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Abstract

We show that the quotient stack of a Fermat variety with respect to a natural
abelian group action has a full strong exceptional collection consisting of invertible
sheaves. We also discuss a description of the derived category of the Fermat variety
in terms of the coherent action of the group of characters on the derived category
of the quotient stack.

1 Introduction

The Fermat variety of degree m and dimension n is defined by

m

Xn:{[1’1:~..:xn+2]E]}Dn+1‘x§n_|_..._|_xnm+2zo}7

which can be constructed from X, for » < n by taking direct products, blow-ups, quo-
tients by cyclic groups and blow-downs [SK79, Theorem I]. It follows that any Fermat
variety can be constructed inductively from ‘Fermat points’ X and Fermat curves X} .
The number of [Fy-rational points on X} can be counted by Jacobi sum, which motivated
Weil to propose his conjectures [Weid9]. Fermat varieties have also provided a testing
ground for the Hodge conjecture and the Tate conjecture [Shi79b, Shi79a, Ran81].

The Fermat variety X, has a natural action of the abelian group

G:Ln = {[diag(a’la .- '7an+2)] € PGLH-FZ(C) | a’cll == a’gz+2 = 1}7
and let X7 = [X /G"] be the quotient stack. We prove the following in this paper:

Theorem 1.1. X" has a full strong exceptional colletion consisting of invertible sheaves.

King conjectured that a smooth complete toric variety has a full strong exceptional
collection consisting of invertible sheaves [Kin97]. It is true for toric weak Fano stacks
in dimension two [BH09, IU], but fails for toric surfaces [HP06] and higher-dimensional
toric Fano varieties [Efi10]. The existence of full exceptional collections on toric varieties
consisting of sheaves is proved by Kawamata [Kaw06]. The case n = 1 in Theorem 1.1 is
contained in [GL87], which gives a full strong exceptional collection of invertible sheaves
on any rational orbifold curve. The existence of a full exceptional collection on X7, follows
from [Orl09, Theorem 2.5] and [FU11, Theorem 1.2]. The existence of a full exceptional
collection consisting of sheaves follows from the fact that X? can be obtained from P"
by iterated root constructions. On the other hand, if m is greater than n 4 1, then the
canonical divisor of X" is free, so that D°coh X" has no exceptional object at all.
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Let 2°coh X" be the pretriangulated dg category defined in Section 3 whose coho-
mology category is equivalent to the derived category D°coh X" of coherent sheaves on
X" . In other words, 2° coh X", gives an enhancement of D coh X in the sense of Bondal
and Kapranov [BK90]. Let further 2° coh X be the enhancement of DPcoh X" defined
similarly. There is a coherent action of the group G of characters of G" on 2 coh X |
and one can show the following:

Theorem 1.2. The pretriangulated dg category 2° coh X" is equivalent to the idempotent
completion of the orbit category of 2°coh X" with respect to the coherent action of the
group G™.

The idea to use dg categories to study the triangulated structure on the orbit category
is due to Keller [Kel05]. Theorems 1.1 and 1.2 show that one can study the derived
category of a Fermat variety in terms of a coherent action of a finite abelian group on an
enhancement of a triangulated category which has a full strong exceptional collection.
Acknowledgment: A.I. issupported by Grant-in-Aid for Scientific Research (No.18540034).
K. U. is supported by Grant-in-Aid for Young Scientists (No.20740037).

2 A full strong exceptional collection on X7

We prove Theorem 1.1 in this section. The stack X = X7 is the closed substack of the
toric stack P = [(C"*2\ {0})/K], where

K = {<a17 B '7an+2) € (CX)nJrQ | Oégn == O(ZZFQ}.
An element @ of the group
L=7% & ®ZLTyio ® ZE/(mi; — 5)?;12

of characters of K gives an invertible sheaf Op(@) on P, which restricts to an invertible
sheaf Ox(@) on X. The canonical bundles are given by wp = Op(—%; — -+ - — Z,,42) and
wx = Ox(—=%; — -+ — Zy40 + ©). Since P is a toric Fano stack of Picard number one, the
cohomology H'(Op(d)) of an invertible sheaf is non-trivial only if ¢ = 0,n + 1. The long
exact sequence associated with

