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Abstract In the context of mathematical epidemiology, the type-reproduction
number (TRN) for a specific host type is interpreted as the average number of sec-
ondary cases of that type produced by the primary cases of the same host type during
the entire course of infection. Here, it must be noted that T takes into account not
only the secondary cases directly transmitted from the specific host but also the cases
indirectly transmitted by way of other types, who were infected from the primary
cases of the specific host with no intermediate cases of the target host. Roberts and
Heesterbeek (Proc R Soc Lond B 270:1359–1364, 2003) have shown that T is a use-
ful measure when a particular single host type is targeted in the disease control effort
in a community with various types of host, based on the fact that the sign relation
sign(R0 − 1) = sign(T − 1) holds between the basic reproduction number R0 and T .
In fact, T can be seen as an extension of R0 in a sense that the threshold condition of
the total population growth can be formulated by the reproduction process of the target
type only. However, the original formulation is limited to populations with discrete
state space in constant environments. In this paper, based on a new perspective of R0 in
heterogeneous environments (Inaba in J Math Biol 2011), we give a general definition
of the TRN for continuously structured populations in heterogeneous environments
and show some examples of its computation and applications.
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1 Introduction

Although, during the last two decades, mainly in the context of mathematical epide-
miology, the definition and theoretical implication of the basic reproduction number
R0 in heterogeneous populations have successfully been formulated and its status as
the most crucial index of population dynamics is well established, we have come to
understand that we cannot always rely only on R0 when we consider any population
control (Roberts 2007). In fact, if our intervention policy can only be applied to a
specific host type, its influence on R0 is complex, so we cannot offer a simple control
relation. When any intervention for population planning can only be targeted at a spe-
cific subpopulation, it is of practical importance to know whether the population can
be controlled by intervention with respect to the specific host type alone. This type
of problem is arising not only in disease prevention policy but also in demographic
problems (Inaba 2010).

As an improvement on this issue, in the context of epidemic models, Roberts and
Heesterbeek (2003) proposed the type-reproduction number, T . The type reproduc-
tion number for a specific host type is interpreted as the average number of secondary
cases of that type produced by the primary cases of the same host type during the
entire course of infection. Here, it must be noted that T takes into account not only the
secondary cases directly transmitted from the specific host but also the cases indirectly
transmitted by way of other types (hosts), who were infected from the primary cases
of the specific host with no intermediate cases of the target host. Although the type-
reproduction number is defined for the birth state in demography (state-at-infection
in epidemic models), that is, individual state at which newborns (new infection, in
epidemic models) can be produced, Inaba and Nishiura (2008b) extended the idea
so that it can be calculated for transient states and called it the state-reproduction
number.

Roberts and Heesterbeek have shown that T is a useful measure when a particular
single host type is targeted in the disease control effort in a community with various
types of host, because, under appropriate assumptions, the threshold can be formu-
lated as T < 1, referring only to the target host type. In particular, the well-known
control relation, 1 − 1/T , can be used as the critical condition of eradication by
means of a control effort targeted only at a specific type of host in a heterogeneous
population.

Since the sign relation sign(R0 − 1) = sign(T − 1) holds between the basic repro-
duction number R0 and T, T can be seen as an extension of R0 in a sense that the
threshold condition of the total population growth can be formulated based on the
reproduction process of the target type only. However, the original formulation of T
is limited to populations with discrete state space in constant environments, although
T in time-periodic environments has been studied in Bacaër (2011b) for some pop-
ulation models with discrete or continuous state space. In this paper, based on a new
perspective of R0 in heterogeneous environments (Inaba 2011), we give a general
definition of the type-reproduction number for continuously structured populations in
heterogeneous environments and show some concrete examples of computation and
applications.
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The type-reproduction number

2 The basic reproduction number R0 in a heterogeneous environment

As a preparation to define the type-reproduction number in a heterogeneous envi-
ronment, we start our argument from the new perspective for the basic reproduction
number (BRN) R0 in a heterogeneous population. For the detail of the general def-
inition of R0 in heterogeneous environments, the reader may refer to Inaba (2011).
It should be stressed that as is shown in Inaba (2011), the BRN is uniquely defined
for a given linear population system as long as we interpret the BRN as the asymp-
totic per generation growth factor, although there are many surrogate indices which
shares the threshold property with the BRN. The reader may find interesting collec-
tions of surrogate indices in Heffernan et al. (2005) and Li et al. (2011), although it is
misinterpretation if the readers think that there exist many possible definitions of R0.

Here we state our theory based on terminologies of general structured population
dynamics (that is, demographic setting), although original ideas have developed mainly
in epidemic models. For example, the reader can easily interpret the basic model as
an epidemic model, if we read childbearing as reproduction of new infection.

2.1 The basic renewal equation and R0

Suppose that the host individuals are characterized by a variable ζ ∈ �, which is
called the h-state variable (h for heterogeneous). The set� ⊂ Rn is the h-state space
(or called i-state space, where i for individual). Although, in general, � may be com-
posed of continuous variables and discrete variables, for simplicity, we mainly treat
the case that h-state variable is continuous.

Define A(t, τ, ζ, η) to be the expected number of newborns with h-state ζ produced
per unit time at time t by an individual which was born τ units of time ago at h-state η.

Let b(t, ζ ), ζ ∈ �b denote the density of newborns at time t , where�b ⊂ � is the
set of state-at-birth, which are the h-states at which newborns can be produced. For
detailed argument about the state-at-birth [state-at-infection], the reader may refer to
Diekmann et al. (2010). We assume that b(t, ·) ∈ E+ = L1+(�b) and we call E+ the
b-state space, and �\�b is called the transient state. If �b is a finite discrete set, the
corresponding b-state space is a finite dimensional vector space.

Then the real-time development of newborns is described by the renewal integral
equation:

b(t, ζ ) = g(t, ζ )+
t∫

0

∫

�b

A(t, τ, ζ, η)b(t − τ, η)dηdτ, t > 0, (2.1)

where g(t, ζ ) is the density of newborns produced by the initial population.
Let E+ := L1+(�b) be the set of density distributions of newborns. If the h-state

space is discrete, then E+ = Rn+ with norm ‖x‖ := ∑n
k=1 |xk |, x = (x1, x2, .., xn) ∈

Rn . Define a linear positive integral operator �(t, τ ) leaving the cone E+ invariant
by
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(�(t, τ ) f )(ζ ) :=
∫

�b

A(t, τ, ζ, η) f (η)dη, f ∈ E+.

Then �(t, τ ), which we call the net reproduction operator (NRO), is an operator that
maps the density (distribution) of newborns at time t −τ to the density of their children
produced at τ time later.

If we set b(t) := b(t, ·) ∈ E and so b(t) is interpreted as an E-valued function,
(2.1) is written as an abstract renewal equation in E :

b(t) = g(t)+
t∫

0

�(t, τ )b(t − τ)dτ, t > 0. (2.2)

It is well known that for any t > 0, the density of newborns at time t is given by
the generation expansion:

b(t) =
∞∑

m=0

bm(t), (2.3)

where bm(t) is given by the iteration process as

b0(t) = g(t), bm(t) =
t∫

0

�(t, τ )bm−1(t − τ)dτ, m = 1, 2, .. (2.4)

Then bm(t) ∈ E+ gives the density of m-th generation of newborns at time t , called
the generation distribution. For the basic results of renewal equation, the reader may
refer to Metz and Diekmann (1986) and Iannelli (1995).

From the biological meaning, it is reasonable to adopt a L1-space as the state space
of generation distributions:

bm ∈ Y+ := L1+(R+; E) ∼= L1+(R+ ×�b),

where Y+ is the positive cone of the Banach lattice Y with norm defined by

‖bm‖Y :=
∞∫

0

‖bm(t)‖E dt =
∞∫

0

∫

�b

|bm(t, ζ )|dζdt. (2.5)

If we see the time variable t as a kind of h-state variable, R+ × �b is the extended
i-state space of newborns and Y+ is called the extended b-state space.

