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1 Road Map

In this lecture we work with a Grothendieck abelian category /. We have in
mind the following examples:

1. @/ = R-mod, the category of R-modules for some ring R (for example,
R =17 or a field K),

2. o/ = Shv(X) sheaves of abelian groups on a topological space,
3. & = Shv.(X), étale sheaves of abelian groups on a scheme X,

4. o/ = G-mod, the category of discrete G-modules for some profinite group
(such as G = Gal(k*°?/k) for some field k).

We are interested in left exact functors. That is, functors ® : & — Ab (to
the category of abelian groups, say) which send short exact sequences

0+A—-B—->C—0
to left exact sequences
0— ®(A) = &(B) = ¢(C).
Examples of such functors are:
1. If & = R-mod, the functors F(M) = M ®g N for some fixed N € R-mod.
2. o/ = Shv(X) the functor ®(F) = F(X),
3. o = Shv.(X) the functor ®(F) = F(X),
4. o = G-mod, the functor ®(M) =M% ={me M :gm=mV g € G}.

Our problem is to understand what happens on the right side ®(B) — ®(C)
of the left exact sequence 0 — ®(A) — ®(B) — ®(C). In order to address this,
we formally invert quasi-isomorphisms (this will be explained later, see Defini-
tions 15| and in the category of chain complexes. This produces the derived



categories D(&/) and D(Ab). In general, there is no functor D (& )—D(Ab)
making the square

o — D()
|
Ab —= D(Ab)

commute. But there does exist a functor R® : D(«/) — D(Ab) which is a “best
approximation” to ® in a precise sense (see Deﬁnition. This functor has the
wonderful property that: If

0-A—-B—-C—0
is a short exact sequence, then there is a long exact sequence
0 — H°R®(A) — H'R®(B) — H°R®(C) — H'R®(A) — ....

The definition of D(A) is quite abstract. Traditionally, the category D(.A) is
accessed by identifying it with the category of fibrant complexes up to homotopy.
Here is the picture:
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2 Chain complexes

Definition 1. Let o be an abelian category. A chain complex C* is a sequence
of morphisms - - doon-1 4 on 4 on+t b guch that dod = 0. We



define
the group of n-cycles as Z" = ker(C™ — C™11),
the group of n-boundaries as B" =im(C"' - C™), and
the n-th cohomology group as H"=7"/B".
A morphism of chain complezes C* — D® is a sequence of morphisms f™ :
C™ — D" such that do f* = f"+tlod for alln. The category of chain complezes
is denoted Ch(&).

If C™ = 0 forn < 0 then C*® is said to be bounded below. The corresponding
full subcategory is denoted Ch™(A).

Exercise 1. Show that a morphism of chain complexes C'* — D® induces a
morphism on cohomology groups H"C — H™D.

Definition 2. A morphism of chain complexes f : C* — D* is called a quasi-
isomorphism if the induced maps H™f : H"C' — H"™D are isomorphisms ¥V n.

Exercise 2. Show that

(--~—>O—>Z£>Z—>O—>...)

J
(-+=>0-20—-22Z/2—>0—...)

is a quasi-isomorphism.
Definition 3. A chain homotopy h between two maps of chain complezes f, f’ :
C* = D* is a sequence of maps b : C* — D"~ ! such that

doh™ +h"tod=f"— f

If such an h exists we say that f and f' are homotopic and write f ~ f'. If
f ~ 0 we say that f is null homotopic. If we have two maps f : C* = D*® : g
such that go f ~idge and fog ~ idpe then we say that f (and g) is a homotopy
equivalence and C'® and D® are homotopy equivalent.

Exercise 3. Show that if f ~ g then H" f = H™g for all n. Show that homotopy
equivalences are quasi-isomorphisms. Show that the quasi-isomorphism from
Exercise [2|is not a homotopy equivalence.

Exercise 4. Show that chain homotopy defines an equivalence relation on
hom(C*®, D®). Or in other words, show that the set of null homotopic mor-
phisms is a subgroup of homey,() (C®, D®).

Exercise 5. Show that homotopy is preserved by pre-composition, and post-
composition. That is, if f ~ f' then fog~ ffogand ¢’ o f ~ ¢’ o f’ for any
morphisms g : B®* — C*® and ¢’ : D* — E°.

