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I. Mappu‘ng Class C'rmups

§ 1.1, Surfaces
a surfate = & connected oviented 2-dim. Ccomam'ﬁld

(lassi fication of tlosed suvfaces
S ! dosed surface.
== Fgz20, H$:2)=mnIS)* = 77
9(S) £ 4 = L nauk Hi1S:2)
Genns of the surface S

(s anh'-symmetric and
non-degenerate

(“) Inteysehion form on H(lS!Z))

*—’_-M’L[ ( lass:‘caf 3 Classificahion Theovem )

C M fteo.

—_—
- Y5




- CIOSSI‘-FI‘(a‘h'on_Qf compait surfaces Gy the 2 data
O 2 := 2 m[2S), the numbev of boundary components
= 3S é—\i Si‘:’- - L‘-§i disjoint union of n copies of the cirtle S?

n
= < =S ‘gg (2 cop:‘esosz) ! tlosed surface
@ g_ = 32”“8 (g-) q
’_.-—ﬁ Iz
Theovem Q = 3,,:= A 7
L e qa i=

( <= the previous theovem @ Djsk Theorem)

Kere’,k_icfﬂ'g (1920%) Class:‘fr‘cah‘on of hon-compact suvrfaces

@ 'f’opo{’ogica,l dassift‘cah‘on o-f a s[ngle surfm.e

¥
fopological classificabion of a family of sufaces



What is a family of surfaces ?
M » B . oviewted C”mam‘foéds , dim M -dim B =2, _
w:M— B . a suvjedive proper Cwmap , 9M= —'{33)
(® YK ¢ B compait, w' (K] compast )
Crit|wl ‘wf critical values of w} < B weasure 3er0 [ Sard's Thm )

= {teB:3pewit), Un)y: oM > T B not suvjecive |
B,:= B Git(m), M,=wIB,)
TT

Vegulalf Values

= IM M —>B Cmprvper submersion , 'BMD-'-' _'{380)

'ﬁ c* ‘flber bundle (Ehwsmamo Thm,
l‘.c./ V'f'léB + € UgB -7,-“_]) ’Q ukﬂ“”j

7z \ O/
U <+

He e B, . T ) : dosed oviented 2 -dam . C mid
may assume 1Y) : connected (:@ =_’3_2_0 , Tt = 23 )
() Tf necessavy, take a finite covering of Bo )
= 7: M,—> B, "family of surfaces Y




”_nde 1 st-l'e'pﬂgﬁ i—opafogica,/ classification of families of surfaces :
monedromy of T : M, — B
Fix a point t,e B, , S:=7') (= 25, 3320 )
e [Co.11, fo,45) —> (Ba,2,) € 200p
£*M, := [o.1] §0M° ={Is,plelo1IxM, : Lisi=nlp) ) pullback of T:M, ~B,

Ty 005 S 2o pMy  iomorphism of C ik s
8\ Ov b ( Feldban Tom )
s L) ¢
(mDnodromy along ,8) t= }1(1,-)*0 3}[0,') : S =S

orientation —preserving Afieomorplusm

€ Diff*(S): = { :§ -G Orioutatton-presenivg |

Want 4o construct : 7,(By.t,) = Drﬂ"l&) , [0 — Izli,-)—"”fﬂlon)
= NOT well-defined, i.e, depends on the choice of £ and ¥,

= We need +o fake some guotient of 'Dfﬁ"lS)

V2
]Mampl‘nj cAass grouF




1.2 Definition of the mapping class group

g © compard surface ( may have non-empty. 2S )

Diﬁ+(S,BS) = “f’.'S—>S ; omnfahbn*pwaw'ngm‘ffeomathsm ; ?fas =1'as k

D:'ﬂ'o (S,aS) =1 e Dift(S,28) ! 4 Isotopy conneding § 4o 1¢ fixing 3S pointwise k

noymal subgroup in Di#*1S,28)
ml S) d_—_b-f Dfﬁ*(S,aS )/D,:ﬂ.o(glag) ‘the mapping class group of the surface S
- Bxamg|es m‘Zo)=7M(Za,1)=H§ [Zozgz)
( Swale Diff?(Zo)= S0; , Difft(Zos) =% )
lexcepional  MIZ,) = SL; 1 Z) (Z =T%= <'x8')
1 ( DigtIZ) > T2 xSk, 12) )
mIZ,) =B, Ayﬁnrbml‘d group of 3- strands ~