0 — Op(d —¢) — Op(a) = Ox(a) — 0
implies that H*(Ox(a)) is zero if i # 0,n. Serre duality gives
Ext™(Ox(a@), Ox) = (H*(Ox(& + @)))Y
where J = —7; — -+ — Z,12 + C. Any @ € L can be presented uniquely as
a=a1T7+ -+ apioTpio + eC
where 0 < a; <m —1 and e € Z. One has Ext"(Ox(a), Ox) # 0 if and only if
G+d= (a1 — 1D+ + (aps2 — 1)Zpio + (e + 1)@

can be presented in such a way that all the coefficients are positive. This happens if
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e 0 <e<nand at least n — e + 1 of a; are greater than or equal to one.

Define a finite subset of L by

A={ay@ + - +a;, T, +ec|0<k<n, 1<ip<---<iz <n+2, 0<e<n—k}

-

where 0 < a;, < m — 1 for £ = 1,... k. One can see that Ext'(Ox(a), Ox(b)) = 0 for
@be Aandi0,sothat (Ox(@))zea is a strong exceptional collection.

Let p; = [#1 : -+ - : Z»40] be the point such that z; =1 and x; = 0 for i # j. An exact
sequence

ki ikl ki

of Op-modules restricts to an exact sequence

0—>OX—>EBOX(fk)—>@Ox(fk+fl)—>---—>(9x<ka>—>0 (2.1)

ki ikl ki

of Ox-modules. By using these sequences and their translates, the fact that one can
construct any invertible sheaf from (Ox(a@))zea by taking shifts and cones is reduced to
the following lemma:

Lemma 2.1. Let B be the subset of L containing A satisfying the following for any
0<i<nandanyadé€ L:

o Let P be the power set of {1,...,n+ 2} \ {i}. If B contains @+ ), x Ty for any
K € P except Ky, then B also contains a + ZkeKo T

Then B coincides with the whole of L.
Proof. We use the following two extreme cases:

(1) If B contains @+ ), . T} for all subset K strictly contained in {1,...,n+2}\ {i},
then B also contains @+ ), ; 7.

(2) If B contains @+ ), . 7 for any non-empty subset i C {1,...,n+2}\ {i}, then
B also contains a.

If we replace ¢ by mZ; for suitable 7, we can write
A={a@1 + -+ aproZnie | 0 < a; < m, at least two of a;’s are zero}.

We show that @ := ay @) + -+ + ani9Znio € B for all (ay, ..., ay40) € Z"2.

We first consider the case a; > 0 for all 7. In this case, we may assume either 0 <
a; < m for all i or 0 < a; for all 7. In the former case, we may assume at most one of
a;'s is zero and we can show ¥ € B by the induction on ), a;, using (1). Then the same
induction also shows the latter case.

If >, a; > m(n +2), then we may assume a; > 0 for all ¢ and obtain ¥ € B. Finally,
the reverse induction on ) . a; and (2) prove v € B for all (ay, ..., ani2). O
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Let T be the full triangulated subcategory of D® coh X generated by (Ox(@))aca. Since
the condition that Hom(Ox(a), £) = 0 for a coherent sheaf £ and any @ € L implies £ = 0,
the right semiorthogonal complement 7+ is trivial so that the collection (Ox(@))zea is
full.

Remark 2.2. Let m = (mq,...,m,.2) be a sequence of positive integers and X, =
[Zm/ K] be the quotient stack of Zy = {(21, ..., Zny2) € C2\{0} | 27" +-- - +2,73° =
0} by Km = {(a1, ..., apq2) € (C)"2 | o™ =+ = a;73°}. Then it is straightforward

to generalize the proof of Theorem 1.1 above to show that X,, has a full strong exceptional
collection consisting of invertible sheaves.

