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Classically, there are various sheaf theoretic ways to calculate singular coho-
mology. For example, if X is a triangularisable space then

H;ng(X’Q) EH*(X,Q),
we always' have H*(X,Q) ® R = H*(X,R) and if X is a manifold,
H*(X,R) 2 Hjp(X)

[Bott, Tu, “Differential forms in algebraic topology”, Thm.I1.10.6, Thm.III.15.8].
In this lecture we define étale sheaves on a scheme X using the étale topology
on the category of étale X-schemes.

1 Topologies

We begin with the general theory of Grothendieck sites. This is a generalisa-
tion of the notion of a topological space, which allows us to use more general
morphisms in place of open immersions.

Example 1.1. Let X be a topological space. Consider the assignment which
sends an open subset U c X to the set

F(U)={f:U~R}

of continuous functions. Given an inclusion of open subsets V ¢ U we have an

induced “restriction” morphism F(U) - F(V); (U it>R) ~ (V-U ic>]R) Further-
more, given any set of inclusions {U; € U }er, if UierU; = U, then any function

flu,
(ULR) € F(U) on U can be recovered from its restrictions f; := (U; ER) €

F(U;) together with the “glueing information”

fi|UiﬁUj = f]|UmUJ .

In other words, F is a sheaf (we will define sheaves formally below). We want
to be able to discuss such things when open subsets U € X are replaced by
more general morphisms Y — X. The first step is to define abstractly what
“covering” means, in a more general setting.

IThis is because Q — R is flat.



Definition 1.2. A (Grothendieck) topology on a category C is the data of: for
every object U € C, a collection of families of morphisms {U; — U}y The
families in these collections are called coverings of U. This data is required to
satisfy the following axioms:

1. {U b U} is a covering, for every object U.

2. If {U; —» U}ier 18 a covering of U, and V — U is a morphism, then each
fibre product U; xy V' exists, and {U; xy V- = V }ier is a covering of V.

3. If {U; = U}ier is a covering of U, and for each i € I we have a covering
{Uij = Ui}jes, of Ui, then {U;j = U }ier jes, is a covering of U.

A category equipped with a Grothendieck topology is called a site.
Remark 1.3.

1. The hypothesis that the U;xy V exist in condition 2 is actually unnecessary
to get a good theory of sheaves (cf. coverage in [Johnstone, Sketches of
an Elephant, §C2.1]. However, it is standard to ask this.

2. In fact, what we have defined is a pretopology, not a topology. But this
is a standard misuse of terminology.

Exercise 1.4. Show that any two covering families of the same object admit a
common refinement. That is, show that if C is a site, and {U; - Y }ier and {V; —
Y'}jes are covering families, then there exists a covering family {Wjy, — Y }rex,
maps of sets u: K - I and v: K - J, and factorisations Wy — U;(x) — Y and
Wk g ‘/}‘(k) =Y.

Exercise 1.5. Suppose that X is a topological space in the conventional sense.?

Define Op(X) to be the category whose objects are open sets of X, and mor-
phisms are inclusions. For U € Op(X), define the coverings of U to be the fam-
ilies {U; = U }4er such that U,e;U; = U. Show that this defines a Grothendieck
topology on Op(X). (Note that in this category V xy W=V nW.)

Exercise 1.6. Let X be a topological space, and define LH(X) to be the
category whose objects are local homeomorphisms® ¥ — X and morphisms are
Y'sY
commutative triangles \ v . Show that this category has fibre products.
X

For Y e LH(X), define the coverings of Y to be the families {f; : Y; = Y };er
such that U;er fi(Y;) =Y. Show that this defines a Grothendieck topology on
LH(X).

2I.e., a set equipped with a collection of subsets of X declared to be open, preserved by
finite intersection, arbitrary union, and containing X and @.

3A morphism f:Y - X is a local homeomorphism if it is continuous and for every point
y €Y, there is an open neighbourhood V 5 y such that F (V) ¢ X is open and f:V — F(V)
is a homeomorphism.