Definition 4 (Weibel Def.1.4.4). The homotopy category K (<) of an abelian
category </, is the category whose objects are chain complezes, and

hOI’IlK(Q{) (C.,D.) = homCh(,Q{) (C., D.)/ ~,

The full subcategory of K(&/) consisting of bounded below chain complexes is
denoted KT ().



3 Resolutions

Definition 5. Recall that an object I of an abelian category <7 is injective if
hom (—, I) sends monomorphisms to surjections.

Exercise 6 (Omitted from lecture).

1.

5.

Show that I is injective if and only if hom(—, I) sends exact sequences to
exact sequences.

. Show that if I is an injective abelian group then [ is divisibleﬂ

Advanced: show that any divisible abelian group is injective.

Show that if I is an injective abelian group, X is a topological space, and
z € X a point, then the skyscraper sheaiﬂ sk, I at x with value I is an
injective object of Shv(X).

Show that a product of injective objects is injective.

Exercise 7. Recall that Q/Z is an injective abelian group.

1.

Show that for every abelian group A and nonzero a € A, there exists a
morphism ¢ : A — Q/Z that ¢(a) # 0. (Hint: consider the inclusion of the
subgroup (a) C A generated by a; note that either (a) 2 Z or {(a) £ Z/n
for some n).

Show that A —= JT}m(4,0/2) Q/Z is a monomorphism from A to an injec-
tive abelian group. Note that it is functorial in A.

Let X be a topological space and F' a sheaf. Show that F' — [], . x skzIF,
is a monomorphism of sheaves to an injective sheaf, where F is the stalk
of F' at z, and sk, Ip, is the skyscraper sheaf at « with value the injective

abelian group HhOmAb(Fer/Z) Q/Z

Theorem 6 (Grothendieck 1957, HALE =M &E). If o is a Grothendieck
abelian category, then o/ has enough injectives. That is, for any object C' € o,
there is a monomorphism C — I with I injective.

Exercise 8. Suppose that C* is a chain complex, that f*: C? — I’ for i < n is

a sequence of morphisms with I? injective, that - - - o=t & g g sequence
of morphisms such that

1.

dod =0,

2. dft = fi=td for i <mn,

3. H'C = H'I for i <mn,

IThat is, multiplication by any nonzero integer n : I — I;a — na is surjective.
2This is the sheaf which sends an open U C X to I if z € U and zero otherwise. It is
characterised by the property that homgp,(x)(F, sk I) = homayp (Fy, I).



4. C"1 5 Cn @ [ ! — [ is exact in the middleP]

Define D to be the cokernel of C* @ 1"~ — C" M 1™ (¢,i) — (dc,di— fc), and
let D < I"*! be an inclusion into an injective object. Show that the above four
points are still satisfied after we add I™*! to the above data with the canonical
morphisms I — "1 and C"t! — "1 (now with n replaced by n + 1).

We deduce the following from the above exercise.

Corollary 7. If o/ has enough injectives, then every bounded below complex is
quasi-isomorphic to a complex of injectives.

Definition 8. A chain complex Q° is called fibrant if for any monomorphic
quasi-isomorphism f : C* — D*® in Ch(</), any map C* — Q° factors through D*.

Lemma 9. If I® is a bounded below complex, then I°® is fibrant if and only if
its a complex of injectives.

Proof. (Omitted from lecture). We will see in Exercise [9] that fibrant = injec-
tives, so we prove the converse.

Let f : C* — D® be a monomorphism which is a quasi-isomorphism, and
suppose that C'* — I® is a map. We will construct the factorisation by induction
on I™. Tt is easy to start the induction because I*® is bounded below. So suppose

that we have a factorisation C* 25 D % I’ such that dg'~—! = g'd for all i < n for
some n. Since I™ is injective, and C™ — D™ injective, there exists a factorisation
C™ — D™ — I™, however the square

’
Dn 9 S ITL

anl Infl

g'n.fl
may not commute. That is, v = d¢g" ! — ¢’d may not be zero. Let E®* =
coker(C* — D*®) and note that since f is a quasi-isomorphism, E*® is an exact
complex. Since ™! = 0, there is a factorisation D"~! — E"~1 2 [ of 4.
Now since E*® is exact, I™ is injective, and nd = 0, there is a further factorisation
D=1 5 gr-t 4 pno b Composing ¢ with D™ — E™ gives a morphism
¢ : D™ — I". The diagram looks like this,