3 Coherent actions and orbit categories

Let G be a group and C be a category. A coherent action (Fy,cyp) of G on C consists
of endofunctors F, : C — C for each g € G together with natural isomorphisms ay, :
F, o Fj, = Fy, of endofunctors for g, h € G such that

e [, is the identity functor of C,
® ay is the identity if g = e or h = e, and

e the diagram
ag.hoFy

Fyo Fy o0 F Fyp, 0 Fy,

Fg oah’kl lagh,k
Qg hk
Fg e} Fhk — thk

1s commutative.

For a coherent action (F,,ay ) of a finite group G on an additive category C, the corre-
sponding orbit category C/G is defined as follows:

e An object of C/G is an object of C.

e The space of morphisms from x to y is given by

Home /g (z,y) = @ Home(z, Fy(y)).

gelG

e The composition of ¢ € Home(z, Fy(y)) and ¢ € Home(y, Fi,(2)) is given by
Fy(v og n(2)
v 5 Fyy) 2% B o Fu(z) 225 F(2).

Now we recall the notion of enhanced triangulated categories by Bondal and Kapranov
[BK90]. See [Kel06] and references therein for basic definitions and results on dg cate-
gories. A dg category Z is an additive category such that the spaces of morphisms are
cochain complexes, the identity morphisms are cocycles, and the compositions satisfy the
Leibniz rule. The cohomology category H°(2) has the same objects as 2 and the spaces
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of morphisms are zero-th cohomology groups. A twisted complex over & is a collection
{(Ei)icz, (¢ij - E; = Ej;);jen} of objects E; of 2 and morphisms ¢;; of degree ¢ — j+1 such
that £; = 0 for almost all 7 € Z and the Maurer-Cartan equation dg;; + >, qxjqix = 0 is
satisfied for any 7,7 € Z. We always assume that a twisted complex is one-sided in the
sense that ¢;; = 0 for ¢ > j. Twisted complexes form a dg category Tw(Z), equipped with
a full and faithful functor ¢ : 2 — Tw(Z) sending an object E to the twisted complex
{(E)iez, (¢ij)ijez} such that £; =0 for i # 0, Ey = E and ¢;; = 0 for any i,j € Z. A dg
module over a dg category ¥ is a dg functor from Z to the dg category of chain complexes
of C-vector spaces. Dg modules over a dg category 2 form a dg category mod(Z), and &
has the Yoneda embedding into mod(%). The idempotent completion of 2 is defined as
the smallest full subcategory of mod(Z) containing 2 and closed under direct summands.
A twisted complex X defines a dg functor homy, () (¢(e), X), which gives an object of
mod(Z), and Z is said to be pretriangulated if this functor is always representable by an
object of . The cohomology category of a pretriangulated dg category is triangulated,
and an enhanced triangulated category is a triple (T, 2,¢ : H(2) — T) consisting of a
triangulated category T together with a pretriangulated dg category & and an equivalence
¢: H°(9) — T of triangulated categories.

Let 0 : G x X — X be an action of a finite group GG on an algebraic variety X. We
write the group law of G as g : GXG — G. A G-linearization of aline bundle 7 : L — X
on X is an action ¥ : G X L — L of G on L such that n(X(g,l)) = o(g,n(l)) for any
g € Gandl € L. The space H°(X, L) of sections of L has a natural G-action defined
by (g -s)(z) = X(g,s(c(g7t,x)) for s € H'(X,L), g € G and x € X. In terms of the
invertible sheaf £ associated with L, a G-linearization is an isomorphism ¢ : ¢*£ =5 p3L
on GG x X satisfying the cocycle condition

(p336) o [(idg x0) ] = (ug x idx)* ¢ : [0 o (idg x0)]* L — [pa 0 pas]* L

on GxGxX (seee.g. [MFK94, §3]). A G-equivariant coherent sheaf on X is a pair (€, ¢)
of a coherenet sheaf on X and a G-linearization ¢ : 0*& = pi€ satisfying the cocycle
condition above. It follows from the definition that a G-equivariant coherent sheaf on X
is equivalent to a coherent sheaf on the quotient stack [X/G].