T Ma —> By ¢ C”prapey submevsion , dim MD - dim Bo =2

Assume 3M, =1"(2%)
Mo . B, : ovented
Ve B, T it): connected
Bo : comneited —S— hew assumphon



i, € Bo basepoint |, S:=1'th) closed suvface

L: (fO.l].W.i”——’lBo,tD) Cnloop , 555,:[0,!_]:( S =5 4*M, isom, of Co?ffberbundles
plled) = [F(1,-)ed 16,07 ] €MIS) monodromy of T along (]

P: m\Bo.t,) —> mIS) , (£1 +—> pILL]) mcmodro@/ of T

well-defined _anti-homomorphism of gvoups
ey p(Le%-273) = Plle"]) o P(1) € MIS)
wheve (7. p7)is) def 212s:) i 0£s< /s
R712s-1) it Y4452
C hange of -the basepoint 1, € B,
ty €B,, S’i=11%)
3 8,:(00.13,0, 1) = [Bo. 10,83’} Carh (1) Bo: commedted )
B, %) =m(B. 4. [0 > (611 (#I[4]  isomof groups
3 £, lo11x S 2, M, isom.of C™fiverbundles £y = },0(1.')°£0(0,-)—': C—>7H)1=¢

' , difteo
1 mIB, 1) L mis) re) o
f] I "? o) (j‘ ”S) I In pavticular, these 2 monodram/v ave

et 18 ¢) —> mis) XTI

coujugate o each othey.



§1.3. Dehm twist

the most basic deqeneration of Kiemann suvfaces = Dehn Hwist

S : surface endowed with a complex structuve e, Riemann suvface

C < S123S ! simple closed cuvve [;‘.e., closed submid ditfea +o Si)

e o
C CclecS ,o<cr<d s+ [01.C) %co...,,,?uc(A’l/ Yiel={n )
‘l wheve Ajp:i={z2eC:nsizl)] annulus glu,u):= pMAU=VLogn
N~ —:-ééo’lm/z)xfmll > (u,v)
0 A:={teC: 1tiza}y
@ :{lz.w.tleq}; zw=t, max{(zl,wiy <] tel } Z-d:'m(ECompIex manifold
W\L 5"?‘,“’:1’, E :=_W'1H_, téA AW
I ¢ ' ' Re lt0) annulus
A >t (d‘w),aw'ﬂ:o@li.w,t)—-:lo.o,o) S\
, >z
P I~cYxA — R Wholomorphuc embedding \V/ ‘
(ofzl, t) —> [ |2 +27) M In<izl £ 0 Pw
o .- 2 Aask
(711%’”?-‘) 4 N£121<in // N fn:crjech’n‘,
Oi i’-——‘/l / Z aijpoin‘f .
& i) X {nY > R/z biholomovph'ie
C

o2



=N ANNARY.Y

w
1 Crit (m) ={o} , C degenerates inte a 1 point (Z,wt)=10,0.0) at t=0
A = Ao} ={ reqular values o-f 'w} \L» C: IVanlshmy cycle”
M,:= w (4,) “fec : octsa)

= T“IMD 't My—> Ab C™ proper submevsion
monsdvomy of 7: M,—>48, <& monadromy of 7I=='E[@o -'(f?,,==w_'lda)—-7Aa
L:0611—>4,, se>ne™
i Apxrol — R
(2,5) —> ( Z exp(znﬁs-g—g’—:l |, n#'exp(amAs (—%’;’iﬂ')), /zez"'qs)
Y (BltyVigl=ny = 3, W induces Apxlo.l] %” R¥R  isom of (“Frberbundles

F, ¥ V5 Loe ¥y ) ¢ SXE0ID S £*Mo fsom ot CO%iber bundles
isom of C°°fibey bundles)

C“zo,,,,, genevator of T, (8p,2) = Z

—_ 7 14 ( sonﬁmoofk:hj
&'@(zo)—liizz) (-ZéA,L)

monadromy akong ,e) ZGA — ZmP(znne—”‘* ) e A
( B T Yo pIm @ 2 |
() €lR/z |x (013 V> (u+v,v) €\R/Z) x(o.1] <— Comclusion !