¢
D" Jo——
d
Cn—l Dn—l En—l
f”*l surj.
|
En72

3The first morphism does not have to be injective, and the second morphism does not have
to be surjective.



but we really only care that ¢d = v = dg" ! — ¢'d. Defining ¢” = ¢’ + ¢, one
checks that ¢g"d = dg"~! as desired. O

Exercise 9. If C* is fibrant, then C* is a complex of injectives: Given an

object M, let D™(M) denote the complex (--- — 0 — M S M0 .
concentrated in degrees n and n + 1.

1. Show that homey,(uy (D™ (M), C®) = hom (M, C™) for any complex C*.

2. Show that for any morphism M — M’, the induced map D"(M) —
D™(M’) is a quasi-isomorphism.

3. Show that if C*® is fibrant, then each C" is injective.

Remark 10. The converse to Exercise [J] is not necessarily true. While a
bounded below complex is a complex of injectives if and only if it is fibrant,
in general there are unbounded complexes of injectives which are not fibrant.

The real reason we are interested in fibrant objects is the following.

Proposition 11. Suppose Q°® is fibrant, and f : C* — D*® is a quasi-isomorphism.
Then
f7 v homp () (D®, Q%) = homp(4)(C*, Q°).

Proof. We can assume that f is a monomorphism: Consider the canonical
factorisation C* — Cyl(f) — D* via the mapping cylinder[f| The second
morphism is a split quasi-isomorphism. Therefore C* — Cyl(f) is also a
quasi-isomorphism. So if the result is true for the two monomorphic quasi-
isomorphisms C* — Cyl(f) and D* — Cyl(f), then it will be true for C* — D*.
(Even though the triangle doesn’t commute).

So now f is a monomorphic quasi-isomorphism, so f* is surjective by def-
inition of fibrant, and it suffices to show surjectivity. Recall that two mor-
phisms g,¢' : D* — Q°® are homotopic if and only if they factor through
the cyclinder g + ¢’ : D* & D* — Cyl(idp) — Q°. If we have two mor-
phisms which become homotopic after composition with f, then gf + ¢’ f fac-
tors through some Cyl(idc) — @Q°. This induces a morphism on the pushout
(D* @ D*) llcyiae) Cyl(idp) — Q°. But the canonical morphism (D® @
D*) Ueyiiaey Cyl(idp) — Cyl(idp) is a monomorphic quasi-isomorphism (be-
cause [ is), hence, by the definition of “fibrant”, we get our desired factorisation
Cyl(idp) — Q°, and therefore a homotopy g ~ ¢'. O

4[Weibel 1.5.5] The cyclinder is the complex
Cyl(f)"=D"a® ctl g com, d: (b,a’,a) — (db— fa',—da’,a' + da).
It is equipped with canonical morphisms
C* — Cyl(f); a+— (0,0,a),
D* — Cyl(f); b+ (b,0,0),
Cyl(f) = D%  (b,a';a) = b+ f(a)



Corollary 12. A morphism between fibrant complexes is a quasi-isomorphism
if and only if it is a homotopy equivalence.

Proof. Let K(Fib) C K(</) denote the full subcategory of fibrant objects. The
corollary follows directly from Proposition by applying Yoneda’s lemma to
K (Fib). O

It is a theorem that there are an ample supply of fibrant complexes.

Theorem 13 (Beke, cf.Cisinski, Deglise, Thm.2.1). Suppose & is a Grothendieck
abelian category. Then there exists a functor Q : Ch(&/) — Ch(</) and a nat-

ural transformation id — @ such that for each complexr C®, the compler QC*® is

fibrant, and the morphism C*® — QC® is a quasi-isomorphism.

Remark 14. A proof of the case where &7 is the category of modules over a
ring is in Hovey, “Model categories”, see Theorem 2.3.13.

4 Localisation

Definition 15. IfC is a category and S is a class of morphisms, the localisation
C — C[S71] is the universal functor which sends every element of S to an
isomorphism. In other words, every functor C — D sending elements of S to
isomorphisms factors in a um’qu way through D.

