then J € {K, K'}, where K’ is
the knot 1099 in the knot table.

First off, J needs to be topologically slice. This leaves (up to symmetry, i.e. counting mirror
images and reverses only once) 159 knots from the table. Among those, there are 134 knots with
deg, /3 =0 (i.c. A(e™/?) # 0) and 10 knots with deg, /5 =2, n1/3 = 2, 01/3 = 0. These are ruled
out by the first inequality in Proposition 3.3, whereas — K is ruled out by the second inequality,
since deg /3(—K) = 2, m3(—K) =1, 01/3(—=K) = —1. There remain 15 knots. Among them, 13
have double branched covering with first homology group isomorphic to Z/9,Z/81 or Z/9 & Z/25.
So they are ruled out by Proposition 3.2, since the first homology group of the double branched
covering of K is Z/3 @ Z/3, which does not inject into a cyclic group (note that here we are not
using the vertical exact sequence in (3.2)).

The two remaining knots are K itself and K’ (the latter being amphicheiral). We have
Hy(K';Z) = Z/9® Z/9 and deg; ;3(K') = 4,m1/3(K') = 2,01,3(K’) = 0, so Propositions 3.2
and 3.3 do not obstruct K’ >top K. One may check that K’ is not ribbon concordant to K,
e.g. using Khovanov homology [LZ19]. However, we do not know the answer to the following.

T

is not a root

Question 3.5. Does [10g9] >5 [12n582] hold? If so, is 1099 homotopy ribbon concordant to 12n5gs ?

Remark 3.6. In light of the obstructions for homotopy ribbon concordances coming from the
Blanchfield pairing (Theorem 1.1) and from twisted Alexander polynomials (Theorem 1.3), one
might hope for an obstruction coming from twisted Blanchfield pairings. We have not pursued this
any further in order to avoid overly complicating this text, and because it was not necessary to
obtain the application in Theorem 1.2.

Remark 3.7. The obstruction given in Proposition 3.3 could be strengthened a bit by considering
the full isometry type of the Blanchfield pairing over R, which is not completely captured by
nullities, signatures and the Alexander polynomial. Likewise, taking the linking pairing of the
double branched cover into account, and not just its homology, would strengthen Proposition 3.2.

3.3. The Blanchfield pairing with PID coefficients. This subsection is devoted to the proof
of Proposition 3.2. Let us jump directly into it, and prove the crucial Lemma 3.8 afterwards.

Proof of Proposition 3.2. First we appeal to two technical results dealing with change of base
ring for the Blanchfield form, whose proofs we have relegated to Appendix A. The Z[t*!]-algebra
R = Z[t*']/(t+1) has only (¢+ 1)-torsion, and is thus admissible in the terminology of Appendix A.
So, by Proposition A.1, for all knots L, there is a Blanchfield pairing BILR defined on Hy(X; R),
which is determined by Bly. Moreover, by Proposition A.2, [J] >g [K] implies that there exists an
R-submodule G C Hy(X; R) such that G C G+, and G+ /G is isomorphic to Hy (Xg; R).



8 S. FRIEDL, T. KITAYAMA, L. LEWARK, M. NAGEL, AND M. POWELL

Note that R — Z,t ~ —1 is an isomorphism of Z[t*!]-algebras (with trivial involution), where ¢
acts on Z by —1. In particular, as a ring Z[t*!]/(t + 1) is a PID. By Lemma 3.8 (iii) below, there
are two short exact sequences

0—— Hl(XK;R) Emd Hl(XJ;R) s W — 0,
0 G w G 0.

Note that for all knots L, Hy(32 1;Z) and H1(Xp; R) are isomorphic abelian groups. Indeed, since
Hy(Xp; R) = Hy(Xp; Z[t*Y]) @zpe R = Hy (X3 Z[t5])/(t + 1) by a straightforward application

+
of the universal coefficient theorem (noting Tor?[t 1](Z, R) =0), both modules are presented by
the matrix (tV — V1)|;=_1 = =V — VT, where V is a Seifert matrix for L. Thus, we have indeed
constructed the two short exact sequences (3.2). O

As a side remark, note that under the identification of Hq(X; R) with Hq1(2Z2 1;Z), the pair-
ing BIIL% corresponds to the usual linking pairing on ¥, ;, times 2 for all knots L.

Also, note that one could prove the conclusion of Proposition 3.2 under the stronger hypothesis
that J >op K instead of [J] >g [K], namely by using that Theorem 1.1 holds not just for Z[t*!],
but for all Z[t*!]-algebras R without ¢ — 1 and =-torsion (cf. Appendix A), with the analogous
proof. This proof would not require the relationship between Bl and B1®, but would result in a
weaker version of Proposition 3.2.

Now, let us come to Lemma 3.8. Let us consider modules and pairings over a general PID R
(PIDs are understood to be commutative in this text). The order ord M of a finitely generated
torsion module M over R is defined as follows: pick a decomposition of M as sum of cyclic modules
R/(a1)®...®R/(ay). Thenord M :=a;-...-a, € R. The order is well-defined up to multiplication
with units in R; we use the symbol = to denote that two elements of R are equal up to multiplication
with a unit. Note that if R has an involution =, then ord M = ord M. This definition of order
agrees with the more general definition in Section 2.2 of orders of modules over rings that need not
be PIDs.

Lemma 3.8. Let R be a PID with an involution ~.
(i) Ewvery finitely generated R-torsion module M is (non-canonically) isomorphic to Hom(M, Q(R)/R).

Let A be a finitely generated R-torsion module and let A\: A x A — Q(R)/R be a sesquilinear
Hermitian non-singular pairing.
(i) For M a submodule of A, we have ord M -ord M+ = ord A and M = (M*+)*.
(iii) For a submodule G C A such that G C G*, there is an R-module W fitting into the
following two (non-natural) short exact sequences as follows.

0

0 — G+/G A

QT QI+

Proof. (i) Cyclic torsion modules are (non-canonically) isomorphic to R/(a) for some a € R\{0}, and
an isomorphism R/(a) — Hom(R/(a), Q(R)/R) is given by 1+ (1 — 1/a). This suffices, since M
decomposes as a sum of cyclic torsion modules, and Hom(N & N, Q(R)/R) = Hom(N,Q(R)/R) ®
Hom(N',Q(R)/R).
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(ii) There is a short exact sequence
(3.3) 0 —— M+ —— A —— Hom(M,Q(R)/R) — 0,

where the second map is the inclusion, and the third map is the composition of the adjoint
map A — Hom(A, Q(R)/R) of X (which is an isomorphism) and the map Hom(A, Q(R)/R) —
Hom(M, Q(R)/R), which is surjective since Q(R)/R is an injective R-module, and so the con-
travariant functor Hom(—, Q(R)/R) is exact. The orders of modules in a short exact sequence are
multiplicative, so ord M+ - ord Hom(M, Q(R)/R) = ord A, which implies ord M - ord M = ord A
using (i). In the same way, we obtain ord(M1)+-ord M+ = ord A. Thus we get ord M = ord(M+)+L.
The inclusion M C (M*)* follows directly from the definition of +, and since M and (M+)* have
the same order, they are equal.

(iil) Let us write ¢ for inclusions of submodules of A into A, and ¢: A — Hom(A, Q(R)/R) for
the adjoint of A\. Let 8 the composition of the maps

Gt 5 A —" Hom(A,Q(R)/R) — Hom(G*,Q(R)/R).
The kernel of 3 is (G+)* = G. So B induces an injection
3: G+/G — Hom(G*,Q(R)/R).

Fix an isomorphism «: Hom(G*+,Q(R)/R) — G We get the following commutative diagram, in
which the two rows and the first column are exact; this induces the dashed maps, such that the
second column is also exact.

0 0
0 — Gtjg —P, Gt GT/tmaf —— 0

bob

A/Imiaff —— 0

L

The second row and second column of this diagram form the desired diagram, using that A = A
and setting W = A/Im 3. It just remains to check that A/GL =~ G and GL/Imaf = G.

An isomorphism A/G+ = Hom(G, Q(R)/R) is given by considering the short exact sequence (3.3),
and Hom(G, Q(R)/R) is isomorphic to G by (i).

In the following commutative diagram, the rows are exact (the surjectivity of the second map in
the top row follows from the injectivity of the module Q(R)/R as in the proof of (ii) above), and

the first two vertical maps are isomorphisms.

0 —— GL/G — s Hom(G*,Q(R)/R) —— Fom(G, Q(R)/R) —— 0

b !

0 —— Gt/G acP Gt GL/Imaff —— 0

This induces the desired isomorphism G = Hom(G, Q(R)/R) — G+ /Im af3, drawn dashed. O
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As an illustration of how the previous lemma can be used, we give a new proof of the following
corollary, by applying the lemma to R = Q[t*!]. The corollary was originally shown by Gilmer
using Seifert matrices.

