
Exercise 1. Let O = k[x, y](x,y) where k is a field. Using the exact sequence

0 → O x→ O → O/(x) → 0 show that TorOr (O/(x),O/(y)) = k if r = 0, and is
zero otherwise. Deduce that i(V ·W ;O) = 1 where V = Spec(k[x, y]/(x)) and
W = Spec(k[x, y]/(y)).

Exercise 2. Let O = k[x, y](x,y) where k is a field. Using the exact sequence

0 → O x→ O → O/(x) → 0 show that TorOr (O/(x),O/(x − y2)) = k[y]/y2

if r = 0, and is zero otherwise. Deduce that i(V · W ;O) = 2 where V =
Spec(k[x, y]/(x)) and W = Spec(k[x, y]/(x− y2)).

Exercise 3. Let f : X → Y be a morphism of varieties over an algebraically
closed field, and let Γf ⊆ X × Y be the graph. If Z ⊆ X is a closed subvariety,
show that Γf ∩ (Z × Y ) = (id×f)(Z) ⊆ X × Y , so in particular, T · (Z × Y ) is
defined. Show that (πY )∗{T · Z × Y )} = f∗Z.

Exercise 4. Let X be a variety, Z,Z ′ ∈ Zi(X), and W =
∑
nkWk ∈ Zj(X).

Using
∑
nk(P1×Wk) ∈ Zj(P1 ×X), show that if Z ∼ Z ′, and Z ·W,Z ′ ·W are

defined, then Z ·W ∼ Z ′ ∩W . That is, show that rational equivalence satisfies
(R2).

Exercise 5. Using the diagonal P1 ⊂ P1 × P1, show that for any two points
a, b ∈ P1 we have a ∼ b. Deduce that the degree map Z1(P1) → Z defined by∑
niai 7→

∑
ni induces an isomorphism CH1(P1) ∼= Z.

Exercise 6. Using the decomposition Pn = An∪Pn−1, the homotopy property,
and the localisation sequence, show by induction on n that CHq(Pn) ∼= Z for
all 0 ≤ q ≤ n.
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