Exercise 10. If R is a ring, let Cr denote the category with one object *, and
hom(x, %) = R. Composition is given by the multiplication of R. If S C R is a
multiplicatively closed set, show that any functor Cr — D inverting elements
of S factors through Crjg-1;.

Definition 16. The derived category D(&7) of an abelian category < is the
localisation of the category of chain complexes Ch(/)[q.i. ] at the class of
quasi-isomorphisms.

The cohomology of a sheaf F' is its image under the right derived global
sections functor RT'(X,—) : D(Shv(X)) — D(Ab).

Exercise 11 (Advanced). For K a field, we will show that
D(K) = Gr(K)

where D(K) is the derived category of K-vector spaces and Gr(K) is the cate-

gory of Z-graded vector spaces. Using a decomposition C" = Z" @ B"t1 ¢ H"

show that for any chain complex C®, there is a quasi-isomorphism C® %

®,H"[—n] (where H"|-n] = (--- = 0— H™ — 0 — ...) is the chain complex
concentrated in degree n).

Let Ch(K) — Gr(K) be the functor C* — @, H"[—n]. Show that this
functor is a localisation of Ch(K) at the class of quasi-isomorphisms.

5More concretely, let Func®(C, D) denote the category of those functors which send el-
ements of S to isomorphisms. Then C' — C[S™1] is a localisation if Func(C[S™'],D) —
Func®(C, D) is an equivalence of categories.



Exercise 12. Using the fact that quotients of injective abelian groups are in-
jectiveﬂ we will show that for every complex C*® of abelian groups, there are
quasi-isomorphisms

c* Ly ke ¥ SH"[—n]
for some K*°.

Let ¢ : C™/B™ < I be an immersion into an injective group, and define J
as the cokernel of the canonical map (C"/B™) @4 Brtigr s J. Show that
because C™ — B"*! is surjective, the induced map I — J is surjective. Using
the fact that J is again an injective abelian group, show that the canonical map
C™ — J factors through C"*!. Note that this produces a map of complexes
C* - (++—=>0—=1-—=J —0— ...). Show that this map induces an
isomorphism on degree n cohomology, and that (--- - 0 =1 — J — 0 —

..) is quasi-isomorphic to H"[—n]. Deduce that there are quasi-isomorphisms
C* — K* + ®H"[—n] for some appropriately chosen complex K*°.

Remark 17. Even though every object of D(Ab) is isomorphic to some @ H"[—n],
we have D(Ab) 2 Gr(Ab). In fact,

homp(ap) (©H"[-n], ®H™[-n])

= <Hh0mAb(Hn,H/n)> ® <H Extl(H",H’”l))

Theorem 18. Let &/ be a Grothendieck abelian category. Then the derived
category is equivalent to the subcategory of K (o) whose objects are fibrant.

D() = K(Fiby).

If we are working with bounded below chain complexes, we can instead use com-
plexes of injectives.
D* () = K+ (Injuy).

Proof. This follows from Lemma [9] Corollary Theorem O

5 Derived functors and cohomology

Definition 19. Suppose that F : o/ — A is a left e:mcﬂ functor between
abelian categories. Its right derived functor is the universal functor

RF : D(o/) — D(&)

6This is because an abelian group is injective if and only if its divisible. This is because Z is
a principle ideal domain, and this fact does not generalise to more general abelian categories.
"Left exact means it preserves kernels and products



equipped with a natural transformation qF = RFq

K(o) —L> K(B)

Proposition 20. If o/ is a category with enough injectives, then the composi-
tion
D¥() = K+ (Injy) — K¥(o/) 5 K*(#) » D*(2)

is the derived functor of F'. If o is a Grothendieck abelian category, and F has
a left adjoint B : 8 — o/ which preserves monomorphisms and monomorphic
quasi-isomorphisms, then the composition

D(#) = K(Fiby) — K(/) 5 K(#) — D(#)
is the derived functor of F.

Remark 21. It is quite common that all criteria of Proposition [20] are fulfilled.