Then ‖bm‖Y gives the total size of m-th generation (total number of newborns pro-
duced as the m-th generation), and the asymptotic per-generation growth factor of the
genealogy is given by limm→∞ m

√‖bm‖Y if it exists. In the following, we assume that
the initial data is nontrivial, that is, b0 ∈ Y+\{0}.
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Let�(t, τ ) be the net reproduction operator from the b-state space E+ = L1+(�b)

into itself. Then the generation evolution operator (GEO) associated with the net
reproduction operator �(t, τ ) is the positive integral operator acting on the extended
b-state space Y+ = L1+(R+; E+) ∼= L1+(R+ ×�b) defined by

(KY f )(t) =
t∫

0

�(t, τ ) f (t − τ)dτ, f ∈ Y+. (2.6)

Then the generation evolution operator KY produces a birth genealogy {b0, b1,

b2, . . .} ⊂ Y+, by iteration process bm = KY bm−1.
For the net reproduction operator, we assume that

K̄ := sup
τ≥0

∞∫

0

‖�(s + τ, s)‖L(E)ds < ∞,

where ‖·‖L(E) denotes the operator norm. Under the above condition, KY is a bounded
linear operator from Y into itself leaving the cone Y+ invariant. Moreover, KY is strictly
positive if the cohort net reproduction operator Kτ : φ → ∫ ∞

0 �(s + τ, s)φds, φ ∈ E
is strictly positive for almost all τ ≥ 0 (Inaba 2011).

Definition 1 For nontirivial initial data b0 ∈ Y+\{0}, the basic reproduction number
for a birth genealogy {bm}m=0,1,2,.. produced by the generation evolution operator KY

is defined by

R0 = lim sup
m→∞

m
√‖bm‖Y = lim sup

m→∞
m
√

‖K m
Y b0‖Y . (2.7)

From the above definition, we know that R0 is characterized as the reciprocal num-
ber of the radius of convergence of the power series in Y :

b =
∞∑

m=0

bm zm =
∞∑

m=0

[(KY )
m g]zm, z ∈ C, (2.8)

which solves the parametrized renewal equation

b = g + zKY b, b ∈ Y, (2.9)

when |z| < 1/R0, while (2.8) diverges for |z| > 1/R0. Then we have R0 ≤ r(KY ).

Definition 2 If the following limit exists,

λ0 = lim
t→∞

log ‖b(t)‖E

t
, (2.10)

we call λ0 the Malthusian parameter or the intrinsic growth rate for b(t).
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For the time-independent case and the time-periodic case, it is convenient to define
the next generation operator (NGO) to compute the basic reproduction number. The
NGO was introduced by Diekmann et al. (1990) for a constant environment and by
Bacaër and Guernaoui (2006) for a periodic environment. The generational interpre-
tation in a periodic environment is given in Bacaër (2009) for a discrete-time model
and in Bacaër and Ait Dads (2011a) for a continuous-time model. For a constant
environment, the NGO is defined as

K :=
∞∫

0

�(τ)dτ, (2.11)

which is a positive operator in the b-state space E . On the other hand, for a periodic
environment, the NGO is given by

(Kθφ)(t) =
∞∫

0

�(t, τ )φ(t − τ)dτ, φ ∈ Yθ , (2.12)

where� has a period θ as�(t + θ, τ ) = �(t, τ ), and the state space (periodic b-state
space) Yθ is defined as the set of locally integrable θ -periodic E-valued functions with
norm

‖ f ‖Yθ :=
θ∫

0

‖ f (t)‖E dt =
θ∫

0

dt
∫

�b

| f (t, ζ )|dζ.

By using the periodicity, Kθ is reduced to an integral operator on Z := L1([0, θ ];E).
Since the reduction of Kθ to K Z is introduced in Bacaër (2007), we omit the proof.
Define a positive operator K Z : Z → Z as follows:

(K Zφ)(t) :=
θ∫

0


(t, s)φ(s)ds, t ∈ [0, θ ], φ ∈ Z , (2.13)

where


(t, s) :=
{∑∞

n=0�(t, t − s + nθ), t > s,∑∞
n=1�(t, t − s + nθ), t < s.

Since r(K Z ) = r(Kθ ), we may call K Z the next generation operator for periodic
case. Compactness and nonsupporting properties for the next generation operator of
periodic case are formulated by K Z .

Proposition 1 (Inaba 2011) If the net reproduction operator� is time-independent or
time-periodic and the next generation operator is compact and nonsupporting, it holds
that
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R0 = r(KY ) = lim
m→∞

m
√‖bm‖Y , (2.14)

where r(KY ) denotes the spectral radius of the operator KY . Moreover R0 is calcu-
lated as the spectral radius of the NGO, the Malthusian parameter λ0 exists and the
sign relation holds:

sign(λ0) = sign(R0 − 1). (2.15)

2.2 Reconciliation with ODE

As is well known in the theory of structured population dynamics, the dynamics of
the density of newborns is described by a renewal integral equation, while the time
evolution of the age density functions p(t) ∈ X of individuals is formulated by an
ordinary differential equation in a Banach space X :

dp(t)

dt
= A(t)p(t) = (B(t)+ C(t))p(t), (2.16)

where C(t) is a positive operator describing the reproduction of new individuals, and
B(t) is the aging operator. As is shown in section 5.1, we have to formulate the ODE
in the extended state space if the reproduction term appears in the boundary condition
of generator.

In general, the state space X of (2.16) is different from E . In fact, heterogeneity
variable set of p(t) includes transient states when �b �= �, so X = L1(�) is truly
larger than E . Moreover if we consider the age-dependent model, X = L1(R+ ×�).
In the following, however, we consider a simple case that � = �b, so X = E , since
it is easy to extend the theory to the case that �b �= � (see Diekmann et al. 2010).

Suppose that B(t) generates a positive evolutionary system L(t, s), 0 ≤ s ≤ t < ∞
with ω(L) < 0, where ω(L) denotes the growth bound of evolutionary system L . By
using the variation-of-constants formula, we have

p(t) = L(t, 0)p(0)+
t∫

0

L(t, σ )C(σ )p(σ )dσ.

Then the density of newborns b(t) := C(t)p(t) satisfies an abstract renewal equation
in E = L1(�b):

b(t) = C(t)L(t, 0)p(0)+
t∫

0

C(t)L(t, t − σ)b(t − σ)dσ,

from which we know that the net reproduction operator is given by

�(t, σ ) = C(t)L(t, t − σ).
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Then we can define the GEO (see (2.6)) by

(KY f )(t) =
t∫

0

C(t)L(t, t − σ) f (t − σ)dσ. f ∈ Y+. (2.17)

Note that �b �= �, KY given by (2.17) should be called the GEO with larger
domain (Diekmann et al. 2010), but its spectral radius is the same as that of the GEO.

In particular, B(t) and C(t) are θ -periodic, it follows that L(t + θ, s + θ) = L(t, s)
and the NGO is given by

(Kθ f )(t) =
∞∫

0

C(t)L(t, t − σ) f (t − σ)dσ, f ∈ Yθ . (2.18)

If the environment is constant, we assume that A is a resolvent positive generator of
a strongly continuous semigroup, B is also resolvent positive generator and 0 ∈ ρ(B).
A closed operator A is called resolvent positive if the resolvent set ρ(A) contains a
ray (ω,∞) and (λ− A)−1 is a positive operator for all λ > ω (Thieme 2009).