/0.
(R/z) x (0,13 (R /7 ) Co,12

. @ right -handed Deln wist
(u,v) (u+v,v)
‘ t. e MiS)
.. ight - handed Dehn +wist a:long ¢
“ ( depends only on the isotopy class of C )

( Comlus:‘on monodromy of 7P 010"3 L = tC € 'WHS) DehM'l'M'S‘f’along C

_Meﬂﬁ'tc on the homology group H,1S:Z]
Theovem (Picard = Letschety formula ) ¥y ¢ HIS: Z)
(e X = X — (X-[cI)[C] € HIS:Z],
wheve (- ) : H|I1$:Z)x HIS Z])— Z algebmic intersedion number

(C] €H,1S:Z) homology cass of C (wn‘rh an ow‘ewl-ah‘on) |



/1.

yoo @ " I‘f suffices to show the formula
in H (9L, %%y ) ‘
0L = ZI[¥]® 7[c]
[¥]-[c]= -1
() (€] =[] =(c]-|lc]-[ca)lc]
i )i (6] = ¥+ [C3 = ¥ -([¥)-Le3)(C]

( tomorrow ”exph'u'f”descw‘ph‘on of the action of t¢ om Q=18) )

[In the case S=Zg,1., H2’=H,|Zg,,-‘2), H3=H,(23.1.'@’
SplHy) :={ U €GLIHz) : ¥X.¥YeHg  (UX)-WUY)=XT}

SQ(HI = {U €GL[H) ! YX.¥YcH . UX)(UY) =X Y}

Classical Resutt SplHz) is genevated by b telge: Cc Z3. ¢ srwple closed auvves

Covollary ’Wl(}:,,,] — SplHz), ¢ >y . Suvjedive

Theovew ( Den-Lickovish ) 7S : compart surface
K mIS) is generated by {'fc 'Cc S+2% simple closed wvve lj



/2,
§ 1.4 Classf{-fcah'ans of -Famt'h‘es of suvfaces

To_polog;'m ”y the wonodvomy completely classifies the families of suvfaces af X(S) <o
{ ) deqenerations of Kiemann surfaces on A=fzeC Ity [922)

2)  +iber bundles with fiber 2y =: Zg-bundles (422)
D)
Theovem_ [Matsumoto= Montesinos ) q22
m JmM—=A4; ﬁ:?ﬁf;;pm map, d«w([M =2, Critlw) =40}
excephionad divisor 4 -f-rbev /-I-apo(ogitn-a isom

VieA oy, o) ‘qu?

Y

> M {Zﬂ )/Cou]ugafe M

m:moo(/l,omy

(2) the image = ‘ parudo-periodic maps of hegah've -l-wl‘.d'}

2) S= 28 : osed smrface of genus §22,
CPXS“’A (S) := ] TS —?TS C*® homon. of veut b'dles/g

\ et T=-1, %es, oxYveTp
{v, Jyy € Tp S posinive basis
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(M Since dimp S =2, YT €Cpx St 1S) almost complex sta i's_integrable )
Cpx StalS) = % contrackble
9 {leh eanm s ($5F- 2T (EENe R = (805 )
= i i; € GL (R) ,»az+;,¢=o} = ( %/@—posmwe ~ oyl

A\ < negative

L

Dift,|S) [= Dift,[5.28) ) Y Cpbe\[S)
Tree action l(é §22), Abel- ]'ou.oﬂ-:. mar Letschety {—:;zeil T;a?n'l‘ theowem )
T(S) '.\.if CPXS+AIS)/D.‘1¢,‘°(S) Teicchmillen space
~ R Toconmiln | =%
Ditol8) —> Cox$talS) = TIS)  tiber bundle (Eante —~Eelds )
T
Theovem (Eavle ~Eetts)
( Dift,|S) = % conhatible
Rk ¥ compad smine S, Difpp§25)=¥ (Earle - Schate )



G: ﬁroup [with discrete fopology )] | 4
Dl'ﬁo (S) =% the Eilenbeyg- Maclane spae of #ype [G.1)
k(G, 1) is chavactevized by

