On PGLg(C)-torsions

Takahiro Kitayama and Yuji Terashima

In this note, we explain how to obtairP&G L (C)-torsion for a mapping torus of a surface with
punctures, using a concrete description of the action of a mapping class on Fock-Goncharov
parameters.

Step 1. First, we fix an ideal triangulation of a surf&aith punctures. In the case of a torus
with one puncture, we choose the following triangulation:
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Step 2. For each triangle in the ideal triangulation, we put the following quiver:
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In the case of the triangulation of a torus with one puncture in Step 1, we have the following
quiver:



Step 3. For each vertexin the quiver, we put a variablg. These variabldy,} are called
Fock-Goncharov parameters [FG]. In the case of the quiver for a torus with one puncture in
Step 2, we have variablgs,y-,...,Vs:
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Step 4. For a Dehn twish on a surfaceS, we write down the actiop” on Fock-Goncharov
parameters. This step can be done concretely according to the appendex in [TY] (see also
[NTY]). In the case of the Dehn twists R on a torus with one puncture, we have the following



action:

y1Y3(1+Ye)Ys
(1+y3)(1+y3+Yyays+Yayeys)
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(Ys) = iy
Ye
L (ya) = (1+ Y6 +Yays +YaYaYe)ys
1+y3+Ysys+YaYeys
1+VYe
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1+ys

L*(y1) =

L*(y2) =

L*(ys) =

L*(ye) =

1+ys

LA (y7) =

7) y3(1+Y6)Ys

L¥(yg) = YAULT Y3+ YaYs +Ys¥eys)
1+ Y6+ YaYe +Y3YaYe

Yi(1+y2)yay7
1+y1)(1+Y1+Y1ya+Y1y2ya)
R¥(yp) — (1+y1)y3ysYs

(1+Y2)(1+Y2+Yays+Y1y2Ye)
1+y1)ys(1+Y2+Yoys +
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Rf(ys) =22 —
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R (ye) = (1+YZ)(1+Y11133’/113/4 +Y1Y2y4)Ye
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14w
Rty Cy1(1+Y2)ys

R¥(ys) — (14+Y1+Y1Ya+Y1Y2Ya)Ys
1+y2+Yoys+y1y2ys
Step 5. For a mapping clagsof a surfaces, we consider the equation of fixed points:

yi = 6" (yi)

This equation should be the equation of a "geometric part” of the moduli speR&Iqf3;C)-
representations of the fundamental group of the mapping tdgusiith ¢. In the case of the
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mapping clas&R of a torus with one puncture, we have the following equation:

Y1 =(YY3(1+ 26+ YaYe + YaYaYe + Y6+ YaYa + Y2Yays + Yayays + Yoyayaye)y3)/
(14 2y3+Y3+Yays+ YaYs + Y1YaYs + YayeYs + YaYeYs + Y1Y3YeYs)
(1+2y3+ Y3+ 2y3Ys -+ 2Y3Ys + Y1Y3Ys + 2Y3Veys + 2Y3Y6Ys + V1y3YeYa+
Y35+ Y1YaYa + 2Y3YeYs + 2Y1Y3YeYs + Y1Y3YaYeYat
Y3YaYs + Y1Y3YeYa + Y1Y3YaYaYs + Y1y2YaYayeys))

Y2 =(Y3Y3Ya(1+ 23+ Y5+ Yays+ Y3Ys + Y1y3ye + Yayeye + Y3Yeys + Y1Yayeye))/
((1+2Y6 + YaYe + YayaYs -+ Y6 + YaYs + Y2YaYs + Yayays + Y2Yayays)

(14 2Y6 + 2YaYs + 2YaYaYe + Yo + 2YaYs + Y2YaYs + 2Yayaya-+
Y2Y3YaYs + YaY6 + YoYaYe + 2YaYaYs + 2y2yayaYe + YaVaYe+
Y2Y3YaYe + Y2YaYaYaYs + Y2YaYaYays + Y1y2y3yaYeYs))

y3 =(ys5(1+2y3+ Y5+ Yays+ Y3Ys+ Y1Y3Ys + YaYeYs + Y3YeYs + Y1Y3YeYs)
(14 2Y6+ 2YaYs + 2YayaYe + Yo + 2YaYs + Y2YaYs + 2yayaya-+
Y2YaYaYg + YAY4 -+ YoYays + 2YaYaYe + 2Y2yayays + Yayave-+
Y2Y3YaYs + YoyayaYeYs + Y2Y3YaYeYs + YiY2y3yaYeYs) ) /

((1+2Y6 + YaYe + YayaYs -+ Y6 + YaVe + Y2YaYs + Yayays + Y2Yayay3)
(1+Yy3+Y3ys+YsYeYs))

