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'POIulare awﬂzl
He= e HiCie) = &%"Ms“' €:€) > M, Yat vedor bundle

H* (M, : RH) = H*(m,: A K500
H* (€0 NH) = Himy. pH (%))
+wisted de Kham group cohomoeoﬂ - (é Tecchmiller spaw = *)

cohomolo
74 group cohomology BV € Tp, 23

=0 (Teopyy) = Euler(Z —>m, [Diff 11Z5,05) | —>my | € H'(€5: Q) =Hz(fmé ' Q)

Mumtord - Movita - Mille, (MMM, -I-mfnlagizal) tlagses 420
84‘:-(—[)[“ W, = u-l Hu(Mg Q) — 24(,m9 @) (eo-_-z-zgeZ)

[
Madsen - Weics H*(My’@) =QLe:s21] for ¥<<g (stable vange )

Want +» have explicit difterential forms representing e's

Weil-Petersson

C‘I’) Woeezr'l' uses -l-he hypevbolfc metvic 1o obtain them. Iof =1, € 2 ww_g Kihiev torm

Our sfmfeq}/ Using twisted MMM (asses +o fo/f them
> vanishiag of e,'s on The hyperelliptic [owms
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+W:’S+.ed MMM tlasses (K:), M. § & Hu‘ﬂ.—ztcgf/p‘H ) , ( rjzo, 2t'-rf2-2 )

7
extension of m; -madule.(( le, exlension of £ Lot veckor bundles /( Mgaﬁ N Azagonal) )

H-) = - €) ¢
O —> H,lzg)_"Hl|29“Pol’l )__7H(zg Z3 {Po, 1 } )_70 (md—)
= H°(4¢4;:¢J LTt (mF H'lz) ) = Hf(frbn,%mg :H'@))=H1¢9;;,9¢5:H)_
1 I > 8*( )mtl'wsvan 0[&53' 3 ko
mig 2 [, ek €W NH) = HE ) AT )
the |25 )™ twisted MMM (lass (k. )
Mey,p = Er, Moy = Zx (symplectic form ) € NH![Z)

Maw'-l:a -K —é Wp, 3 =(‘H4-€ extended 1S+]0MSon homomorphz’st

[ EHHG: BH)= H (1 A3+ (5, )

Howto compte. k<4 F412) € H' (a5 : ! %)) = HIICy 3, 6 aimgonal 1 H |
o0—=>H(%) L [ 55~4po. m) H lZ, Z,\fram) —>0

Choose some u,, —_— 1eq: | |
the cocyele Sy, 2 pem? > Quy—uy e H![Z,) represents §¥1) (> kp) -

Then.



2 kivds of "explicit Y hoices of Uy € Hilzg b))

O D P
(1) dopoogical choice (hoose an embedded disk D <2g st po.pr € D @Ib
ined ¥ Pi
o> 11z, ) ™5 HIZ Moy ) > T —> 0
o - N} i'\”d* RN topological choice
H'[Za\ D ) U, =(Poz'-4£ar£ dual of an arc )
from p, 4o p, wside O

( ct) gluing ef a sympledic expansion fovr 24,1 and a spewal 2xpansion for 3o, 2 )
« a/onj the boundary 2D

(z) analytic choice
Recall  Hierpn| Zo. Zs~tp0pt ) = T (8, -5p,) = C
wheve \ 6:2 =d[‘2‘% dlAYgi\) tfor 2 complex coovdinate with z(P)=0

del+a current at F € 24
Cheose a tomplex structture om Zg

ie, considey . compad Riemann surface K"Z?