Exercise 1.7. Recall that a morphism f :Y — X of schemes is étale if it is
locally of finite presentation, and for every y € Y, the ring morphism Ox ¢(,) —
Oy, is étale. Let Et(X) denote the category whose objects are étale morphisms
Y — X, and morphisms are commutative triangles. Do Exercise 1.6 with Et(X)
instead of LH(X).

Explicitly:

Definition 1.8. Let X be a scheme. The étale topology on the category Et(X)
of étale X -schemes is the Grothendieck topology whose coverings are families
{fi :Yi > Y}icr of morphisms in Et(X) such that User fi(Y;) =Y.

Definition 1.9. A presheaf ' on a category C is just a functor C°P — Set.
A morphism of presheaves F — G is just natural transformation of functors
F-G.

Remark 1.10.

1. A presheaf of abelian groups, K-vector spaces, A-modules, etc is a functor
from C°P to the category of abelian groups, K-vector spaces, A-modules,
etc.

2. Morphisms F' — G of presheaves of abelian groups, etc, are again natural
transformations, but now since F, G take values in abelian groups, etc, the
morphisms F(U) - G(U) must be group homomorphisms, etc.

3. Given a morphism f : V - U in C and a presheaf F' we often write
(v :FU) - F(V) or f*: F(U) - F(V) for the morphism F(f) :
F(U) - F(V).

2 Sheaves

Definition 2.1. If C is a site, then a presheaf F' is called a sheaf if for any
object U and any covering {U; - U }ier we have

iel i,5€l

A morphism of sheaves is just a morphism of presheaves. A sheaf on Et(X) for
some scheme X 1is called an étale sheaf on X.

Remark 2.2. If A is a ring, we will write Ft(A) instead of Et(Spec(A)) and if
A — Bis an étale algebra, and F' a presheaf on Ft(A) we will write F/(B) instead
of F(Spec(B)). Since all the information about an étale sheaf is contained in
affine schemes (cf. Exercise 4.4), we will sometimes pretend that all schemes in

Et(Spec(A)) are affine.



Example 2.3. Let X be a topological space and consider the Op(X) from
Exercise 1.5. Then the assignment U — homgent. (U,R) from Example 1.1 is
a sheaf. More generally, for any topological space Y, the assignment U ~
homeont. (U,Y) is a sheaf on Op(X).

If Y is equipped with a map Y — X, there is also a relative version U
hom, x (U,Y) where hom,x (U,Y’) is the set of commutative triangles of contin-

U—Y
uous maps Ny
X

Exercise 2.4. Show that every sheaf on a topological space X is of the form
hom, x (-, Y’) for some ¥ - X. Hint.*

Example 2.5. Let A be a ring. We have the following important examples of
étale sheaves on Et(A), cf. Exercise 77.

1. O:Bw (B,+).

2. O":Bw (B, *).

3. pp:Br{beB*:b"=1}.

4. GL, : B~ { invertible n x n matrices with coefficients in B}.

5. Q":BwQp, (if A is a k-algebra for some ring k).
Remark 2.6. If a presheaf takes values in the category of abelian groups, then
the sheaf condition (III) is equivalent to asking that the sequence

iel i,j5€l

be exact, where the last morphism is the difference of the two morphisms induced
by the two projections U; xy U; = U, Uj.

Exercise 2.7. Let X be a topological space in the conventional sense. Consider
the Grothendieck topology defined on Op(X) in Exercise 1.5. Show that a
presheaf on X is the same thing as a presheaf on Op(X), and a preseheaf on
X is a sheaf if and only if its associated presheaf on Op(X) is a sheaf. That is,
Definition 2.1 is an honest generalisation of the classical notion of a sheaf.

