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Abstract In this paper, we develop a new approach to deal with asymptotic
behavior of the age-structured homogeneous epidemic systems and discuss its
application to the MSEIR epidemic model. For the homogeneous system, there
is no attracting nontrivial equilibrium, instead we have to examine existence
and stability of persistent solutions. Assuming that the host population dynam-
ics can be described by the stable population model, we rewrite the basic system
into the system of ratio age distribution, which is the age profile divided by the
stable age profile. If the host population has the stable age profile, the ratio
age distribution system is reduced to the normalized system. Then we prove
the stability principle that the local stability or instability of steady states of
the normalized system implies that of the corresponding persistent solutions of
the original homogeneous system. In the latter half of this paper, we prove the
threshold and stability results for the normalized system of the age-structured
MSEIR epidemic model.

Keywords Homogeneous epidemic system · Stable population ·
Stability principle · Basic reproduction ratio · Endemic steady state
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1 Introduction: homogeneous epidemic systems

First let us introduce a very general formulation for age-structured epidemic
systems. Suppose that the host population is a closed age-structured population
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divided into n subpopulations (compartments), each of which corresponds to
an epidemic i-state, for example, susceptible, exposed, infective, removed, vac-
cinated state and so on. The state of such a population is described by means
of age density functions Uj(t, a), where t denotes time, a stands for age and j
indicates the jth epidemic state. The dynamics of this model is described by the
system of equations

∂Uj(t, a)

∂t
+ ∂Uj(t, a)

∂a
= −µj(a)Uj(t, a)+

n∑

k=1

gjk(a, U(t))Uk(t, a),

Uj(t, 0) =
n∑

k=1

ω∫

0

mjk(a)Uk(t, a)da, (1.1)

Uj(0, a) = U0j(a),

where ω denotes the upper bound of age, U0j is the initial data. The function µj
denotes the natural death rate of the jth state population and mjk(a) is the birth
rate of jth newborns by kth individuals. The function gij(a, U), i �= j denotes
the density-dependent force of transition from jth state to ith state and gjj is
defined as

gjj(a, U) := −
∑

i �=j

gij(a, U).

We assume that Uj(t, ·) ∈ L1+(0,ω) since Uj represents a density. Moreover
each age-specific fertility function mij is assumed to be a bounded nonnegative
function with a compact support [a1, a2], where 0 < a1 < a2 < ω and [a1, a2] is
called the reproductive age period.

Let us define the survival function �j(a) at jth state by

�j(a) := exp



−
a∫

0

µj(σ )dσ



 . (1.2)

In order to guarantee �j(ω) = 0, we assume that µj is a locally integrable
nonnegative function satisfying

ω∫

0

µj(σ )dσ = +∞. (1.3)

Moreover we assume that the incidence of death is essentially bounded:

sup
a∈[0,ω]

µj(a)�j(a) < +∞. (1.4)
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Then it is reasonable to restrict the state space of age density functions such
that µj(a)Uj(t, a) becomes integrable with respect to age a. For this purpose, we
assume that the state space of age-density function Uj is given by

Xj :=
{
φ ∈ L1+(0,ω) :

φ(·)
�j(·) ∈ L1+(0,ω)

}
, (1.5)

where its norm is given by ‖φ‖Xj = ‖φ(·)/�j(·)‖L1 . If there is no differential
(natural) mortality among epidemic states, then each state space of age-density
functions is given by the same set as {Uj ∈ L1+(0,ω) : Uj(·)/�(·) ∈ L1+(0,ω)}.

Then the age-structured epidemic system (1.2) can be formulated as a semi-
linear dynamical system as follows:

dU(t)
dt

= AU(t)+ F(U),

U(0) = U0 ∈ E+,
(1.6)

where E = �n
j=1Xj is a Banach space of state vectors and E+ is its positive cone,

U(t) = (U1(t, ·), U2(t, ·), . . .Un(t, ·))T(T denotes the transpose of the vector.) is
the state vector at time t, and the operator A : D(A) ⊂ E → E is the population
operator, given by

(AU)(a) = (−dU1/da − µ1(a)U1, · · ·, −dUn/da − µn(a)Un)
T.

