Lecture 6: Numerical Equivalence

In Lecture 5 we constructed the category of pure motives and the functors
Moty — Motpom — Motyum-

In this lecture we prove Jannsen’s theorem [Jan92]: Motyum is semisimple
abelian, Thm.17, and no other adequate equivalence relation has this property,
Thm.16.

The rough idea is as follows. Prop.13 and Lem.15 connect semisimplicity of
objects with semisimplicity of endomorphism algebras. For finite-dimensional
algebras, semisimplicity can be detected by existence of a nondegenerate “trace”
pairing, Prop.8. The Lefschetz trace formula,
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from Lecture 5 connects this trace pairing to the intersection pairing defining
numerical equivalence.

Mot trace
oo Piils . End(M) Prop.5 .
semisimple +————— . pairing
. semisimple
abelian (a,b) — Tr(ab)

numerical intersection trace

equivalence : pairing Eq.1 pairing

Mot
L. | h(X):]L®jGBM Z 7Z’num 0
semisimple Bad W - deg(Z - W) £ 0
abelian

The outline of the lecture is as follows. In Section 1 we recall the Jacob-
son radical, Prop.3, Wedderburn—Artin, Theorem 7, and a trace criterion for
semisimplicity, Prop.8. In Section 2 we relate semisimplicity of endomorphism
algebras to semisimplicity and abelianness of additive categories. In Section 3 we
prove Jannsen’s theorem and its converse characterisation of numerical equiva-
lence.

We work throughout with smooth projective varieties over an algebraically
closed field k, and use Q-coefficients for cycles.



1 Jacobson radicals and semisimple rings

Throughout this section A denotes an associative ring with unit.

Example 1. The ring Us(F) C Maty(F) of upper triangular matrices with
entries in a field F' is an associative ring with unit. There is surjective ring
homomorphism

Us(F) —» F x F

with nilpotent kernel J C Uy (F').

In the commutative setting, we would be able to lift the product decompo-
sition from F' x F' to the larger ring. Example 1 shows that this breaks in the
noncommutative setting. In this section we study when quotienting by a nilpo-
tent ideal results in a nice product decomposition, Thm.7. This generalises to a
procedure which makes all objects in a nice additive category become products
of simple objects after quotienting by the categorical radical, Appendix A.

Example 2.

1. If K is a field, then the ring of matrices M,,(K) is an associative ring with
unit. More generally, if D is a division ring,! then M,, (D) is an associative
ring with unit.

2. If A is an associative ring with unit and I C A is a two sided ideal then
A/I is again an associative ring with unit.

3. If Ay, A are associative rings with unit, then so is A; x As.

4. If M € Moty is any object and H* : Moty — GrVecp any Weil
cohomology theory, then End o1, (M) C End(H*(M)) is an associative
ring with unit which is finite dimensional over F'.

5. We will see below that finite dimensionality in the previous item means
there exists a two sided nilpotent ideal J C A := End o, (M) and an
isomorphism

n
AfT =] M, (Ds)
i=1
for some finite dimension division algebras D; over F. Note the finitely
many J*/J are A/J-modules.

6. (Frobenius) The finite-dimensional division algebras over R are R, C, and
H, where H denotes Hamilton’s quaternions [Lam91, Frobenius’ Theorem
A3.12] .

LA division ring is an associative ring with unit such that every nonzero element is in-
vertible.



7. (Cyclic algebras) Let L/K be a cyclic Galois extension of fields of degree
n, let o be a generator of Gal(L/K) = Z/n, and let a € K*. Consider the
associative algebra

Dk =LOLud--- @ Lut,

with multiplication determined by

u" = a, ur = x°u for x € L.

This D1k ,0,q) is a division algebra precisely when the class of a in
K*/Npk (L")

has order n. Here Np, (L") = {bb"b”2 L b e L*}. Every di-
vision algebra over a local field or global field F, such as F' = Q, is of
the form Dy ».q) for some finite extension K/F, some cyclic extension
L/K, some generator o of Gal(L/K), and some a € K* [Pie82, p.276;
Thm.17.10, Cor.17.10a; Thm.18.6] .