3 Galois modules

Exercise 3.1. Let Spec(L) — Spec(L") be a morphism in Et(k) such that L/L'
is Galois with Galois group G = Aut(L/L"). Recall that there is a canonical

isomorphism
Lep Lz]]L
G

4Given a sheaf F on X, define Y7 to be the quotient of the set of triples (U, s,x) consisting
of an open U <€ X, an element s € F(U), and a point z € U, subject to the equivalence relation:
(U,s,z) ~ (V,t,y) if z =y and s|lynv = tluny. Give the set Y the coarsest topology such
that for every U ¢ X and s € F(U), the morphism U — Yg; z ~ (U, s,z) is continuous. In
other words, Yr = li—n;lUgX Ugep(uyU. Show that F'(-) = hom;x (-, YF).



where two morphisms L = L ®p L;a —» 1®a,a® 1 are identified with a —
(a,a,...,a) and a — (a9,...,a%") where g; are the elements of G. Show that
if F' is an étale sheaf on Spec(k), then F(ITg L) 2 [1g F(L), and

F(L')=F(L)¢

where F(L)Y = {s € F(L) : g*s = s ¥ g € G}. Deduce that if F; - F; is a
morphism of étale sheaves such that Fy(L) 2 F5(L) for every Galois extension
L/k, then F} =~ F5.

Remark 3.2. We will be able to show later on that a presheaf F' on Et(k) is
a sheaf if and only if

1. F(uerU;) 2 T F(U;) for any collection Uy, i € I, and
2. F(L) = F(L)A"(L'IL) for every Galois extension L’/L.

Theorem 3.3 (cf.Milne, Thm.I1.1.9). Suppose that k is a field, k*°P[k is a
separable closure, and G = Gal(k*°P[k). Then there is a canonical equivalence
between the category G-Set of discrete® G-sets® and the category Shv(Et(k)) of
étale sheaves on k.

Remark 3.4. An easy case of the above theorem is £ = R. In this case the
equivalence Shv(Ft(k)) - G-Set is given by F — F(C). In general, however,
k*€P [k will not be finite, and therefore Spec(k°P) is not in Ft(k). This “prob-
lem” will go away next quarter when we discuss the pro-étale topology.

Proof. The association F — Xp. For F € Shv(Et(k)) we define

Xp= lm F(L) (1)
ksev L[k

as the colimit over all subfields L of k*“? which are finite Galois extensions of k.

Xr is a discrete G-set. For any Galois L/k and any o € G we have
(L) = L so o restricts to a (finite) automorphism of L/k (and hence an au-
tomorphism of F(L)) via the canonical map G - Gal(L/k) =z G/Aut(k*°P/L)
where Aut(k*P/L) = {ge€ G :g(a) =a V a € L}. These actions are compatible
with inclusions L ¢ L’ (and hence, the morphisms F(L) - F(L")), hence we get
an action of G on Xp. Moreover, every x € X is the image of some y € F(L),
so X is a discrete G-set. The assignment F' +— X is clearly natural in F', that
is, it defines a functor.

For future reference, we note that since F' is an étale sheaf, for each extension
L'/L, the morphism F(L) — F(L') is injective, and moreover, for any two Galois
extensions L'/L/k of k, by Exercise 3.1 we have F(L) = F(L")A*('/L) Since

5Here discrete means that for every x € X, there is a finite Galois extension L/k with
stabiliser Stab(L) € G such that z e X 5tab(L),
SThat is, a set X equipped with an action of G.



the action of G commutes with the colimit (1), we get

X?ut(k“”/L): lim  F(L)AE D) - i F(LI)Aut(L’/L)
— —
kser/L/[L]k ksep|L/[L]k

= lim F(L)=F(L).
ksep/L'/L/k

The association X — Fx. Now suppose we have a discrete G-set X. Re-
call that every étale k-algebra is of the form []}-; L; for some finite separable
field extensions L;. We would like to define a presheaf which sends []}, L; to
I, XAut(E*F[Li) hut this depends on a choice of embeddings L; - k°“?. One
way to get a choice-independent construction is to define a presheaf on Ft(k)
as

Fx (T, L) = homg(homk(H?_lLi, k7)), X)

where homg means G-equivariant morphisms, and G = Gal(k*P [k) = homy, (k*°P, k°°P)
acts on homy (-, k*“?) by composition.

Fx is an étale sheaf. Cf. Milne, Lem.I.1.8. By Remark 3.2, to show Fx is a
sheaf, it suffices to check that

Fx(L) = Fx (L)1)

for finite Galois extensions L'/L. Note that for any Galois extension L'/k and
any subextension L'/L/k we have

homy, (L', k*P) aue(rry = homg (L, k*P).