Corollary 3.9 ([Gi84]). If J and K are knots with [J] > [K]| and Ay = Ak, then Bl; and Blg
are isometric.

Proof. By definition of >g, there exists a submodule G C H;(X;Z[t*!]) such that G C G+ and
the pairing induced by Bl; on G+ /G is isometric to Blg. Let G = G ® Q. By Proposition A.2,
G+ /G is isomorphic to H;(Xx;Q[t*1]), so

ord G - Ag = ord G+.
Moreover, by Lemma 3.8 (ii), we have
ord G - ord G+ = Aj.

Since A = A by assumption, those two equations imply that ordG = 1, which means that
G is trivial. This is equivalent to G being Z-torsion. However, Hy(Xs;Z[t*']) is Z-torsion free,
and thus its submodule G is as well. Hence G is trivial, and the pairing induced by Bl; on
G+ /G = Hy(X ; Z[t*']), to which Blg is isometric, is just Bl; itself. O

3.4. Dévissage of linking pairings over a PID. This subsection is devoted to the proof of
Proposition 3.3. As will be explained in detail later, deg,,o, and 7, can be read from the

Blanchfield pairing BIR[til] with R[t*!] coefficients, which is in turn determined by Bl, as discussed
in Appendix A. Since R[t*1] is a PID, the results of Lemma 3.8 apply. But this is not enough; to
prove Proposition 3.3, we need a clearer understanding of linking pairings over R[t*1]. Localizing
this ring will simplify things. Let us work in a more general setting. Let R be a discrete valuation
ring, or DVR for short (i.e. a commutative PID with a unique non-zero maximal ideal), equipped
with an involution =, satisfying the two following conditions:

(3.4) There is a generator 7 € R of the unique maximal ideal of R with 7 =T7.
(3.5) There is a unit s € R such that s +35 = 1.

Note that up to multiplication with units, 7 is the unique irreducible element of R. It follows
that every element in R can be written as r7¢ for some £ € Ny and » € R a unit. If a is an element
of an R-torsion module (such as Q(R)/R), then write va for the minimal k£ > 0 such that 7%a = 0.
Note that va = 0 < a = 0. The following lemma lays some technical groundwork for pairings over
such rings R, and shows in particular that they are diagonalizable.

Lemma 3.10. Let R be a DVR with involution satisfying (3.4) and (3.5). Let A be a finitely
generated R-torsion module and let A\: A x A — Q(R)/R be a sesquilinear Hermitian non-singular
pairing.
(i) If B C A is a submodule such that BN B+ =0, then (A, \) is isometric to the orthogonal
sum of B and B*.
(ii) If a € A and va = v\(a,a), then (A, \) is isometric to the orthogonal sum of {a) and (a)*.
(i) For all a € A, there exists b € A such that vA(a,b) = va.
(iv) There exists a € A with mazimal va such that vA(a,a) = va.
(v) (A, ) is isometric to an orthogonal sum {(e1) ® -+ ® (e,) of cyclic modules. For any such
€1y...,€n, we have vA(e;, e;) = ve; foralli € {1,...,n}.
(vi) Leta € A withva =1, and leta € A be an element with mazimal va such that a = 7~ 11vaq,
Then there exists b € A such that vb = va = vA(a,b) = vA(b,b).
(vil) Let a € A and assume that vA(a,b) < va for allb € A with vb = va. Then there exists
¢ € A with ve > va such that v(a + 7¢) < va.
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Proof. (i) The sum of the inclusion maps gives a map B @ B+ — A that clearly preserves pairings.
It just remains to see that this map is bijective. Injectivity follows from BN B+ = {0}. Surjectivity
follows since ord B @ B+ = ord A by Lemma 3.8 (ii), using that R is a PID.

(ii) By (i), we just have to check that (a) N (a)~ = {0}. Take an element ra € (a) with r € R. If
ra € (a)*, then \(ra,a) = 0, and so 7\(a,a) = 0. Hence r € (7"M®®)) = (7¥%) and thus ra = 0.

(iii) If a = 0, take b= 0. If a # 0, let @ = 7~ 17%a. Since \ is non-singular, there exists b € A
such that A(a,b) # 0. It follows that vA(a,b) = 1 and vA(a,b) = va as desired.

(iv) Pick any b € A of maximal vb = k. If vA(b,b) = k, just take a = b. Else, by (iil) we may
pick ¢ € A such that vA(b,c) = k, i.e. \(b,c¢) = r7~% for » € R a unit. Note this implies vc = k.
Again, if vA(c,c) = k, just set a = c. Else we have vA(b,b) < k and vA(¢,c¢) < k. Pick s € R such
that s +5 =1 and set a = b+ s7 'c. This element a satisfies vA(a,a) = k, as one computes:

TFIND + st e, b+ 5T te) = TR (A, 5T e) + M(sT e, b)) = TR Er TR sy = 7L

(v) Note that ord A = 77 for some j > 0. The proof goes by induction over j. For j =0, A is
trivial and the statement holds. If A is nontrivial, by (iv), there exist a non-trivial a € A with
maximal va and vA(a,a) = va. By (ii), A is isometric to (a) @ (a)*, and by induction (a)* is
isometric to an orthogonal sum of cyclic modules.

For the second statement, note that 7% A(e;,e;) = 0, so vA(e;,e;) < ve;. Moreover, X is
non-singular, so there exists some a € A such that A\(7V¢~1e;,a) # 0. Because of the orthogonality
of the sum, we have a = a;e; + b with a; € R\ {0} and b € {e1,...,€i—1,€i41,...,€,). Then
AV~ te; a) = a; 7V I \(es, e5) # 0, and so vA(e;, e;) > ve;.

(vi) Using (v), we may identify (A, A) with the orthogonal sum over cyclic modules with generators
€e1,...,€n, SO we write elements of A as vectors with respect to that generator set. In this notation,
the i-th coordinate of a is 7,7~ 1T¥¢ for r; € R a unit or 0. Since va = 1, a # 0, and by maximality
of va, there exists i such that r; # 0 and ve; = va. This implies that the i-th coordinate of a is ;.
Set b to be e;. Then vb = va and by the second part of (v), vA(e;, €;) = ve;, so MNa,b) = A(rie;, €;),
where vA(r;e;, e;) = ve;. Likewise vA(b,b) = vA(e;,e;) = ve;.

(vii) Choose ey, ..., e, as in (vi). Let the i-th coordinate of a be r;7% with r; € R a unit or 0,
and k; > 0. Reorder the e; such that there exists j € {1,...,n} with v(r;7%e¢;) = v(a) for i < j
and v(r;7%e;) < v(a) for i > j. If k; = 0 for some i € {1,...,j}, then v(a) = v(e;) = vA(e;,a),
contradicting the assumption that no such b = e; exists. So k; > 1 for all s € {1,...,j}. Set

J
c=— E riTkiflel-.
i=1

Then, clearly, vc = 1 + va and v(a + 7¢) < va. |

Let A be a finitely generated R-torsion module and let \: A x A — Q(R)/R be a sesquilinear
Hermitian non-singular pairing. By a technique known as dévissage (see e.g. [Ra98, Ch. 38]), the
isometry type of A can be understood by considering the isometry type of sesquilinear Hermitian

non-singular pairings over the field F := R/(7). Let us make this precise now.
Let Ay, = {a € A|7%a =0} for k>0 and A; = {0} for k < 0. Let

O (A) = A /(Ar—1 + TAp41).

Note that A induces a sesquilinear Hermitian form ®j()\): ®x(A) x ®,(A) — (17 FR)/(r7*'R),
and (77*R)/(r7¥*1R) is canonically identified with the field F = R/(7) by multiplication with 7*.
Non-singularity of the form ®;(A) follows from Lemma 3.10 (vii).

Write T(R) for the set of isometry classes of sesquilinear Hermitian non-singular pairings
A x A — Q(R)/R on finitely generated R-torsion modules A, and M (F) for the set of isometry
classes of sesquilinear Hermitian non-singular pairings V' x V' — T on finite dimensional vector
fields V' over the field R/(7). The orthogonal sum of pairings, which we denote by @, makes both
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T(R) and M(F) into commutative monoids. We may now see the ®; for ¢ > 1 as a family of monoid
homomorphisms T(R) — 9MM(F) (abusing notation, let @ () denote both the concrete form induced
by )\, as well as the isometry type of that form).

The monoid 9 (F) enjoys some special properties, due to condition (3.5) (see [Bo59, §4], where
(3.5) is called Condition (T)). Firstly, M (F) is cancellative, i.e. [A]+[p1] = [A]+[p2] = [u1] = [ue2] for
all [A], [pa], [pe] € M(F) (this is the sesquilinear version of Witt’s cancellation theorem). Secondly,
metabolic forms are fully characterized by their dimension, and so every metabolic form is a multiple
of the isometry class H € 9(F) of the hyperbolic plane, which is the pairing on F? sending (e1, 1),
(ea,e2) to 0 and (eq,e2), (e2,e1) to 1.

