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In this lecture our main goal is to describe the category of quasi-coherent modules
on a presheaf I’ sufficiently well that we can give some examples:

1. the structure module O,

2. the invertible module O(1) on P, and

3. the module of Kéhler differentials {2y on a scheme X.

For affine schemes we set

QCoh(Spec(R)) = R-mod.

More generally, any presheaf F' can be written as a colimit of affines /' = colim ag . j Spec(R).
So giving a module over F', should be the same as giving a module over each
jSpec(R) — F such that these modules are compatible with the way F' is glued

out of the Spec(R). That is, we want to define

QCoh(F) Z lim; spec(r)—r R-mod.

Since (strict) limits do not preserve equivalences of categories, the above does not
work well. We begin with the notion of 2-limit, which is a version of limit that takes
equivalences into account. In fact, 2-limits are a special case of the homotopy limits
which we will see later in the oco-categorical setting.

1 2-functors

We would like to consider sheaves of categories. For this, we need to consider limits
of categories. In general limits of categories do not preserve equivalence.

Example 1. The square on the left and right are both cartesian in the 1-category
of categories.
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*

Note that the lower right corners are equivalent, but the pullbacks are not.
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So we need to incorporate this “unique up to isomorphism” into the framework.



Definition 2 (2-functor). A 2-functor F': I — Cat associates to every:

object i a category F;
morphism i — j a functor F; By ;
triangle 55 a natural isomorphism  F{, ) : I}, F, =S F
tetrahdron —-—>-— a commutative square  F,F,F, —= F,Fy,
vaFu = vau‘

To avoid spending our short lives checking coherence diagrams, we also make the
harmless requirements Fiy, = idg,, Fiq,u = idg,, and , Fy 54, = idp, .t

Remark 3. In this setting, the tetrahedron line is a condition, not a datum, but from
the oco-category point of view it is the datum of a homotopy between homotopies.
Since we are working with 2-categories at the moment, all 3-cells are identities. So
the choice of a 3-cell is the same as the affirmation that (the unique one) exists.

Example 4.
1. Any normal functor
F:I— Set

can be considered as a 2-functor, by thinking of each set F(i) as a category
whose objects are elements of F'(7), and all morphisms are identity morphisms.
2. The association
R — R-mod

with the functors R-mod — S-mod : M — S ®g M is naturally a 2-functor.

Similarly, for R — R-alg.

The assignment Spec(R) +— Sch/;spec(r) has a natural structure of 2-functor.

4. If X is a topological space and I = Open(X)° the corresponding category
then the assignment

b

U — Shv(U)

together with the restriction functor Shv(U) — Shv(V') for inclusions V' C U
has a structure of 2-functor.

Definition 5 (2-natural transformation). Suppose that F,G : I — Cat are two
2-functors. A 2-natural transformation f : F — G of 2-functors associates to every

object ) a functor F; LS i
morphism i a natural isomorphism fu:Gufi = fiF.
triangle i —j >k a commutative pentagon G,G, f; — Goufi

ek
Gviju_f;kovFu_N)kovu

1Some definitions only require that F(id;) be equipped with an isomorphism to id F(i) compatible
with the ¢, , in an appropriate way.




Remark 6.
1. The natural isomorphisms in the pentagon come from f,u, Guv), Fluw)s fo, fu-
2. The pentagon lives in the category of functors Fun(F;, Gy) which is a 1-category:
all 2-cells are identities. So again, the triangle line is a condition, not a datum.

Example 7.

1. Any morphism of functors F,G : I — Set induces a morphism of the associ-
ated 2-functors via the canonical embedding Set — Cat sending a set to the
associated discrete category.

2. If F is a discrete 2-functor, (e.g., the 2-functor associated to a sieve), and
f: F — G is a morphism towards some other 2-functor, then the pentagon in
part three becomes a square because all F{, ) : F,F,, — F,, are identities

GvGufl = Gvufz (1)

| X

Gvf]FuL>kovFu—kovu

3. Suppose F'is a constant 2-functor. So all F,, and F{,,) are identities. Then
the pentagon becomes even simpler. ¢ @G, fi —=> Goufi

-k
G fj Tk

Definition 8 (2-modification). Suppose f,g: F' = G are two 2-morphisms between
2-functors. A 2-modification ¢ : f — g associates to every

object 1 a natural transformation fi ki Ji
. . u . .
morphism 7 — j a commutative square  g,¢; = ¢; f,

We will write
Hom(F, G)

for the category whose objects are 2-natural transformations and morphisms are
2-modifications. The 2-limit of a 2-functor F': [ — Cat is the category

2-lim; F' := Hom(x, F)
where * is the 2-functor that sends all ¢ € I to the terminal category x.