Note that every simple? left A-module M is isomorphic to A/m for some
maximal left ideal® m and conversely, every such A/m is simple.

Proposition 3 ([Lam91, D.1-D.5]). The following subsets of A all coincide.
1. The intersection of all mazimal left (resp. right) ideals.
2. The set of elements that annihilate every simple left (resp. right) A-module.
3. {acA|1+aAC A*} resp. {a€ A|1+ Aa C A*}.
4. The largest two-sided ideal J C A such that 1 + J C A*.

Exercise 1. Let .J, denote the set described in Item n. of Proposition 3.

(a) Suppose I and I’ are two sided ideals satisfying 1 + I,1+ I’ C A*. Show
that 1 + I + I’ C A*. Deduce that J4 is well defined, that is, there does
actually exist a unique largest J;. Hint.*

(b) Show that Jl = JQ.
(c) Show that Jo C J3. Hint.5 Hint.%

(d) Show that J3 Q Jl. Hint.7

2A left module is simple if it has no proper nonzero submodules.

3For any nonzero m € M the map A — M;a +— am is surjective with kernel m = Ann(m)
a maximal left ideal.

N4+a+b=10+a)(l+(1+a)"1b)if (1+a)"! exists.

5Suppose a € J2,a ¢ J3, and 1 + ab € m for some b € A and some maximal left ideal m

SWith m from the previous hint, show that 1 € m.

"Suppose Aa +m = A for some a € J3 and some maximal left ideal m.



(e) Show that J4 C J;. Hint.
(f) Show that J3 Q J4. Hint.9
(g) Deduce that J; = Jo = J3 = Jy.

Definition 4 ([Lam91, §4, p.53]). The Jacobson radical J(A) is the set de-
scribed by any of the equivalent conditions in Proposition 3.

Example 5.
(i) If A= M, (D) is a matrix ring over a division ring D, then J(A) = 0.

(ii) If A is a local ring, meaning that it has a unique maximal left ideal m
(equivalently, a unique maximal right ideal m), then J(A4) = m.

Recall that a ring is left Artinian if every descending chain of left ideals
stabilizes. Any finite-dimensional algebra over a field is automatically left Ar-
tinian.

Proposition 6 ([Lam91, D.12]). Suppose that A is left Artinian. Then J(A) is
a nilpotent two sided (resp. left, right) ideal, and contains every other nilpotent
two sided (resp. left, right) ideal.

Theorem 7 (Wedderburn—Artin; [Lam91, C.3-C.5,D.14]). A left Artinian ring
A satisfies J(A) = 0 if and only if

A= M, (Dy)x -+ x My, (D)

for some division rings D1, ..., D, and positive integers ny, . ..,n.. Such a ring
is called semisimple.

The criterion we will actually use to show J(A) = 0 is the following.

Proposition 8 (Trace criterion). Let A be a finite-dimensional F-algebra, and
let 7: A— F be an F-linear map. Suppose that:

1. 7(f) = 0 whenever f € A is nilpotent.
2. The associated bilinear form

AxA—>F
(f:9) = 7(f9)
s non-degenerate.
Then J(A) = 0. That is, A is semisimple.

Proof. Let f € J(A). By Proposition 6, f is nilpotent. Since J(A) is a two-
sided ideal, fg € J(A) for every g € A, so fg is also nilpotent. By hypothesis,
7(fg) =0 for all g € A. Non-degeneracy forces f = 0. ]

8Suppose J4 + m = A for some maximal ideal m, and show that m contains a unit.
IUse Jy = Joy = J3.



Exercise 2. Show that if M is an n x n nilpotent matrix over a field, then
tr(M) = 0. Give an example of a matrix with trace zero that is not nilpotent.

Exercise 3. Let A be a finite-dimensional semisimple algebra over a field and
let p € A be an idempotent. Show that pAp is semisimple. Hint.'?