The following lemma forms the core of the proof of Proposition 3.3.

Lemma 3.11. Let R be a DVR with involution satisfying (3.4) and (3.5), and let A be a finitely
generated R-torsion module with a sesquilinear Hermitian non-singular pairing A\. Let G C A be
a submodule such that G C G+, and let N be the pairing induced on G+ /G by \. Then there are
Ty, To,... € M(F) and hy, ha, ... € N such that Ty is trivial and for alln > 1, we have hy > hyyo
and

T, ®h, H® @ Ppyo2i(N) =hpy1 - H® @ Ppp2i(N).
i=0 i=0

Proof. Throughout this proof, let us write A\ >gn X if T}, and h,, as above exist. It is straightforward
to check that the relation >gp on 9(F) is transitive.

Now, A >9n X holds for trivial G. The main part of the proof is to show the statement for
ord G = 7. Having established that, let ord G = 7/ with j > 2, and proceed by induction over
j as follows. Pick ¢ € G with vg = 1. Let u be the pairing induced on (g)*/(g) by A. Note
that the pairing induced on (G/{g))*/(G/{g)) by p is isometric to X'. Since ord(g) = 7 and
ord G/{g) = 79!, we may apply the induction hypothesis twice, and get A\ >on p >on \'.

So let us now deal with the case that ord G = 7, i.e. G = (g) with g € ®1(A4) \ {0}. Let g € A

have maximal v§ =: k such that ¢ = 7F~1§. We will distinguish two cases, depending on whether

(3.6) vA(§,9) =k

holds. If it does, set B = (g). Otherwise, we have vA(g, §) < k and pick b € A as in Lemma 3.10(vi),
ie.

(3.7) vb = vA(§,b) = vA(b,b) = k

and set B = (3,b) C A. Let us check that BN Bt = {0}. In case (3.6) holds, this is true
by Lemma 3.10 (i). If (3.6) does not hold, let a € B N B+ be given. Since a € B, we have
a = r7t§ + s7™b for some units r,s € R and £,m > 0. We want to show ¢ = 0. For that, it is
sufficient that £ > k and m > k, since both § and b are annihilated by 7%. We have A(a,b) = 0,
since a € Bt and b € B, and thus

rN(G, b) + s7™ (b, b) = 0.

If both summands are zero, then ¢ > k and m > k using (3.7), and so we are done. Otherwise, the
two summands must have the same v, and so k — ¢ = k —m, implying that £ = m. Now A(a,g) =0
implies that
NG, §) + sT™A(b, §) = 0.

If the second summand is zero, then ¢ > k, and we are done. Otherwise, the two summands must
have the same v, i.e. vA(g,g) — ¢ = k — ¢, implying vA(g, §) = k contradicting the assumption that
(3.6) does not hold. We have thus shown B N B+ = {0}.

By Lemma 3.10 (i), it follows that A is isometric to B @ B*. Since (g) C B, we have B+ C (g)*.
Thus (g)+/(g) is isometric to C ® B+ where C = (BN (g)*)/(g) with the pairing induced by \.
Hence it suffices to show A gxp >om Aoxc-
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If (3.6) holds, then B is cyclically generated by g with vg = k, where k£ > 2 follows. So,
®,(B) is trivial for n # k, and ®,(Apxp) is isometric to the pairing on F sending (ej,e;) —
78\(3,§) € R/(1) = F. Observe that C is also cyclic, generated by a = [7§], with va = k — 2 and
Ma,a) = 72X(g,§). So ®,,(C) is trivial for all n > k — 2; and ®_s(Acxc) = Pr(Apxp) if k> 2 (if
k =2, then C is trivial). To demonstrate A|gx5 >m A|cxc, one may take h, =0 for all n, T,, =0
for all n # k, and T, = @ (ApxB)-

If (3.6) does not hold, recall that B = (g,b). So ®,(B) is trivial for n # k and ®y(B) is
two-dimensional, with basis [g], [b]. The pairing ®x(Apxp) is metabolic, since ([g], []) is sent to
0. So ®1(Apxp) = H. One calculates that {(g)* N B = (g, 7b), so ®,(C) is trivial for n > k — 1;
and ®;_1(Aoxe) = H if k> 1 (if k =1, then C is trivial). To demonstrate A|gx5 >om Alcxc, one
may take T,, = 0 for all n, h, = 1if n <k and n =k (mod 2), and h,, = 0 otherwise. O

We are now ready to prove Proposition 3.3.

Proof of Proposition 3.3. If €™ is not the root of the Alexander polynomial of any knot, then o is
a topological concordance invariant. For such z, the stated inequalities thus simply read 0 > 0 > 0.

So from now on, we may assume that ™ is the root of some Alexander polynomial. In fact, it
will be sufficient to assume e™* ¢ R (equivalently, that z ¢ Z). Let ((t) =t~ — 2cosx + t. Since
R[t*1]/(¢) is isomorphic to C (via the isomorphism sending t to ™), it follows that (¢) C R[t*!]
is a maximal ideal. Consider the localization R[t*'](¢) of R[t*!]. Note that R[¢t*!]) is a DVR
satisfying conditions (3.4) and (3.5).

Since R[t*1]/(¢) is isomorphic to C, M(R[tF1]/(¢)) is isomorphic to the monoid N? via the
signature. Indeed, send [1] € M(R[tF1]/(C)) to (p1, u—1) € N2, where p11 and p—; are the dimensions
of maximal subspaces on which p is positive definite and negative definite, respectively. Let us
write o(p) = p1 — p—1. .

For a knot L, let us abbreviate ¥;(L) = @i(Blﬂi[t ](O). Denote the difference between the
signature and the averaged signature at e™® by d,(L):

d.(L) =o0,(L) — % lim oy e(L) + 0p—c(L).
e—0
Note that d,(J) — dy(K) = 0,(J) — 0, (K), since 0,1.(J) = 0,4.(K) for almost all . One may
read deg, (L),n, (L), and d,(L) from ¥;(L) (see [Lev89], where the first and second equations are
implicit, and the third equation is given in Theorem 2.3):

deg, (L) =Y i-dimW;(L), n.(L) =) dim¥;(L), ds(L)=—-> o(¥s(L)).
i=1 i=1 i=1
For the two knots J, K with [.J] >g [K], Proposition A.1 yields a submodule G C H; (X ; R[tE ()

~ ~ +1 +1
such that the pairing induced on G /G by Bls[t Jo is isometric to Blnf([t ]“). By Lemma 3.11, this
implies that for all n > 1, there are T,, € M(F) and h,, € N such that T3 is trivial and h,, > hpyo,
and

T ® by - HO @ Vniai(K) = by - H O D Wrgai(J).
i=0 =0
This implies for all n > 1

oo oo

Ty @ o1 @ (b — hn2)  H & @) Ui(K) = P Vagi(J).
=0 i=0
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It follows that

|02(J) = 02(K)| = |do(J) — do(K)| = ’ZG(‘I’%(J)) — o(Vai(K))| = |o(T2)]|

< dim(Ty) < dim(Ty + (hy — Z dim W;(J) — dim U (K) = 1,(J) — n.(K)
and
@(Tn S L1 @ (hy —hpyo) - HO @ i ) @@ U, pi(J
n=2 =0 n=2 i=0
= (hathy) HoTr® ézTi ® é(i - 1D)(K) = é(i —1)W,(J)

=3 i=1

~.
Il
-

(1 —1)dim ¥, (J)

'M8

= Zz—l dim¥;(K) <
i=1

i=1

= () = 1e(K) < deg,(J) — deg, (K). O
4. INJECTIONS AND SURJECTIONS OF TWISTED ALEXANDER MODULES

We provide an obstruction for the homotopy ribbon concordance in terms of twisted Alexander
modules, which generalizes the results in [FP19] on the classical Alexander module.

Let J and K be oriented knots in S with J >, K, and let C be a homotopy ribbon concordance
from J to K. As in the proof of Theorem 1.1, we denote the complement of an open tubular
neighborhood of C'in S3 x [0,1] by X¢, and set 7c = 71 (X¢). We think of X; and X naturally
as subspaces of 0Xc. We write tj: mj — n¢ and 1i : mg — 7e for the induced epimorphism and
the induced monomorphism respectively. Let ¢c: mc — Z be the abelianization map satisfying
¢g=¢c oy and ¢x = ¢c o LK.

From here on out, let R be a Noetherian UFD with (possibly trivial) involution ~: R — R, and
Q(R) is its quotient field.

4.1. Surjections of twisted Alexander modules. First we prove the following proposition,
which generalizes [FP19, Proposition 3.1].