Let X be a smooth projective variety and G be a finite group acting on X. Choose
an affine open covering X = [J,., Uy such that A has a G-action satisfying g(Uy) = Uy
for g € G and A\ € A. Such a covering can be constructed from any affine covering
X = U&E‘/g by setting A = G x E and Uy = gV for A = (g,§). We introduce a dg
category vectg X as follows:

e An object of vectg X is a G-equivariant locally-free sheaf on X.

e The space of morphisms between two objects £ and F is the Cech complex;

%
homvectg X

EF)= P TU,N---NU,E @F).

The Cech complex has the G-action coming from the G-linearizations of £ and F, which
sends s € T'(Uy,N---NU,,, EYQF) to g-s € T(Uyr,N---NUy»;, EY @ F). We do not take
the space of G-invariants in the definition of the spaces of morphisms in vectg X, so that



the isomorphism class of an object does not depend on the choice of a G-linearization.
Let 2°coh X be the idempotent completion of the dg category Tw(vectg X) consisting
of twisted complexes over vectg X. The following lemma shows that 2°coh X gives an
enhancement of D®coh X:

Lemma 3.1. Let G be a finite group acting on a smooth projective variety X. Then any
object in D°coh X is a direct summand of a complex of G-linearizable locally-free sheaves.

Proof. Let D be an ample divisor on X. Then > geq 9+ D is a G-invariant ample divisor
on X, and the corresponding invertible sheaf £ is G-linearizable. For any coherent sheaf
&, there is a surjection

©o : (ﬁ@(*no))@ko N

for sufficiently large ng and kq. Let & = ker ¢y be the kernel of this morphism. Then
there is a surjection
01 (£®(—n1))€9k1 —~ &

for sufficiently large n; and ki, and one can set & = ker ¢;. By repeating this process,
one obtains a distinguished triangle

Sk = F =& 8 e k4 1)
where

F = {(£®(—nk))®mk m (£®(_nk_l))@mk—1 E} ﬁ) (£®(_n0))@ko}

for any £ > 0. Since X is smooth, the homological dimension of coh X is equal to the
dimension of X, and this triangle splits for £ > dim X. It follows that any coherent sheaf
is a direct summand of a complex of G-linearizable locally-free sheaves, and Lemma 3.1
is proved. O

Let vect® X be the subcategory of vectg X with the same set of objects and G-invariant
morphisms;

homveCtGX<g,F) = (homveCtGX<g, F))G

The existence of a G-equivariant ample line bundle shows that any G-equivariant coherent
sheaf has a resolution by a bounded complex of G-equivariant locally-free sheaves. It
follows that 2°coh® X := Tw(vect® X) gives an enhancement of the derived category
DP coh® X of G-equivariant coherent sheaves on X.

Now assume that G is abelian and let G¥ = Hom(G,C*) be the group of characters
of G. There is a coherent action (F),, a,,) of G¥ on vectg X defined as follows:

e For a G-equivariant locally-free sheaf £ and a character p € GV, the G-equivariant
locally-free sheaf F,(£) = £ ® p is given by changing the G-linearization of £ by p.
To be more precise, let V' be a vector space and p : G — GL(V') be a representation.
Then the coherent sheaf £EQV is the functor sending an open set U C X to the vector
space £(U) ® V', and the G-linearization is given by ¢ @ p: 0*(E R V) — pi(E @ V)
where p is considered as a GL(V')-valued function on G x X constant along X.



e For a morphism ¢ € hom(E&, F) of G-equivariant locally-free sheaves (i.e. an element
of the Cech complex), the morphism F,(¢) € hom(€ ® p, F ® p) is defined in the
obvious way as ¥ ® id.

e For two characters p, o € GV, the natural isomorphism «,, : F,0 F, = F,g, comes
from the structure of a tensor category on the category of representations of G (i.e.
the natural isomorphism (A ® B) ® C = A® (B ® C) for any G-linear spaces).

This coherent G¥-action on vectg X induces a coherent GV-action on the G-invariant part
vect® X, which in turn induces a coherent GY-action on the category 2° coh® X of twisted
complexes over vect® X. It is clear that the orbit category vect® X/GV is equivalent to
vectg X, so that the orbit category 2°coh® X/GY is equivalent to Tw(vectg X). Since
9" coh X is the idempotent completion of Tw(vectg X), Theorem 1.2 is proved.
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