Then the semigroup eBt is a positive operator describing the survival process. If
B and C are time independent, by the variation-of-constants formula, the density of
newborns b(t) := Cp(t) satisfies an abstract convolution equation in L1:

b(t) = Cet B p(0)+
t∫

0

Ceσ Bb(t − σ)dσ,

from which we know that the net reproduction operator is given by �(σ) = CeBσ .
Therefore the NGO is calculated as

K =
∞∫

0

�(σ)dσ = C(−B)−1, (2.19)

which is a positive operator in L1.
Although we do not discuss its detail here, under appropriate conditions (Thieme

2009), it is shown that

sign(s(A)) = sign(r(C(−B)−1)− 1) = sign(R0 − 1), (2.20)

where s(A) denotes the spectral bound of a semigroup et A. Then the BRN is also
characterized as a number R0 such that

s

(
B + C

R0

)
= 0. (2.21)
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For the periodic case, under appropriate conditions, there exists a Malthusian param-
eter λ0 and a periodic function φ(t) such that p(t) ∼ eλ0tφ(t) (t → ∞) and the sign
relation (2.15) holds (Thieme 2009; Inaba 2011, 2012). Then the BRN is characterized
as a number R0 such that the evolutionary system generated by B(t)+ C(t)/R0 has a
Malthusian parameter (or the dominant Floquet exponent) zero (Bacaër 2007; Wang
and Zhao 2008).

Finally we remark that the formula (2.19) can be formally applied to the periodic
case, which is originally pointed out by Thieme (2009). Let us consider a McKendrick
equation on a half plane R+ × R as

(
∂

∂σ
+ ∂

∂t

)
u(σ, t) = A(t)u(σ, t), (2.22)

where we interpret the initial distribution u(0, t) as the density of population with
“time” t as a state variable. Here “time” indicates the periodic season, the distribution
u(0, t) is chosen from Yθ . Then the evolution of the time (season)-specific popula-
tion distribution u(σ, t) with respect to “duration” σ is described by the McKendrick
equation (2.22), where each “cohort” density x(σ ) := u(σ, σ + t) satisfies the ODE
x ′ = A(σ + t)x with x(0) = u(0, t). In other words, we observe a time-evolution of
meta population in “parallel worlds”, where each world starts from a different season.

If we formulate (2.22) as an autonomous evolution equation on Yθ , we have

du(σ )

dσ
= Bu(σ )+ Cu(σ ), (2.23)

where

(B f )(t) := −d f (t)

dt
+ B(t) f (t), (C f )(t) = C(t) f (t), f ∈ Yθ .

Then −B is positively invertible when ω(L) < 0, by a formal calculation, we can see
that

(C(−B)−1 f )(t) =
∞∫

0

C(t)L(t, t − σ) f (t − σ)dσ, (2.24)

which shows that the NGO Kθ is given by the recipe (2.19).
Let U (t, s) be the evolutionary system generated by B(t)+C(t) on E and let S(σ )

be the semigroup generated by B + C on Yθ . Under appropriate conditions, Thieme
(2009) shows that ω(U ) = ω(S), s(B + C) = ω(S) and

sign(s(B + C)) = sign(r(C(−B)−1)− 1).

Then it follows that

sign(ω(U )) = sign(r(C(−B)−1)− 1),

which shows that r(C(−B)−1) gives a threshold value for population growth.
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3 The definition of TRN in a heterogeneous environment

Suppose that the birth state space is a disjoint union of subspaces as �b = �1 ∪�2,
where �1 is the target h-state space and �2 denotes the non-target h-state space. Our
biological basic assumption is that the non-target host population (host population
with h-variable ζ ∈ �2) goes to extinction without the target host population (host
population with h-variable ζ ∈ �1). In the following, we will give a mathematical
assumption to reflect this biological assumption.

Let χ j (ζ ) be an indicator function of a subset � j such that

χ j (ζ ) =
{

1, ζ ∈ � j ,

0, ζ ∈ �b\� j
.

The projection operator Pj is defined by

(Pj u)(ζ ) = χ j (ζ )u(ζ ), u ∈ E .

Then we have P1 + P2 = Id , where Id is the identity operator. The projected gen-
eration evolution operator is defined as K ( j)

Y := Pj KY , which produce a generation
distribution with h-state variable belonging to � j .

Let b j := Pj b. Then corresponding to the above host type decomposition, the
renewal equation (2.2) is divided into two linear equations:

b1(t) = g1(t)+ (�1 ∗ b1)(t)+ (�1 ∗ b2)(t),

b2(t) = g2(t)+ (�2 ∗ b1)(t)+ (�2 ∗ b2)(t),
(3.1)

where g j := Pj g, � j = Pj� and ∗ denotes the convolution operation as

(� j ∗ f )(t) :=
t∫

0

� j (t, τ ) f (t − τ)dτ.

Then the system (3.1) is also seen as an operator equations system in Y :

b1 = g1 + K (1)
Y b1 + K (1)

Y b2,

b2 = g2 + K (2)
Y b1 + K (2)

Y b2,
(3.2)

where K ( j)
Y is the type-specific generation evolution operator on Y defined by

(K ( j)
Y f )(t) :=

t∫

0

� j (t, τ ) f (t − τ)dτ, f ∈ Y.
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The integral equation for b2(t) in (3.1) can be seen as the renewal integral equa-
tion of the non-target host if we see b1(t) as a given function. From (2.7), its basic
reproduction number, denoted by R(2)0 , is given by

R(2)0 = lim sup
m→∞

m
√

‖(K (2)
Y )mb0‖Y .

Although our biological assumption is formulated as R(2)0 < 1, we here adopt an

assumption that r(K (2)
Y ) < 1, which is sufficient to guarantee R(2)0 < 1 in general,

and equivalent to R(2)0 < 1 for constant or periodic environments (see Proposition 1).
Then the equation for b2 is solved in Y as follows:

b2 = (I − K (2)
Y )−1(g2 + K (2)

Y b1). (3.3)

Inserting (3.3) into the equation of b1 in (3.2), we have a renewal equation of b1 in Y :

b1 = g1 + K (1)
Y b1 + K (1)

Y (I − K (2)
Y )−1(g2 + K (2)

Y b1)

= b10 + K (1)
Y (I − K (2)

Y )−1b1, (3.4)

where

b10 := g1 + K (1)
Y (I − K (2)

Y )−1g2.

Then we can define a positive operator on MY : Y → Y as

MY := K (1)
Y (I − K (2)

Y )−1. (3.5)

Lemma 1 The positive operator MY is a convolution operator as follows:

(MY f )(t) =
t∫

0

�1(t, τ ) f (t − τ)dτ, f ∈ Y, (3.6)

where

�1(t, τ ) := �1(t, τ )+ (�1 �
2)(t, τ ).

Here � denotes the two-parameter convolution defined by

(u � v)(t, τ ) :=
τ∫

0

u(t, x)v(t − x, τ − x)dx,

and 
2 is the resolvent kernel associated with the kernel �2, so it is the solution of
the resolvent equation 
2 = �2 +�2 �
2.
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Proof For any fixed number tm > 0, it is well known (see Metz and Diekmann 1986;
Iannelli 1995) that the Volterra equation for b2, t ∈ [0, tm] is solved as follows:

b2(t) = g2(t)+
t∫

0


2(t, τ )g2(t − τ)dτ,

which shows that

((I − K (2)
Y )−1φ)(t) = φ(t)+ (
2 ∗ φ)(t).