Exercise 4. Let A be a finite-dimensional semisimple algebra over a field and
let I < A be a two-sided ideal. Show that A/I is semisimple. Hint.!!

Remark 9. In practice, 7 will be the categorical trace in Mot,uy,. The non-
degeneracy of the associated form will follow from the non-degeneracy of the
numerical intersection pairing, Thm.?? in Lecture 5.

2 Semisimple abelian categories

Recall that an endomorphism e is idempotent if €2 = e, and an additive category
is idempotent complete if for every idempotent e : M — M we have M =
My & M, for some My, My and e acts as (¢ ) via M = My & M;.

Convention 10. Through out this section we work with a field F' and F-linear
additive idempotent complete categories C such that all hom vector spaces are
finite dimensional. We will call such C nice.

Definition 11. Let C be an additive category. An object M € C is simple if
M # 0 and M has no non-trivial direct summands. An object is semisimple if
it is a direct sum of simple objects. A category C is semisimple if every object
s semasimple.

Exercise 5. Suppose that C is a nice category, Conv.10. Show that if End(M)
is a division algebra, then M is simple.

Example 12.

(i) The category Vecp of finite-dimensional vector spaces over a field F is
semisimple: every object is a direct sum of copies of the simple object F'.

(ii) For a finite group G and a field F' of characteristic zero, the category
Repp(G) of finite-dimensional representations is semisimple (Maschke’s
Theorem, [Lam91, §6, F.1; §8]).

(iii) More generally, for a reductive algebraic group G over a field F of charac-
teristic zero, the category Repp(G) of finite-dimensional algebraic repre-
sentations is semisimple (Weyl’s Complete Reducibility Theorem, [Jan87,
I1.2.9, Rem.; I1.5.6, Rem.]).

(iv) In any C as above, given a collection {S;} of simple objects, the full sub-
category of objects isomorphic to finite direct sums €p, SfB i is semisimple
by construction.

10Use Wedderburn—Artin to reduce to the case A = My (D).
11 Use Wedderburn—Artin.



(v) We will see below that the category Moty is semisimple abelian, Thm.17.

Proposition 13 ([Jan92, p.448]). Let C be a nice category, Conv.10.
If End¢ (M) is a semisimple F-algebra, then M is semisimple. If moreover,
M is simple then Endc (M) is a division algebra.

Proof. By Wedderburn—Artin, Thm.7, we have
End(M) = [ [ Mn, (D))
i=1

for division algebras D;. In each factor M,,(D;), the diagonal matrix units

e:(lil), ceey eﬁffm are primitive orthogonal idempotents'? summing to the identity

of that factor. Altogether these give a decomposition
id=ey+---+e,

(where n = > n;) into primitive orthogonal idempotents. Since C is idempotent
complete, we get a corresponding decomposition of the object

M= éMk.
k=1

In M,,,(D;), the element ey, is the diagonal matrix e;, = diag(0,...,0,1,0,...,0)
for some position j, and e, M, (D;)e) consists of matrices with a single nonzero
entry in position (7, 7), so

Ende(My) "2° e, Ende(M)ey, = Djx)

is a division algebra, hence each M}, is simple, Ex.5. O

Exercise 6. Suppose C is an idempotent complete additive category and e €
Ende(M) an idempotent with corresponding decomposition

M = My ® M.
Show that End¢(Mp) = e Ende(M)e.

Lemma 14. Suppose that M, N € C are objects in a nice category, M is simple,
End(M @ N) is semisimple, and f : M — N is nonzero. Then f is the inclusion
of a direct summand. That is,

MoeM =N

for some M'.

12Recall that two idempotents e, f are orthogonal if ef = 0 = fe. An idempotent e is
primitive if for every decomposition e = e; + ez into orthogonal idempotents, e; = 0 or
e = 0.



Proof. We first show:
() There exists g : N — M with gf # 0.

