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B ~ o'l’h
My := 1, Dift 15, ), Mgx=mDif S0 po ), Manei := o Ditt ™| Ty, id.ond T )
/2 mapping da;s groups

Hy:=H15:2) = H,1Z): 2] = H(5.:2)
H IZg Z] H'lzé'Z) = H”{Zg.JIZ)
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§ 1. The Jomson homomorphism ¢

2 | \/ '
j=1, Z:Z_q,,= *éaz

——— f negative ﬁau«davy Eo-op
3

TU=T|Z %) = By e group of aomk 2§
1Tl ¢ Lower cemtral sevies of T
N:=sn, Nwn:=[Mnn] , k2l
Theorem (Maqnux,Whr | Ykzy

the d k wl Lr b
Men/rm = ZlHg) ™ e C;mpam abjmﬁu reelgebre

£3. r-:"/r' =_"/Err1r3='"d Hp =Hil%.: Z)
Sgn, XV
""/rn—- NgHy = (Hya H,\ %" %
fmad 7)’"'—*)(0.——21134 3411 {'x‘gdhl CHZ
Symplechic form. )M‘Fg;?:}

of(Hz) @ fk(Hzl the free Lie algebra swen HZ



mapping class group

Theovom |( Deim - Nielcen |
My == oty {eeAut(r): ble)=¢) < Aut|m)

heg, bowmdovy Loop

.A”{'V%kl:{ ~ Telmson filtvarion k2 o
Atk) % Ker (Aut tm] — At [ 1))
Wlk]d—-f-i Mg.1 n Alk)
eg, Mo)=m, ML) =9, the Tovelliqroup , M(2) =1, : ths Tohuson kerne

Descriph‘on of qr m
dass:‘caf Mla)/Q”(,[) = ngg(Z) < Hom(HZ,BC,(HZ))
kz1: the k™ Johmson homomorphism (D, Jomson )

, 7+ \(Y? oir) )
MK ey < Hom b, L7

Hom (Hy , Ky [Hyl )

the 1( Jotmson homomarp hi'sm

Lasy focheck

D Toim
) Jolmson L) sy SAZ Hy
/ Kin "9926& - MUy ) 0 2-tovsion
Miz) = Ky,) 42 genuated 3g 7Bscc maps d



[S Mow""a oo
h z: @My <> Hom(Hz, B, % Hz) | = Dev[Z(Hz1 )

is a Lre algebra homomorphsm

2) Imt De%o( Ll(Hz)) :=14 D éDer(L[Hg)) » Dw,=0 ) Sywplechc devivationgs

(3) S < Morita trace '\"_e\/"\“""’Ee“f c
i nomotp - Satoh tvace.

= the Aleksecv -Tovossiom di vergenwe cocycle
w the Kashiwava -Vevgne problem.

, .
R_,Ha_n‘n_ : /In-ﬁ‘uiJ’eSJ‘mAQ presentations ef the Tovelli’ groups " T Awer. Math.Soc, L0(1997) 597-651]
wm Parh'culal", ot is 5enerafe¢l by Im T, = ASHQ

Oben Froblem : Fimd te list of "definr tons” of Iml : Der(
' roblem Mma a complete I\y o‘f efvmry Lguations of Im l‘%@]m« or( (Hp))
Movi'ta trace Enomoto-Satoh trace
explrdt computations of (ImT )% @ up to degrer 6
deqg 6 - Movita - Sakasac ~ Suzuke. Adv, Mam. 282 [2015), p, 297



§2 The MOV‘!'H{ Fenner cocycle
==~ an explict coeyle § on the duaf fatgraph complex %T of Zg
@

Yepresenting the extomded 15" Tobmson homommgh%a_o ket /’M’ /EHZ’

0] the extended {5t lohnson lwmomoy_ph,jsm ( Movita )

\99'1 =m(L] —L /\3"7Z H, = mm/fm/z)

J @)

Jgi= Kl Sp, 121)

y )

mg.r Movrita N 3]_ Ay.fz

=]
p,. 1-Cocyc/e ( ot homom . Wg:éd— m"fd__o 4}923)
wa%ue up to cobomdav

Theovem (Movita , Taveut. marh. 111 119931 ) gé3
H(m % - A3H2)~ [2k) & Z(wak) =
where w, € A 72 Hz symplectc form
ki= ColoR): Mg —>Hy  Earle dass {wil be oxploisd ,ngm{f;ln

numbey

C:AzHz = Hz ixataz > lxg)z+ (r)z +@%)y



Remark H‘(Mq* : A;HZ] = H'Iwgl ‘A;sz
H'Me: Hy ) = H'lmg,: Hy )