= Dift(Q) > w(S)(z D.'ffﬂS)/D’mls) ) J 7, (KlG 1)) = {C—, id g =l

=> BD'.H_-'-(S) ~ K(’M(S)’i) \ . 0 4 g% .
classriying space the Eilenbery-MacLane space of type (mis). 1) hnigue up 1o lweak) hipy 2guiv

l‘.e., V X 3
! (pa-rh—conn} pavacompact space homotopic fa a cw camplcx
$ . E—=X ?

oremted 3g-bundles

topelogicd o [X,“Klwlzg),uj

oy Hom (m(X), m(%)) /conjugate
“The monodvory completely classifies oviented Zg ~bundle s

hy
D;’ 04,.0

= H*[BDi(s)) = H¥kimizy), 11)
the group cohomology algebra
of the mapping dass group M(2g)

5 The Charmacten'stic Classes
of onented 24 —bundles



/5.
§1.5, Mumtsvd ~ Movita - Miller classes

the Mumtord - Morita -~ Millev classes | the MMM classes )
T:E = X C™ovented Z5-bundle
TE/ = Ka ldr: TE —7*TX) +the relative tangentbundle of T
oriented R-veitor bundle of rank 2. over E () m: E = X oneuted J
e(Ten ) € H2(E ! Z) +the Euler dass of Tey,

{ ey P HYIE:Z ) = H¥?IX:Z) integration along the fivers = the Gysin map
T2
A det

ec|E) (= b1 E)) = Luue(TE/,()"*' e H*1x: z)

the 1™ MMM class = ()" the 4™ tautological elass
T o~ " stable range

I‘_fle_al:{m_( Madsen-Weu‘ss) If =k<-§z-g , then
k H¥(klmisy),1), @) = HX(BDiHtZ): @) = Qlec:iz1]

In geneval , for a group (G with discrete topology,
The cohomology gaoup H*(K(G, 1” can be descvibed 1 an algebmic wal/



(6,

G ! a group , M: feft G-module

Pzo , CPG:M):i={c:Gx-xG—>M ;map, c(-~7L~)=0]
P
- CPlG ! PH
d:CPlG:M| —=Cr"(G: M), crac, (keG )

.
dcY ¥ X1, xp) : = Xo(c(y,,..;yr))-l-‘Za\—ll“c(x‘,,-..,&.&“' ~¥p) + (_”r'é(yo.-.;r?_, )

— i, . e , the normalilzed standard eochharn
dd=0 . CXaG:M):=(Crla:M), A}y, "0 0 T rrhvalues in M

HP(G: M| ef HP(C*(G : M) e pth coomology group of Ci_with values in M
wp product M’ M”: Lept G-modules
c’e CPlG: M), c"e CélG:M")
c/ve’ e CP G MeM”) Alexandey - Wintey cup product
(Ve ) (K- Kpag) 1= ClE1L - 4 ) ® &1 8p C Ky, bprg ) EMOMT (406G
dic/ve?) = @e’tve” + (HW'vide”)
Vo HPLG:MY) x HYG M) —> HPR (G i MBM]  up proandt
H*G: g) = H¥KIG.1): g) The cohomology algebra of the group G




p=10 C'lGg:M)=M

d: M = C'lG: M), mt——>(alm P X > fm-m \
p=1 ce C'lG:M]

(de) (¥o.5) = &, clxi)—cliok) +cl&o)

ZNG:M) 1= Kex | 4: C'lG:M) = C2la: M) )

= fi“Cv—’M map ; Vb.yh €G. 2Ny)= Z2lx|+ &',,i-lm}
1- cocycle = trossed homomospmsm
c’e C'l@:M’), c"eC'lG:M"]

(c’ve” V¥, %) = din) X ) (¥€G)
-

go back +o the mapping class group G=ml%) — )
Fo/t Sl‘mpll'u'-ry, we consider G-’-‘ ’M(Zg,, ) p 2_9-: =
qroup cotycles for the T™M MMM dasg & om 'W”Zy)

(K b
o/ a2
the Johmson homomorphisms o ... e ‘! «

*6923,1

=125, k) = <d1.p1, - A, g >
iru group of Aamk 24




{rk"l’k: lower central sevies of the group T
m:=m, f’kﬂn::[rkn,w], k=i
r-l-"/rzn = g, 1] = nabel — HilZy:z) =: Hyg = 7%
T/ & NzHz , [(n&lwedTym > (61alx,]

b —> Bw/r;'n — r‘,?T/B_" —s T‘.W/G" —>0 [exait)
I [
Azz Hz HZ
3(2—51) = Ken (M(Zy.:l'_’A“T(qu Tovzlh‘group
Pe 9(=,), Yem, Q=X med7 (V) YeIZ,) )
U K =Y pix) med Tyt & 12T/ = AL Hg
depends only on [¥] € Hy