The domain D(A) is given as follows:

D(A) =



U ∈ E :
Uj

�j
∈ AC[0,ω], U(0) =

ω∫

0

M(a)U(a)da




,

where AC[0,ω] denotes the set of absolutely continuous functions, M(a) :=
(mij(a))1≤i,j≤n is a n × n fertility matrix, and the nonlinear term F(U) is given as

F(U)(a) = G(a, U)U, (1.7)

where G(a, U) = (gij(a, U))1≤i,j≤n is a n × n transition matrix.
The transition rate from the susceptible class to the exposed or infected class

is called the force of infection. For many classical epidemic models, the force of
infection is the only density-dependent transition rate (which depends on the
density of infectious population) and other transition rates are assumed to be
given age-dependent functions or constants, while if we take into account the
booster effect of reexposure, the rate of loss of immunity for immunes could
depend on the density of infected population [4].

To ensure the existence and uniqueness of a solution, we assume local
Lipschitz continuity, that is, there exists an increasing function k(r) such that
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‖F(U) − F(V)‖ ≤ k(r)‖U − V‖ for all U, V ∈ {U ∈ E+ : ‖U‖ ≤ r}. Under
the above assumption, it can be shown that the epidemic system (1.2) has a
unique global mild solution S(t)u0 such that S(t)(E+) ⊂ E+ and if u0 ∈
E+ ∩ D(A), S(t)u0 becomes a classical solution. In general the evolution system
(1.2) can be seen as a nonlinear extension of a demographic multistate stable
population model [24], which has been extensively studied by many authors
[7,22,38,42].

In this paper we focus on the special case in which the basic system (1.2)
defines a homogeneous dynamical system. A dynamical system can be called
homogeneous if its solution operator is homogeneous, that is, S(t)(αU) =
αS(t)(U) for all U ∈ E+ and for all α > 0. For the semilinear Cauchy
problem (1.6), if F is a homogeneous of degree one nonlinear continuous
operator:

F(αU) = αF(U), ∀U ∈ E+, ∀α > 0, (1.8)

then (1.6) becomes a homogeneous dynamical system. In the following we call
the age-structured multistate model (1.2) the homogeneous epidemic system if
it describes an epidemic compartment model and F satisfies the homogeneity
condition (1.7)–(1.8) with G(a,αU) = G(a, U).

The assumption of homogeneity has been widely used in the epidemic mod-
eling to reflect the saturation of contact number in large scale populations [5,
17,41]. In general, the force of infection (λ) can be seen as a product of three
factors, the transmission probability of infectious agents per one contact (β),
the number of contacts per capita and per unit time (C(N)) and the fraction of
the population that is infectious (I/N). That is,

λ ≈ β × C(N)× I
N

, (1.9)

where I denotes the size of the infectious population and N is the size of
the total population. Though it is natural to suppose that the number of con-
tacts C(N) is an increasing function of the population size N, for many cases
it is also believed that C(N) levels off at high population densities [1,35,
41]. Then it would be reasonable to adopt the simplified assumption that C is
constant if the host population size is so large that C(N) is essentially equal
to its limiting value (C(N) is assumed to be an increasing function bounded
above). In such a case, λ becomes homogeneous of degree zero with respect
to the scale of population densities, which leads to the homogeneous epidemic
system.

If U∗ is an equilibrium solution of the system (1.6) with homogeneity con-
dition (1.8), then so is cU∗ for any c > 0. Then there is no possibility of an
attracting nontrivial equilibrium, which is very different from the classical epi-
demic models whose force of infection is a linear functional of the infected
population density. So our interest focuses on the existence and stability of
persistent solutions defined as follows: The solution of (1.6) with (1.8) is called
a persistent solution if it has the form as er∗tU∗ where r∗ is a constant and
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U∗ ∈ E. Then it follows from the homogeneous nonlinearity that a (biologically
meaningful) persistent solution exists if and only if the nonlinear eigenvalue
problem

AU∗ + F(U∗) = r∗U∗, U∗ ∈ E+, (1.10)

has a solution.
The homogeneous dynamical system has been studied by several authors who

have already developed some approaches to show stability results of persistent
solutions in the homogeneous (epidemic) dynamical systems [5,16–19,23,43,
44]. However, in fact the above nonlinear eigenvalue problem is very difficult
to solve except for some special cases. For the homogeneous epidemic system,
the most important special case such that the eigenvalue problem (1.10) could
be solved is the case that the host population dynamics is independent from the
epidemic and described by the stable population model.