Therefore we observe that

(MY f )(t) = (�1 ∗ φ)(t)+ (�1 ∗ (
2 ∗ φ))(t)
= (�1 ∗ φ)(t)+ ((�1 �
2) ∗ φ)(t),

which shows (3.6). ��
Now we define the generation evolution operator for the target host type MY :

Y → Y as follows:

(MY f )(t) =
t∫

0

�1(t, τ ) f (t − τ)dτ, f ∈ Y. (3.7)

Let b1k := (MY )
kb10, (k = 0, 1, 2, . . .), b10 ∈ E\{0} is the genealogy of the target

host intermediated by the non-target host. Then the type-reproduction number T for
the target host is defined as follows:

T = lim sup
k→∞

k
√‖b1k‖Y = lim sup

k→∞
k
√

‖(MY )kb10‖Y , (3.8)

which gives the reciprocal number of the radius of convergence of the power series
in Y :

b1 =
∞∑

k=0

b1k zk =
∞∑

k=0

[(MY )
k g]zk, (3.9)

and it solves the parametrized renewal equation

b1 = g10 + zMY b1,

in Y when |z| < 1/T , while (3.9) diverges for |z| > 1/T .
Since the type-reproduction number T can be seen as the net reproduction number

of the host-specific renewal process (3.4), using the same argument as employed to
show Proposition 1, we have
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Proposition 2 If the net reproduction operator �1 is time-independent or time-
periodic and corresponding NGO is compact and nonsupporting, it holds that

T = r(MY ) = lim
k→∞

k
√‖b1k‖Y . (3.10)

In the above proposition, T = r(MY ) is calculated by the spectral radius of the
next generation operator, which is given in the next section.

Now we can apply the following Thieme’s result:

Proposition 3 (Thieme 2009, Theorem 3.10) Let X be an ordered Banach space with
a closed convex cone X+ that is normal and generating. Let A j : X → X ( j = 1, 2)
be positive linear operators with r(A2) < 1. Then it follows that

sign(r(A1 + A2)− 1) = sign(r(A1(I − A2)
−1)− 1). (3.11)

Applying the above general result to the splitting of KY as KY = K (1)
Y + K (2)

Y with

r(K (2)
Y ) < 1, we have the following sign relation:

Proposition 4 Suppose that r(K (2)
Y ) < 1. Then it follows that

sign(r(KY )− 1) = sign(r(MY )− 1). (3.12)

From Propositions 1, 2 and 4, we have

Corollary 1 If the net reproduction operator� and�1 are time-independent or time-
periodic and corresponding NGOs are compact and nonsupporting, then
R0 = r(KY ), T = r(MY ) and the sign relation holds:

sign(R0 − 1) = sign(T − 1). (3.13)

Moreover, it follows that

r

(
K (1)

Y

T
+ K (2)

Y

)
= 1. (3.14)

Proof The first part is clear. If we apply Proposition 3 to an operator
K (1)

Y
T + K (2)

Y , we
have

sign

(
r

(
K (1)

Y

T
+ K (2)

Y

)
− 1

)
= sign

(
r

(
K (1)

Y

T
(I − K (2)

Y )−1

)
− 1

)
= 0,

since T = r(K (1)
Y (I − K (2)

Y )−1). Then we have (3.14). ��
For a more general heterogeneous environment, we only have inequalities R0 ≤

r(KY ) and T ≤ r(K (1)
Y ), so (3.12) does not necessarily imply the sign relation (3.13).

From (3.12), however, we know that r(MY ) < 1 is a sufficient condition for population
extinction for all cases.
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4 Computation and characterization of TRN

4.1 Case of constant environment

Suppose that � is time-independent. Then the net reproduction operator of the target
host is given by

�1(τ ) := �1(τ )+ (�1 ∗
2)(τ ), (4.1)

where ∗ denotes the convolution operation. Then the next generation operator for the
target hosts, called the type reproduction operator (TRO), is calculated as

M1 :=
∞∫

0

�1(τ )dτ. (4.2)

Suppose that r(K (2)
Y ) < 1 where (K (2)

Y f )(t) := (�2 ∗ f )(t). As is shown in Inaba

(2011), we obtain r(K (2)
Y ) = r(K2) < 1 where K j is the type-specific next generation

operator defined by

K j := Pj K =
∞∫

0

Pj�(τ)dτ.

Then the positive operator

(I − K2)
−1 =

∞∑
m=0

K m
2 ,

exists and the resolvent kernel 
2 is integrable on [0,∞), since

∞∫

0


2(τ )dτ =
∞∑

m=1

K m
2 = (I − K2)

−1 K2 = K2(I − K2)
−1.

Hence �1 is also integrable and we have

M1 :=
∞∫

0

�1(τ )dτ = K1 + K1 Q2, (4.3)

where

K1 := P1 K =
∞∫

0

�1(τ )dτ, Q2 :=
∞∫

0


2(τ )dτ.
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Integrating the resolvent equation


2 = �2 +�2 ∗
2 = �2 +
2 ∗�2,

we have

Q2 = K2 + Q2 K2, (4.4)

and so Q2 = K2(I − K2)
−1. From (4.3), we obtain

M1 = K1(I + Q2) = K1(I − K2)
−1. (4.5)

In a constant environment, it holds that T = r(MY ) = r(M1), because M1 is
the next generation operator for the type-specific renewal process (3.4). That is, the
type-reproduction number T for the target host is computed as:

T = r(K1(I − K2)
−1), (4.6)

which is a well-known formula for the case of finite-dimensional state space (Roberts
and Heesterbeek 2003).

In this case, the sign relation (3.13) is extended to a trichotomy if we assume a
kind of irreducibility of K , which is an extension of Li–Schneider theorem (Li and
Schneider 2002) to infinite-dimensional case. For finite-dimensional case, this kind of
characterization is already given for R0 by Diekmann et al. (2010):

Proposition 5 Assume that E has a total positive cone E+ and the next generation
operator K is compact and semi-nonsupporting. If K is split as K = K1 + K2 where
K1 and K2 are positive compact operators with r(K2) < 1 and T = r(M1) > 0, then
it follows that

r

(
K1

T
+ K2

)
= 1, (4.7)

and one of the following holds:

R0 = T = 1, 1 < R0 < T, 0 < T < R0 < 1, (4.8)

where R0 = r(K ), T = r(M1) and M1 = K1(I − K2)
−1.

Proof By the Krein–Rutman Theorem, T is an eigenvalue of a compact positive oper-
ator M1 corresponding to a nonnegative eigenfunction φ ∈ E . For positive operator
theory, the reader may refer to Schaefer and Wolff (1999). Then we have

M1φ = Tφ = K1(I − K2)
−1φ.
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Let ψ := (I − K2)
−1φ. Then it follows from ψ ∈ E+\{0} and K1ψ = T (I − K2)ψ

that
(

K1

T1
+ K2

)
ψ = ψ.

Therefore ψ is a nonnegative eigenfunction associated with eigenvalue unity of
K1/T + K2. For linear positive operators T and S on E , we write T ≥ S if (T −
S)(E+) ⊂ E+. Since K1/T + K2 ≥ min(1, 1/T )K , K1/T + K2 is also compact
and semi-nonsupporting. Then it must hold that r( K1

T + K2) = 1. If T = 1, we have
R0 = r(K ) = r(K1 + K2) = 1. If T > 1, we have

K1

T
+ K2 ≤ K1 + K2 ≤ K1 + T K2.

As K = K1 + K2 is compact and semi-nonsupporting and the equality does not hold
in the above inequality, it follows from the comparison theorem (Marek 1970) that

1 = r

(
K1

T
+ K2

)
< r(K ) = R0 < T r

(
K1

T
+ K2

)
= T .

Finally if 0 < T < 1,

1 = r

(
K1

T
+ K2

)
> r(K ) = R0 > T r

(
K1

T
+ K2

)
= T .