Example 9. Let I = {0 = 1 <~ 2} and suppose F : I — Cat is a 2-functor. Then
an object of the category 2-lim; F' is a quintuple

<M07 M17 M27 MU7 Mv)



where M; are objects in F; (i = 0,1,2) and M, : F,My — M, , M, : F,My = M,
are isomorphisms in M;. A morphism ¢ : M — N is a triple (¢, ¢1, ¢2) where
¢; : M; — N; is a morphism in F; and the two squares

F, My —— M, <— F,M,
FuN() N1 FUNZ

are commutative.

Example 10. Let [ = Aff°” and consider the functor M : Spec(R) — R-mod. An
object of 2-lim ggor M is an assignment of:

an R-module Mp for each ring R,
a homomorphism S®pr Mp = Mg for each homomorphism R — S
a commutative square T ®g S g Mp—T ®r Mr for every triangle R — S — T.

oo

T®5 MS Mr

A morphism M — N in 2-lim 4go0 M is an assignment:

a homomorphism Mg — Npg for each ring R
a commutative square S ®r Mr—S ®r N for every homomorphism R — S.

ooy

Mg Ng

Exercise 11. Show that 2-lim 4go0 M is equivalent to the category of abelian groups.
More generally, show that if I has an initial object @, then for any 2-functor F' there
is an equivalence of categories Fj; — 2-lim; F.

Exercise 12. Suppose that F' : I — Set is a functor of sets and G : [ — Cat is a
2-functor. Show that we have

2-limy,,. (G o) = Hom(F, G)
where 7 : I;p — I is the canonical forgetful functor.
Exercise 13. Show that for any category C' and 2-functor F': I — Cat we have
Fun(C, 2-lim; F') = Hom(yC, F)

where vC' : I — Cat is the constant 2-functor with value C.



2 Descent conditions

Definition 14. Let F : Aff°® — Cat be a 2-functor. Consider the following three
conditions that F' might satisfy.
(Desc.) For every covering sieve R — jX the functor

F(X) — Hom(R, F)

is an equivalence of categories.
(Loc.) For any morphism of presheaves of sets G — H in PSh(Aff) such that LG —
LH is an isomorphism of sheaves in Shv(Aff), the functor

Hom(H, F) — Hom(G, F)

is an equivalence of categories.
(MV) For every covering in Aff of the form {U — X,V — X} the morphism
2
F(X) = F(U) xpow) F(V)

2
is an equivalence of categories, where x means the 2-limit and W =U xx V.
Remark 15. We will see eventually that these conditions are actually equivalent.

Exercise 16. Show that the assignment R +— R-mod satisfies excision. That is,
show that for every f, g € R such that 1 = af 4 bg form some a,b € R, the canonical
functor

2
R-mod — R[f™"]-mod X g|(f¢)-1]-mea R[g']-mod.

is an equivalence of categories.
Hint. To begin with show that this functor admits a right adjoint. Then show
that this right adjoint is actually a left and right inverse.

Example 17. We will see next week that R +— Schr = Sch/;gpec(r) satisfies excision.

3 Quasi-coherent modules

Definition 18. Let F' € PSh(Aff) be a presheaf. The category of quasi-coherent
modules on F' is the category

QCOh(F) = Q‘IimSpec(R)eAH/F R-mod.

Example 19. The assignment O sending Spec(R) to R assembles to give a quasi-
coherent module on F'. This is called the structure module.



Exercise 20. Recall that
hom(j Spec(R),P") = P*(R) = {R®""! — L}/ ~

For each s : jSpec(R) — P" choose an L in the corresponding isomorphism class.
Show that s — L, € R-mod has a structure of quasi-coherent module over P".
This is denoted Opx (1) or sometimes just O(1). Show that each vector v € Z®"!
canonically induces a morphism of line bundles O — O(1).

Exercise 21. Show that for any presheaf F' the category QCoh(F) is an additive
category. That is,

1. QCoh(F) has finite products.

2. QCoh(F) has finite coproducts.

3. The canonical comparison morphisms LI | M; — M7, M; are isomorphisms.
Show furthermore that QCoh(F') admits all small colimits.