< A32 Hz (D. Johnsen ) the 1Sf]Qmuson homomorplu's m

Theovem (D, Jowmson )
7 () — A3 Hy

(1) suvjechve

(z) Kumed = fin.gen. 2 - torsion

(8



( Remark

/\32 Hz ! non-tnvial M Z5.1) ~medule )

Hp < Hi=H 15 :Q) & Q%)
“Theovem | Morita )
L 3!@' e H'{M(Z) : NH) st ’Elglz}“:'ﬁ : 3124 )%A;HZ <hH
£ Hom (AFIH), @)™ 20,
fi 0 HUMIZ,.,) : AT(RPH)) — Hf (Mizg): @)

¢
KP 1, (kF) =2 K, t)
the ptpower of k

“Theorem (Marii—a) The MMM olassef l;Ve 'n the imaje of
L 7</* : Hom [ N¥[AH), (D)S"HI'“’ H*miz,,): @)

Theovem (Morita-K.) Viczo (not only in the stable range )

(

Im T"k is generated by the MMM classes €<

3
MQKH@’S descriphion [ veatex a{-oua:{;; A I-/@
s é’
( @ [rivalent graphs T —>> Hom \NAHe), @)F™M) L 498 ™7 puseaion

ox) degree 2 degru 4q



L

20,
Outline of Part IL 1(h|‘gher)IaMsan homomorphism §

~
~ construction of k
- computation of Im ,J:'k

- geomehnt mterpretation of the Johmson homomosphisms 55 The Goldmam Lile algebra
= Debmtwist 4, = exp (4 ltgc)?)

e ohomoeog y




2l

H- ]ohuson homomorphisms

§2.1 Hl‘gher Tolmson homomorphisms

--- algebraic approach

T : finitedy qenevated free group (ex). m(Zy.,) g nzl )
HZ ;= qrabel = Wen a1 = Hilmw: Z)  abelianzation of 71
oD
f rl;ﬂ) k=l ° Howey central series otn/-commu*nfvv
Ni=n, Twn:=(Nmrnl kzi, Arn=1{}
L(Hzl = & Zi(Hz) , the free Lie algebra ever Hy
:t’k(HZ) : the degree k component

covvespond n 9

zk(Hz) ‘%-? r_l.( n/rkﬁﬁ La Lie word ) H( commutator ) (Maguus - Wi )

’ of (1, (&) of ¥i, - ¥k
oo ¥rem
Z(Hgy) = &3{ rkn/fk,,'n Lie algebra isomorphism

. naamal subgroup
kzo »
Alkl 2 Ker | Autlr) — At (T 1)) < Auti)

Auwt(m) =A10) AU D - S Alkl > Alks) > - - kQ Alk) = {1}
Andlfcadakl'g filtvation




\

[pm=_[mmn]
TT/G rTl'/rz_n_ ﬂ/{_'-n--n'] HZ = 11 (Hz)
' % . heve
AlOl/A(” = @L(Hz) (‘-) (:{k'—:’iiﬁ i ket wl T = <%, Xn > )

Observation e Autlml, k21,
¢ € Alkl < Yrem  (7ag)y) :=|Fylx) € T
AN A AT AN TAER AR AU IR R AL TF A
= B TqMn Y, - T ey
[deutity
Tely) & Hom(Hz, Z ety Hz) f keAlk) ( Zies Hz— Fier 7T/r‘ 02T )
T Alk/A{k-ﬂ) — HomlHgz. LinHgz \

