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The Goldwan~ Tuvaev Lre bialgebva and the /ayﬁe.d' %vel/fg voup

Naw‘ya {\/awazumz' (Um‘veysh*y af Tokyo)
]o:‘n'f wovk with Yusuke Kuno (TSuda (ollege,)

1. The Gotdman— Tuvaev Lie lm‘a(gebm and the mapping dass group
I A +ensovial descriphion of the completed Goldwan= Tuvaey Lie bialgebra
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== Zj,’n—l—// aglaﬂ;O ==
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wowld ke 4o Adiscuss  Sowe velation among,

1) Free loops om S
(i based poths /foops on (S, E)
() +the mapping class group [ the Teichmwitlley modulav group ) of S
MWINS) = {¢: S—>S: o1, pres, diffeo. Plag =1y Y/ isotopy fixing 23

pointwi's @

-0 dassieal

Dehin = Nielsen
( DN : m (23,:) -‘_‘%{?é Aut (ﬂ;(Zg.,,*,,)) / 5’7 -HXes anygomadmyéoops\_{

can_pvove (Sl‘mf/m«f)/)

DN : miS) = Aut(TIS|Z )

wheve ”SIE ! vestvichon of the Fundamental qroupo 0d TTS

o the object set E.

(TTS |1 2) (ka. %) = TTS ko) = [((0.13,0,1), (S, % k)] (0<a,bem)
e homotopy set of paths from *a +o%kp



(i) -~ the Gotdman— Tuvaev Lie bialgebya.
7(S) =[S, S] +the homotopy set of fvee loops om S
| | m(S) —=TI(S) fovgetful map of a base point .
Goldwan bracket %. § € T(S) 1, geneval position X g

[, 012 2 &) [op | € ZFIS)

PeAn
where E€plo) €421y |ocul mtevsection vumbe) P
Xp. Bp €T, lg,F) based Loops along o, (5 &=—1
Cﬂoe&‘man (!) [I ] ' W@“"Aehlﬂﬁd
K (2) | Z#1S), £.3): Lre algebyy ==~ the Gotdman Lie aljebin

In genenal,
Lie afgebrn L4 /anguaje for an infinrresimal Symmetmy
Whose Symmd’ry does Z\S) describe 7
Goldman © the moduli space of flat bundles orer S
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L‘—'-v—-p conned () amd (1)+Uii)




Acﬁ‘on ot Z7lS) M_Z(HS’E)
x e T\S) , XeTIS (ka %) (0<a.bSa ) in gehem/ posiTion

slx)lY) "_‘—;‘"P%M;Fl«,x) Vip Op ¥pe, € ZTTS [raks)

Kuno= K. (1) @ well-defined
(Z} T Zﬁ(g) - D’V(Z(”SIE‘) LJ'eafjebra homomurphn‘sm

3, € TTSUhx) = m(S %), 0<j<m AW
boundary loop with positive Aivection
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DQYA(Z(T[SIEH o‘—li——4' the S-Inbl'h‘zerof 4%5;:1, m DQY'(ZITSIE) 7

O’(Zﬁ[S)) (‘-’) VO(é'I/?\'(Q) we may choose O'n §J'= ¢ )



compleh'on
G : agroup 2, 0xx>T ax
QG{ ; Q—gmup ring ICT := Ker (£ Q(] —Q) aug mevtztion vdead

@w @@/ (IC7 ™ the COMPIG‘D.A qroup Vmg,

Am@) > U/ :;'5 /7] < Derl @)
v > lagv—-zi——l (u-1)k

exp Ul = Z uk<——l u
A:@/& ——7(72?—,@@@, meAugr NAx=a®x (VxéCJ)

,% ‘ aqroupol\d with Ob% =E

Q% i @-Lnear small categary with OH@%J=E , (@% Ykakp) = Qlé(*’m*ﬂ)
//grau.po[d ring "

Q% : wmplth with respedt 1o I‘%(*a *a)) (0<4<’”,,
A @4 > T &= W7 < Der (@5 )
A: @%_7 @®@ CoPVoduuT‘ Ay = X@Kkvré%l*“*"))
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In onr situaton % =TS IE_

— J
Q|(1Ts IE) 7completed qroupord ving
— . " N
DQFB[ (D(TTS[E)) = the Sfalolll‘ger of boum{ayyloops 4% 9j=b M DerlCDﬂTSIE))
completion of @ﬁ(g)

[ Qm(&g | —= @ﬁ(S) 'fbrgef‘ful map of a basepoimt gég w2
Q'ﬁ’(S) (m) = | Q1 +(Im (S,‘g))M’ , (1emlS.q) identrry ) dep. of 9 € N