4 Kahler differentials

Definition 22. Let R be a ring and M an R-module. We construct a new ring
R & M, whose underlying abelian group is R @& M and multiplication is defined via

(r1,m1)(ra, ma) = (1172, 712 4 T2My).
This is called the trivial square zero extension of R by M.

Exercise 23. Show that if A — B is a morphism of rings and M € B-mod a B-
module then A@wM = (B@® M) x g A in the category of A-algebras where we write
w : B-mod — A-mod for the forgetful functor.

Definition 24. (If it exists) the module of Kdhler differentials Q4 of a ring A is the
module corepresenting the functor M +— homa(A, A @ —). That is, the module Q4
equipped with isomorphisms

hom 4 mod (€24, M) = homa(A, A® M)
which are natural in M.

Exercise 25. In this exercise we show that 4 always exists. This is essentially
the usual generators and relations proof, just written in a categorical way that will
generalise more easily to the derived setting.

1. Show that €z, . ., exists and there is an isomorphism

.....

e on.

Lyeen xn]gz’[fbh"-axn]

2. Suppose that A_ : A — Ring is a diagram of rings. Using the definitions,
adjunctions, and Exercise 23, show that Qcoim 4, exists and there is an isomor-
phism

Qeotim 4, = colim((colim A)) ®4, Qa4,).
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3. Show that every ring A can be written as a (not necessarily filtered) colimit
of polynomial rings in finitely many variables. That is, there are finite sets I
indexed by the objects of some small category A, and a diagram of the form
A — Zlx; : i € I,] such that

A = colimpep Z[z; 2 i € 1],

Note: the transition morphisms Z[z; : i € I\] — Z[x; : i € 1] don’t necessarily
come from a morphism of finite sets Iy — I,,.
4. Deduce that for any ring R, the module () exists.

Exercise 26.
1. Suppose A is a ring and f € A an element. Let w : A[f !]-mod — A-mod
denote the forgetful functor. Show that the two functors A[f~']-mod — Set

M +— hom(A, A @ wM)

M — hom -y (A[f ], Alf 7 @ M)

are isomorphic.
2. Deduce that we have isomorphisms

Qualf 1] = Qap)

such that for every f,g € A the square

Qalf g7 Qapr1y[g7"]

| l

Qal(f9) '] —— Qaj(rg)-1) = Qa1

commutes. Consequently, for any scheme X there is a unique quasi-coherent
module Qx such that for every open affine immersion Spec(A) — X the value
of Oy at Ais Q4.

5 Excision (omitted from the lecture)

Proposition 27. The following conditions are equivalent for ' € PSh(Aff) a presheaf.
1. F is a sheaf. That is, for every covering sieve R C j X we have

hOmpSh<jX, F) :> homPSh(R, F)

2. For every morphism G — H in PSh(C) such that LG = LH is an isomorphism
of sheaves, we have

hOmpSh(H, F) = hOHlpSh(G, F)
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3. (Mayer-Vietoris) For every ring A and elements f, g generating the unit ideal
(f,g9) = R, the square

F(Spec A) F(Spec A[f~1])

| l

F(Spec Alg™"]) — F(Spec A[(fg)~'])
is cartesian and F (@) = *.

We will use the following exercise from two weeks ago in the proof.

Exercise 28. Let Ry C Ry C jX be two sieves. Suppose that F'is a presheaf such
that:

1. hom(jX, F) — hom(Ry, F) is bijective.

2. hom(jY, F) — hom(jY X,x Ry, F') is injective for every jY — R;.
Show that hom(j X, F') — hom(R;, F') is bijective.

Proof.
(1 = 2) This is just the adjunction L : PSh = Shv.
(2 = 3) Since F(—) = hom(j(—), F), it suffices to show that the square

JSpec(A[(fg)7"]) — j Spec(A[f 7))

| |

j Spec(A[g~']) j Spec(A)

is cocartesian in the category of sheaves. Since f, g generate the unit ideal,
we have A = eq(A[f7!] x A[g™'] = A[(fg)™']) in the category of rings. So it
suffices to show that

jSpec(A[g~']) U j Spec(A[f~']) — j Spec(A)

is an epimorphism of sheaves. This holds because {Spec A[f '], Spec Alg~']}
is a covering of Spec A.