Set A=End(M @ N) and = = (?8) :M &N — M & N and consider the two
sided ideal
J=AzA C A

Since A is semisimple, the Jacobson radical vanishes, Thm.7, so every nonzero
two sided ideal satisfies J2 # 0, Prop.6. Since 0 # = € J we have J? # 0. Since
J? is linearly generated by {axbczd : a,b,c,d € A}, this means there exists
. be)ir (be

some be with 0 # azbcz = ($0) (Ebgi EbZﬁZ) (%9) = (fb)ay0)- Hence,
g=(bc)12: N = M with gf #0.

To finish the proof, since C is idempotent complete, it suffices to find an
idempotent e : N — N such that M NS Nis f. Let p € End(M @ N) be
the idempotent cutting out the summand M. By Ex.6,

End(M) 2 pEnd(M @ N)p.

Hence End(M) is semisimple, Ex.3, so End(M) is a division algebra, Prop.13.
Thus gf # 0 is invertible, and e = f(gf) g satisfies €2 = e and ef = f. O

Lemma 15 ([Jan92, Lem.2]). Let C be a nice category, Conv.10. Suppose that
for every object M the F-algebra Ende (M) is semisimple. Then C is abelian.
In fact,

C~ @VecDM, (2)
[M]

where [M] runs over the isomorphism classes of simple objects and Vecp,, de-
notes finite-dimensional right vector spaces over the division algebra Dy =
End(M).

Proof. Every object of C is a finite direct sum of simple objects, Prop.13. So it
suffices to prove that for simple M, N we have

End(M) M =N
0 otherwise

hom(M, N) = { (3)

Fix simple objects M and N. If hom(M, N) is nonzero, then by Lemma 14 we
have N = M & M’. But N is simple so M’ =0 and N = M. O

3 Jannsen’s theorem

Theorem 16 (Jannsen [Jan92, Thm.1(a) = (c)]). Let ~ be an adequate equiv-
alence relation on algebraic cycles. If Mot is semisimple abelian, then ~ is
numerical equivalence.



Proof. Since num is the coarsest nontrivial equivalence relation, Lec.5,Prop.??,
we get surjections
CH! (X)— CH],

num

(X).

We want to show these are injective. Let « € CHZ(X) be in the kernel (so
deg(a-B) =0 for all 3 € CHL (X)) and consider the corresponding morphism

FiLE = h(X)

in Mot.. The object L®" is simple, since End(L®") = End(1) 2 Q. In a
semisimple abelian category every non-zero morphism from a simple object is
the inclusion of a direct summand, Lem.14. Hence, if a # 0,

h(X)=L%" @ M, M (4)
and there exists
g:h(X)—Le"

such that go f = ide-. Translating, g and f correspond to 3 € CH%™"(X) and
a € CH! (X) such that
deg(a- ) =1€Q.

This contradicts @ ~pum 0, so we must have had a = 0 € CH” (X) all along. O

Theorem 17 (Jannsen [Jan92, Thm.1(c) = (a)]). The category Motpum is
semisimple abelian.

Proof. Every nice category, Conv.10, with semisimple endomorphism algebras
is semisimple abelian, Lem.15, Prop.13. Our category Mot,,, is nice (it is
idempotent complete, Q-linear, additive, with finite dimensional hom sets) so it
is enough to show that

EndMotnum (M)

is a semisimple Q-algebra for every motive M = (X, p,m). Since
End((X,p,m)) = pEnd((X,id, m))p

it suffices to consider motives of the form h(X)® L™, Ex.3. Furthermore, the
functor M — M ® L®™ is an equivalence, so induces isomorphisms

hM(X)Q@L™™) = Endpmor,,,. (h(X)).

num ( num (

EndMot
So it suffices to consider motives of the form h(X). For Q C F write
A p =Endper, (M(X)) = CHI™X (X x X)® F.

By Theorem ?7 in Lecture 5, Apum,g is finite-dimensional over Q. So Anum,g is
left Artinian, so by Wedderburn—Artin, Thm.7, to know that A,um, g is semisim-
ple it suffices to show that the Jacobson radical vanishes:

J(Anumg) = 0.