1he kmr Tolmson homomorplhism

I'M[uh‘vf qroup homomnrpl«'sm

l_lz algebra\ N i
k':) (Andveadalk:s ) ) ‘x D (Z (Hz) ) devivation

X Lie algebra
CAlk), Ate)] € Alkrt) [njective Lie algebin homemorphism

22



Mapping dass group 921 Zg,) = G_:_‘_‘ﬁ_p*e'afg

/
— Be

M= (Zg, %) = <A1,B1, - %, 8y >
free group of xomk 29
M(Z5,) < Aut(m), 4+ Iy,
Mmjective group homomorp msm (DebwrM‘elseu)

kzo Mik] : = M|(Zg. 1N Alk) Jommson filtvation
m(l) =9 (3Z5.) Tanlh‘gwup |
T : E.i. ‘nﬂk)/m (k- | > D—éy{(‘ Hzl ) Injechive Lre a,l‘qebm homomoaphism

9 <« bracet
wim Z [, 08117 T € 2, (Hy)

homology dass

‘Maw‘m :
(1 TmT < Dey (£(Hz)) := {D eDerlLiHzg) : Dw=0]

(z) o3Ty: Dev, | Z(Hz)) = Sym (Hz) ( Movita trace)
o Y Symmetric tensor n(gebrz\ oveA HZ
4t TroT =0 om k@ "’nlkl/fn’lk*_‘)

In particulay, Imt £ Derwle‘((Hz))

N\

(2 Hom[Hz, %,{Hy)) A Den, | 2(Hz1) = A, Hy )

23



24
H:=Ho®@ = H%.@)
To i & (MK /omiew) ) ® @ —> Der,(21H))
(Hal‘n. Im TR is genevnted by the degree 1 component Tp ((mm/'mlz; J® @ )_

Enomoto- Satoh
0% T, : Den| Z(HI) — I‘H)AITIH),TlH)] ( Enomoto-Satoh tvace )
st Ty Tg=0 on B ("Ymin ) © R
where TIH) = é;o H®k +ensov algebra over H
(TIHLTIHIY ¢ Linear span of jab-ba ;a,be TIHIY
(¥ Sadoh tnace for B A/ a0 )

( M‘ When 7Z=7T;(X), Xfpafh—com, spact

$ree Loops om X )
RT/rqn, @l = @ (Yeon ) = @Ls4 x1™



§ 2.2, Extension of the Jomson homomorphisms

[ - Movita 3&){1‘%51‘0n,0-f T) amd Tz 1o the whole M Zg )

Vi | T (owpufa'hon

Hain , K, Day, Massuyeau. > ot Im k*

We consider /@ fon simplicity,

T : finitely genevated free qroup

Qn={Z, %Y : ay€@Q , Q=0 forall but finite YJ group ring of T
£:@Qn—> @, Zaxvr> Iag, augmeutahon

In:=Kns = gn beke@Qm ; Z A =0 | augmentation iceal

Obserw\ﬁon kz) YXernm k
t Yern & ¥-1e(Tn)k=In)—(In)

Qﬂ &_3; @ﬂ/{I )k Compleftd group W

™~
(Iﬂ]k = KM( Q‘ﬂ' —> QW/‘I.”,I( , kz| —~— +DFO€05)/ on @ﬂ
A\
QW' ! (ow.plete Hopt ﬂdg&:w}__,. completed tomsor product
A:or - @n & QT copavduct

Yen — ¥&Y

25
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H=n""g @ = HmQ)

/N °°
T := Tf H®™  completed tensor algebra over H ~-- complete Hopf algebva
”\

—?_z;k P Ek H@m e -('opo&agy on T
AAA

A.'-f-"’-r®7', XéHf—-?XQf-HﬁX, COondud'

2 ’"{“6%34“=M§1*1§“7 Lie-Like tlements

A

b g
L aH = xk(H) = ZulHz)g@  (Vkzi)
AM(T) = T—-?'? algebm avntomopmsm | Vk._z.l,U('?'ék)='?gks

[-]: A“"ﬂs—j GLIH], Ut := (Uon Tzi/p =H|
'A"‘:_—':ﬁ APk «—1 A sewon
TA(T) = Ka(11) < Aut(T)

Aut (T) = TAIT) 3 GLIH)  soud-dunect prosuct
TA(T) = Hom(H, Tz;) = rr Hom [H, HO™) —> Hom| H, HO*)

U+ uy- 1h ,__, ‘“P oy the ™ projechion > Uiy
Aut | T) = TAITI % GLIH) | -5

LI < ( ‘“P);:l 7 A )
V. < ()3, B)
plp=I wheve Avp:= ABPH), Vp o A € Hom [ H. Hmrm’.