Exercise 13 (Omitted from lecture.). Consider the functor F' = hom(Z/2,—) :

Ab — Ab which sends a group to its subgroup of 2-torsion elements. Using the

short exact sequence 0 — (1Z)/Z — Q/Z N Q/Z — 0 and the isomorphism

(32)/Z = 7,/2, show that RF(Z/2) = (--- = 0 = Z/2 5 Z/2 - 0 — ...).
(Note that Q/Z is injective).

Definition 22. Suppose that X is a small category equipped with a Grothendieck
topology and admitting a terminal object X (for example, Op(X) for a topological
space X ). Let T'(X,—) : Shv(C) — Ab denote the global sections functor F
F(X).

The cohomology of a sheaf of abelian groups F' € Shv(C) is the image under
the right derived functor of T'(—, F).

RT(X, F) € D(AD).
The cohomology groups of F' are the cohomology groups of this complex
H"(X,F)=H"(RI['(X,F)).

Exercise 14. Show that if 0 — F — I — I' — ... is any exact complex of
sheaves with each I’ injective, then

ker(I"(X) — I"+1(X))

H™(X, F) = im(I"1(X) = I"(X))




A Chain complexes as homotopy types

There is a canonical functor Sing : Top — Ch(Ab) from the category Top of
topological spaces to the category Ch(Ab) of chain complexes of abelian groups
(we will describe it below). In fact, originally, the whole purpose of considering
chain complexes at all was to study topological spaces. As such, chain complexes
in some ways behave a lot like topological spaces and it is often useful to consider
them as a kind of topological space.

We do not want to give a lecture in algebraic topology, so we just give an
idea about Sing.

0. Singy(X) is the free abelian group generated by points of X.

1. Singi(X) is the free abelian group generated by the “closed segments” of
X.

2. Singa(X) is the free abelian group generated by the “triangles” in X.
3. Sings(X) is the free abelian group generated by the “tetrahedra” in X.

4. ...
The boundary map d : Sing,(X) — Sing,—1(X) takes

B (Pre)Triangulated categories

Triangulated categories are a formalism which isolate key properties of D(7)
(and K(&)), Using these properties, many things can be proven without having
to touch chain complexes (any more).

Definition 23 (Weibel Def.10.2.1). A pretriangulated category is an additive
category T equipped with an autoequivalence [1] : T — T and a collection of
triangles, i.e., diagrams of the form A — B — C' — A[l], called distinguished
triangles satisfying the following:

TR1 (a) The class of distinguished triangles is closed under isomorphism.

(b) For every object A, the triangle A bA50- A[l] is distinguished.

(c) For every morphism f : A — B there exists a distinguished triangle
A — B — C — A[l] containing f.

TR2 If A— B — C — A[1] is a distinguished triangle, then so are
B — C — A[l] = B[l] and C[-1] = A— B — C.

TR3 For any two distinguished triangles, and morphisms f,g there exists a
(usually not unique!) morphism h making the diagram commute:

A B C A[l]
\
! J{ gi I'n lf (1]
Y
A’ B’ c’ A'[1]

10



Definition 24. The shift C*[1] of a chain complex C*® is the chain complex
C.[l]n - Cn+1, dC’[l] = 7dco.

Definition 25 (Weibel 1.5.1). Let f : A* — B® be a morphism of chain com-
plexes. The cone of f is the complex

Cone(f)" = B" @ A", d: (b,a) — (db— fa,—da).

Exercise 15. Show that the differentials defined above satisfy the condition
dod=0.

Exercise 16. Show that there is a canonical morphism of complexes Cone(f) —
A°®[1], and that this induces a long exact sequence

<> H"A — H"B — H"Cone(f) — H" A — ...

(Hint: it suffices to check that the map H"™1 A — H"™! B defined by the Snake
Lemma applied to the short exact sequence of complexes 0 — B — Cone(f) —
A[1] = 0 is the same as the map induced by f).

Proposition 26. Let o/ be an abelian category. Define a triangle in K (<) to

be distinguished if it is isomorphic (in K(/)) to a triangle of the form A EN
B — Cone(f) — A[l]. Then K(«) equipped with [1] and this class of triangles
s a pretriangulated category.

Remark 27. The category K (/) also satisfies the octohedral axiom, making
it a triangulated category, but we will not discuss this.

Exercise 17 (Advanced). Prove Proposition 26]

11
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