In order to consider the solvable case, we adopt the following additional
assumption:

Assumption 1.1 There is no differential mortality, µ(a) = µj(a) (1 ≤ j ≤ n) is
the common age-specific natural death rate. Moreover there is no differential
fertility, so there exists a state-independent age-specific fertility function f (a)
such that mij(a) = kif (a), where ki denotes the proportion of newborns whose
epidemic state is i and

∑n
i=1 ki = 1, ki ≥ 0.

Note that under the Assumption 1.1 we can escape from the regulation prob-
lem, that is, the effects of the epidemic on the demographic vital rates. Yet
demography influences the disease dynamics. For example, the host population
structure and the Malthusian parameter could affect the basic reproduction
ratio [2,28].

If the Assumption 1.1 is satisfied, it is easy to see that the age density function
of the host population, denoted by P(t, a) := ∑n

i=1 Ui(t, a) satisfies the stable
population model:

∂P(t, a)
∂t

+ ∂P(t, a)
∂a

= −µ(a)P(t, a),

P(t, 0) =
ω∫

0

f (a)P(t, a)da, (1.11)

P(0, a) = P0(a),

where P0(a) = ∑n
j=1 Uj(0, a) is a given initial data. Moreover, by adding term

to term in the eigenvalue problem (1.10), we can obtain the following linear
eigenvalue problem:
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(
− ∂

∂a
− µ(a)

)
P∗(a) = r∗P∗(a),

P∗(0) =
ω∫

0

f (a)P∗(a)da, (1.12)

where P∗(a) := ∑n
i=1 U∗

i (a). From (1.12), we know that P∗(a) = P∗(0)e−r∗a�(a),

where �(a) := exp(− ∫ a
0 µ(σ)dσ) is the survival function. Inserting the expres-

sion of P∗ into the boundary condition, we know that the eigenvalue r∗ must
be a root of the Euler–Lotka characteristic equation:

ω∫

0

e−zaf (a)�(a)da = 1, z ∈ C. (1.13)

Then it is well known that (1.13) has a unique dominant real root r0, which is
called the intrinsic rate of natural increase.

Therefore the host population system (1.11) has a unique persistent age
profile (normalized age distribution) given by

ψ(a) := e−r0a�(a)∫ ω
0 e−r0σ �(σ )dσ

= ψ(0)e−r0a�(a), (1.14)

and ψ is called the stable age profile. Therefore under the Assumption 1.1,
persistent solutions of the homogeneous epidemic system (1.2) have a unique
growth rate r0. Then the remaining problem is to look for the persistent distri-
butions U∗ and to examine their stability.

Intuitively speaking, if the host population age distribution approaches a
stable age distribution independently from the epidemic, we could expect that
the long-run behavior (stability and instability of the persistent solutions) of the
basic system would be determined by the limiting system whose host population
has already attained the stable age distribution. In order to show this intuition
to hold, first we have to consider the dynamics of age profile more precisely. In
the following we call the homogeneous epidemic system under the Assumption
1.1 the homogeneous epidemic system in the stable population.

In this paper we are mainly concerned with the long-run behavior of the
homogeneous epidemic system in growing populations, so we adopt the follow-
ing assumption:

Assumption 1.2 The Malthusian parameter r0 of the host population is positive,
that is, the (demographic) net reproduction rate is greater than unity:

ω∫

0

f (a)�(a)da > 1. (1.15)
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On the other hand, if r0 < 0, it is clear that both the epidemic and the host
population die out in the long-run. However, even for that case the transient
dynamics could yield important insights concerning for realistic considerations
of epidemics in developed countries whose net reproduction rate is less than
unity [31].