V) p—s % — 'm%;, —> My > 1 [ central extension )

T (iong 335, (5, H,)™ =(H, ™ = o P
Z@J He = Hz®@ = H,1%: @) €y 2 (Xe]
ke -'(/‘qf; J/@ HQIW’"W)——> HY My @) algebra homon (;Lxlg;tlﬂ
€ (A (FHg)) W W (5 %ﬁgmim
Morita Tnage ky > @leeiinzi] ((ceg 2: Movitls vecipe fov e we, )

where

e:= Euler (Z—> My =My ) = ¢ ( Ty, ) MMy, . Q
e +__ T
gfo&ere‘ (—-I)'”k & H (rmg:@) the 1 Mu..,fpyd-Mavn‘u*Mrllerdas.(
' A2

'Mawh K Imag.e, k* @[E’ 6 Azl] vren in the uimstable Aavg €
( n rheo)_y, A, indures

explivt deeviphon of k =2 .explich descriphon of €'s.

but Hoo complicated +o vealize --- ?,7



A
@ the duad fatgraph complex %T (Pennerj
( oviginad for 2% , but we consider 24,1 v order fo explain Cater developments )

-\
’éT = the CW complex duall o a canonical caeal ximph'u‘aﬂ decomposition
of the Teccndiller space Jgu, for 34 1.
AN N
Gr =%, Mgy 4
A A
éM t = %T/Wg.l =~ T@/L\is‘w-sech‘on ) s K[’mg..l,i)
cach el va Gy <> |G, [£:316%.1) warked bordeved fatgraph
Da!-l'n:'h'o n= G bovdeved ‘fufgmph(for‘ Zg-t ) vi

g“t)) G : a fruite graph. kw Y X *

3 y '

(0 3 v, € Vertex [G) , deg vy = 1
Y veVMIGI = Vedex (G~ ) deg v 2 3
(2) YveV™(G) a tyclic order on Hall-edge (v) a» givey,

(3) FaHt”l‘ng G by the cyclic orders , we get om oriented
surfaw 21G) which is diffeomovphic 4o 2:5.1

[-{': Z‘@""’Zs.)J ! Monking
= [ isotopy tlass of an orientation-presevving diffeomotpliem £ : 3 C—:JE?Z},,,J

’

&



mapping class group ation
(. (Pé’}‘ﬂg,, ¢ {4 IlG,-—bZQ,,] —> [(po{-: 21Gq) =2y, ]
(G, [4: Zlel~—>2},.,]) covrespords 1o
A v o
aO—u,Lth %T & vel (6} dLgV:.?
a 1-cll m é\T = 3'U4_6VM(6) deg vy =1, VVéV'u(Gl‘fw) deg V=3

<> >_.<C e )
A :‘ ( ﬁhwmwe I
a 2-cll m @T @j rBVq.,*V:/é V,MIG)

deg V' =deg v = 4. Yy eVMG) Mol vl deg v=23
( Comm-iu-h'vh}/ relation )

—
oR]
[ Fupe VG)  degug=5, v ev™ial . dqv=3
( pentagon relation)

oy

+wo basepa:‘mB

Q:=f19,) €33, Take amothey basepoint
Z\NEN
’fl@) (\32-9/ 3(27

“~




(Idwh'{-y T1G) omd Tgp daaowgh £: 316) 20 3, )
W—m@rkn‘ng T=mm124:,p)
Sorl@l) 1= {oriented 2dges of G }

T >, T >eC, F=e

—— Wt and cpeu 2 (G] along 1ie 2dgen onupt the +ail

Yo € M2, pl=m
We oblam a canowical map
X1 EoplG) =T . 71 smnekeing
Tl e —> &

Fonney's presentation of T
Qenem-brs: ¥o , €€ éo,-lé)
redations: () Y: & = 1

[ w5 & -




a‘bwmgah'ah
homoe_g% -mmlcmg abel oY : é (G) "" 7\1 - 7‘11'/ = HZ
e —_— L—Q] =€ b/aﬁure of-notation

com be defined on the Tovellr grouperd %I = QT/QQ.I

C b We ¢ b
J— { e =C+d = -a-b
e a Whitelead move F

a at o =a+d = —b —C
a QqQ

Movita ~ Penmer cocvcle jecC (@!T AzHZj
J(Wg) = aabac ¢ AZzHZ

Remark aabac = cadaa
v) d= e-c = -a-b-c
( Cadaa = —calatb+c)ra = —CAabaa = A ba C./ )