Proposition 4.1. Let C be a homotopy ribbon concordance from J to K and «: m¢ — GL(n, R)
a representation. Then the induced homomorphism

H10¢OLJ®¢J (XJ; R[til}n) N Hil®¢c (XC§ R[t:tl]n)
18 surjective.
Proof. Consider the long exact sequence of pairs, and apply Lemma 4.3. O

The proof is parallel to the second proof of [FP19, Proposition 3.1]. We need the following
lemma.

Lemma 4.2. For a homotopy ribbon concordance C' from J to K, the following hold:
Hy(Xe,Xj;Znc) = Hi(Xe, X 53 Zme) = 0.
Proof. We consider the homology long exact sequence for (X¢, Xy):
H\(X¢; Zme) = H\(Xe, Xy, Zme) —
Ho(X;Zmc) — Ho(Xc; Zme) — Ho(Xe, X3 Zme) — 0.

Since ¢ is surjective, the induced homomorphism Hy(X j;Znc) — Ho(X¢; Zme) is an isomorphism.
Also, we have Hi(X¢;Znc) = Hi1(X¢;Z) = 0, which proves the lemma. |
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Proposition 4.1 follows from the following lemma.

Lemma 4.3. For a homotopy ribbon concordance C from J to K and a representation oa: mg —
GL(n, R), the following holds:
HY 509 (Xo, X i RIFF]™) = 0.
Proof. We consider the universal coefficient spectral sequence for homology groups [Ro09, Theorem
10.90]:
B2, = Tor’™ (Hy(Xc, X 53 Zme), R = HIEE9) (X, X g5 R,
where the Tor group on the left hand side uses @ ® (¢¢). It follows from Lemma 4.2 that

Tor’™ (Hy(X¢, X 5; Zme), RItTY™) = H\(Xe, X3 Zre) @z R[EF]™ = 0.

Thus all the terms on the line p+ g = 1 of E? page of the spectral sequence vanish, and the desired
equation holds. O

4.2. Injections of twisted Alexander modules. Next we prove the following proposition, which
generalizes [FP19, Proposition 3.4].

Proposition 4.4. Let C' be a homotopy ribbon concordance from J to K and let a: 7o — GL(n, R)
be a representation. If AG°"7 # 0, then the induced homomorphism

H10¢OLK®¢K (XK§ R[til]n) N H?®¢C (XC; R[til]n)
18 injective.
We collect ingredients of the proof as the following three lemmas. The proof of the first one is

straightforward.

Lemma 4.5. For a homotopy ribbon concordance C from J to K and a representation o: mg —
GL(n, R), the following hold:
Hg®(i¢0)(Xc,XJ;R[ti1]n) _ H3®(i¢J)(Xc,XK;R[ti1]") —0.

For a representation a: 7 — GL(n, R), we write of : 1o — GL(n, R) for its dual given by

—T
a(y) =a(y™)
for v € m¢, where a(’y 1) is the matrix obtained by replacing each entry a in the matrix a(y~1)
by a@. Note that (af)T = a.
Lemma 4.6.

(i) There exists a convergent spectral sequence

ED? = ExtfU N (HO®% (Xo, X RIFY™), RIFY) = H 959 (Xe, X3 RIEFY™).

(ii) There exists a convergent spectral sequence

+
ED? = ExtFl N (HS 90 (X0, X s RIFY™), R[1M1]) = HESPC (Xo, X RIEFY]™).

Proof. Since the proof of (i) is similar to that of (ii), we only prove (ii). By Poincaré-Lefschetz
duality we have an isomorphism

HZY—@;QSC (XC, XK R[til]n) = a®¢>c (XC7 X; R[til]n)

(See for instance [FNOP19, Theorem A.15] for the case of twisted coeflicients.) Also, we have an
isomorphism

HomZﬂ'C (O* ()}:07 )A(:J)v R[til]n) = HomR[til](C*()?Ca )}:J) ®Z‘ﬂ'c R[til]na R[til])a
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where the tensor product on the right hand side uses a ® (—¢¢), given by
fe ((c@v) = fle)"v)

for f € Homz. (Ci(Xe, X ), R[tE1"), ¢ € C.(Xe, X ;) and v € R[t*!]". Now the lemma follows
from the universal coefficient spectral sequence for cohomology groups [Lev77, Theorem 2.3]. O

Lemma 4.7. Let C be a homotopy ribbon concordance from J to K and let a: m¢ — GL(n, R) be
a representation. If AG°*7 £ 0, then the following hold:

(i) HY®?¢(X¢, Xg; R[tEY™) is a torsion module.
@ (—
(i) HS ®T%)(Xo, X : RIEFY™) is a torsion module.
(i) Hy' ) (Xo, X R = 0.
Proof. We first prove (i). We consider the homology long exact sequence for (X¢, Xi):
Hfz®¢>c (Xc;R[til]n) - H104®¢C(XC’XK;R[ti1]n) - HSKOLK®¢K(XK;R[ti1]n).

It is easy to check that H{ %% (Xfe; R[t*¥]") is a torsion module. Since A5°*7 # 0, the module

HE®%7 (X ;2 R[tF1]™) is torsion, and it follows from Proposition 4.1 that H*®?¢ (X¢; R[tF1]") is
also a torsion module. Therefore (i) follows.
Next we prove (iii). It follows from Lemma 4.5 and (i) that

Extf T (HO®C (X0, Xi; RIEFY™), RiE))
Hom ety (H{ ¥ (X, X RIFFY™), R[tF1])

0,
0.

Thus all the terms on the line p+ ¢ = 1 of E? page of the spectral sequence of Lemma 4.6 (i) vanish.
Therefore (iii) follows.

Finally we prove (ii). Let (X,Y") be a finite CW-pair homotopy equivalent to (X¢, X ), and we
identify w1 (X) with m¢. By (iii) and Lemmas 4.3 and 4.5, we have

rankR[tﬂ] H§T®(_¢c)(Xc, XJ; R[til]n)
3 .
=3 (1) rankpye HY ©009 (Xo, X5 REF)
=0

w

=S (=1) rank e H ©9 (X v, R+
1) H;

1=0

w

= Z( 1)Z I.a“nkR[til] Ci ()?7 }7) Qznc R[til]n
=0

w

fnz ) rankz C;(X,Y)
:nX(X, V) =nx(Xe, Xy) = n(x(Xo) = x(Xy)) =0,

where we consider the cellular chain complexes C,(X,Y) and C,(X,Y). Therefore (i) follows,
which completes the proof. O

We are now in a position to prove Proposition 4.4.
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Proof of Proposition 4.4. Tt follows from Lemmas 4.3, 4.5 and 4.7(ii) that

+
Extg[t 1](H611®(—¢C)(XC’XJ;R[t:tl])’R[t:tl]n) _ O,
+
Ethb[t 1](H1QT®(_¢C)(XC,XJ;R[til]),R[til]n) — 07
ofe(— n
Hom g1 (HS %) (X o, X g5 RIEFY), RIEF™) = 0.

Thus all the terms on the line p+ ¢ = 2 of E? page of the spectral sequence of Lemma 4.6(ii) vanish.
Therefore H§‘®¢C (X, Xx; R[t*1]™) = 0, and the proposition follows. |

Remark 4.8. In the proofs of Propositions 4.1 and 4.4 we did not use the injectivity of ¢k

4.3. Divisibility of twisted Alexander polynomials. Now Theorem 1.3 is a corollary of Propo-
sitions 4.1 and 4.4. For the readers’ convenience we recall the statement.

Theorem 1.3. For a homotopy ribbon concordance C' from J to K and a representation «: wo —
GL(n, R), the following holds:
A%OLK |A?OLJ'
Proof. We may suppose that AG°"” = 0, since g | 0 for every g € R[tF!], so if AS°"” = 0 then
the theorem trivially holds. Let A(¢) be the order of H®®%¢ (X R[tFY]™). Since orders are
multiplicative for a short exact sequence of finitely generated R[t*!]-modules, it follows from
Propositions 4.1 and 4.4 that
A | AT and AYE | A,
which proves the theorem. O

Remark 4.9. In order to use the results of this section as a homotopy ribbon concordance obstruction,
one needs to find a representation a: m (X¢) — GL(n, R) for a putative concordance C, by defining
representations m(Xg) — GL(n, R) and 71 (X ;) — GL(n, R) that extend over any homotopy
concordance exterior. Of course, we can use representations that extend over any topological
concordance exterior: while abelian representations recover the classical obstructions [FP19], we
will illustrate the use of metabelian representations in Section 7, making use of the assumption
that the Alexander modules of K and J coincide.

5. A SATELLITE CONSTRUCTION

We describe a satellite construction of knots, which produce an example of an infinite family of
knots as in Theorem 1.2.

5.1. Satellite knots. Let J and K be oriented knots in S, and let A be a simple closed curve in
Xk unknotted in S3. We think of K also as a simple closed curve in X 4. Let ¢: X4 — 0X be
a diffeomorphism sending a longitude of A to a meridian of J, and a meridian of A to a longitude
of J. We identify X4 Uy X; with S3, and denote the image of K by S = S(K, J, A). The knot S
inherits an orientation from K. We call S the satellite knot with companion J, orbit K and azis A.
In other words, S is the satellite knot of J with pattern K in the solid torus X 4.

