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We do everything in the classical case in this lecture but the derived case works
verbatim. Replace Ring with SCR and Set with S = NGpd,.

13 Quasi-coherent sheaves

Reference: [SAG, Appendix D]

13.1 Zariski sheaves

Recall that the Zariski topology on Ring has covering families those {A — Bj}ea
such that each A — B, is an open immersion (i.e., By & A[f; ] for some f,) and
for every field €2, the morphism hom(B,, 2) — hom(A, Q) is surjective.

We did not do it, but we have the following nice criterion for when a presheaf is
a Zariski sheaf.

Proposition 1. A presheaf F € PSh(Ring™) is a Zariski sheaf if and only if it
satisfies the following two conditions:
1. It sends the zero ring to the one point set.

F(0) = {+}

2. If {A — B, A — C} is a two element Zariski covering, then the square

F(A) F(B)
F(C)—=F(B®4C)

1S a cartesian square.

13.2 Quasi-coherent sheaves

Definition 2. Suppose that X € PSh(Ring®) is a presheaf. The Zariski site Xy,
of X is the over category category Ring,y equipped with the induced topology from
Ring.



Explicitly, objects are morphisms of presheaves Spec(A) = X, morphisms are
commutative triangles Spec(B) — Spec(A) — X, and a family of morphisms

Spec(By) — Spec(4)
NS

X
is a covering if and only if {A — B,} is a Zariski covering in Ring.

Example 3. If X = Spec(R) is representable, then Xz,, is equivalent to the under-
category Ringp, of R-algebras. In particular, Spec(Z)z. = Ring.

Example 4. The structure sheaf Ox sends Spec(4) = X to A considered as an
abelian group.

Exercise 5. Show that Oy is a sheaf.

Definition 6. A presheaf of Ox-modules is a presheaf on Ring,yx such that each

F(Spec(A)>X) is equipped with a structure of an A-module, and given a ring
homomorphism A — B the group homomorphism

F(Spec(A)-5X) — F(Spec(B)-5X)

is A-linear where the target is given the A-module structure induced by A — B.
A morphism of Ox-modules is a morphism of presheaves F' — G such that each

F(Spec(A)>X) — G(Spec(4)>X)

is A-linear.
A presheaf of Ox-modules is quasi-coherent if the induced morphisms

B ®4 F(Spec(A)->X) — F(Spec(B)-5X)

are isomorphisms. We will write
QCx
for the category of quasi-coherent sheaves on a presheaf X € PSh(Ring®).

Exercise 7. Suppose X € PSh(Ring®) is a presheaf and F € QCy a quasi-coherent
presheaf of Ox-modules. Show that F is a sheaf.

Exercise 8. Suppose X = Spec(R) is a representable presheaf. Show that the
assignment € : Spec(A) — Spec(R) to €24/r has a canonical structure of quasi-
coherent sheaf of Ox-modules.

Exercise 9. Suppose X = Spec(R) is a representable presheaf. Show that there is
a canonical equivalence of categories

QCSpeC(R) = R—mod.

2



Exercise 10. Let X € PSh(Ring”) be a presheaf and suppose that {F)}rea is a
family of sheaves of O x-modules. Show that the assignment sending Spec(A)->X to
D ,ca Fa(s) has a structure of quasi-coherent sheaf of Ox-modules.

Exercise 11. Let X € PSh(Ring®) be a presheaf and suppose that F — G is
a morphism of quasi-coherent sheaves of Ox-modules. Show that the assignment
sending Spec(A)->X to coker(F(s) — G(s)) has a structure of quasi-coherent sheaf
of Ox-modules.

Remark 12. In general, a category of sheaves Shv(C') considered as a subcategory
of PSh(C) is closed under limits but no colimits. The above exercises show that
QC is special.

13.3 Glueing modules

Definition 13. Let {A — B, A — C'} be a two element Zariski covering in Ring.
Define DD to be the category whose objects are triples (Mg, M¢, ¢) where

1. Mp is a B-module,

2. Mg is a C-module, and

3. ¢ is an isomorphism Mp ®p (B ®4 C) = Mc ®@¢ (C ®4 B).
A morphism (Mg, M¢,¢) — (Np, No, ) of DD is a pair (fp, fc) where

1. fg is a morphism of B-modules,

2. fco is a morphism of C-modules, and

3. the induced square

Mp R, C—— Mc®4 B

| |

Ng®R@4C——Nc®4 B

1S commutative.
Note that there are canonical functors

A-mod — DD; Mw— (M ®sB,M®sC, )
where ¢ is the canonical isomorphism
M®4B®p(BRaC) = M®4C&c(CRaB)

and
DD — A-mod; (Mg, M¢, ¢) — Mg X Mewe(CoaB) Mc

where the morphism Mp — M¢c ®c (C ®4 B) is induced by ¢.

Exercise 14. Show that the two functors defined in Def.?? are inverse equivalences
of categories. Hint[[] Hint ] Hint ]

Notethat 0 = M = M@ BxM®4C — M®4B®4C is an exact sequence for any A-module
M.

2Note that since A — B is an open immersion — ® 4 B preserves finite limits and finite colimits.
The same is true for — ®4 C.

3Note that since A — B, A — C are open immersions, we have B®4 B~ B and C ®4 C = C.




