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Abstract. There is a relatively short list of definitions, examples, and facts about ordinals and
cardinals needed to read the presentable categories section of Higher Topos Theory. However,
it’s easy to get lost looking for these in a reference, or indeed, even to find a reference, e.g., if
your mathematical training did not include a set theory course. The goal here is to give just
enough information that one can start learning about presentable categories. Keep in mind I’m
very far from being a set theorist, and this is far from an authoritative account.

1. Ordinals

(1) An ordinal is a well-ordered set,1 [Jec03,
Def.2.3, Thm.2.12]. That is, a totally or-
dered set such that every subset has a small-
est element. Finite ordinals look like n =
{0<1< . . .<n−1}. Their union is ω =
{0<1<2< . . . }. In general infinite ordinals
can be more complicated, e.g.,

ω · 2 + 1 =

{00<10<20< · · · < 01<11<21< · · · < 02}.

(2) There is a bijection between finite rooted trees
and an initial segment of the ordinals, [Jec03,
Thm.2.26]. The bijection o is defined induc-
tively by sending the tree with one node to
0 = {}, and the tree

T0 T1 . . . Tn

∗
⑧⑧⑧⑧

󰂽󰂽󰂽󰂽󰂽󰂽󰂽󰂽

❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣

to ωo(T0) + · · · + ωo(Tn),2 where o(T0) ≥
o(T1) ≥ · · · ≥ o(Tn). So for example,
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(3) An ordinal of the form α + 1 is called a suc-
cessor ordinal. An ordinal which is not a suc-
cessor ordinal is called a limit ordinal, [Jec03,
p.20].

2. Cardinals

(1) A cardinal is an isomorphism class of sets.3

(2) Cardinals have a relation: λ ≤ κ if there ex-
ists a monomorphism L → K (for represen-
tatives, L ∈ λ, K ∈ κ).

(3) One can consider the category Set<κ of all
sets of cardinality < κ. Such sets are called
κ-small.

(4) A cardinal κ is regular if for every I ∈ Set<κ

and Ki ∈ Set<κ we have

⊔IKi ∈ Set<κ.

Informally, κ is regular if the “universe”
Set<κ has colimits. Formally, κ is regular if
the category of κ-small sets has κ-small co-
products, [AR94, Def.1.13].

(5) The smallest infinite regular cardinal is the
cardinality of the set N of natural numbers.
It is denoted by ℵ0 or ω0 or ω.

ω = ω0 = |N| = |{finite ordinals}|.
The next smallest regular cardinal is the
cardinality of the set of countable ordinals,
[Jec03, Cor.5.3]. It is denoted by ℵ1 or ω1.

ω1 = |{countable ordinals}|.
In particular:

A set is ℵ0-small if and only if it is finite.
A set is ℵ1-small if and only if it is finite

or countable.

The cardinality of R is subtler.4,5

(6) A cardinal is strongly inaccessible if it is un-
countable, regular, and when K ∈ Set<κ we
have Subsets(K) ∈ Set<κ, [AR94, Def.A.9].
Informally, κ is strongly inaccessible if the
“universe” Set<κ admits colimits and lim-
its. Formally, κ is strongly inaccessible if the
category of κ-small sets has κ-small coprod-
ucts and κ-small limits. It’s hard to write
down a strongly inaccessible cardinal, [Lur09,
Rem.1.2.15.1].

3. κ-filtered

A category is filtered if every finite subcategory
admits a cocone. It is κ-filtered if every κ-small
subcategory admits a cocone, [AR94, Rem.1.21].
So a category is ℵ0-filtered if every finite subcat-
egory admits a cocone, and ℵ1-filtered if every
countable subcategory admits a cocone.

A colimit colimI Xi is κ-filtered if I is κ-filtered,
[AR94, p.14, p.22].

4. Accessible categories

Topoi can be defined as categories of the form
Shv(C) ⊆ PSh(C) for some small category C
equipped with a Grothendieck topology. Similarly,
κ-accessible categories can be defined as categories
of the form Indκ(C) ⊆ PSh(C) for some small



category C where κ is a regular cardinal. Here
Indκ(C) ⊆ PSh(C) is the full subcategory gen-
erated by the representable presheaves under κ-
filtered colimits. See [AR94, Thm.2.26] for other
characterisations. Examples abound.

(1) Rings. The category of rings is Indω(Ring
fp)

where Ringfp is the category of rings
of finite presentation, i.e., of the form
Z[x1, . . . , xd]/〈f1, . . . , fc〉.

(2) Fields. The category of fields is

Indω(Field
fg) where Fieldfg is the cat-

egory of finitely generated fields, i.e.,
of the form Q(x1, . . . , xn)[α1, . . . ,αm] or
Fp(x1, . . . , xn)[α1, . . . ,αm] where the αi are
algebraic.