Let v4 be an open tubular neighborhood of A in Xy . The abelianization map m; — Z gives rise
to a degree one map X; — 74 that is a diffeomorphism on the boundary. It defines a map

XSZ(XK\VA)U¢XJ—)(XK\VA)U¢WZXK.

Let ps: ms — 7k be the induced epimorphism. Note that A determines an element [A] € Tk up

to conjugation.

For a nonnegative integer m, we write ﬂﬁ(m) for the m-th derived subgroup of 7k, defined

inductively by

(0)

Ty = Tk and 7T§<m+1) = [F(m) (m)].

K Tk
The following lemma was proved in [Coc04, Theorem 8.1].



18 S. FRIEDL, T. KITAYAMA, L. LEWARK, M. NAGEL, AND M. POWELL

Lemma 5.1. Let S = S(K, J, A) be the satellite knot with companion J, orbit K and azis A. If
[A] € ﬂg(m), then pg induces an isomorphism

(m+1)

s/ Ty — 7TK/7Tg{m+1).

The following lemmas are immediate consequences of the construction. We record them for use
in the proof of Theorem 1.2.

Lemma 5.2. Let V be a Seifert form of K associated to a Seifert surface F, and let S = S(K, J, A)
be the satellite knot with companion J, orbit K and axis A. If A is disjoint from F, then S has a
Seifert form isomorphic to V.

Proof. Since A is disjoint from F', we have the image F’ of F by the inclusion map X4 — Xg. We
see at once that F' is a Seifert surface of S, and its Seifert form is isomorphic to V', which proves
the lemma. (]

Lemma 5.3. Let S = S(K, J, A) be the satellite knot with companion J, orbit K and azis A.

(i) If J is a ribbon knot, then S is ribbon concordant to K.
(ii) If J is a homotopy ribbon knot, then S is homotopy ribbon concordant to K.

Proof. First we prove (i). A ribbon concordance from J to the unknot can be encoded as a sequence
of n saddle moves from J to the unlink with 7+ 1 components. If A bounds a disc in S® intersecting
K in w points, then one may find a sequence of wn saddle moves from S to the disjoint union
of K with a wn-component unlink. To find them, for each saddle move on J, perform w parallel
copies of it on S. This converts S to a disjoint union of K and a wn-component unlink. Cap off
the unlink with wn discs to complete the construction of a ribbon concordance from S to K. This
completes the proof of (i).

Now we prove (ii). Since J is a homotopy ribbon knot, J is homotopy ribbon concordant
to the unknot U, via a homotopy ribbon concordance C. So the exterior X has boundary
X;USt x S x TU—-Xy. Recall that Xs(k,7,4) = XKua Ugyz Xy and that, trivially, Xx =
Xrkua Uy Xu. Glue to form:

Y = Xkua XIUamXIXC

along the S' x S' x I part of the boundary of X¢. Note that Y = XgU —Xg and Y is a
Z-homology cobordism with 71 (Y") normally generated by a meridian of K or of S. Therefore
Y US! x D? x I is an 4-dimensional h-cobordism from S to itself. The 5-dimensional h-cobordism
theorem [FQ90, Theorem 7.1A] may be applied to deduce that Y U St x D? x I =2 83 x I, and
therefore Y is a concordance exterior. The image of S x 0 x I under this homeomorphism gives
rise to a concordance from S(K,J, A) to K. The fact that X¢ is a homotopy ribbon concordance
exterior easily implies that Y is too. This completes the proof of (ii) and of the lemma. O

5.2. A formula for twisted Alexander polynomials. The following proposition is proved by
reinterpreting twisted Alexander polynomials as Reidemeister torsion (see [KL99, Ki96]) and using
a surgery formula for Reidemeister torsion. For a proof of a more general statement we refer the
reader to [CF10, Lemma 7.1].

Proposition 5.4. Let S = S(K, J, A) be the satellite knot with companion J, orbit K and azis A,
and let a: 7 — GL(n,Z) be a representation. Suppose that A is null-homologous in X . Then
the following holds:

n

(5.1) AL (1) = A (1) [ Az,

i=1

where z1, ..., z, are the eigenvalues of a([A]).
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Recall that the resultant of two polynomials

m n

f@y=c[t-e), gty =d]]t-5)

i=1 j=1
in C[t], where ¢,d, a1, ...,Qm, b1, .., Bn € C, is given by
Res(f,g) =c*d™ [ (-8
1<i<m, 1<j<n

Remark 5.5. In Proposition 5.4, taking a representative A ; € Z[t], we can rewrite (5.1) as

o .1 o
AS pe (t) = 07 ReS(AJaf(x([A]))AK(t)a

where c is the leading coefficient of A;(t) and f, (14 (t) is the characteristic polynomial of a([A]).

6. METABELIAN ALEXANDER POLYNOMIALS

We introduce twisted Alexander polynomials associated to certain metabelian representations,
which are useful for applications of Theorem 1.3. An important property of these invariants is
that they are always non-zero. (See [HKL10] for a similar construction of twisted Alexander
polynomials.)

6.1. Metabelian representations. Let K be an oriented knot in S? and let r be a positive integer.
Let Xk, and Xg o be the r-fold cyclic cover and the infinite cyclic cover of Xk respectively,
and let X, be the r-fold cyclic branched cover of 5% along K. We set Hx = Hi(Xk, 0;7Z).
The abelianization map ¢x: mx — Z defines an action of Z on Xk ~, and we write ¢ for the
automorphism on Hy corresponding to 1 € Z. Then Hg has the structure of a Z[t*!]-module.

Let p be a prime, and let I, be the field of order p. We identify

WK/ﬂg) = ﬂ'g)/ﬂ'g) X 7TK/7T§;) = Hg X Z.
We set I'?P to be the quotient group
I = (Hg ®gpe1) Fp[tE']/(t" — 1)) x Z/rZ,
and we write
@ w7 = GL(TRP|, Z)

for the composition of the quotient map and the regular representation I'yY — GL(|T'%”|, Z), fixing
a basis of the free abelian group ZI'Y. We define a representation

af: mx — GL(TWP|, Z)
to be the pullback of @” to mx, and set
ATP(t) = ASK (1) € Z[).

Since it is invariant under conjugation of a}” as in Remark 2.1 (2), it does not depend on the
choice of a basis of ZI'}.

It is straightforward to see that the composition X oo — X, of the projection X oo = Xg »
and the inclusion map Xg , = X, induces an isomorphism

Hy ®zpe) Fplt=1]/(t" — 1) 2 Hi(Sk s Fp).

Note that o} |ker ¢, factors through this p-group.
The following theorem is proved in [Liv02, Theorem 1.2]. This shows that if Ax # 1, then there
exist some 7 and p such that o |ker ¢, is nontrivial.

Theorem 6.1. The 3-manifold i, is a homology 3-sphere for every r if and only if Ak (t) = 1.
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Remark 6.2. Livingston [Liv02, Theorem 1.2] also showed that Y , is a homology 3-sphere for
every prime power r if and only if every nontrivial irreducible factor of Ak (t) is a cyclotomic
polynomial ®,,(¢) for some n divisible by three distinct primes.

The following lemma will be useful in Section 7.

Lemma 6.3. Let J and K be oriented knots in S® with an isomorphism - WJ/WSZ) — 7TK/7T§?).

Then for any positive integer r and any prime number p,
Aw*a;(’” = AP
J (t) - =y (t)a

where Y*aF is the composition
Yo Ty — 7TJ/7TE,2) R 7TK/7T(2) .—> GL(IT%7|, Z).

Proof. The groups I'}” and I'?? are quotients of 7 /7 12 and 7 /7 I? respectively, and v induces an
isomorphism I';” — T'2P. Since the actions of 7 /7TF,2> on I'}” and 7y / Wg) on I'?? are compatible
with 1 and the induced isomorphism, @} o ¢ and @';” are conjugate, and so are ¢*a’ and o}

Therefore the lemma follows from Remark 2.1 (2). O

6.2. Non-vanishing of metabelian Alexander polynomials. The following theorem is signif-
icant in applying Theorem 1.3.

Theorem 6.4. For any positive integer v and any prime number p, AP # 0.
For the proof we need the following theorem by the first and fifth authors [FP12, Theorem 3.1].

Theorem 6.5. Let w be a group, p a prime and f: M — N a morphism of projective right
Zm-modules such that the homomorphism

M Rz Fp — N Qzn Fp

induced by f is injective. Let ¢: m — H be an epimorphism onto a torsion-free abelian group and
let a: m — GL(n, Q) be a representation over a field Q of characteristic 0. If a|ker ¢ factors through
a p-group, then the homomorphism

M @z Q(H)" — N @z, Q(H)"
induced by f is also injective, where Q(H) is the quotient field of the group ring of H over Q.