This complete our proof. ��
Finally let us calculate the type reproduction operator based on the evolution

equation formulation (2.16):

dp(t)

dt
= (B + C)p(t) = Bp(t)+ (P1C + P2C)p(t). (4.9)

Then the type-specific NGO is calculated from the generator as follows:

K1 =
∞∫

0

P1CeBσdσ = P1C(−B)−1, K2 =
∞∫

0

P2CeBσdσ = P2C(−B)−1. (4.10)

Let s(A) be the spectral bound of operator A, that is, s(A) = sup{�λ : λ ∈ σ(A)}
where σ(A) denotes the spectrum of A. For the resolvent positive operator B + P2C , it
follows that sign(s(B + P2C)) = sign(r(P2C(−B)−1)−1). Then r(K2) < 1 implies
that 0 ∈ ρ(B + P2C) and −(B + P2C) is nonnegatively invertible. From (4.5), we
obtain a formula for the TRO:

M1 = P1C(−B)−1(I − P2C(−B)−1)−1 = P1C(−(B + P2C))−1. (4.11)
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Therefore the TRN is characterized as a number T such that

s

(
P1C

T
+ P2C + B

)
= 0. (4.12)

The expressions (4.11) and (4.12) shows that the type reproduction number T is inter-
preted as a basic reproduction number in case that the birth state (state-at-infection
in epidemic models) is limited to the target host and the birth of non-target host is
interpreted as transition to the non-target state.

4.2 Case of periodic environment

Next let us consider the case of periodic environment. Let K ( j)
Y = Pj KY be the pro-

jected GEO. Then the projected NGO is given by Pj Kθ = K ( j)
θ ( j = 1, 2) and it

follows from the results in Inaba (2011) that

r(KY ) = r(Kθ ), r(K ( j)
Y ) = r(Pj Kθ ) = r(Pj K ( j)

Z ). (4.13)

From (4.7), the type-reproduction number is characterized as a number T such that

r

(
K (1)
θ

T
+ K (2)

θ

)
= 1, (4.14)

provided that r(K (2)
θ ) < 1.

More precisely, using the same argument as Proposition 5, we can again obtain an
extension of the Li–Schneider Theorem:

Proposition 6 Assume that the next generation operator K Z is compact and semi-
nonsupporting. If K Z is split as K Z = K (1)

Z + K (2)
Z where K (1)

Z and K (2)
Z are positive

compact operators with r(K (2)
Z ) < 1 and T = r(M (1)

Z ) > 0, then it follows that

r

(
K (1)

Z

T
+ K (2)

Z

)
= 1, (4.15)

and one of the following holds:

R0 = T = 1, 1 < R0 < T, 0 < T < R0 < 1, (4.16)

where R0 = r(K Z ) and T = r(M (1)
Z ) = r(K (1)

Z (I − K (2)
Z )−1).

Note that for the periodic case, we can see the time at birth is an index of individual
heterogeneity. Then if we define P1 is a projection such that (P1φ)(t) = χ1(t)φ(t),
φ ∈ Z , where
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χ1(ζ ) =
{

1, ζ ∈ �1 ⊂ [0, θ),
0, ζ ∈ [0, θ)\�1

,

and�1 is the target “season”. Let P2 := Id −P1. Again we define K ( j)
Z := Pj K Z . Then

the type-reproduction number of the target season is given by r(K (1)
Z (I − K (2)

Z )−1)

if r(K (2)
Z ) < 1. For the discrete models, the “seasonal type reproduction number” is

already introduced in Bacaër and Ait Dads (2011c).
If we formulate the basic system by the ODE (2.16) with periodic parameters, (4.14)

implies that the Malthusian parameter (the dominant Floquet exponent) becomes zero
when B(t)+C(t) is replaced by B(t)+ 1

T P1C(t)+ P2C(t), provided that the Malthu-
sian parameter is negative if B(t)+C(t) is replaced by B(t)+ P2C(t) (Bacaër 2011b).

5 Applications in epidemic models

5.1 TRN for horizontal transmission in an age-structured population

As an example of the computation of TRN, we here consider a disease invasion by
horizontal and vertical transmission at the disease-free (totally susceptible) steady
state of an age-structured population, since there has been often confusion about what
is a true expression of R0 for vertically transmitted diseases.

Let I (t, a) be the density of infectious individuals at time t and age a, μ(a) the
natural death rate, γ (a) the recovery rate, m(a) the age-specific fertility rate, S(a)
the age-density of susceptibles, N the total size of host population and q the ratio of
newborns who have been infected vertically to total newborns. Then the dynamics of
infectives at the invasion phase is described by the following linearized equation:

∂ I (t, a)

∂t
+ ∂ I (t, a)

∂a
= −(μ(a)+ γ (a))I (t, a)+ S(a)

N

a†∫

0

β(a, σ )I (t, σ )dσ,

I (t, 0) = q

a†∫

0

m(a)I (t, a)da, (5.1)

where a† is an upper bound of chronological age and we adopt the homogeneous force
of infection. The host population is assumed to be in a demographic steady state, we
assume that

a†∫

0

m(a)�(a)da = 1,

where �(a) := exp(− ∫ a
0 μ(σ)dσ) is the survival rate of the host population. The

reader may refer to Inaba (2006) for the basic theory of age-structured SIR model
with vertical transmission.
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Let X := L1(0, a†) be the state space of age-density vectors, let W := R × X
be the extended state space for age-density function and its boundary value, and let
W0 := {0} × X be its closed subspace. Define an operator A on W by

A(0, ψ)T :=
(

−ψ(0),−dψ(a)

da
− (μ(a)+ γ (a))ψ(a)

)T

, (0, ψ) ∈ D(A),

and a bounded linear perturbation operator B : W0 → Z by

B(0, ψ)T =
⎛
⎝q

a†∫

0

m(a)ψ(a)da,
S(a)

N

a†∫

0

β(a, σ )ψ(σ)dσ

⎞
⎠

T

, (0, ψ) ∈ W0,

where T denotes the transpose of vector. Then the linearized equation for infected
population can be written as a linear Cauchy problem in the extended state space Z :

du(t)

dt
= Au(t)+ Bu(t), u(0) = (0, φ) ∈ W0,

where u(t) = (0, I (t, ·)) ∈ W0.
For the extended state space method adopted here, the reader may refer to Thieme

(1990). Originally, the extended space method was developed to deal with a nonlinear
evolution equation with non local boundary condition as a semilinear Cauchy problem
with non densely defined generator, in which the boundary condition is extracted from
the domain of generator and incorporated into the Lipschitz perturbation of generator.

From the general recipe to define the next generation operator, we calculate the
following operator from W to itself:

K := B(−A)−1.

Let (z1, z2)
T ∈ W be an element such that (−A)−1(z1, z2)

T = (0, ψ)T. Then we
have an expression:

ψ(a) = �(a)�(a)z1 +
a∫

0

�(a)�(a)

�(s)�(s)
z2(s)ds, (5.2)

where �(a) := exp(− ∫ a
0 γ (σ )dσ).

Therefore it follows that

B(−A)−1
(

z1
z2

)
=

⎛
⎜⎜⎜⎝

q
∫ a†

0 m(a)

[
�(a)�(a)z1 + ∫ a

0
�(a)�(a)

�(σ )�(σ )
z2(σ )dσ

]
da

S(σ )
N

∫ a†
0 β(a, ζ )

[
�(ζ )�(ζ )z1 + ∫ ζ

0
�(ζ )�(ζ )

�(σ )�(σ )
z2(σ )dσ

]
dζ

⎞
⎟⎟⎟⎠ .

Then the spectral radius r(K) gives the basic reproduction number.
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In particular, if β(a, σ ) is a separation of variable type as β(a, σ ) = β1(a)β2(σ ),
we have

K
(

z1
z2

)
=

⎛
⎜⎜⎜⎝

q
∫ a†

0 m(a)

[
�(a)�(a)z1 + ∫ a

0
�(a)�(a)

�(σ )�(σ )
z2(σ )dσ

]
da

S(a)
N β1(a)

∫ a†
0 β2(ζ )

[
�(ζ )�(ζ )z1 + ∫ ζ

0
�(ζ )�(ζ )

�(σ )�(σ )
z2(σ )dσ

]
dζ

⎞
⎟⎟⎟⎠ .