(3= 1) We want to show every covering sieve induces an isomorphism hom(jX, F') =
hom(R, F). By Exercise 28 it suffices to consider sieves generated by a Zariski
covering family {Spec(A[f;']) — Spec(A)}. Since every such family contains a
finite subfamily which is also covering, applying Exercise 28 again, it suffices to
consider finite families {Spec(A[f;]) — Spec(A)}?",. Now we use induction
on the size of the covering. The case n = 0 is only valid for the zero ring A =0
which holds by (3). The case n = 1 is an isomorphism, which is obvious. The
case n = 2 is, essentially,? also (3).

2The case of a covering of the form {U — X,V — X} is actually F(X) 2 eq(F(U) x F(V) =
FU)x F(U xx V) x F(V xx U) x F(V)) but this equaliser is easily seen to be isomorphic to
F(U) XF(UxxV) F(V).



So consider a Zariski covering
U:={U; — X}, (2)
where n > 2 and U; = Spec(A[f;']), X = Spec(A) and assume that:

(Desc) <y, hom(jX’, F) = hom(R', F') for every covering sieve R’ C jX' that is
generated by a Zariski covering of size < n.
Since U above is a covering, 1 = 3", fig; for some g; € A. Set h = Y7 fig;
and consider the additional open immersion V := Spec(A[h~!]) — X. Since
h, f. generate the unit ideal {V — X, U, — X} is a covering. Let R C jX
be the sieve associated to our covering U from Eq.(2) above, and consider the
cartesian squares

jY|UnxXV —>]Y|Un |—|jY|V _>jY

| l |

Ry, xxv R|ly, URly ——R

l (a) l (0) L (c)

where 7Y — jX is any morphism scheme in R and (—)|w means (—) x,;x jW.
Now we make the following observations. Since each {VxyY — Y, U,xxY —
Y} is a covering of size two, applying hom(—, F') to the upper row produces
an equaliser diagram. Moreover, since R = colim;y_zJY, and colimits are
universal, the middle row is the colimit of the upper rows as Y ranges over all
objects in Aff,z. So applying hom(—, F) to the centre row also produces an
equaliser diagram. So to show that (c) is sent to an isomorphism by hom(—, F),
it suffices to show that (a) and (b) are sent to isomorphisms by hom(—, F').
Since U, — X and U, xx V — X are in R, we have isomorphisms

]Un = R'Una and ](Un XX V) = R’UnXXV' (3)

So to conclude it suffices to show that hom(jV, F') — hom(R|y, F') is an iso-
morphism.

For this note that fi,..., f,_1 generate the unit ideal in A[h™!] since 1 =
hht =3 figih ™t So

V={VxxU — V!

is a covering and more generally, for any W — V' the pullback V| = {W xx
Ui — W}—! is a covering. Since these have size n — 1, by the induction
hypothesis (Desc),, we have F'(W) = hom(Ry|w, F') for every W — V in Aff.
Combining this with the factorisation Ry, — R|y — jV, using Exercise 28, we
deduce that

hom(jV, F') — hom(R|y, F). (4)

is an isomorphism, as desired.



O

In the following I write Lz, : PSh(Aff) — Shv(Aff) to avoid confusion with
derived colimits.

Lemma 29. Suppose X is a scheme and Aff%’fn C Aff)x the full subcategory of

morphisms j Spec(R) — X which are open immersions. Then
Ly, colimy¢ A U—X

is an isomorphism of sheaves.

Proof. Suppose that UV, — X is an open affine covering. In particular it is a
epimorphism. Since epimorphisms detect isomorphisms it suffices to show that for
every A the pullback (Lza, colimy¢ AR U) xx V) = Lz, colimy¢ Aff‘/)li)’(eﬂ(U xx V\) —
Vy is an isomorphism. We will show that actually colimg¢ Aﬁ«c;g(en(U xx V) — Vi is
an isomorphism of presheaves.

Since each U xx V), — V) is an open immersion, it is a monomorphism of
presheaves. So the colimit is the union of the images (since the analogous state-
ment is true in Set). The union J,. Agegen U x x V) C V), clearly contains the union

UUe ageven U € V), but this contains V), C V) since V) is affine. O

/Vx

Corollary 30. For any presheaf of sets F' € PSh(Aff) which satisfies excision, and
scheme X, we have
hom(X, F) = limUeAH;r;n F(U).
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