{V’i (ll?:l < H(C '—(Z’c)-:-" { hdlemorphic 1’{'oYm$ ) evthonovmal basis
gj g '\h'/\'\—"’} =3 (l20y5<g)
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B =( s =1 (Yrec)
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A%[C) 1= {C-Valueal g ~currents on C7 9=01.2. (M(), B,S:EGAZIC) )

%1 A'[C) — A C) . Hodge *-operator (Mﬁ
I A

z complex coovdinate )

¥dg = ~/5dz, ¥dz=JTdz

‘ $ Ale)er{C) the Grreen operatoy associated with B

st) Gl dxd $102) =0~ )8
i) | 21018 = o
= f = % ' real operatoy

- ?Elkey“ ) Kerll, ACl—C ) —> A"lC)/C,f‘(
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const. funchion

depends enly on the comwplex structure
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() &
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_[*@(a}, -5g,]] € H(C~12.5))
( classwallly X4 §[Sfl -§p,) = Ke (
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> 8p,~8p € HIC,C N 2.2)
the normalized Abeliam difleremtral

of the 344 kind ))
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k \1'[461 variation of [*0\35[5}, gfa)]) € _(zl (ng Ca s diagonal H)
HE (G 2 H'(25) ) = HIl G5 3 €o N diagonad : H]

"’%Z’?” g*(l) > [np] = %xpllcr/' meu-fa‘h'on of /k\o using -%{{44(_(61
| /k\b natuvally extends 4o the diagonal == % , €2NG X (Eg iH )

k, =k € Hg, 5ot H
canonicall differential fovrm repvresenting ?l Mo,z , the extended 11 Tolmson homomerphism
T<'==Js-[ﬁb"/l?o3 e Q¢ 1 #H) .
explicit descriphion of & inteems of the Gyeon cperator &
Pa=0+ 0 € H(C :C) ZEEL { Yarmonrc 1-fumson C) . a=1.2.3
b, %’ € H(C: Q) Holomarphic 1-forms

Q [ @1, 2. ®3 ) ﬁ ~H LP;/'BE% ( Patty "(Sc‘fz/\‘fs) S:Eo ) -F sz”,)?!,; (Pzn, - [&.‘PM‘P; )3,{"0 )

o

K-ﬂ“ same as the 1 vay, —H ?3,352 (Pinlt, ‘Uc(fu\‘{’z\ 5}0 )
the pointed harmonic X '

?ftlumeo(B Hawis, M. Pulte) € T[c, 2] Ig = { mero. guadvatic diflevential on C!

Theovem (K.)
<¥. tplelv.lele:]) at [C. D] e Ty

= — QWI 2.05) — Qi Y. 5) € T[c&] Gy 63ch1>,3 Cs
Covolla k =t1he I vayntron of the poinied harmonic votume ( B.Hamge, M, Puife)

hotomonpic m C~(B) ?
badey at .Eo -1



H YPevelllphc locus b covering transformation
Jﬂ" [C] € R"lg layp.erelhphc wirves , le, C —7 [Pi } C M ¢: C—=C
hyperelliphic involution
MZ=M2 ) Mg E M3 44—9-—3, dlm/)h% =244, dMM M "33 3
Mﬁi::‘- { [C’P"] € 0:9 c [C) € Mﬁ , Poé C [s a mm:—ﬁzahay\ Poim" of C —g’ Ti} C fg
- If[c.81e X},
(Qlre.ea IKHIC €1 ) € ((-)-2igenspnce of L4t Tregy T O )
(.‘.) (B, Harh's) L(fo) "-:'fo, L*=".t OMASH”C-'a}, QI‘S na+uml w.v. 4o any bl‘hafu‘mﬂf/J

in other words, 7{[ 1 =0 éﬂl(al‘fgl !ASH)
" 5
( ‘) TEC.&,] afg (+4) ecgenspawe of LT, [CfaJ Q:g S )

contraction

- IV\ 3eneml, LI:" KQY(/\S i‘C a:] by'the:‘wrMSethmnuwlveV\ H (C d:, )