Choose a Weil cohomology theory H* : Moty — GrVecp, for example de
Rham cohomology'® with F = R. Since J(Anum,g) is a nilpotent two-sided
ideal, so is J(Anum,g) ®q F so

Prop.6
J(Anum,Q) C J(Anum,(@) ®Q F C J(Anum,F)

so it suffices to show that J(Apum,r) vanishes. Consider the surjection
o Ahom,F - Anum,F~

Since Ahom,F/J (Anom,r) is semisimple, its quotient Anym, r/®(J(Anom, 7)) is
semisimple, Ex.4, hence

J(Anum,F) g (I)(J<Ahom,F))~

Let f € J(Anum,r), and choose a lift f € J(Anom,r). For every g € Anom, F,
the element g o f again lies in the two-sided nilpotent ideal J(Apom,r), hence
is nilpotent. The action of g o f on H*(X) is therefore nilpotent, so each
(go f)': H(X) — H*(X) is nilpotent so its Lefschetz trace is zero, Ex.2:

TV (H (go f)) =D (1) Te(H' (g0 f)) = 0.
By Eq.1, discussed in the previous lecture, this trace is the intersection number

deg(f - 'g) = TrMo™eom (g o f) = LV (H* (g 0 f)).

Hence deg(f-tg) = 0 for all g € Apom. Since transposition is an isomorphism, f
pairs trivially with all codimension d correspondences on X x X. By definition
of numerical equivalence, this means f ~pum 0, and therefore f = 0.

Thus J(Anum,r) = 0, s0 J(Apum,g) = 0, hence Ayumg = End(M) is a
semisimple algebra, so M € Moty is a semisimple object.

Thus J(Anum,r) = 0, hence J(Anum,g) = 0. Therefore A,ym,g = End(h(X))
is semisimple, so End(h(X)®L~"™) is semisimple, so End(X, p,m)) is semisimple
for every M = (X, p, m), so the nice category Moty is semisimple. O

A The categorical radical and semisimplicity
Definition 18. An ideal J in an additive category C is a subgroup

j(MvN) C hOHlC(M,N)

for every pair of objects, stable under left and right composition by arbitrary
morphisms in C. It is nilpotent if there exists m > 1 such that every m-fold

131n this course we have focussed on de Rham, but of course, one could alternatively use
{-adic cohomology where F' = Q.



composition of morphisms in J is zero. The quotient category C/J has the
same objects as C and morphism groups

hOch/j(M,N) = hOmc(M, N)/j(MvN)
The radical of C is the ideal rade defined by
rad¢(M,N)={f: M — N |idpy —gf € Endec(M)* for all g: N — M}.

Theorem 19 (Categorical radical quotient; [Str95, Prop.5, Prop.6, p.146];
[ARS95, I, Prop.3.1]). Let F be a field and C be an idempotent complete F-
linear additive category with finite-dimensional hom-sets. Then the quotient
category

C:=C/rad¢

1s semisimple: every object of C is a finite direct sum, equivalently a finite
product, of simple objects.

Proof. Let M € C. Since End¢(M) is finite-dimensional over F', Proposition 6
gives that J(End¢(M)) is nilpotent, and Theorem 7 gives that

Ende(M)/J (Ende(M))
is semisimple. By Proposition 3, the definition of rad¢ gives
Endz(M) = Ende(M)/rade (M, M) = Ende(M)/J(Ende (M)).

Thus every endomorphism algebra in C is semisimple.

It remains to check that C is idempotent complete. Let & € Endz(M) be
an idempotent. Choose a lift @ € Ende(M). Since rade(M, M) = J(Ende(M))
is nilpotent, idempotents lift modulo this ideal: first lift through square-zero
quotients using the correction a + a + (1 — 2a)(a? — a), then iterate along the
powers of the ideal. Thus there is an idempotent e € Ende (M) mapping to é.
Since C is idempotent complete, e splits in C, and its image gives a splitting of
e in C.

Now Proposition 13, applied to C, shows that every object of C is a finite
direct sum of simple objects. O
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