Where Yr is the set of I'-orbits in Y for a group I' acting on a set Y. It
follows from this that Fx (L) = Fx (L")A*Z/1) Note that for any finite Galois
subextension k*“?/L/k we have homy (L, k*P) = Gal(L/k). So

Fx (L) = homg(Gal(L/k), X ) = X Aut™7/L), (2)
Combining (1) and (2) we get

XFX = lim FX(L) - lim XAut(kSep/L) - X.
T T

On the other hand, by (2) we get
F, (L) = Xp" "9 = F(L)

for Galois extensions L/k. Then by Exercise 3.1 we have Fx, = F.
So the assignements X — Fx and F - Xy are inverse equivalences. O



4 Some covering combinatorics

In this section we give some conditions for a presheaf on LH(X), resp. Et(X),
to be a sheaf.

Exercise 4.1. Suppose that F is a presheaf on a site C, and {U; — U };e; and
{Uij = Ui}jes, are coverings. Using the diagram

F(U) [Tier F(Ui) [Tiier (Ui xu Uy)

| | |

F(U) ——Tlier,jes, F(Uij) == i 0e1,jeu, jres, F'(Uij xu Uirgr)

show that if
1. F satisfies the sheaf condition (III) for {U;; = U }ier, jes; and
2. each F(U;) — [1,, F(Uij) is injective,

then F' satisfies the sheaf condition for {U; - U}jer.
Deduce that a presheaf F' on LH(X) from Exercise 1.6 is a presheaf if and
only if Flopyy is a sheaf on Op(Y') from Exercise 1.5 for every Y € LH(X).

Exercise 4.2. Suppose that F'is a presheaf on a category C with fibre products
and {V - U} and {U — X} are families consisting of single morphisms. Using
the diagram

F(VxxV) F(UxxU)

| SN I

F(V xy V) ==— F(V) F(U)

]

F(X)

show that if

1. F satisfies the sheaf condition (II) for {V — U} (cf.middle row) and
{U - X} (cfright column), and

2. each F(U xx U) - F(V xx V) is injective (cf. top row),
then F satisfies the sheaf condition for {V — X} (cf. diagonal).

Exercise 4.3 (Harder). Do Exercise 4.2 for coverings {U; - X }ic; and {V;; »
Ui} jes, containing more than one element.

Exercise 4.4. Let C be a category with fibre products.



1. Suppose that Y = {Y; - X };es is a family in C such that Y;, — X is an
isomorphism for some iy € I. Show that every presheaf on C satisfies the

sheaf condition for ).

2. Suppose U = {U; > X}ier and V = {V; > X };c; are families in C and for
each j there exists i; € I and a factorisation V; — U;; — X. Using Part 1,
Exercise 4.1, and Exercise 4.3 show that if a presheaf I satisfies the sheaf
condition for V, then it satisfies the sheaf condition for .

3. Using Lemma 4.5 below, deduce that a presheaf F' on Ft(X) is a sheaf if
and only if

(a) Flop(y) is a sheaf for every Y € Et(X), and

(b) F satisfies the sheaf condition (IIT) for every covering {Y' - Y}
containing a single element such that Y and Y’ are affine schemes.

Lemma 4.5. LetY be a scheme, {f; : Y; = Y }ic1 be an étale covering, andy € Y
a point. Then there exists an open neighbourhood y € U €Y and a surjective
étale morphism V. — U such that V - Y factors through V —Y; = Y for some
tel, and U and V are affine.

Proof. Choose any ¢ € I such that there is a point y" € Y; with f;(v") = y.
Let Spec(A) €Y and Spec(B) ¢ Y; be open affine neighbourhoods of y and g’
such that Y; — Y induces a map Spec(B) — Spec(A). Since flat morphisms of
finite presentation are open, [Stacks Project, 01UA], the image f;(Spec(B)) ¢
Spec(A) is an open subscheme. By construction this image contains y. Choose
an open affine neighbourhood y € Spec(A’) ¢ f;(Spec(B)) ¢ Spec(B). Then U :=
Spec(A’) and V := Spec(A’ ® 4 B) satisfy the requirements of the statement. O

Corollary 4.6. The following representable presheaves are étale sheaves.
1. hom(-,A'); X » T'(X,0x),
2. hom(-,G,,); X » T'(X,0%),

3. ptn = hom (=, Spec(F)); X > {a e D(X, 0% ) ra" = 1},

/. GLn:hmnC3Spa(@%%%%%%§ﬂ)ﬁ‘¥F>GLHHKX}OX)L

5 Sheafification

Proposition 5.1. Suppose that C is a small site such that all covering families
are finite.” Then the inclusion Shv(C) € PSh(C) admits a left adjoint

L :PSh(C) - Shv(C).