LQ7(S)im), Q7 (S)m)] < QF(S) (mrm=-2) Yo, ¥m, 21

@#IS) - = &= QR(S) /0 1)

the completed Gofdmm { Turaev) Lie brhlgeua
@71(3 (m) : = Ker(@nl&)—?@ﬂlg /OMS )y ) M2 0

Lie suba/gebva af @'ﬁ (44423 => pro-nil potent )
Thegvem 1 (Kuno—K ) ( Intinrresimal Dehn‘Mels’en Theovam)
a covollayy of
[ g ex+&/l'3$ +o o~ a 'I'ZMSOV)‘@( desen',ah?m
o @-ﬁ 1S) = Deral@\'nS[E) ) I'somarpl«w‘sm of @?T(S)
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Vnappmq dass qrounp

Soé/m(g) —> DNI¢le Aut(QTisiE )
M fog DN (¢) := ZL) (D'\/l%{’l-—i)k—

Then Lo DN(S") € Der, (@(ng;t\)
‘L‘lfp) == "'( 903 DN () ) = @77- (S) 3eome‘ha‘c jo%on homomorphi’s m
example C € S 38 simple dosed curve. C =zl , x: based loop

t, € mi(g) right- ~handed Dehn twist along C

the veasown wh
it} = | Llmgz)?] € GFIS)  —bF TN et )
( OVl'gina,p Zg,, ! Kuno - K, )

gmzrai S Massuy,ea,w-_rmmev, Kuno‘K,/ l‘md&peud&m‘/y

“the lavgest Torel/:‘group(in the sense of owman)
Cj' r= E§J] € HI(S @)

ﬁL[S) == kev(’M(S) —> AM(H'(S:CD)/ZM‘@CJ ))

the lavgest Tovellr qroup inthe sense of Pu‘fmm
( L\)Lwdn tncludes all pther kinds of Putwan 's Tovellr groups )

95 >a.1) 33 | the classicad Torvellt group




jj 2 1 iSJ Em . g - S rbké\aoSk#Zgj:i) ; Zg.'_zsj}
LS G—7§J incmsron
o — AL, Ao
ORI (23) = QR I)2) A l4) (GFIT) (1)
pro-nilpotent Liesubalgebra of CD?}[S) (!Mdepofgj_s) n

‘_’/3(3\ 1= the stabrli'zer of the coproduct A m @%(3“23").
Pko-m'lpofeu’f Lie subalgebva of @?\r |S)
== pro-nilpotent gronp via exp & Log
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K heovem 2 (Kuno‘l(.)

l
T: 9%8) — L5(S) well-defrned Mjeitive group homomovphism
ﬁwmej’m'c jo‘/Wlson homomarphisn,,

,l Zﬁ,, T is eguivalent to Massuyeau 's total Jolmson map
( : ?HT) gy(gﬁl) — ﬂ"' (L5( (Z5.) éﬁ/ ( Movitals Lie dyebrq )
the classical Jowmson homomoyph:sm




Tumev cobracket 7/'} = 'ﬁ(g )
-Z_’/T\_/; = Zﬁ/Zi Lie ad_qebra (J 1 € Center 1277 ) ) quotient
|

/. I l A Ay
S 2N —> ZT'® ZN” Tuymey cobradket L Zm\S |- 2T — 27
X € 'I/'\T(S] 1‘m5emem1 position

12 4
l Do( s= { lt.t) e-g'-_—ﬂ?/z !t xitl=oltz) \]
i) 1 o ElSHIK10) [ 0 || € 200 27
1,42 ‘
t
— D e+ EHe®

Xt ¢,

[‘Tur@elg (1} & well-defrned
12) (Z7/,0.1,5) : Lie bi' sl gebvar (CD/{\HS),[, ] ,g) : -Hucomeehd
[ Chas (Z'l?/, C,1,5):! mwlutive, . G otd man— Turaev Lie bi'a{yebm
5 extomde 4o
N SN rO1A A [Z5.]
9 @Tf 1$) = Q78 @7 8] & meludes the Morita
Theovew 3 [ Kuno~ K. ) N traces on Bo
( SoT=0: 9-(S) — Q7lSI® QAlS) — 7 (Kumo -k )

<=: Vd"-H&D, preserves the Sdf—t‘ntzrsembn of ’ILWSMAQ,Q obwou'ph't/n

auny uarve om c
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r clasgz_al fact due 4o Magnu.s et.al,

G= P e group of vank M
= Q6 = TE*gQ) & QCX %X

hon- ' / .
Magnus expansion _ CD’\"”’“"“ ve formal powey sevies
~  whevre M N indetamivates Y, X2, X1,