')”9 1

Cgy: @Hz)%m

T heovem (Maw‘h - Ponmer , Math, Proc. Camb, Phil. Soc 14% [200€) )
(1) f M acocyle e f & Z’ (g/;. AngZ )0”3*
(2) (7] =gk € B (Mga : 3H, ) = WM, K Hy )

_Pf_ ' &xﬂn‘u"' computations commutahvity valations
(’} J vanisheo on bot'h D+ { w—{-agon P‘Llﬁﬁ&ﬂs

(2] wata compuintions of H, | O%.4 ! Z) {Jol/m:m} onad H"Mﬂj* "/EHZ) (Mow""a) /

/10



A/-forz‘;
Using | omd Morita’s vecipe , one cam obtomr 2-cocyelss om %T/ﬂﬁg,g-

\r'epYefw'h\'lj e = C"( T¢9/l‘1 ) S H’i{’rng*.:Q) ond

e = [W—uﬁ Peterssen Kéhlev form } € H I’”’g* e )
OPW Pr—ablem % Descmbe Thewm e,xPl¢¢ -Hy //

/"



[2.
§3. 'Fodgrapln Maqhus expansions

Questions 1) Mtrinsic construchion of the Movita- Fenner cocycle 7
;‘) gbww&jnh'on + h{g'her degree Jol«mson ldomommpbv\':ms 7

another descriphion of the lowey centnaf sevies “7‘ n 5,,: of 1= |24.1,% ), 0 free 4roup
K : fietd of chavaderiste ()

KTT s = ( [/ S Y K, ay=0 2xcept for finmite x'e } group ring of T
In:= Kerlaug: Km— K, %1530 ) augmentation iial
Magnug Vkal , Fk'n = {¥em, ¥-1 e\Iw) 5 —

grtl_ y K 'ﬂ) n (Tr) k/q'n' kel = kl:{) H =: _,l\'( HIKJ completed tensov algebra

where  Hy := Hzf%k =HIZ:K)
Deﬁ‘m'h‘on 9'- 'n'~—->£\r( H;K) q&nem&‘sed Magunuo expomsiom,
1) Yy¥Sen BIxs) = pivl 615)
[2) Vyen ., B1L¥)= 1+[x] mod Z;[z H”‘:z

-—

2) -> gr1) = i‘HH )

6 : [77 'e““ k'IT/(I )7 =5 'zl\_( Hli:) algebra Isom.
o Sa,¥ > S46lx)



~N &
A ST8¢) := TByp) olell],

% mﬂl —_— Hom(Hk p H@lkﬂl) l’
]
HDM[Hk H@(kf“) > (Tkp“f’ )

( P Vopgfi-n‘an [o&f;:mf qu.&qum;fm‘! I(f-/mm p 4eneralized ! K )

Wiy = Te (Ykz1 )
A Magnus's Thm stated above

1‘A4qmph Magnus expansions ( Bene - K. - Feuner, Adv, Math, 221 (2009) )

jemerwgcd Mﬂgw expomsion Canomtaauy assoated

with eadr 0-cll am 97 [ +rivalemt mandeed bordered fa.l'quh )

<—[ Bc H Sevies ( Bal@u Campbeu HauodovH‘ serieg )
tdea of (terated integrala '

13

[0l He O Mduces lip]: TiHy) S
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BC H sen‘ef» oo
2 P= kT:'u fk(Hk) Ll ;[:" Hk@k Cﬁ!\'( HH() completed free Lie algebiy
Xp [,z ) . mulhplicahre group (%(HK” Subgrou’?

oo A
where oxpluy = 2 -,—)ll—’- utr ¢ T(H"( }
n=

) -1 ~ ) 2
Log ({tw) = "Zzl ‘;T“m w? € T(Hg) kal
UkV =beh(uv) 2 og (expiu) explvr ) (uved )
A\
€Z (BCHsome )
4 (u,v) pe UKV —U-V = %[u,v] + TzIZ [Cu,Cu vMd + (v, cy,und | + -

\\Mzzl Liluv) v, € Z(Hy ) , (@9 4luv),, =3 [u,v] )

in) .,

Lterated inteqval s &
A \
(G, [$: 761 >%.]) : O-allar Gr e, YveVM™g), deg V=3
Construct B = 96' 1 ) [Z16),y) & ) —->—T-(H,K) , oy eguivaleuﬁy,

L= 2 tm:=tegb: & I(G)—> f:ﬁzmmk}
by inductron on m Edegree )



Condinon 2):  fjle) 1= (¥,]1 = e € Hy Yee &la)
[Remll, Penner's defining velakons of 11