That is, for every presheaf F', there exists a morphism F — LF such that:

7See Remark 5.4



1. LF is a sheaf, and

2. for any sheaf G we have

hom(LF,G) = hom(F,G).

Definition 5.2. The sheaf LF in Proposition 5.1 is called the sheafification or
associated sheaf of F.

We give the proof from Higher Topos Theory. For the classical proof see
[Artin, Grothendieck topologies, 1962, Lemma.2.1.2(ii)].

Proof. Tt suffices to find a functor L and natural transformation id - L such
that:

1. for every sheaf GG, the morphism G - LG is an isomorphism, and
2. for every presheaf F', the presheaf LF is a sheaf.

Cf.Exercise 5.3.

For an object X € C we have the representable presheaves hx (=) := hom(-, X).
We extend this to families U = {U; - X}ier by constructing the presheaves
hy (=) = COGQ(inhUixXUj = LiIhUi)- Then the condition for a presheaf F' to be a

sheaf is precisefy that
hom(hx, F) - hom(hy, F) (m)

is an isomorphism for every covering family U. A first attempt to force F' to
satisfy (@) is to define

F'(Y):= lim  hom(hy,F)
V={V;=>Y}jes

where the colimit is over all coverings V = {V; - Y};ey of Y. Note that this is
functorial in Y € C, and that there is a canonical natural transformation

F—Ff

In general FT will not be a sheaf, but we can repeatedly apply the construction,
and define
LF :=lm(F » F' > P o piff o ),

We claim that id — L satisfies the two desired conditions.

It is easy to see that if G is a sheaf then G - LG is an isomorphism. Let F'
be a presheaf. We want to show that LF' is a sheaf. That is, given a covering
U ={U; > X}ier, we want to show that the morphism

hom(hx, LF) — hom(hy, LF)



is an isomorphism. For this it will be enough to show that for all of the
presheaves G = FTT we have factorisations

hom(hx,G) —> — hom(hy,G") (3)
hom (hyy, G) —"'——— hom(hy, GT)

through isomorphisms. Indeed, since coverings are finite, we have the identifi-
cation (*) in the diagram

hom(hx, LF) hom(hy,lim Ft=1) = limhom(hy, F'T)
— —

SR |

hom(fus, LE) homm(fy, i F-1) - = limhom(hy, F--1)

so if there are factorisations (3), the morphism (*x) is a colimit of isomor-
phisms.®

Notice that we have factorisations (3) if and only if we have the analogous
factorisations for the restriction G|C/X € PSh(C)x). Indeed, for any Y € C)x we

have GT(Y) = G&(Y), etc. So we can assume that X is a terminal object of C.
Taking our fixed covering U of X we define

GY(Y) = hom(hy x hy, G).
This comes equipped with a factorisation

GY)- GHY) - GI(Y)
hom(hy xhy,G) n_r>nvhom(hv,c)

functorial in Y and therefore a commutative diagram

hom(hx,G) — hom(hx,GY) —— hom(hx,G")

T

hom(hy, G) — hom(hy, GY) — hom(hy, GT)

It remains only to show that (*) is an isomorphism. This follows directly from
the definitions of GY and hy, cf Exercise 5.3. O

Exercise 5.3.

8Note that if Eg—FE1—... is any sequence of morphisms then li_I)n(E0—>E2—>E'4—>...) =
li_I)n(E1—>E3—>E5—> S)

10



1. Prove that given a family {U; - X };;, the following two conditions are

equivalent.
F(X):eq(HF(Ui):iHF(Ui xx Uj)) (4)
hom(hx, F') = hom(hy, F) (5)

That is, we have Eq.(4) if and only if we have Eq.(5).