T (H] = Eo H®"  the compldzd tensov algebm over o Q-wed-ov spaut H
p2i, Tp="THlp= ]I H®" -uo-sided ideal of “T(H)

Magvms 2Xpansion (3 as above 7/\———— ‘?(GAM%@ ) gﬁ\-(@M)
9 G — 1"’% C—? Magm«s expansion = CD«X")(Z'W'XM>>

(!) Ve Yy ¢ G5 Elxg)—t?tx)etg)
2) Y2eG. Br)=1+0x3 med T,

l‘nd_uc-ej b : @G — T [somovpm'sm of frltered algebva s




-fnrgeneml H
N T“"” "—?T(H) (,yclgc Symmgfwzey (DY cychc:ier)
N |eo := 0

NIX X Xom) 2= 2, X Xan¥i- Xy (Xj€H )
S \g Zg,m:, §.nZ0 ] as above. T{S)= 23+m free group of vomk 29+m
Kuno-K, ¥B:miS)— T = THIS: ®)) Magnus expansion
( Né¢: @%(S) %;N('?,) , 12| —> N(§ 1)
Isomovphism of friteved @-vedoy spaces,

Gotdman bracket 7
An additional datum ‘fvrdescnbma 1he Goedwm bmoled’ -- s€ Seut 7y

S = Q gs((m-ﬂ)dmks) = 2, 3
7. 8 g /wndzus'am map.
H, 1S s) % H(g\—aH(s)—»o | exad)

Sau’f Ty *= {Seuh'ons o-f 2 H, () — H,(§)\]
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(H /Z - a sech'a'n/Z Sp € Sed 2%

(2) /rk Regaml IntC as a Pund’urul Riewann suvfa .
e, S a veal oviented 8low-up of a compart Rremann suirfaw C
at (m+1) dasdkinct points P, b, -- Py
normalized Abelian diflevential of the thivd kind

C :a compait Riemann surfue . P#—‘Q ¢ C

=! =w(C:P.Q) ' & mevomovphic 1-foym on C
s.t.] holomorphe om C NP, QY

‘OVdB w = ovd Qw = —]|

RQS_ELO=—E’MQW=Z”F1
Vf{’ t hoto, |- 4ovm om C KC(AJA‘}——_;O
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mz| IntS=C~N{L PR}
M Kul S RewlC:P,.p;) ! HIlS)=H/[TuwtS)— l?)
7=

= nomieal seutron S .
— cahomrcal seur'o /I'E (C:£,8.+ P ) € Se:)”z.,k

-ERgmarl( n=l
ng — [Mﬁ universall Riemamm surface pver the moduld of compoad Rremam surfaco

. of 9euuo
ko :=(ﬁ4£ 1“VAYI'A‘HOW D']C S{C:'Eo,E,J ) ﬂ.)(t@“ﬂl.\’ '}'D Q‘g &8 Gé j j’
S;cbev kD = the 1*" variation of pointed harmonic volumes
( o twisted 1-form on d:g )
= Al‘ﬂeremh‘al forms mpvesauh‘n; the Movita "Mumj-ovd dasses on Mj

u_/;_fd'l’o de ]omg 's study of real analytic functions on Mg
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Lie bracket on N(f;) = N(_?(H,(S',CD))H , thecyclic invariants of ﬁ
Fix asedion S € Seut {A. B ‘> 2, c H,(S) Symplecc Basis
A} :=slAc), BS:=s(B:) e HlS)
}i A ul + }E Biu/ + ﬁ Cjul u_f ASv/ +ﬁ35v"’+ Z 0V GN{T, cHoT
(u, V']s"“‘L N | f; uiv —u{’u, +ﬁ C; (ufv®—yfup }) éN(T,)
=> Lie agebra NIT;)s = lNl-r,) [.3¢)
Ach‘mw TE_
TE Q- Linear small cxf’zjm}/ Ob| IEJ—— E, TE(*a Xp) s -—? 0<a,bsm ,
Ders IE) i'D continmous devivation of Tg . DICj) =0 for Cj € T ligty) , 1£7 Smi

D‘C i(Al B[ SA;S”—‘—‘- 0 ax*o
Og NlT) — D_er (TE]S Lre a]gebra homom.