Remark 15. One can show that the category DD is actually a model for the fibre
product
B-mod Xé(X)AC—mod C-mod

in the oco-category of oo-categories. So the Exericse essentially says that the
“presheaf” A — A-mod of categories is a Zariski sheaf. We put “presheaf” in
quotes because this assignment is only functorial up to the canonical isomorphisms
C®®gB®s—=C®4—. We will come back to this problem later.

13.4 Glueing presheaves

Suppose that f:Y — X € PSh(Ring®) is a representable morphism of presheaves.
By definition, for every Spec(A) — X the pullback Y x x Spec(A) is representable,
so we obtain a functor Xyz., — Yz... As such we obtain an adjunction

£ i PSh(Xza) = PSh(Yzar) : fo.

Since Xzar — Yzar has the left adjoint sending Spec(B) — Y to the composition
Spec(B) — Y — X, this adjunction is particularly easy to describe.

1. f. is composition with pullback X7z, — Y7z, (this is always true).

2. f*is composition with “composition” Yz., — Xyza;.

It is not too hard to show that both pullback Xz.,., — Y7z.. and composition
Y7 — Xyzar send Zariski coverings to Zariski coverings, and so both f* and f,
preserve Zariski sheaves. That is, the induced adjunction

f*:Shv(Xza) = Shv(Yza) © fs
has the same description as above.

Exercise 16. Show that the functor Xyz,, — Yz.. sends covering families to covering
families.

Exercise 17. Show that f* and f, send quasi-coherent sheaves to quasi-coherent
sheaves.

Now we upgrade the above descent theorem to the presheaf setting.

Definition 18. Let {U — X,V — X} is a pair of representable open immersions of
presheaves such that for every field 2 the map U(Q2) UV (Q2) — X (Q) is surjective.
We will use the Cartesian square

LV
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Define DD to be the category whose objects are triples (Fy, Fy, ¢) where
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1. Fy is a sheaf on Uy,,,
2. Fy is a sheaf on Vp,,, and
3. ¢ is an isomorphism x*Fy — t* Fy .
A morphism (Fy, Fy, ¢) = (Gu, Gy, 1) of DD is a pair (fy, fiy) where
1. fy is a morphism of sheaves on Ug,,,
2. fy is a morphism of sheaves on V., and
3. the induced square
K*FU I L*./T"V
K'Gy —= "Gy

1S commutative.
Note that there are canonical functors

Shv(Xza) — DD; F = (I*F, k"G, ¢)
where ¢ is the canonical isomorphism
[

and
DD — ShV(XZar); (.FU,.Fv, ¢) — @*-FU Xk’*L*L*]:V k*FV

where the morphism 2,Fy — ki t.t* Fy is the morphism

1 FUu — ke kK" Fr = kytok™ Frr i> kgt l* Fy.

13.5 Cotangent sheaf

Definition 19 ([DAG, pg.35]). Let X € PSh(Ring?) be a functor, and Spec(A) >
X a morphism of presheaves. Consider the functor that sends an A-module M to
the set of factorisations

Spec(A) ——= X
Qx(s,—) : A-mod — Set; M — wl
Spec(A @ M)

where m: A ® M — A is the canonical projection. If this functor is corepresentable
by an A-module, we will write Qx(s) for this A-module. That is,

hom 4mod (2x (s), M) = {Spec(A @ M) 5 X | tor = s}
functorially in M.

Exercise 20. Suppose that X = Spec(R) is an affine scheme. Show that all Q2x (s, —)
are representable.



Exercise 21. Suppose that X € PSh(Ring®) is a functor for which all Qx(s, —)
are representable. Show that the assignment

Qx : Spec(A) 23X — Qx(s)

has a canonical structure of presheaf of Ox-modules. That is, show that every com-
mutative triangle ¢ : Spec(B) — Spec(A4) = X of presheaves induces a morphism
B®4Qx(s) = Qx(t) of B-modules, and this assignment is compatible with compo-
sition and identities. Hint [ Hint Pl

Definition 22. Suppose X € PSh(Ring®) is a functor. We say X admits a cotan-
gent sheaf if all Qx (s, —) are representable, and Qy is a quasi-coherent sheaf. That
is, if all comparison morphisms

B ®g Qx(s) — Qx(t)
are isomorphismes.

Exercise 23. Suppose that X = Spec(R) is an affine scheme. Show that Spec(A)
admits a cotangent sheaf.

Definition 24. Recall that a separated scheme is a presheaf X € PSh(Ring®) that
admits an open affine covering {Uy, — X} ea. If X admits an open affine covering
where A is finite, then we say that X is quasi-compact.

Proposition 25. Suppose that X is a quasi-compact separated scheme. Then X
admits a cotangent sheaf.

Proof. We work by induction on the size of open affine covering that X admits.
If X admits an open affine covering of size one, then it is representable, and the
result is Exercise 23] Suppose all schemes admitting open affine coverings of size n
admit cotangent sheaves, and let X be a scheme admitting an open affine covering
of size n + 1, say {U; — X} ,. Define V to be the Zariski sheafification of the
presheaf union V' = U ,U;. Note that U xx V admits the open affine covering
{UxxU; —UxxV}, . Since U, V and U NV admit cotangent sheaves, by the
glueing we explained above, it follows that X admits a cotangent sheaf. ]

4Consider the functors B-mod — Set that B ®4 Qx(s) and Qx (t) corepresent.

5Note there is a commutative square of rings
B A
A A
BOM~<~—A® M|y
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