Therefore the positive eigenvector of K associated with R0 = r(K) is expressed as
(α1,

S(a)
N β1(a)α2)

T where α j > 0. Then it follows that

R0

(
α1
α2

)
= A

(
α1
α2

)
,

where A is a 2 × 2 positive matrix defined by

A :=

⎛
⎜⎜⎜⎝

q
∫ a†

0 m(a)�(a)�(a)da q
∫ a†

0 m(a)
a∫
0

�(a)�(a)

�(σ )�(σ )

S(σ )
N β1(σ )dσda

∫ a†
0 β2(ζ )�(ζ )�(ζ )dζ

∫ a†
0 β2(ζ )

ζ∫
0

�(ζ )�(ζ )

�(σ )�(σ )

S(σ )
N β1(σ )dσdζ

⎞
⎟⎟⎟⎠ .

Now we can calculate R0 as the positive eigenvalue of 2-dimensional matrix A, that
is, R0 = r(A).

Next let us calculate the type-reproduction operator for horizontal transmission,
which maps a horizontally transmitted primary case distribution to a secondary hor-
izontally transmitted case distribution intermediated by vertical transmission. Define
a splitting of the next generation operator as

K = K1 + K2,

where K j := B j (−A)−1 and the operators B j are defined by

B1(0, ψ)
T : =

⎛
⎝q

a†∫

0

m(a)ψ(a)da, 0

⎞
⎠

T

,

B2(0, ψ)
T : =

⎛
⎝0,

S(a)

N

a†∫

0

β(a, σ )ψ(σ)dσ

⎞
⎠

T

,

where (0, ψ) ∈ Z0. By this splitting of K, we naturally decompose the infecteds into
two types; horizontally infected individuals and vertically infected individuals.

Under the assumption that the host population is in a demographic steady state, the
condition r(K1) < 1 is automatically satisfied, that is, the infected population can not
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be maintained without horizontal transmission. Although this is intuitively clear, let
us calculate r(K1). Observe that

B1(−A)−1(z1, z2)
T =

⎛
⎝q

a†∫

0

m(a)ψ(a)da, 0

⎞
⎠

T

,

where ψ is given by (5.2). Then the positive eigenvector associated with r(K1) is
(z1, 0)T with any positive number z1 and

r(K1) = q

a†∫

0

m(a)�(a)�(a)da,

which is less than unity because of demographic stationarity condition

a†∫

0

m(a)�(a)da = 1.

Then the type reproduction operator (TRO) for horizontal transmission M2 is given
by

M2 := K2(I − K1)
−1.

From (4.11), we have

M2 = B2(−(A + B1))
−1.

Let (−(A + B1))
−1(z1, z2)

T = (0, ψ)T. Then we have

ψ(a) = (z1 + q〈m, ψ〉)�(a)�(a)+
a∫

0

�(a)�(a)

�(σ )�(σ )
z2(σ )dσ,

where 〈 f, g〉 := ∫ a†
0 f (a)g(a)da and we can compute as

〈m, ψ〉 = 1

1 − 〈m, ��〉

⎡
⎣〈m, ��〉z1 +

a†∫

0

m(a)

a∫

0

�(a)�(a)

�(σ )�(σ )
z2(σ )dσda

⎤
⎦ .

By using the above ψ , we obtain

M2(z1, z2)
T =

⎛
⎝0,

S(a)

N

a†∫

0

β(a, σ )ψ(σ)dσ

⎞
⎠

T

,
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and the type-reproduction number for horizontal transmission, denoted by T2, is given
by its spectral radius: T2 = r(M2).

Since the range of M2 is Z0, its positive eigenfunction associated with the type-
reproduction number T2 = r(M2) should be an element of Z0. Let (0, z2)

T be the
positive eigenfunction associated with T2 = r(M2). From the above expression, we
have r(M2)z2 = M2X z2, where M2X is a positive operator on X = L1 given by

(M2X f )(a) = S(a)

N

a†∫

0

β(a, ζ )

ζ∫

0

�(ζ )�(ζ )

�(σ )�(σ )
f (σ )dσdζ

+ S(a)

N

q
a†∫
0
β(a, ζ )�(ζ )�(ζ )dζ

1− q
a†∫
0

m(x)�(x)�(x)dx

a†∫

0

m(a)

a∫

0

�(a)�(a)

�(σ )�(σ )
f (σ )dσda,

(5.3)

The first part of M2X corresponds to direct horizontal transmission, the second part is
the indirect horizontal transmission in which the horizontally transmitted secondary
cases is intermediated by vertically transmitted infecteds. Then r(M2) = r(M2X )

and so M2X is the TRO for horizontal transmission acting on X .

5.2 Control relations by T in a constant environment

In the context of epidemic models (see Heesterbeek and Roberts (2007), and also Inaba
(2010) for demographic interpretations), S-control means that control (intervention to
the infection process) acts primarily on reducing the availability of susceptibles of the
target type. Therefore, S-control reduce the potential of all types to produce the target
type, which is described as a change in the type-specific NGO K1 if the state one
indicates the target type. If K1 is replaced by (1 − v)K1 with control effort v ∈ [0, 1]
(for example, v is a vaccination coverage), the effective type-reproduction number is
given by

Te = r((1 − v)K1(I − K2)
−1) = (1 − v)T .

Then the critical effort devoted to the target type alone to prevent an epidemic in the
whole population is calculated as

v∗ = 1 − 1

T
.

Note that from (4.8), if R0 > 1, we have

1 − 1

R0
< 1 − 1

T
,
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which shows that the critical control effort to the target host only is always larger
than the critical effort to total host in case that the same kind of “effort” (for example,
immunization of susceptibles) is applied to all types.

In contrast to S-control, I-control means the intervention to the survival process of
the target type. Therefore, I-control reduces the potential of the target type to produce
cases of all types, so both K1 and K2 are changed by the I-control, and we can not have
a simple control relation as the S-control under our decomposition K = K1 + K2.
Instead, let us split the next generation operator K as

K = K̃1 + K̃2,

where K̃ j = K Pj . Then the operator K̃1 express the reproductivity (for all types) of
the target type, so the I-control to the target type changes K̃1 alone. From the above
Thieme’s theorem, if r(K̃2) < 1, it follows that

sign(r(K )− 1) = sign(r(K̃1(I − K̃2)
−1)− 1),

so we can obtain an alternative definition of the type-reproduction number as

T = r(K̃1(I − K̃2)
−1),

which is normally different from T defined based on the S-control.
Therefore, if due to the I-control, K̃1 is replaced by (1−v)K̃1 with control effort v,

the effective type-reproduction number under the I-control is given by

Te = r((1 − v)K̃1(I − K̃2)
−1) = (1 − v)T .

Then the critical effort is again calculated as v∗ = 1 − 1/T . As is discussed by
Heesterbeek and Roberts (2007), if the control strategy is a mixture of S-control and
I-control, we can not have such a simple control relation.

5.3 Critical coverage of vaccination

One of most important purposes of the age-structured epidemic model is to calculate
the critical coverage of vaccination or critical proportion of immunization.