Remark 6.6. The original result [FP12, Theorem 3.1] concerns projective left Zm-modules. But we
can think of them also as right Zm-modules, using the involution of Zx reversing elements of 7,
and the results of tensor products from the left are naturally identified with those from the right.
Thus we adapt the statement to the case of projective right Zm-modules.

Proof of Theorem 6.4. The proof is similar to that of [FP12, Proposition 4.1].

Let 1 be a meridian in Xx. Since the induced homomorphism H, (u,IF‘ ) = Ho(Xk;F,) is
an isomorphism, we have H,(Xg, u;F,) = 0. We first prove that HY K ®Px (Xk,1;Q()™) = 0,
following a standard argument of chain homotopy lifting (see for instance [COT03, Proposition
2.10]).

We pick a CW complex structure of Xy containing p as a subcomplex, and set C, and C. to be
the cellular chain complexes C.(Xk, 1) ®z F), and C*()N( K, 1) respectively, where [ is the pullback
of p in the universal cover )Z'K of Xg. Let h;: C; — C;41 be a chain contraction for C,, so that
Oh; +h;_ 18 is the identity map on C;. Since the natural map C, — C, is surjective and all modules
in C, and C are free, there exists a lift h: C — Cz+1 of h; for each i. We write f;: C — C for
the chain map dh; + h;_10.
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Since the chain map C; — C; induced by f; is the identity map and o3”|ker ¢, factors through
the p-group
Hy @z Fp[t51]/ (8" — 1),

it follows from Theorem 6.5 that the chain map
Ci @z Q)" = Ci @z, QE)"
induced by f; is injective, and is therefore an isomorphism. Thus h; induces a chain homotopy
between the zero map and the chain isomorphism. Therefore Hf;}p@)(ﬁf( (Xk,1;Q(t)™) = 0.
By a direct computation we have H,an@qﬁmm(u;(@(t)") = 0, where ¢: m (1) — 7x is the
induced homomorphism. Now it follows from the homology long exact sequence for (X, p) that

HI™ %8 (X e; Q(1)™) = 0. Hence H;lrm@m{ (X5 Z[tT1™) is a torsion module, which completes
the proof. O

7. PROOF OF THEOREM 1.2
Now we prove Theorem 1.2. For the readers’ convenience we recall the statement.

Theorem 1.2. Let K be an oriented knot in S* with nontrivial Alexander polynomial Ag, and
let V be a Seifert form of K. Then there exists an infinite family {K;}5°, of oriented knots in S°
satisfying the following.
(i) For every i, K; has a Seifert form isomorphic to V.
(ii) For every i, K; is ribbon concordant to K.
(i) For every i # j, K; is not homotopy ribbon concordant to K;.

Proof. Let K be an oriented knot in S® with A (t) # 1, and let V be the Seifert form associated
with a Seifert surface F. Since Ak (t) # 1, it follows from Theorem 6.1 that there exists a positive
integer r such that X , is not a homology 3-sphere. Let p be a prime factor of |Hi(Xk ,;Z)]
and let A be a simple closed curve in Xg unknotted in S3, disjoint from F and determining
[4] € Ker ¢ with nontrivial a2 ([A]).

Use the satellite construction in Section 5.1 to define a family of oriented knots K, in S* for
primes q # p by

Kq=8=8K,T(p,q)t —T(p,q),A),

where T'(p, q) is the (p, ¢)-torus knot. In the following we show that the family {K;}4-p, of knots
satisfies the conditions (i), (ii) and (iii) as in the statement.

Since A is disjoint from F, it follows from Lemma 5.2 that for every ¢, K, has a Seifert form
isomorphic to V. Also, since T'(p,q)f — T(p, ¢) is a ribbon knot, it follows from Lemma 5.3 that

for every ¢, K, is ribbon concordant to K. It remains to prove that for all primes ¢,q" # p, if
K, >iop Ky then g =¢'.

First we compute A;’(’; (t) for a prime ¢ # p. Since A is null-homologous, it follows from

Lemma 5.1 that pg: mx, — 7k induces an isomorphism pg: Tk, /ﬂ'gz — WK/wg). By Lemma 6.3
we have

(7.1) A;’(IZ - A?qa;(m - A(;{%pops-
It follows from Proposition 5.4 and Remark 5.5 that

© P

(7.2) ARE "% = Res(Ar(p.)i—T(pag)s o (1) AR -

q

Here we have

(7.3) AT(p,q)ﬁ—T(p,Q)(t) = AT(p7q) (t)A—T(nq) (t)= AT(p,q) (t)Qv
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(7.4) Ar(p.q)(t) = Ppg(t) = m :

where ®@,,(t) denotes the n-th cyclotomic polynomial, defined as
D, (t) = I1 (t—e”fk).
1<k<n, (k,n)=1
Using (7.1), (7.2), (7.3) and (7.4), conclude that
(7.5) AR = Res(Ppy, farr(ap) AR = Res(farer (ag) Ppg) AR

Now we show that Res(®,, farr(jap)® = ¢"™ for a positive integer m, > 0. Note that ai”([A])
is a nontrivial permutation matrix, and since o |ker ¢, factors through the p-group

Hg ®Z[ti1] Fp[til]/(tr — 1),

the order of aZ”([A]) is a nontrivial p-power. Hence f,r.»(14)) is a product of ' 1= Hle @, for
some positive integers k. Thus Res(fr.7(a)), Ppq) is a nontrivial g-power, since Res(®p, ®pq) = ¢
and Res(®,:, ®,y) =1 for i > 1, which follows from the following theorem: for positive integers m
and n with m < n,

¢®™) if m | n and - is a power of a prime g,

Res(®,,,?,) =
( ) {1 otherwise,

where ¢(n) is Euler’s totient function [A70, D40, Leh30], which is equal to deg ®,,. We conclude
that (7.5) implies that there exists a positive integer m, such that

(7.6) ARE(t) = g™ AR ().

Now for arbitrary primes ¢, ¢’ # p suppose that K, >, K4 with a homotopy ribbon concor-
dance C. Since the Seifert forms of K, and K, are isometric, the Alexander polynomials Ag, and
A K, are equal. By Corollary 3.9, the Blanchfield pairings are isometric. This implies that the
submodule G in the statement of Theorem 1.1 is trivial. But G is the kernel of the inclusion induced
map Jy: Hl(XKq;Z[til]) — Hy(X¢; Z[t*1]), so j. is injective. Then Proposition 4.1, applied with
the abelianization representation a: m¢ — GL(1,Z) = Z (or [FP19, Proposition 3.1]), implies that
js is surjective. On the other hand, the proof of Theorem 1.1 implies that the inclusion induced
monomorphism Hi (Xk ,; Z[t*TY]) — H1(Xc; Z[t*!]) identifies Hi(Xk,; Z[t*']) with

GGG = ju (L (X, ZIEY) = Hy(Xos ZIEY).
Therefore, the inclusion induced maps
(7.7) Hy(Xk,; ZIEY) = Hi(Xos ZEEY) < Hi(Xk, 5 ZIEEY).
are isomorphisms. Now, for T € {K,, K/, C}, we have a short exact sequence
1= Hy(Xp; Z[t5Y) 2 2l /o) = wp /o) 52— 0
that splits, so 7TT/7T(T2) ~ Hy(X7; Z[tE]) x Z.

It follows that LK, Tk, — Tc and LK, TK, — TC induce isomorphisms 7x,: Tk, /ﬂ'gz —

ﬂc/ﬂ'g) and I, T, /ﬂg)/ — ﬂc/ﬂ'g) respectively. We write

all: e — GL(\F;&ZZLZ)

for the pullback of a}'g; o Zl}i to mc.
Note that a2 determines a representation ag” ot K, TR, = GL(\F;’{Z [,Z) by composition
with the inclusion map. The identification of Alexander modules in (7.7) induces an isomorphism
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I‘}"’(’Z =" I‘;’(’; ,» under which we may compare ag” ot , and a;’(’; ,- These representations of 7k,

may well differ, but the induced twisted Alexander polynomials agree up to units, by Lemma 6.3:
OéngLKq/ P

(7.8) A

C (Tglotk ,)raly ,
= AKq/q ! 1= ;{Z;/ °

Now we have all the tools we require to complete the proof that K, >y, Ky implies ¢ = ¢'. It
follows from Theorem 1.3 that

P
Otc OLKq’

(7'9) AK ’
Combining (7.8) and (7.9), we obtain

aPorg
C q _ 4
| A F(q == A P(q .

AR S
It then follows from (7.6) that
¢ AR | AR
Since mg, mg > 0, and since AP (t) # 0 by Theorem 6.4, we have ¢ = ¢'.