UV <t (iw),=, AR)

wy= U+ Ay, ~--(%. 1)

W= Uy + @1+ 10u)e Ay, + Ay, == (%.2)



/—*‘mmy choices

Fac’t’ 39; @/7\-[ _s,'? {somovphism of complete Hop-{' Algebms
st. Ykz)
N
N Bl @nk) = Tz
g A

2) Nn/fp, g & T = —’;fk/-?_ghg
I &
ZilHy) < ZIHIAH®® e— pek

Awt () ~ @ —%;'/7:

= TP Autlm) — Al T)
Al = Ke | Autlm) 22> put(F) — Al /8, 1) (Fkao )
k=

4 A A g
LT At s At (F)=TAIT) 0 GLIH) TS Hom (H, HO*)

+he k™ Jolmson map [ not homom)

a— Pox diffevential
PVOposfﬂ‘on { Kitano , K gomual B

Tk&’Aud =7, Alkl = Hom (Hg, Zic(Hy)) <> Hom(H, H®% ")

( (m_fgllgy_-x (I ) Ykz1, 3extension of Ty +o the whole Awt(m)

27
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-(k1) w=u+Av
-(x.2) w=W tuei+1eu )ocAv,+Ay
- Vo Yy epatln)  TOYY) =TOwp) TOY]
= i iy 4| = T814) +19]TP1v) Aloxaadin = Wiitnsy

g o : Hom(H, H“‘) OmlH‘“ H”’)—>HomlH He3)
Tl = Thivl 1 ((tlo1+1070] VTl lly, ) + 191 2Py

&) 16 ¢ Z'(Aurln), H® H®?)
—dt} =rfo1r1e78)V Tl € (2| Autin), H*@H®?)

=> moves of trivalent 5mphs

0 Sy OO
[ = DO <= OO0 < -

~~p computation of Im ":-k (Maw'f-a“K. )
T0:=(7f): Aut(m) — ZZ Hom H, H®® | ¢ (Tl e ), total Johmson map (ki)

J

fits to the qroup cohomology ,buct does not vespect the coproauct/\



an_improvement of T? ( Massuyean )
does nat fit to the group cohomology , but respeus The coproduct

T, A(,)_ajA(‘F).-=={UéIAlTI WS U)eA = Ao u}

a—positive degree pont

loy : IAA(T) ""'" D.er(:C(H” Ut+>Llog U := Z (—” (U l)kcommges

log - - TP A{il —> Der (2 (H)) Massuyean's +otat ]ohMS‘on wap

group homomovplusm Broup Law em Dt (2 (H) ) < Baker~Campbell- Hausdodt
Sehneg

1558

2(H ) Lie~Like element of (D
geometas ne-constauckion of &5 T mit) —» De;(a?\n) ( Kuno-K.)
:n\

Gotdman Lie algebra



$ Z

£=-

(w1)

30
3. Goliman Lre algebya

S ((_onnu,f-ed MFM) surface.

7 =1 I8) d‘*’ﬁlS)/m,ugm = [S% Q1 frec toops om S
peS. 1+1;:m(S,p)—> TIS) forgetful map of the basepoint p

A ;[;[m'i-l and
&, B €T ( Choose thetr vepresentatives in geneval position | —~ XaB “p L e

Pedinp
R wheve  Eplu,g) € {21} Local interseuton number

Lf {3] = =y Ep Lo, ) IQ/P @P, € Z7AT Goldmam bracket A “y?
P f

O(P [wp. pp)é'ﬂ',lg,p} based ﬁoop ‘do”j W(Mp.{i) E=H €=-|

l heovem (Gofdman)

(N [, ] :well-defined ie, indepemdent of the choice of representatives

(z) ( T, C, 1) Lre algebya ~3p Goldmon Lie algebra of S
(” é 3 move S

(wz)
monogon @ ~ @ bigon @ e @



3/
(w3) ~
jumping over -
a double point

another pvoof of (1) [, ] 4 the interseckion form on the twisted homology
L Hi(mlS),(ZmIS))C"”f )

( Remarks (1) Wolpevt - Goldman formula forthe Poisson braceet on the moduli spac

of +lat dumdles ever S
(2) Higher dimensional generalization: Chas-Sullivan's stying Topology