(3) Presheaves. The category PSh(C) of
presheaves on a small category C is
Indω(PSh(C)ω) where PSh(C)ω is the subcat-
egory of those presheaves which are retracts
of finite colimits of representables.

(4) Sets. For any regular cardinal κ we have

Set ∼= Indκ(Set<κ).

Probably you notice a theme here. A category C
is κ-accessible if and only if6 C ∼= Indκ(C

κ) where
Cκ is the full subcategory of κ-compact objects,
namely, those objects X such that hom(X,−) com-
mutes with κ-filtered colimits, [AR94, Thm.2.26].

A functor

F : Indκ(C) → Indκ(D)

between κ-accessible categories is κ-accessible if
it is the left Kan extension of its restriction to
C. That is, if and only if F (“ colim ”Xλ) =
colimF (Xλ), [AR94, Def.2.16].

5. Presentable categories

In the above four examples, you might notice
that (1), (3), and (4) have all small colimits, while
(2) does not. Equivalently, in (1), (3) and (4) the
subcategory of κ-compact objects admits κ-small
colimits while (2) does not.

A category C is presentable if, [AR94, Def.1.17]:

(1) It has all small colimits.
(2) C ∼= Indκ(C

κ) for some regular cardinal κ.

Since C admits all small colimits, the canonical
inclusion C ∼= Indκ(C

κ) ⊆ PSh(Cκ) admits a left
adjoint, [AR94, Prop.1.27],

L : PSh(Cκ) → Indκ(C
κ) ∼= C.

Such a localisation can be considered as a presen-
tation for C, where Cκ is the generating category.

Notes

1 Strictly speaking, we should say an isomorphism class
of well-ordered sets. Alternatively, some authors, e.g.,
Jech, choose a canonical representative of each isomorphism
class. Jech uses von Neumann ordinals, [Jec03, Def.2.10,
Thm.2.12]. A von Neumann ordinal is a transitive set (that
is, (x2 ∈ x1)∧ (x1 ∈ x0) ⇒ (x2 ∈ x0)) which is well ordered
by ∈, [Jec03, Def.2.10].

2For ordinals α,β, the ordinal α+β is the set α⊔β with
a ≤ b for all a ∈ α, b ∈ β. The ordinal αβ is the set α × β
with the lexicographical ordering. The ordinal αβ is the set
of all functions β → α (of sets) with finite support, i.e.,
all but finitely many elements of β are sent to the minimal
element of α. This latter is also given the lexicographical
ordering. Of course, ω = N with the usual ordering.

3Jech defines a cardinal as an initial ordinal, [Jec03,
Sec.3, Alephs]. That is, an ordinal α such that for every
other ordinal β admitting an isomorphism of sets |α| ∼= |β|
there exists an injection of totally ordered sets α ⊆ β. Since
there is a unique von Neumann ordinal in each isomorphism
class of ordinals, there is a unique von Neumann cardinal in
each isomorphism class of cardinals. So this avoids working
with classes.

4The set of real numbers R may or may not have regu-
lar cardinality, depending on which axioms your set theory
satisfies. The statement |R| = ℵ1, known as the continuum
hypothesis (CH), is independent of ZFC in the sense that,
there are collections of sets which satisfy ZFC for which CH
is true, and there are collections of sets which satisfy ZFC for
which CH is false. So there is no harm in setting |R| = ℵ1,
but it is just that: an extra axiom.

This may look odd at first since one usually says “the”
set of real numbers, so how can we choose its cardinality?
But if we look closer it’s not so strange. As explained in
Note 5, real numbers can be identified with proper infinite
subsets of N. So the cardinality of R is intimately connected
with the notion of “subset”, which is precisely what the
axioms of ZFC describe, namely, which sets we are “ allowed
to build”.

In fact, it’s possible for |R| to be a successor cardinal
or a limit cardinal, and either a regular cardinal or a sin-
gular cardinal of uncountable cofinality, [Jec03, Ch.15, after
Lem.15.1].

5Real numbers in R are in bijection with real num-
bers in the open unit interval (0, 1), e.g., via arctan. On
the other hand, we have the “binary expansion” map x :
Subsets(N) → [0, 1]; I 󰀁→

󰁓
i∈N χI(i)

1
2i+1 where χI : N →

{0, 1}; i 󰀁→ |{i} ∩ I| is the characteristic function. This is
a bijection up to ignoring the usual expansion ambiguity,
e.g., 0.100 · · · = 0.0111 . . . which can be removed by only
considering infinite subsets of N. Combining, we get a map
of sets R ∼= (0, 1) ∼= {proper infinite subsets of N}.

6We implicitly demand that this equivalence restricts to
the identity on C ⊇ Cκ ⊆ Indκ(Cκ).
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