Therefore, the family {K}q-, of knots satisfies all the conditions (i), (ii) and (iii), and the proof
of Theorem 1.2 is complete. |

APPENDIX A. BASE CHANGES FOR BLANCHFIELD PAIRINGS

The goal of this appendix is to prove Propositions A.1 and A.2, which give a sufficient condition
on a Z[t*!]-algebra R for a Blanchfield pairing BI% to be definable in the same way as Bl is defined
over Z[t*1], such that the analogue of Theorem 1.1 holds for BI®. Of course, a twisted Blanchfield
pairing may be defined in a much more general situation than the one considered in this appendix
(see e.g. [P16]). The focus here is to choose R such that BI% is determined by Blg, and [J] > [K]
implies the conclusion of Theorem 1.1 for BIY and BI%.

Let us first establish some notation and definitions. Let 2 C Z] be the multiplicative set
{p(t) € Z[tT'] | |p(1)| = 1}. Let us call an element a of a Z[t*!]-module Z-torsion if ¢ - a = 0 for
some ¢ € Z, and let us call a Z[t*!]-module Z-torsion if all of its elements are Z-torsion. Let us
call a Z[t*1]-module M =-divisible if for all @ € M and q € =, there exists b € M with ¢ - b = a.
Examples of Z-divisible modules are given by Z~1Z[t*!] and Z~1Z[t*1]/Z[t*1].

An admissible Z[t*']-algebra is defined to be a commutative unital Z[t*!]-algebra R with an
involution, which we also denote by =, satisfying -7 = p-7 for all p € Z[t*'],r € R, such that R
has no (¢ — 1)-torsion and no Z-torsion. For a Z[t*!]-module M, we write =~ 'M = M @ E~1Z[t*!]
for the localization of M with respect to Z (in this appendix, all tensor products are understood to
be over Z[t*']). Since Z[t*'] itself and R are Z-torsion free, we have natural inclusions of modules
(by sending 1 to 1)

t:l:l]

Z[tt) c 271Z[tF) c Q(1), RCZ'RcC Q(R),

where we recall that Q(R) is the localization of R with respect to the multiplicative set of elements
of R that are not zero divisors. The homomorphisms ¢: Z[t*'] — R and Z~'Z[t*'] — Z7'R (both
given by sending 1 to 1) induce a homomorphism ¢/: Z'Z[t*!]/Z[t*'] - E-'R/R.

Proposition A.1. Let R be an admissible Z[t*']-algebra and K a knot. The four maps
H\(Xx; R) —— H\(Xk,0Xg; R) —22s

H2(Xy: R) ——— H'(Xyx:Q/R) —"— Homp(Hy(Xx: R), Q(R)/R)

defined analogously to (3.1) are isomorphisms, and their composition is the adjoint of a sesquilinear,
Hermitian and non-singular pairing

BI%: H(Xk;R) x H (Xk;R) = Q(R)/R.
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That pairing is determined by Bl , satisfying
Bl (a®@rb®s)=r-5-/(Blg(a,b))
for all a,b € Hy(Xg;Z[tT]) and r,s € R (here, we use that Bl (a,b) € Z71Z[tF!] C Q(t)).

Proposition A.2. Let J and K be knots, and let G C Hy(X j; Z[t*1]) be a submodule such that
the pairing on G+ /G induced by Bly is isometric to Blg.

(i) The pairing on (G+® R)/(G ® R) induced by BIY} is isometric to Bl

(i) G*r ® R = (G® R)*~.

Note that in particular, if Bl is metabolic, then so is Blf;. Proposition A.1 might not come as
a surprise to the experts, but we thought it beneficial to include a detailed proof. This proof is
spread over two lemmas. The first lemma contains the proofs that the four maps in Proposition A.1
are isomorphisms, and shows that BI# may be defined equivalently with target modules either
E'R/R or Q(R)/R.

Lemma A.3. Let R be an admissible Z[t*!]-algebra and let K be a knot.

(i) The natural maps Hy(X; Z[tT]) @ R — H{(Xg; R) and Hy(Xk,0Xi; Z[t*T']) @ R —
Hi(Xk,0Xk; R) are isomorphisms.

(ii) H1(Xk;R) and Hi(Xk,0Xk; R) are E-torsion modules (in particular, R-torsion modules),
and multiplication by (1 —t) acts invertibly on them.

(iii) The inclusion induced homomorphism Hi(Xg; R) — H1(Xk,0Xk; R) is an isomorphism.

(iv) For Q = Q(R) or Q = Z7 'R, there exists a unique isomorphism

§: H*(Xk; R) — Hompg(H(Xk; R),Q/R),

such that § o B = K, where B: H'(X;Q/R) — H?*(Xg;R) is the Bockstein connect-
ing homomorphism, and k: H (Xk;Q/R) — Homg(H1(Xf; R),Q/R) is the Kronecker
evaluation.

(v) For Q= Q(R), H'(Xk;Q) is trivial, and § = ko f71.

(vi) The following diagram commutes.

H2(Xk;R) d Hompg(H:(Xx: R),E'R/R)

Ji I

—1
Here, the second vertical map is induced by the inclusion = 'R/R — Q(R)/R.

Proof. (1) The universal coefficient spectral sequence for homology groups [Ro09, Theorem 10.90]
yields a short exact sequence

+
0 — Hy(Xx; Z[EEY]) @ R — Hy(Xx: R) — Tor™ V(Ho(Xx: Z[E1]), R) — 0.

Since Ho(Xg; Z[t*']) = Z[tT1]/(t — 1), the Tor-term above is isomorphic to the (¢t — 1)-torsion
submodule of R, which is trivial by assumption. So the map H;(Xx;Z[t*!]) ® R — Hy(Xk; R)
is an isomorphism. For homology rel. 0 Xk, a similar but simpler argument can be made, since
Ho(XK, 8XK; Z[til]) is trivial.

(ii) Consider Ax € Z. Note that Ax annihilates Hy (X f; Z[t*!]), and so Ag -1z € R annihilates
Hy(Xg; R) by (i). The same argument works for homology rel. 0Xk.

The polynomial Ax € E decomposes as A = (1 — t)g(t) = 1 for some ¢(t) € Z[t*']. Since Ag
annihilates the modules in question, multiplication by 1 — ¢ is an isomorphism, with inverse given
by multiplication by Fq(t).

til}
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(iii) One computes Hyo(0Xk; R) =2 H1(0Xk;R) =2 R/(t — 1)R. Tt follows that the inclusion
induced map Hy(0Xk; R) — H1(Xk; R) and the connecting homomorphism H;(Xk,0Xk; R) —
Hy(0X; R) both vanish, since multiplication by (1 —t) is an isomorphism of H;(Xk,0Xg; R) and
of H1(Xk; R) by (i) and (ii).

(iv) Part of the Bockstein long exact sequence coming from 0 - R — Q — Q/R — 0 is
HY(Xg;R) — HY(Xk;9Q) = HY(Xk;Q/R) LN H?*(Xg; R) — H*(Xg;Q).
We have that

H*(Xg; Q) =2 H) (Xk,0Xr; Q) = H (X, 0Xg; R) @ Q

by Poincaré duality and flatness of 2. The latter module is trivial, since Hy(Xk,0Xk; R) is
E-torsion by (ii). It follows that 3 is surjective.
The Kronecker evaluation k is part of the short exact sequence

0— EXt}%(Ho(XK,R)7Q/R) l> HI(XK,Q/R) i> HOmR(Hl(XK;R),Q/R) — 0.

Since 8 and k are both surjective, to show existence and uniqueness of ¢ it suffices to show that
Ker 8 = Ker k. For this, consider the following commutative diagram.

Exty(Ho(Xx; R),Q) —— Extp(Ho(Xk; R),Q/R)

| b

HY(Xg; Q) ————— H'(Xg;Q/R).

Note that Hom(H;(Xg; R),2) vanishes, since Hy(Xg; R) is Z-torsion by (ii). So the left map
in the diagram is an isomorphism. Moreover, Ext%(Ho(Xf; R), R) is trivial, since Ho(Xx; R) =
R/(1 —t)R. So the top map in the diagram is surjective. It follows that

Ker k = v(Exth(Ho(Xk; R), Q/R)) = a(H (X x;Q)) = Ker 3.

(v) As shown in (iv), H'(Xx; Q(R)) = Ext(Ho(Xf; R), Q(R)). Since Ho(Xx; R) = R/(1—t)R
the Ext-term is isomorphic to Q(R)/((1 t)Q( )), which is trivial since (1 —t) is invertible in Q(R).
So (8 is an isomorphism, and § = ko 8~

L

(vi) This follows from naturality. O

The next lemma analyses the relationship between Bl and BIZ.

Lemma A.4. The following diagram of Z[t*']-modules commutes.