Let S(a) be the age-density of the susceptible host stationary population. Suppose
that the fraction e of the host population at age a0 is vaccinated. Then the stationary
age-density of susceptibles under the continuous mass vaccination policy is given by

S∗(a) = S1(a)+ (1 − e)S2(a),

where S1(a) := S(a)χ1(a), S2(a) := S(a)χ2(a), �b = [0,∞),�1 = [0, a0) and
�2 = [a0,∞)

If we adopt a homogeneous force of infection for the age-duration structured epi-
demic model (Inaba and Nishiura 2008a), the effective next generation operator under
the one-time vaccination policy, denoted by Ke, is given by
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(Keu)(a) = S∗(a)
N

∞∫

0

∞∫

0

β(a, τ + ζ )
�(τ + ζ )

�(ζ )
f (τ )�(τ)dτu(ζ )dζ,

where β(a, σ ) is the transmission coefficient between age a and age σ, f (τ ) is the
probability of successful transmission of infective agents from infective individuals
with infection-age τ, N the total size of host population, which is assumed to be con-
stant, �(τ) is the survival rate induced from the recovery rate and �(a) is the survival
rate with respect to the natural death rate.

Then we can decompose Ke as

Ke = K1 + (1 − e)K2,

where K j ( j = 1, 2) are positive operators given by

(K j u)(a) = S j (a)

N

∞∫

0

∞∫

0

β(a, τ + ζ )
�(τ + ζ )

�(ζ )
f (τ )�(τ)dτu(ζ )dζ,

It is clear from Re = r(Ke) ≥ r(K1) that we can not control the disease by the
one-time vaccination policy if r(K1) ≥ 1. Therefore we assume that the vaccination
age a0 can be chosen such that r(K1) < 1. That is, �2 is the target state. Under this
condition, we can define the type reproduction operator (TRO) M2 as

M2 := K2(I − K1)
−1.

The type-reproduction operator M2 produces the next generation of infecteds in the
age class [a0,∞) intermediated by the infecteds in the age class [0, a0).

Let T = r(M2) be the type-reproduction number of the post-vaccination age class.
Since Re = r(K1 + (1 − e)K2) < 1 if and only if

r((1 − e)K2(I − K1)
−1) = r((1 − e)M2) = (1 − e)T < 1,

the critical coverage of vaccination at age a0 is given by

e∗ = 1 − 1

T
.

If e > e∗, then Re < 1 and the local disease invasion is prevented by the one-time
vaccination.

For a special case a0 = 0 that all newborns are targeted by the immunization policy,
we have the well-known control relation

e∗ = 1 − 1

R0
,

because K1 = 0 and T = K2 = K .
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Using the separable mixing assumption, the type specific NGO K j is one-dimen-
sional:

(K j u)(a) = S j (a)

N
β1(a)〈F0, u〉,

where F0 is a positive functional defined by

〈F0, u〉 :=
∞∫

0

∞∫

0

β2(τ + ζ )
�(τ + ζ )

�(ζ )
f (τ )�(τ)dτu(ζ )dζ.

Then it is easy to see that

r(K1) =
〈
F0,

S1

N
β1

〉
.

If r(K1) < 1, we obtain

((I − K1)
−1u)(a) = u(a)+ 〈F0, u〉

1 − r(K1)

S1(a)

N
β1(a).

The type-reproduction operator is also a one-dimensional operator given by

(M2u)(a) = S2(a)

N
β1(a)

[
〈F0, u〉 + r(K1)〈F0, u〉

1 − r(K1)

]
.

Then the type-reproduction number is calculated as

T = r(M2) = r(K2)+ r(K1)r(K2)

1 − r(K1)
= r(K2)

1 − r(K1)
,

where

r(K2) =
〈
F0,

S2

N
β1

〉
.

If we introduce the immunization policy with coverage e at age a0, the effective
reproduction number is Re = r(K1) + (1 − e)r(K2) and the critical proportion of
immunization is given by

e∗ = 1 − 1

T
=

(
1 − 1

R0

)
1

ξ
,

where R0 = r(K1)+ r(K2) and

ξ := r(K2)

R0
=

∫ ∞
a0

∫ ∞
0 β2(τ + ζ )

�(τ+ζ )
�(ζ )

f (τ )�(τ)dτc2(ζ )β1(ζ )dζ∫ ∞
0

∫ ∞
0 β2(τ + ζ )

�(τ+ζ )
�(ζ )

f (τ )�(τ)dτc2(ζ )β1(ζ )dζ
.
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The proportion e∗ gives the critical coverage of immunization and the proportion ξ is
the proportion of secondary cases occurring for susceptibles over a0 years old. If we
can assume that β is constant and the length of infectiousness is short enough, we have

ξ ≈ 1

e0

∞∫

a0

�(ζ )dζ,

which is the proportion of individuals over a0 years old in the stationary host
population.

5.4 Seasonal control

Since the NGO for the periodic case is an infinite-dimensional operator, it is generally
difficult to obtain analytical expression of BRN or TRN in a periodic environment.
Here we give a most simple example for TRN in a periodic environment to formulate
the critical seasonal effort to eradicate infectious diseases.

First let us consider a non-structured SIR epidemic model with time-periodic param-
eters. The linearized dynamics of infected population is described by a scalar equation:

d I (t)

dt
= (β(t)S(t)− μ(t))I (t), (5.4)

where S(t) is the host susceptible population density at the disease-free state, β(t)
denotes the transmission rate and μ(t) denotes the removal rate of infecteds. The
reader may refer to Thieme (2003) for general treatment of (5.4).

We assume that S, β and μ have the period θ > 0. By using the variation of
constants formula, we have

I (t) = e− ∫ t
0 μ(x)dx I (0)+

t∫

0

e− ∫ t
s μ(x)dxβ(s)S(t)I (s)ds.

Let v(t) := β(t)S(t)I (t) be the incidence of new infection. Then we obtain a renewal
equation:

v(t) = β(t)S(t)e− ∫ t
0 μ(x)dx I (0)+ β(t)S(t)

t∫

0

e− ∫ t
t−s μ(x)dxv(t − s)ds. (5.5)

Then the next generation operator is defined by

(Kθφ)(t) =
∞∫

0

�(t, s)φ(t − s)ds, (5.6)
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where

�(t, s) := β(t)S(t)e− ∫ t
t−s μ(x)dx ,

and φ ∈ Cθ (R), which is a set of θ -periodic continuous functions. As is shown by
Bacaër and Guernaoui (2006), we can calculate the basic reproduction number as
follows:

R0 = r(Kθ ) =
∫ θ

0 β(t)S(t)dt∫ θ
0 μ(t)dt

. (5.7)

In fact, R0 is a positive number such that the modified system

d I (t)

dt
=

(
β(t)S(t)

R0
− μ(t)

)
I (t),

has a zero Malthusian parameter. Since

log I (t)

t
= 1

t

t∫

0

(
β(σ)S(σ )

R0
− μ(σ)

)
dσ → 1

θ

θ∫

0

(
β(σ)S(σ )

R0
− μ(σ)

)
dσ = 0,

as t → ∞, we have the expression (5.7). Traditionally (5.7) has been used as a basic
reproduction number for a seasonal homogeneous SIR model without proof (Grassly
and Fraser 2006).

Let χ(t) be the indicator function such that

χ(t) =
{

1, t ∈ �1 ⊂ [0, θ),
0, t ∈ R\�1

,

where �1 is the target season. Let P1 be the θ -periodic projection to a target season
defined by

(P1φ)(t) :=
∞∑

n=−∞
χ(t − nθ)φ(t), φ ∈ Cθ (R).

Suppose that r(P2 Kθ ) < 1 for P2 = Id − P1, that is, the reproductivity of infectious
agent under the non-target “bad season” is subcritical. From (4.14), the type-repro-
duction number T for the target season is characterized as

r

(
1

T
P1 Kθ + P2 Kθ

)
=

1
T

∫
�1
β(t)S(t)dt + ∫

�2
β(t)S(t)dt∫ θ

0 μ(x)dx
= 1, (5.8)
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where �2 := [0, θ)\�1. Therefore we have

T = r(P1 Kθ )

1 − r(P2 Kθ )
, (5.9)

where

r(P1 Kθ ) =
∫
�1
β(x)S(x)dx∫ θ
0 μ(x)dx

, r(P2 Kθ ) =
∫
�2
β(x)S(x)dx∫ θ
0 μ(x)dx

.

