Counterexample to variational Torelli for some surfaces of geometric genus 2
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mj-urther problems

100 Our purpose Is to examinerelli type problems hyr}/e%'gﬁtr}%rég'sﬁrgggPégbl'&%”mdﬁe?gf hold for § o RelateA with Noether-Lefschelpcus ofX.

for surfaces withpg = 22 K#=1,q=0, wherepyis ermark 1 e [0 Examinevariational Torellifor hypersurfaces
the geometric genu&“ Is self-intersection number REMalK. L. - | of degreelOn in P[1, 1, 2n, 5n] for n > 2.
of the canonical bundle, aris the irregularity. hyp'te}iﬁﬂgﬁnszf‘ge}f[\é%t'at'ona' Torelli theorem holds for mos: S5 \aain theorem shows that IVHS it enough

to Identify our surfaces. Thus we must find any
other information.

(@ah!

It Is known In [4] that they are represented

hypersurfaces of degree 108(L, 1, 2, 5). | heore

Torelli type problems ask in general whether U The prolonged period map from parameter
a peri()d map 1S injective_ They afiafinitesimal Space to IVHS for genera’r X is identified withithe  'VHSis defined by Giiths et. al. as the fferential of the period map.

: - Definition N
TOre”i, generiCTOre”i andvariati()nal T()reui_ fO”OW|ng map: IVHS (infinitesimal variation of Hodge structure) consists of:
It is known thatinfinitesimal Torelli theorem v:(S*e Ste SPe S19/G — SB/G, e e abiinearom®
hOIdS.fOr SUC.h SurfaceS([6]). | ((D4, D, Dg, (DlO) N det(A)  eacomplex linear map : T — End(Hc, b). )
Grlﬁiths |ntrOdUCed IVHS fOr the Interplay R k 2 We can get the main theorem by using well-known theorem bffiths:
between Hodge structure and geometry. Emark.e. f Theorem(Grifiths) \

L . . We can show that the invariait Is related tO || et R be the Jacobian rin < identified wi
T : . . g of. ThelVHSfor X is identified with the
Variational Torelli asks In general whether ahe rank of the map determined by théterential  to0wing muttiplication maps:

variety Is recovered by its/HS. It is known that of the period map for th&ber of our surface. T := PY(X, Tx) = {nn € HY(X, Tx) | c12(Ox(1)) A = O}
variational Torelli leadsgeneric Torelli([2]). More precisely, when we regayde TP! as the (; = ;hglflfr;gtzl (;f the period map

Moreoveryvariational Torelli theorem holds for 0/ 1 1
most hypersurfaces 3[3],[5]). But our surfaces afgement ofHom(H™(€2¢ ), H(Oc)),

exceptional case in [5].

R10® Rl N Rll.
rank (y) = 2  det(A) = 0, Theorem = Main Theorem

: ’ rank(Ker{)) > 3 from the theorem.
f Notation . andrank(y) = 1 © rank(A) = 1, )
X := Proj(C[x, y, z W] /(F)), while rank (y) < 2. Sketch of the proof of Theorem
F =W =22 — 042 — ©gZ° — Dgz — Dy, 1 - 1 Consider the following objects:
X, Y,z W : variables of degreg, 1, 2, 5 respectively, Here, T{P" Is the tangent spacef P* at t for o 4
®, = O(x.y) : degree fori = 4.6.8.10 1 K=KerRPeR =R,
] Y) - 09 T t e P, and A:={1eC|v® (Xx—1y) € K for somev € R},

S = C[xY], D, O o [ Teax=4y) (A : finite),
S2: the degree part of S, 4.X 4y =10 (A :infinite).
G := GL(2, C) acts onS canonically inx, y, _ N Dgx Doy Then. we can show! = c - det(A) for somec € C*.
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