Ya =(Ys(1+ Y3+ Yays + YaYeYs) (1 + 26+ 2yaye + 2yayays + Y5 + 2ay5 + YaYays+
2Y3YaYg + Y2YayaYs + YaVe + Y2YaYa + 2YaYaye + 2y2¥ayaye+
VY26 -+ Y2Y3YaYe + Y2YaYaYays + Y2YaYayays + Y1y2yayayeys))/

(14 Y6+ YaYe + YayaYe) (1+ 2y3+ Y3+ 2yays + 2y3Ys + Y1YaYs + 2YaYeys+
2Y3YeYs + Y1Y3YeYs + YaYa + Y1YaYs + 2Y3YeYa + 2V1Y3YeYs-+
Y1Y3YaYeY3 + YaYaYs + Y1VaYeYs + Y1YaYaYaYs + Y1Y2YayaYeVs))

Y5 =((1+Ye +YaYe + YaVa¥e) (1 + 2Y6 + YaYe + Yayays + Ve + Ya¥s+
Y2YaYs + YayaYs +Yayayays))/

(Y2Y3Ya(1+ 2y3+ Y3+ YaYs+ YaYs + Y1Yays + YayeYs + YaYeYs + Y1Y3YeYs))

Y6 =((L1+ 2V +YaYo + Y3Yaye + Y5 + Ya¥s + YaYa¥s + YayaYs + YoYayays)y7
(1+2y3-+ Y3+ 2yays + 2Y3Ys + Y1YaYs + 2YaYeYs + 2Y3YeYs + Y1y3Yeys-+
YAY8 + Y1Y3Y5 + 2Y3YeYa + 2Y13YeYs + Y1Y3YayeYs + Y3YeVa+
Y1Y3Y8Ya + Y1Y3Y4YaYa + Y1Y2Y3YaYeys))/ ((1+Ye + Yayes + YayaYe)

(14 2y3+Y3+YaYs + YaYs + Y1YaYs + YayeYs + YaYeys + Y1YaYeys))



y7 =((1+Y3+Yays+YaVeys) (1 + 2y3+ Y5+ Yaye + Yays + Y1y3ys+
YaYeYs + Y3YeYs + Y1Y3YeYs))/
(Y2Y3(1+ 2Y6 + Yays + YaVaYe + Yo + YaYs + YoYaYs -+ YaVaYs + Y2YayaYs)Va)

Y8 =(Ya(1+ Yo+ Ya¥e + YayaYe) (1 + 2y3-+ Y3+ 2yays + 2y3Ys + Y1Yays + 2YaYeys+
2V3YeYs + Y1Y3YeYs + YaYa + Y1Y3Ys + 2Y3YeYa + 2V1Y3YeYs-+
Y1Y3YaYeYs + Y3VRY8 + Y1YaYaYs + Y1VaYaYaYs + Y1Y2YayaYsYs))/
((1+y3+Yays+Yayeys) (1+ 2V + 2YaYe + 2YaYaYe + Vg -+ 2Yays + Yoyays-+
2Y3YaYg + YayaYaya + YaVe + YaYaYe + 2YayaYa + 2y2yayaye+
Y3Y4Y6 -+ Y2Y3YaYe + Y2YaYaYeYs + Yoy3YayeYs + Y1y2Yyayeys))

Remark that the mapping torus in this example is the complement of the figure-eight knot.
Step 6. For the equation of fixed points, we choose a solution. We can show that, for a
pesudo-Anosov mapping clags we have always a solution of the equation of fixed points
[KT].
In the case oLR, we have a solution:

y1=1
yo =1
Y3 :% (—1+ \/—_3)
ya=1
R
Y6 :% (—1+ \/—_3)
(v
ys =1

Step 7. For a mapping clagsof a surfaceS, we evaluate at a solutign= y*°' the characteristic
polynomialA(t) of the Jacobi matrix o§*:

w-afs-(42)

In the case of the mapping clakR and the solutiory = y°! in step 6, we have the following
polynomial.

y=ys°

A(t) = (—1+1)%(1 =5t +t2)(1— 9t 4 442 — 93 +-t%)



Step 8. Last, we consider the following limit:
: A(t)
=lim—
HRr el yTa oy

wherep is the number of punctures & One of our results is that this number is identified
with PGLg(C)-torsion with the adjoint representation of the representation which corresponds
the solution, except sign ambiguity [KT]. RGLg(C)-torsion is a generalization of a Porti’s
torsion for aPSLy(C)-representation [P]. In the caseld®, we have:

A(t)

T=lm e
=—3x28
— 84
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