PHC:€)—2 Tehy @
TR

L ——%._w This map depends only on fcl é.le
e.9. 1he set of branched pomfs of L )
——_Lh._QQmm. (B' HQYW‘S ) Vﬂ -%3 ’ 3 [Co] € Mﬁ , I/[ypem”,PhL LUy ve { IS s+able undeyr the cpx COIU DMP
({ st Q U — ((‘” T elsen space of {x: TFJ f}f’@ ) is SuyjaLHV‘& )

le, kI[C‘,'l IS non -degenerate in the noamal divection o }[{9



Movita!s construction

(k1= L mos € H (G t\3H) |, the extended 1*T Joumson homomoyphism
Nzo, +¢ Hom IAV(PH, (%5 1), C)S*”@“” invaviant linear form <> trivalewtgraph
= £ HG /\”(/\3HJ] = HG: )
Ve —s ﬁ([k‘]”)
= & : Hom (/\)k(/\3H,(29 :€i), €)*='T) > H¥¢, : € ) algebra homomovphicn

t— :ﬁ:(['k\J@) (kla;é/\ﬂp) A Hernakive proof of
Imx = Cle,e;:021] ) e=C,lTa;/%), (Movita ) k "nz| ¢u=0 GH*D'T C)

Imx = Cle.e, :4‘51_]/ [ even in the unstuble range | (Morita- K, )

s degree 2

o« Hom(/\ lA3HlE9 @), €) Plt) =y 1Ty c) 2 = CeaCe (4 523)
! ‘fo > 'h . Tox [kl =€, fz*“] =€y ( Ker o 0 for even degree 2 4 )
diflerentra| fovms (k()’{’ =0)
7 = £, B egzztcg) o= £, % € T M) o 210y) ) oy € [arl%‘o ey H%
= -(fiber —Q-(Me)

9.=fe,FJ=£eFJ € Hi(My:€) but ef e ePM,) |
. (\_>\F‘—?5‘(I?—Valued)__ef:_el:r -

fMM ction
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Kawazun - /hang (KZ) invariant (K 08014218, Zhong 0812,637] ) [cle M?

ag(c)"‘fZS A% 2l R (93 =5)

( fact: ¥gzz2 Yicle M, %lCJ?O)

- Z_I'I_hig t Avakelov geometry ~ a decomposition of the Fa{rn‘ngs delta ivaviont S

) (T___hemm (K) ~zF129-2

2302940 22 %= ef -o e lyic)
exphu‘-l—

T de fonﬂ ~velation wirh the invaviant & and the Hoin- Reed function F
~ asymptohc behavioy of ag _ (1405, 6224)

Thesrem (& Hokev-Graon Pioline Russo)
k Aaz = 542 on MZ

L Hokey - Green a.ppl:‘ca-l-:‘on of a, [3:2) +o plays:‘cs
" (1308, 4597)

~ Pioline - application of Az tp physics

- QXP’I‘L# Formula o-f A, interms of the fl’h&"'ﬂ Function

Fwisted vevsion oF_The. [KZ mvariant (K, )

" | —_ — .
A‘l\j'k,e g SCL&A’Y’J §\'\le\'\f'g) é@/ 1£l'j'k"e£g

mesﬁon (Torellitype ) Is the map induced by (Agez )

% :
the Tovell( — C?
( the Tovelld space ) C C: compact Riemann surface ofgenus § /

‘njective ‘
Lujective ¢ where (the Tovelli spate ) = Q[ CoiheBN2): {Ae, BeY, 2, € H(C1 Z) sympl. basis ,7,,;0 |



[O

- g [ementa ry propen ties

(0) %2:, A1,1 v ag(C )A
1) Agez = | Ha Slhat) = | ¥ & Maih ) = AjTaE
[2) ATk = [ WaY; & Weate) = § @ 1tenh) YeaVy = AkZay
) ~

|0 Sae =0 (9 Bm)=0)

\Aij-k:t-\ <€ Coo(Mgi S}'mzl/\zH]) global sedion

| —  diffevential forms representing € =h
hoﬁvmorlpha‘c cotongent space of M3 ot [C] 6M9

‘TL'):] Mg = H'lc ?(Qlc)gﬂ) = { holomovphie guadyatic diflerentials om C j
| ( o) oty =Yt € T M, ok ———ﬁﬂ'ﬁféngMg)
- [ heovem (K., discovered avound 20yeans ago, amd waitlen in aaXiy 080 1,421 & 24 (5,5) )
ePlicy = 46 A 25l Aqed Bk ~ Vet A T e ) € T My 0T, b