7%’ N{T')S—? D‘“’(_?h) = Dey (TE(*o.*o) ) Lre algebm homeom
o (Af) i=uf, oW(BY) o= —uf, g () = uf G —C u®

i 0 ) 0 D
o lul) s = —ul v+ GPul(v) + v u VE(TE %ax,) O02ab<m

(ug :=0)
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“‘F?-‘)E ‘ groupoid , Ob((1+T)g) = E, (1+T))g bha ko) s= 1+ T) | 0<abzm

Magnus expansion.
F : Maguus expansion of (S.E)
D g 178 ’E - (1'*‘7/'7)5 : homomovphism of groupoids over =
2) 0<Y<m, 9:-n,l§,ukj) — (1+‘?,)E(>ly.sy)= H—"I\', Magma; Lxpansion
se Seut 1%

boundary condition (#s )

B(3,) = ; exp(Cy) (I$Z$m)

oxp [Co— ZPBE-BAAS)) (a=0) (Co=-%¢)
wxamples fon Magums expansions sakisfymiq #;: )

.

(0) S =Zg,,. , Sym,:le.uht expoansion (Masmyzm ]
e9, K,/ Massw_)/eam ) l(uno, Bene - K.~ Kuno - Pean,

/ ®R w o
: Magnus expoms:ma
UanMSﬁM : S‘aﬁsfymj ﬁ*go)

SPM“! WSHM
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(2) /rK C: compact Riemann suvface of genus g
Py B .- B, € C (m+) diskinet points
havmonic forms om C |, Civeen opevatov, Mevated integvals

- Magnus expansion satisfying FH:S{C:P, 2.2 Pw) )

—Theovem 4 (Massuyeau" Tu raev, kuno‘k,, r‘udepeudeuf/y )
seSedt 1y
6 Maguus expansion of (S.E) SaHSfyAfnﬁ [# )

= (I} =N @/f}\g) =, N('?’)s Lre algebva isomovphism

@) @HS) > Dey(@miSa,))

-Ng s s}, 8
N('?')S —?S—o" DIVB(T)

- oviginal Tou) KK

. general S
(3) c/g/v’?ls) S Dera(cﬁT\ElE) 9(1)(2) MT ke KK
-veju (& Iy, 8 (3) KK
} NFls 5 DeryFy) M

- tensoriad descriphom
of Papakyh‘akDPMOS_T“m‘V
homotopy inteysechion form
- gm‘w.r rheo7/




Outline of Proof (KK}
\ll@ proof fov By in example (1) (& tfwisted homology of (S.8S) )
O, I\/‘_,f\' )go =s Dera(_,l\}_:)so [som. (@ some |ivear algebra )
X == ST
o (P |S) = Dev, ((PTTSIE) isom ( infinitesimal Delm Nielsen theorem )

)
2

P
@ proof for avbitvary S € Sedt 1 J

Remrk — @3(S)(2L) =INBue NI, : wtuzs)
where wtlAy) =wtlBf)=1, url'(Cj);—.Z
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jf'eznson'a{ description of the Tuvaev cobyacket for Zg./ ' ‘T‘:?(H,(g,,:@])
65 (Spr %) — {grouplike clement< ) < 1471 Magnus oxpansion wirh s )
e, Symplectic expansron (Masmyem )
50:= ([-Np)& [-N$)) o § o (-NBIT: Doy, (T) —Deny | T8 DeyT)
Tumev cobracket
Der (T) = TT NH®" | H=HI1%, @)
50 — ,;:__w s . 88 NIHO — &, NIHEoN(H®)
- Theorem 6 (MassuyeM‘Tumev, Kuno ~K. I‘Mepznden-Hy)

g _ ¢ & b . ... A

& 9~ 0k2) + Sy t 51211"' Sy “ N()(,‘ﬂ---)(j.,)®NIX,;»;-'-X.-.X,--XH]?

oz) INIXi=Xm)) -'—’58 5(/\/()?” Xm) ) = Xt X ~ N 1X;or Xon Xy ¥z ) @ NI X~ Xi)
chedler's cobracket ( Xj eH)

basedon Massu yeom ~ Tumev.s tensoviat descrphion
of 7 apakyviakopoulos ™ Tuvae homotopy intevseitron form
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‘Mazim mtroduced I/h'mes”
-f
and proved

L Ty oqrir)=0: qrl9%.,) = Sm IH] fo¥mzz

DPVB(T) - T] N(H@wj L_) T TI H@‘” Pm‘elhoMH

2. Derb(T)® ———HeT @TWM SymH] == [T, Sym(H])

Seof hgym_o c vl 95,0 = Sym (H) [& Thm3)
Theoyem T ([ Kuno-K. )

mezz, §ogc429

IN(H@(”’*Z’) S (—I)MTV”'H.‘ N[ Hmmﬁ') —> S)(m lH)

All the Meyita traces (mZ1) ave devived fromthe geometyic fact.

Auy difteomoyphism preserves e self -tntersedion of any wnave on the surface.