Again the critical proportion of immunization for the target season is calculated as
e∗ := 1−1/T , that is, if P1S(t) is replaced as (1−e)P1S(t)with e > e∗, then a small
group of infecteds can not survive in this partially immunized periodic environment.

5.5 Pulse vaccination strategy

The effective reproduction number is the reproduction number for partially immunized
host population. An interesting application of the formula (5.7) is the calculation of
the effective reproduction number for a pulse vaccination strategy, which is a pow-
erful tool for disease eradication (Agur et al. 1993; Nokes and Swinton 1995, 1997).
Another application is found in van den Berg et al. (2011).

The pulse vaccination scheme proposes to vaccinate a fraction ε of the entire sus-
ceptible population in a single pulse, applied every θ years (Shulgin et al. 1998). That
is, by the pulse vaccination strategy, the environment (the susceptible host population)
of infecteds becomes artificially periodic.

First, we consider a most simple case such that the environment is constant and the
susceptible (non-structured) population is described by

d S(t)

dt
= b − μS(t), t ∈ (nθ, (n + 1)θ),

with the pulse condition

S(nθ + 0) = (1 − ε)S(nθ − 0),

where n is an integer, b denotes the birth rate and μ is the natural death rate.
Then it is not difficult to find a θ periodic (disease-free) solution as follows:

S(t) = b

μ
+

(
S∗ − b

μ

)
e−μ(t−nθ), t ∈ [nθ, (n + 1)θ),

where

S∗ := (b/μ)(1 − e−μθ )(1 − ε)

1 − (1 − ε)e−μθ .
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Let γ be the recovery rate of infecteds. If the infected population in the linear phase
is described by

d I (t)

dt
= βS(t)I (t)− (μ+ γ )I (t),

then the effective reproduction number, denoted by Re, is calculated by using (5.7),
as

Re = β

μ+ γ

1

θ

θ∫

0

S(σ )dσ = R0

[
1 − ε(1 − e−μθ )

μθ(1 − (1 − ε)e−μθ )

]
, (5.10)

where

R0 = bβ

μ(μ+ γ )
,

is the basic reproduction number for the totally susceptible population with size b/μ.
Then the criterion to lead a disease-free population is formulated as Re < 1, which
result is already given by Shulgin et al. (1998) based on the Floquet theory.

From (5.10), the critical coverage of immunization for a single pulse, denoted by
ε∗, satisfies the relation

1 − 1

R0
= ε∗(1 − e−μθ )
μθ(1 − (1 − ε∗)e−μθ )

,

where the left hand side gives the critical coverage of immunization for the continu-
ous vaccination policy applied to newborns. For a sufficiently small μ, the right hand
side is greater than ε∗, so we can expect that ε∗ is less than the critical coverage of
immunization given by the traditional control relation. The expression (5.10) is also
used to estimate the maximum period of the pulse in which the eradication criterion
Re < 1 is satisfied.

If the transmission coefficient β is a periodic function of time reflecting the seasonal
nature of the epidemic, the effective reproduction number is calculated as

Re = 1

μ+ γ

1

θ

θ∫

0

β(σ)S(σ )dσ, (5.11)

as long as β has a period θ , that is, the season and the period of pulse has a same
period θ . This situation occurs if the period of pulse is an integer-valued number of
years.

As a more complex example, let us consider a periodic age-structured host popula-
tion induced by a pulse vaccination strategy. For t ∈ [0, θ ], define the age-structured
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susceptible population S as follows:

S(t, a) =
{
(1 − ε)n+1 B�(a), a ∈ [t + nθ, t + (n + 1)θ), n = 0, 1, 2, ..,

B�(a), a ∈ [0, t).
(5.12)

where ε is the pulse vaccination coverage, B denotes the number of newborns per unit
time and �(a) denotes the survival rate. Then it is easy to see that

(1 − ε)S(θ − 0, a) = S(+0, a).

Therefore we can extend S(t, a) as a θ -periodic function of time t such that

(1 − ε)S((n + 1)θ − 0, a) = S(nθ + 0, a).

Now again let us consider the horizontally transmitted SIR-type disease. Let
J (t, τ ; a) be the density of infected population at infection-age (duration since infec-
tion) τ whose age at infection is a. That is, J (t, τ ; a) denotes the density of the
infection cohort with age of infection a, and J (t, 0; a) gives the age-density of newly
infected population at time t . Then

I (t, a) =
a∫

0

J (t, τ ; a − τ)dτ,

gives the age-density function of infected population. We assume that the linearized
equation for the infected population is given as follows:

(
∂

∂t
+ ∂

∂τ

)
J (t, τ ; a) = −(μ(a + τ)+ γ (τ))J (t, τ ; a),

(5.13)

J (t, 0; a) = S(t, a)

∞∫

0

β(t, a, σ )

σ∫

0

f (τ )J (t, τ ; σ − τ)dτdσ,

where the force of infection is given by the law of mass action, β is a θ -periodic
transmission coefficient, f (τ ) is the infectivity and γ (τ) is the recovery rate at infec-
tion-age τ .

From the above McKendrick equation, if we define v(t, a) := J (t, 0; a), it follows
that

J (t, τ ; a) =

⎧⎪⎪⎨
⎪⎪⎩

�(a + τ)

�(a)
�(τ)v(t − τ, a), t − τ > 0,

�(a + τ)�(τ)

�(a + τ − t)�(τ − t)
J (0, τ − t; a), τ − t > 0.

(5.14)

where �(τ) := exp(− ∫ τ
0 γ (x)dx).
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Inserting (5.14) into the boundary condition of (5.13) and changing the order of
integrals, we have a renewal equation for newly infecteds:

v(t, a) = g(t, a)+ S(t, a)

t∫

0

dτ

∞∫

τ

β(t, a, σ )

× �(σ )

�(σ − τ)
f (τ )�(τ)v(t − τ, σ − τ)dτdσ, (5.15)

where we omit the concrete expression for the initial data g(t, a), which is the newly
infecteds produced from the initial infected population.

Then the time-periodic net reproduction operator �(t, τ ) is defined as follows:

(�(t, τ )φ)(a) := S(t, a)

∞∫

0

β(t, a, x + τ)
�(x + τ)

�(x)
f (τ )�(τ)φ(x)dx, (5.16)

where φ ∈ L1(R+). By using the above net reproduction operator, the NGO is defined
by (2.12).

In order to calculate the BRN, we introduce a simplified assumption that β(t, a, σ )
= β(t), μ(a) = μ, γ (τ) = γ and f = 1. Then we have

(�(t, τ )φ)(a) := S(t, a)β(t)e−(μ+γ )τ
∞∫

0

φ(x)dx . (5.17)

In this case the eigenvalue problem of NGO is formulated as follows:

Reφ(t, a) = S(t, a)β(t)

∞∫

0

∞∫

0

e−(μ+γ )τ φ(t − τ, x)dxdτ,

where φ ∈ Yθ is the eigenfunction associated with Re. Let u(t) := ∫ ∞
0 φ(t, a)da.

Then we obtain

Reu(t) =
∞∫

0

S(t, a)daβ(t)

∞∫

0

e−(μ+γ )τu(t − τ)dτ. (5.18)

In comparison with (5.6), we can apply the formula (5.7) to obtain

Re = 1

μ+ γ

1

θ

θ∫

0

∞∫

0

S(t, a)daβ(t)dt. (5.19)
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Then we again arrive at the same formula as (5.11), which has been used as the annual
average reproduction number in the context of the pulse vaccination theory (Grassly
and Fraser 2006). The above argument shows that (5.19) gives a true threshold value. If
again we use (5.8), we can estimate the type reproduction number related to a specific
season under the pulse vacicination.
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