9>  F_ 28+24-] ¢® ¢ (M ([cTend,

- iZg-212 "V 3Blzg-2)? ;= lz € g) |
Lp_ 9% F_ 28v2e-l 3 _9* 5 3 ., —2F8 =\ ]
12 & (29-2)* é 3[z9-~2)* ¢ T zg9-2)? 16— ¢ ) 12 € = Z{z4+1) Baa,)+ |z ?l

[é’,'D_] = @) & qumﬁfC) | "'I'QD-: =2h8 —=—=-(3 3“5)"’ l_‘. el:r "'”[*)

12 -1 2(29+1)
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T heovem ([DGPE] D'Hoker - Green - Proline = Russo , avXiv:l405. 6224y 2 )
A ﬂ,_ = 542
wheve A = 1he Laplacian fov the canonical Kéhley metaic on the Sl‘eje,‘f upper half space ﬁJﬂ-
( = Pioline (arXiv: 1504 04182 v2 ] Q)(pb‘u"l' formula for a, usfmg theta function
Hl'qher genns case 7
[DQPRJon‘neJ +he fo//oun'né.s +or ‘sz
- (BY+ICT) S & ¥ = Yatte *‘hf‘r Y (Rt p=ay, Gri=3, Sw=?
- {c3 "\I’Al Yg =|expleit formula using @- ) (L (RHS)—(Consf ) (e, m my notation ) )
- e "f Y, = [explit formula using § ) (E___ (RHS) = [comst ) (6, m myno{-ahan})
)

= Thm ([DGPR])

\
2
- (C.‘” q’AZ""\i’c =0 %3:2 (__Eli_k-' ef’[)f%_-:oéfl(%) Vgéz) Aay =54z

) ﬁ) A?"VJA.,.\[»B =(23"f')(f
e N\ » g . A ”
The part of the Leplacian due +o VA4
Knk . gimg My = ding By <> 953
If 524, theu Aﬂo’-‘Aag as mea'm‘nq/ésg‘!’/
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1o undevstand the meaning of (C.4) AS’HAI.MPB = (25t11 ¢

recall the Slarb(’ upper half space fog

some
‘E‘% complex shructure | on the standard Sywpledic vecoy space HZ ; _positivity condition }

Eﬁ ]’(.g99 ((Rzﬂ J ) £ qum ) ’egu:‘mnhwl ho(omarph,,'c vedoy bun dle Ca’::r::/l :ev;;han

A fgg/sza(Z) the moduli spawe vf Pwrmpa”)/ polawzaal Abelian vavieties

/{‘
Eg (deswnds +o Ag ) 7 Laplau'zon Ai

canonical isomorphism —
TAg " (Eg ) € I:QQZ, canonical Khley metric on Aj
T, = Sym (B < (B*1°"
Jac: M -—7[4\3 C+> Jacl] (period matvix ), period map . lujective (ToYelI[-rheoy-em)
op#
k Mz_ lA M A =7 A wmakes sense for funchons on Mzmd M3 >

Ua E [[J = H°(C: ,Q' J —{&o&morphtcf fovms on C b

Jal" (T*Ag)/[ < Tl (E¥] ‘92[[ = H'lc.2)®2
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Tugoneval, X Kéhler manifotd, N: TXKOTHX —> X xC, Kihlev contractron )
( = Af =2RAAF Yie(CIX:C)
3”"16 %'*’Yz =leonet 160, e interprete 81y, a0 gomf)_/\ & wheve
P &My TaX( T, 0T, Ayl) Lt of eP detined by

QD
: ’[c]
Then we have
ZL{EAQD = rzt [Aszer +Aszaz ) "% Asz+s
B NEP = - 90| o ()
Recall - Raueh's foymula for 4 Jac
Theovem ( Rauch | ([C]f{ My .
* . \dTac)
T(c] Ms = ;lrnmu] Ae

]
01 p. 114 \@2
I H [C -(QC ) ]< multiplicoion

\IL<= M, Noether's Theovem

Covo”arx \4 TJac )[C] is ihjedhve [fand enly if {

fy; Hlc.al )