—————

(' Y, =1 b
i LYy =1 }_&a ¥, e Vit (G )
o v
Ne 4i1z)= - Lle)
Suthies to construct 3=»'Z=‘9m d gar[G} —792\ =,,,T__[, ofmlHk)
such thakt

Rlel=gle)-gle)
(N < B(E) = bla)fib)

< —fle)= Llal+L(b) + DlLia), Lib )

= Al4(a,~2(51) + 40 k), -018)) + Lldie), -LlaT ) b

= —=3(fal+L(b) +£1€))
= = 3(glal-g(F) +41b1-412)+ glel-g1a) )
& Jlad)-gler= L 4 14e,~1a1)

|5



l6

One com sobve 'me.e%.uah'on [ay ‘mducklion om M

ad | 2 depemds o on b, 0
Imie) = 3 ‘é 'Btul%‘_,]l_ﬂex] P f " f

-
—

_“_’h_erﬁ —1 T T v lkerated :‘M’egmﬂs
| R O T
Y, 4> 4>—>  &— Bomud e
o
fﬁfl el ez eﬁq bh=¢e : 0”4'Cy
e, Rtk
Heme, Inle) = gmle) —gmie] wheve K f=2

f

= -d ,
o=

which satisfreo the dL{M:ng Aelations o-f T
WLu‘{e head m m

) W§We )x( I

[, BPEN ﬂ
W, 9@. (7" T(Hy; s Wy 2 M)
= by ot e Homl o) e »
Ihm( Bene = K. - Pevmer ) dagret m+2 pow

I, = 3'- [ a 410, fler) + b4 (L), f1er) — b Al Llc) L14)] + cm!la:,elwl_](m)

v partiewhy - '
tn partt ’TIW= Z‘-at\ bac =3LJ(W) (Morif-a-Peumrcacyc&J (') 4{(“’)'“”)&) =El[h el )
( Remonk Fatgraph Magmuo expamsions ave net Symplectic in the sense of Massuyean )
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§4 The Eavle class ke H'[Mys:Hy ) = H'[my, : Hz ]
C. T Eavie, Ann.of Math 107 (191€] 255 -2¢ ¢
( Set afso Kuno, Math Proc. Camb, Phul. Soe. 149 (2009 109118 )
§22 Fix poeZ; and {AcBild €l po) symplochic generators
73’ = The lecchmdilley space of onte -pumctned Rremamn suataces of gemue 3
J (X.p.t1. X: compont Rromamn swutace of gomna § , pEX
f:(x, Pl —>(25. po) oriemtntim—preseswing diffeomocphisnt
{wj 91.2: c HPIX: KX) ({‘*A j =y I(X: canonical bumdly of )(,('T*)()

T”(. f') =T = ‘T43’ )A‘-f3=’ , T:{‘f a_u:d
]

7=(‘?)-’7§—%9

)

period matvix

w
J - )
Cham itevated f‘uujy-[f

3
20X p. w1l

[(X,p.41) g[ 21:,,+‘§+.(—1A:’“’k)

?é mﬁ* (ch c J ‘”‘-HZ Wn"b{rA’l] [EJ) a, b c.d éMslz)
W (X, p 4312 @aze) 4 (@LXp.£3) = yiIx pt1) e €2

Theovem (Eante) 3' 4 € 7! (Mg : 555 Hy )
st. Vo em,, wellx.pfd)= (I z)y(p)

morLover \P/W:lfg. = abelionmzatren ! M55, 0y ) —> HZ(



k:= [lZ-Zg“l’] é Hillmg,*lHZ) -EWL&&W
(1-3) 4 = thevedor of Riemamn constamts w.a.do P ound {4 8c. #7 8, Y
In powhadan,  (20-2)% mod (2% 772) = Atel-Jacote (Ky -129-90p ) € Tae(X)

lneuw'sh‘mﬂly o Cg = 79’ /rmg,,k 7[X, r] (0‘” (Ems*x Tg' )/Mg.* )

. l?ml ¥
Blix) = HI‘X'(})/H'()(,'Z) __F“’f H’ ,X ®/z)
\'4

' (k- g ) <
H’ (a:é fXJHlX R2)) 1z "Bockekein’ Hl(@ [xJH'h( 1zl = \L"mﬁ* Hz |

—K [ > [k Eavle dase
(l)(z}
:n/leomm \Mon{-a Ao Inst, Fouprer 39 1(19¢9) {3)Invw+ warty L1 (19531 ]