2. Suppose that ¢ : D - C is a fully faithful functor, L : C - D another
functor, and n :id¢ — ¢L a natural transformation. Suppose further that
for any F' in D, the morphism ng : F' - (LF is an isomorphism. Show
that L is a left adjoint to ¢.

3. Suppose that C is a category with a terminal object X = % and that
{U; = X}ier is a family of morphisms. Describe the set hy(7T') where
T € C is some other object. Using this prove that the two projections

hy x hy = hy
are isomorphisms. Deduce that (*) in the above proof is an isomorphism.
Remark 5.4.

1. The assumption that coverings are finite in Proposition 5.1 can be replaced
by the assumption that all coverings are smaller than x for some regular
cardinal . In this case, the colimit h_r)nF -1 is replaced by a transfinite
composition. Since we are assuming that C is small, there is always such
a k. So there is actually no assumption necessary on covering size at all.

2. Since we are working with presheaves of sets (i.e., not spaces), one can
show that, in fact, LF = F'T. So this discussion of transfinite composition
and covering size is moot.

3. On the other hand, we do need some kind of assumption on the size of
C. There are examples of large categories with presheaves which do not
admit a sheafification.

Corollary 5.5. Let C be a small category equipped with a Grothendieck topology.
Then the category Shv(C, Ab) of sheaves of abelian groups is an abelian category.

Sketch of proof. Limits (i.e., products and kernels) can be calculated section-
wise. E.g., ker(F - G)(U) = ker(F(U) - G(U)). Colimits (i.e., sums and
cokernels) are calculated sectionwise, and then sheafified. E.g., the sheaf coker-
nel of F' — G is the sheafification of the presheaf U ~ coker(F(U) - G(U)). O

6 Stalks

Definition 6.1. A geometric point of a scheme X is a morphism T — X such
that T = Spec(2) for some separably closed field SQ.

11



Definition 6.2. Let F' be a presheaf on Et(X). For a geometric point T - X
we define the stalk at T as

oY ->X

where the colimit is over factorisations of T - X via some Y € Et(X).

Remark 6.3. If X is a topological space, F' is a sheaf on X, and z € X is a
point, then classically, the stalk of F' at x is defined as the colimit

F,= lim F(U)
—
zeUcX

over open subsets of X containing x. The above definition is the étale analogue
of this classical definition.

Remark 6.4. If F' is a presheaf defined on all schemes that commutes with
filtered limits of affine schemes, then Fz = F((’)%hw) where = = im(7) € X and

O;}fm is the strict henselisation of Ox , defined by k(Z)/k(x). In particular, if
F=0:Y~»TI(Y,Oy), then Fz= Oﬁ(}fx.

Remark 6.5. If k°°P/k is a separable closure, then T = Spec(k®**?) — Spec(k)
is a geometric point, and Fg is the G-set X defined above.

Proposition 6.6. Suppose that F is a sheaf of abelian groups on Et(X) and
Y € Et(X). Then a section s € F(Y') is zero if and only if for any geometric
point T =Y its image in each Fg is zero.

Proof. Since all sheaves are separated, it suffices to show that for every s € F(Y'),
there exists a covering {U; — Y };c; such that s|y, = 0 for all i € I. For every
point x € Y, choose a separable closure k(x)®/k(x), and let T — X be the
corresponding geometric point. Since the image of s in F% is zero, there is some
T - V > Y such that s|y = 0. Since V is associated to z, let us write V,, = V.
We do this for every point x € Y, and obtain a family {V, — Y}y of étale
morphisms indexed by points of Y. Since = € im(V, - Y') for each = € Y, the
family is surjective, and therefore is a covering. By construction sy, = 0 for
each Y, so s=0. U

Exercise 6.7. Show that a sheaf of abelian groups F' on Et(X) is zero if and
only if Fz =0 for each x € X.

Exercise 6.8. Show that a morphism of sheaves of abelian groups ¢ : ' - G

is a monomorphism, (resp. epimorphism, resp. isomorphism) if and only if
¢z : Fz - Gz is for each geometric point 7 — X.

12