Acsume 2S * ¢
L1Ume ’ ad paths
%o. % €3S , TIS (%0, %) ) = T, ls,*a.*l) = [(foall o, ), (S,*o,*;)] from ¥, fo X,
N fundamental groupoid
¢ TIS), ¥e¢T[Slk k] ingenenl position
"
AI(§) = 2 gyl X, o ¥, € ZTIS (oot )

peny
X*bréﬂs(*o,f), Yf*'éﬂ_g“,'*l) Sejments

of ¥
_____Theor em “(uno" K'} restriciion of the Z- inean small catesomy /419

K (1) &(-)(+) is well-depined ?/¥ 4o 1t bowndasy o S J
(2) o Z'I? —> Der [ ZTIS ’33 ) Lie algebra homomospusm




Renmrk (Mas;uymu‘ Tumev) The homomorphism 6 : LT - Derd Zm, 1S, %5 )] and
L The Goldmom bmckd can be interpreted wde the frame work of vom dem BMgh's leaky

6f double biackets mm commutative Foisson geometry )

le
xXample S annujus , 1‘: eEm lS) mghi’fhnndal Delm 4wist
tla) =
& *o i Completron
f (¥l= &‘°( o with awped to Im‘s,*, l

e 5 = | LTPSY DTS
C o Qag fc—tf:_; K (i) GE”A(Q-’TSlbg)

_ n=4
(Logt, ) (¥) = ¥ Log o

MéZyp ) slc?)ix)=10 () Cax =¢)

e () =mls™ (V) v/
\ 4o Compare H1lomd (#2):
f1t) € Q¢ Fmd ft) satisfying 1 {(¢) =legt
(# 2) clfic)) )= 0 Answer 2

A0 F) = Yofix) fie) =] 3legtar =Lyt
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Hence we have
N
a‘(il'lﬂogC)z) = z&g t, € Der( @TL([Z,S) for S = annulus

General case -
Q ! compaut (conneited oviented) surface with 3S = 95

Choose a finite subseT E <28 st E= Wo(EJ 7Tol'aS)
X. %€ E, ;Xaé-ﬂ'S(*.*’) (‘-'l S tonmeded )
QTS 1+.x') = QM (S, %) ¥

! M Qﬂlls,*)Yo
QIS (x.4) 22 Qo |

(I’ﬂllS,*))kL’D) Idepoindent of t dﬁol(éosz

A
—~> QTS IE @-linear small category whose objet set 4» E

TR0c) % G DFI(S leted
@ﬂivg] T o QT )/[ ® 1 -l-(I‘ﬂ',lS,*])kl campéofdmtm Lre algebva
(0 Flbgc)® )

O
o @7 (S)— Der| Q/ﬁlg) Lre algelra homomorphvism
—ﬂ/Mon&m (Z'SJKM”D -K., gennal Kuno-K., MAssuy.eaa“Tumev)

( VC c SvaS§ Simple losed emvve
t, = oxp|cTl3legC))) € Aut (0TI )
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johrnson homomorplism 7 .
(Obsevvah'on Ve 711S)  alod) ( boumdary Loop ) = 0 (v we Svas )

N\ g
De”b [G?WSIE ) $= ‘ D: ngfc:%ﬁ of QIS | * D{Vbomdar/laof) =0 }

K [heorem |Kuno- K. )

Tt @FIS) = Dew [ QTS| ) isomorphism of Lie algebras

MPIS) ;= {pemis): zogy=g%um;y-u‘< Lonruges am DAg(@/ﬁSIE)j
subsel of MIS) () 1. cmAS), 9(Zy) cM(Z) )
T molS) L2 Den (MR 1z ) S Ghic) (= [T(His:@)®4) 7 )
”3eomefm‘c Y Johmson homomarphism [ Kuno~ K. )
~ T is eguivalent 4o Massuyeau's Log T% when S =24.1
-~ Tite) = g ¢)®
- 6 @/;1‘- (S) — l@/f;ls) )®2 Tuvaey cobracket
§eT=0: m°(S) —> (@7181)®7 (Kimo—K,

= framed "vension of this construction ( KK.)
—> Enomoto - Satoh trace | S= 24)

=> divegemce Coeycle m the Kasmiwara ~Vergn & problem (S =20, nn ) /

) P Maeonita trace