\ \
Hy(Xk,0X g Z[tFY]) — Hi(Xk,0Xk; R)
1 1
H2(Xi; Z[tHY)) — H2(Xk; R)
1 1
ﬁz[ti1]<H1(XK;Z[ti11)7E_1Z[ti1}/Z[ti1D — I’IoimR(Hl(XK;R),H_lR/}a

Here, the vertical maps are the isomorphisms given by inclusion, inverse of Poincaré duality and 6,
respectively. The first three horizontal maps are induced by v, and the fourth horizontal map is
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defined as composition of

o

Homz[til](Hl(XK;Z[til]),E_lz[til]/Z[til]) i> Homz[ti1](H1(XK;Z[ti1D7E_lR/R) —

o

Homy+1)(H1 (Xx; Z[tF']), Homp(R,E~'R/R)) — Hompg(H)(Xxk; Z[t*']) ® R, 2" 'R/R) —
Homp(H,(Xx; R),Z"'R/R).

Proof. Commutativity of the diagram follows from the naturality of the maps (for the naturality of
Poincaré duality, see e.g. [FNOP19, Section A.3]). O

Proof of Proposition A.1. The first map is an isomorphism, as shown in Lemma A.3(iii). For the
second map, see [FNOP19, Section A.3]. The third and fourth map are discussed in Lemma A.3(iv)
and (v). That these maps are isomorphisms implies the non-singularity of Blf}, whereas the
sesquilinearity of Blf} is automatic. The formula relating Blx and Blﬁ follows from Lemma A.3(vi)
and Lemma A.4. This formula also implies that BIIP} is Hermitian, since Bl is. O

For the proof of Proposition A.2, we need several lemmas. Much of the required homological
algebra machinery was developed by Levine. In particular, we will need the following statement.

Lemma A.5 ([Lev77]). If M is a finitely generated Z-torsion free Z[t*']-module on which multi-
plication with 1 —t is an automorphism, then M is of homological dimension 1, i.e. there is a short
exact sequence

0 — Z[tF" —— Z[tT)™ —— M —— 0.
for some n,m € N. (]
Lemma A.6. For every Z[t*']-module M, Homg+1)(M,E7 Z[tE] /Z[t*]) is Z-torsion free.

Proof. Let a homomorphism «: M — Z7'Z[t*1]/Z[t*!] be given such that ma = 0 for some
non-zero m € Z. Let a € M be given. Write a(a) = n(t)/d(t) € Z71Z[tT1]/Z[t*!], where
n(t) € Z[t*1] and d(t) € = have no non-unital common divisors. Then ma(a) = mn(t)/d(t) =0 €
E-1Z[tH)/Z[t*], which implies that d(t) divides mn(t) in Z[t*!]. Because Z[t*!] is a UFD and
n(t) and d(t) have no common divisor, it follows that d(¢) is an integer dividing m. But the only
integers in E are 1. It follows that a(a) = 0. So we have established a = 0. g

Lemma A.7. Let M be a finitely generated Z[t™1]-module without Z-torsion that is annihilated by
some q(t) € =, and let R be a =-torsion free Z[t*']-algebra R (possibly Z[t*!] itself).
(i) The R-module M ® R has homological dimension 1.
(ii) For a Z-torsion free R-module N, the module Tori'(M ® R, N) is trivial.
(iit) For a Z-divisible R-module N, the module Exth(M @ R, N) is trivial.

Proof. Let us first prove (i)—(iii) in the special case that R = Z[t*'].

(i) for R = Z[t*!]. Similarly as in Lemma A.3(iii), one shows that multiplication by 1 — ¢ is an
isomorphism of M. So M is of homological dimension 1 by Lemma A.5.

(i3) for R = Z[t*1]. Consider the short exact sequence

q(t)

0 N N N/q(t)N — 0,

which induces the exact sequence

Tor2 (M, N/q(t)N)) —— Tor™ (a1, Ny 2% or (a1, ).
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By (i), the first Tor term in the above sequence is trivial. Hence multiplication by ¢(t) is injective on
+1 +1
Tor”™ V(M N). But it is also trivial, since q(t) annihilates M. This implies that Tor’" (M1, N)
is trivial.
(i4i) for R = Z[t*']. The proof is dual to that of (ii), starting with the short exact sequence

1, N 0.

0 —— {g¢-torsion of N} N

(i) for general R. We have already shown that M is of homological dimension 1 over Z[t*!].
Tensoring the short exact sequence as in Lemma A.5 with R gives a short exact sequence

0 R" R™ M®&R —— 0,

showing that M ® R is of homological dimension 1 over R, since TorZ{til](M , R) is trivial by (ii).
Now, the proofs of (ii) and (iii) for general R are analogous to the proofs in the special case
R = Z[t*]. O

Proof of Proposition A.2. (i) Consider the following short exact sequence of Z[t*!]-modules:

0 G G+ Hy(Xg; Z[tFY]) —— 0.

The module H; (X ; Z[t*!]) satisfies the hypotheses of Lemma A.7(ii), since it is annihilated by
Ak € Z[t*T']. Thus tensoring with R, and using Lemma A.3 (i), yields a short exact sequence of
R-modules:

0 —— G®R —— Gt ®R —— H;(Xg;R) —— 0.

Here, G ® R and G+ ® R carry pairings that are restrictions of BlY, while H,(Xf; R) carries the
pairing Blf}. By Proposition A.1, the homomorphisms in the sequence respect those pairings. This
implies that the BI% is isometric to the pairing induced by BI¥ on (G+ ® R)/(G ® R).

til]

(ii) There is a short exact sequence of Z[t*!]-modules

(A1) 0 — Gt — H\(X;;Z[tT]) — Homz[tﬂ](G,E_IZ[til]/Z[til]) — 0,

where the second map is the inclusion, and the third map is the composition of the adjoint of Bl;
and the map induced by the inclusion G — Hy (X s; Z[tT!]). To see exactness, observe that G is
by definition the kernel of the third map, and the third map is surjective since

Bty (Hy (X3 Z[E) /G 272 /Z1E)
is trivial by Lemma A.7(iii). The Hom-module in (A.1) is Z-torsion free by Lemma A.6, and it is
annihilated by A ;. So the module satisfies the hypothesis of Lemma A.7(ii). Hence tensoring with

R preserves exactness of (A.1). Consider now the following diagram of R-modules, in which the
top row is (A.1) tensored by R.

0 — G+ ® R — Hy(X;; R) — Homgps (G, E7'ZFN/Z[H ) @ R — 0

| | !

0 — (Ge R)** — H{(X;;R) ——— Homp(G® R,Z"'R/R) —— 0,

The bottom row is the analog of (A.1) over the base ring R, and its exactness is shown in the same
way as for (A.1). The first vertical map is just the inclusion, and the second map is the identity.
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The third map is induced by «/: Z71Z[t*]/Z[t*'] — Z~'R/R, using the Tensor-Hom-adjunction
isomorphism

Homp(G ® R,Z"'R/R) = Homg+1 (G, 'R/R)

fe (g flge1).
Commutativity of the first square of the diagram is clear, and commutativity of the second square
follows from Lemma A.4. It follows that the first vertical map is injective, and the third vertical
map is surjective. Our goal is to show that the first map is bijective; for that, by an easy diagram
chase as in the proof of the Five Lemma, it suffices to show that the third map is injective.
By Lemma A.5, G admits a resolution

0 — Z[t*" — Z[tF)™" — G —— 0
for some n,m € N. Since EXté[til](G, E-1Z[t*/Z[t*]) = 0 by Lemma A.7(iii), we obtain another
short exact sequence by applying Homg+1y(—, 2~ Z[tE1]/Z[t*!]):
(A.2) 0 — Homgy+y (G, Z71Z[tH)/Z[t*']) — B, — B, — 0,

+1

where we abbreviate B; = Homg+11(Z[t*1]® 271 Z[t*!] /Z[t*']). Let us show that Tor?" VR, B,)
is trivial. Tensoring the short exact sequence

0 — Z[t*] —— =1Z[tF] —— E71Z[H)/Z[tF]) —— 0

with R yields the exact sequence

T VR, 21 Z[t+]) —— Tor™ (R, =-12[1*")/Z[t*!]) —— R — =-'R.

In that sequence, the first module is trivial since localizations are flat, and the last map is
injective, since R is =-torsion free. It follows that the second module is trivial. Since B; =
(E1Z[EY/Z[t£1])®, we have that Tor™" (R, B,) = Torl V(R 2-12[%1)/Z[t£1])®' is trivial,
as desired.

Hence tensoring the short exact sequence (A.2) with R preserves exactness. Part of that sequence
forms the first row in the following diagram of R-modules:

0 — Homgpxy) (G, E7'Z[H)/Z[t*]) 9 R ————— B @ R

| |

0 — Homz[til](G,E_lR/R) E—— HomZ[tﬂ](Z[til]m,E_lR/R)

Note the second row, obtained from the resolution by applying Homy+1(—, 2~ 'R/R), is also
exact, the diagram commutes, and the second vertical map is an isomorphism. This implies that

the first vertical map is injective, concluding the proof. O
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