= L.LPJ— gj;u( Ve Az (Bo¥, ) - l142®1§.\A,7k; l’ﬁ@'\El}

“ﬁ‘z_t A:?t.? = “343

9= 2
923 amf C ! non- hyperelliphre



| opev SrglIK)-v‘uv chlau'am A
Todax ' Consider the case §=3 | M %; [As Kzhley contraction [\

Theorem (K.,' con}'ech«mf h)/ Fh}ls'/‘a‘_srs )
[ A3 s not an eigenfunchon of A

- ]“"M3~atr3 =M3\31f3 ‘91‘\3 lomll)a rsemovphism

- br ' l p 3 -— _,_ T
\l,P .A on M3‘3ﬂ3
2
- 12 4, =—";'7—A43+712"A€,J

Aoy =78+ gghe’,  AeTe (M, R)
M’I [C] € as in Theorem (Havnc) .
( = (A&7 —> +oo a0 [C1~>[C,]
=> A€ is not proportional fo Az (v) O3 ks locally bounded near [Go] )

= v
Theoram // Pal'nta(f ABH '—Q9 _rl;‘;f,] Cg ( Qé? Ié\’ )
.PVOO')C of Claim H=HIIC 'q) Sealiy H:lcfd:J v O 1 ¥
L = Kev | NPH MH ) CNA3H ¢ H@3 L %}@n}g/jndep,of rhe col;:i'éé‘
3 2 3 0
<o HTSHS = €, <wleufeul uPlouteuy = TT (1) u?) |

e[J = (CDnST ) <T(/, ’I: > Oon chj Mg ®TfC] MQ « Intersechon numybey



[5

H=H(C:q)= H°IC!_Q'C)EBM
hoto, antr-holo
contbution . )

u — UB,O@ UZIED U[.Z@Ua,g ) wheve UP.2:= U/\ (D-[— lhofa)®P®(ZttéH®g
'K(T[CJMQI < (U)* (':) definitron of Q (duralof k) )
0" eU, FanT> > 0

= T, : the Taoh\;«ﬁller space of genma 3

3

] Mg ) [C] | K—-.mml‘mg O‘F C |
— MTac
T~ 4,

w\L U ’ ‘Lguoh'ewf

MQ_J_N_} Ag = fﬂe/SPzng) ' 2

aom—

— ‘ oZ]
g=3 Choose a marking m, of Co, Then %‘%{L\—a—
: oZz
3 (21,22, 25 ) ¢ complex eoovdinate ceutered at [Com,] € Ty 2 //,-wf’(;f{s)

o
> (i ws, w; ) at Jac|(Cml) €4, L2
5'7' {2 =0} = W:'{J'llfg)

acl? 2, 2) = |3 2 ,2;) = a 2401 ma,
Joclz e 2) = |2 2 25 .{W"wz'w:"} ( M tmmnfvma@ o{ived—r«m«»fgfé )

o

| 2
—— g —
7w = 22 3%
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N ViVe, vt U valued funchon defined aromd [Co,my] € T,
st k= Vyd& + vy dz, vy, d2, on T ‘73
Then. Yilo,x,x) == 0 (& Thm(Harris) )
Vzlo,*,*) =V lo%x%) =0 (& k=o along > )
gl (wml Z‘_ <o Uy > dE Az

from Belowr,
Cince aw, = z_lz',' ;}g > bzl [AeT | s bamndeJZby a combinatkion of

,(Vl V/?I

IZ, and
l<v:.v1>l,l<w,vi>l, [zl l<ve vy 5] (6j=23) —>0 asz—=0

with coefficients m ,?oca//)/ bounded fumctions near [Col (V) Uz, V3 =0 )

the coefficrent of EX l(V: Ui >| is positive (v) definition of A )
JA v v > >0 (¥ vpFo)

posi itive
ansf

l
Next problem + 7923, aﬂ"g TPy embedding

= Izl[Ae]z v,y —> +0 as 7,—> 0 = Uaim =>Theom%

Canon, K&hlevy metre on Ag j—ai K&hler metnc w?dﬂa =2 Laplaciom A

dus
Do 1951y, ) = 2