522
(1) H'lMyiHz | = H'lmg, - Hy) = Z

(z) H' (Mg l”’zzl‘gi H'(m1Z4. o, Z) —> Z/zg.z >0

( (1 parhicwdon H' (Mg ¢ 2) = Zk )

tntsrsectron

[2) k= Co [2k) ¢ Hdl%.kaz‘J ‘ CAQZHZ — Hy (l"“ky

XAlYaZ > (xy)z+ 1y &)+ lz.z)g‘

/&



(1

Z ' comfwu/f conntcted omented smfae with 2D = ¢
o , =, <[P2
FIZ) = (£ TZ 20 TR [y,

on'pres

framg affine space modelled on H'IZ: Z] Je, V'fo. “heFIZ) fi-teHITi Z)
mu—oba+|m4
Obsevvatio, [ Funeta, (19971)
fehlT) , k{ ey, —> -f"‘f—"'f eH' 261 Z) = HZ is a cocyele , omd
[kel=k € H'[mg : Hy |

- k I.? ‘ s wbwuty drscorend Gy Culh‘njmr-rh ( Mathy. Aun, 196 (972) , 199 (1992) )
¥ Cl/hl“fni warth Womo morpin'on

. k = the 1:*.Marn"l-n trace =the 1S+ E nomoto -Satoh trawe
N~P o velartom Betwemm A ‘ftatut'n; ond the Kacha,'wm 'VMM problm
-dea
- 14 G22 o0ng=0, thwm %(ngnﬂ)/ma.m, as odeseribed By 9M4+n
ass owated spin stanttug
( 2e0. ot bo Jolmsom , See aleo Ramdall - Williaws T Tor- 1 (2014) )

Ij §=1, thoy ’;C,(zi"m )/’ms.m-l 45 deocribed -&1 Q;j'a*-& (K')

ged | Aotahm FF of non-sep. SCC’;)



85 The Kuno - Pevner = Tuvaev cocyele

mézil@r'HZJ%I W_l,wh'ng &k éHI[’W’g.):HZ}
c b

Whafz’.lamd f At+brctd = p
move at e
A a

Recalf.: Movita~ Bovner eocyc €9
j W) = anbac ¢ NH,

Cos € 71| QT.HZ\""” C: KHy, = Hz . 2aazr—lzylz+iyz)x 1 lz0)y
B [Cos ] =3k € H'lmy,: Hy) ~ (Coj)(W) =la-blc+ (bcla +(coal b

ICuno = Penner = Tuvaev toeydle (Geom, Desicatn 187 (2012))
mW) = e arec = -b-4 € H
Theamm (Kuno Penner "Tumev)
(1) m is acoeycle e, mé& Z'{é\T‘Hz)'mg'l
(2)  (m)= 6k ¢ H' My, : Hy )

( (P-F) @:(P&b:}f wmpu‘fhhby‘l similar +o Moyt -~ Penner )

Z0.



A

ICunp's Ccondavy invaviant 3 ¢ é\T’ Hy )™ (Kuno, ALy, Geom, Top._’]lzwq))
[2(Coj)-m ] = 6k-6k=0 & H'Imy, : Hy )
1-cobommdary <~ explicit descviption
G 0-celf m é\-,- e, ¥y e V"M{Cﬂ (= Veatex @) ~ {1/,}) deygv=3

. e

V™i6) = type ! ) & [4ype 2) :
W e Boumdary
Vb { Ve H l‘. .
£, Z 1: .

fype 1 @y, 4% o
20
g

€,

Hype 2 }\@
e//k
e

A



“Theorem (kuno,:a'bt‘d\
(N 2(Coj)-m = §3 e CU4y:Hy)

2) T4 §7¢ C°{4\T:Hz)’"f" saliofies §3 = 21Cof ) —m
then 3/ =%

L [3) ¥G:o- wtemg-,- , ?C,maz =0 éH:qu, 2/2) le;, Z)

kun canonicad pasn of spin mam m2lG )

lg omd 2(, HilZlGl: Z,) — 74/2, Quadyatic form s

| inear order om EOY(G)

Mq.)

g 8. f, e<4 g
Edge (G) =57 &, (G) ¢
e l-—-> ole) such thad olel< GTl_e—;

e € Edge (@)
9gle) == 3 {f¢EdgelG); sleicatficiiel ymed Z € ZY
Z;le) :=4 { { & Edge 1G) : clelcalf)<ale) § mod2 & Z/2

1 lﬂeavem ( Kuno, 1bid )

(N 9¢ and gg are well -defined spin structureo on H,(Z1G): %4 )

2) 9/ -9, =3 hwvl\% e HiZlg) : 7/, //
3 /

22