Though the Assumption 1.1 is rather restrictive, our approach could be seen
as an essential step toward a more general theory for homogeneous epidemic
systems.

2 Age profile dynamics of the stable population

For the stable population model, its initial data are called trivial if f (a+t)P0(a) =
0 for almost all a ∈ [0,ω] and all t ≥ 0, which means that the support of P0
starts beyond the maximum reproductive age ([22], p. 22) (that is, the initial
individuals are too old to be fertile), otherwise they are called non-trivial. It
follows from the stable population theory [22,24] that if a given initial data
P0(a) is non-trivial, the age distribution converges to the stable age profile:

lim
t→∞

P(t, a)∫ ω
0 P(t, a)da

= ψ(a). (2.1)

That is, ψ is a relatively stable age distribution. Once the stable age profile
ψ is attained, it is persistent and the population grows exponentially with the
Malthusian parameter r0.

In order to show the stability principle for the epidemic system in the next
section, here we introduce some properties of the ratio age distribution w defined
by:

w(t, a) = P(t, a)
N(t)ψ(a)

, (2.2)

where N(t) = ∫ ω
0 P(t, a)da is the total size of the population at time t and

P(t, a)/N(t) is the age profile (normalized age distribution) of the host popula-
tion at time t, so w is the ratio of the age profile at time t to the stable age profile.
The ratio distribution is well defined as long as the initial data P0 is nontrivial.

Inserting P = Nψw into (1.11), we can derive that w satisfies the following
system:

∂w(t, a)
∂t

+ ∂w(t, a)
∂a

= (r0 − h(w(t, ·))w(t, a),

w(t, 0) =
ω∫

0

π(σ)w(t, σ)dσ ,

w(0, a) = w0(a) ∈ �,

(2.3)
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where π(a) := e−r0af (a)�(a), � is the state space of w given by

� :=



φ ∈ L1+(0,ω) :

ω∫

0

ψ(a)φ(a)da = 1




 ,

and h : � → R is a functional defined by

h(φ) :=
ω∫

0

(f (a)− µ(a))ψ(a)φ(a)da.

It is easy to see that h(1) = r0 and h(w(t, ·)) gives the growth rate of the host
population at time t, that is, N′(t)/N(t) = h(w(t, ·)).

Once the solution w of (2.3) is given, the host population P is recovered as

P(t, a) = N(0)e
∫ t

0 h(w(σ ,·))dσψ(a)w(t, a). (2.4)

It follows that P(t, a) becomes the persistent solution N(0)er0tψ(a) if and only
if w(t, a) = w∗ ≡ 1, which is the unique nontrivial equilibrium solution of (2.3).

From the well-known strong ergodicity theorem for the stable population, it
is easy to see that the ratio distribution w converges to w∗ ≡ 1 exponentially in
L1 norm as t → ∞ (see [22], Chap. II). However, more precisely, let us show
that ‖w − w∗‖/‖w0 − w∗‖ is decreasing exponentially, which result is needed in
the next section.

Let us consider the system (2.3) as a Cauchy problem in L1(0,ω):

dw(t)
dt

= A0w(t)+ G(w(t)), w(0) = w0 ∈ �, (2.5)

where A0 is a population operator defined by (A0φ)(a) = −dφ(a)/da with the
domain given by

D(A0) =



φ ∈ AC[0,ω] : φ(0) =
ω∫

0

π(a)φ(a)da




 .

and the nonlinear term G is given by G(φ) := (r0 − h(φ))φ.
Since G is a continuously Fréchet differentiable nonlinear perturbation, for

each w0 ∈ L1 there exists a maximal interval of existence [0, Tw0) and a unique
continuous function t → w(t; w0) from [0, Tw0) to L1 such that

w(t; w0) = etA0w0 +
t∫

0

eA0(t−σ)G(w(σ ; w0))dσ , t ∈ [0, Tw0), (2.6)
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and Tw0 = ∞ or lim supt→Tw0
‖w(t; w0)‖ = ∞ and if w0 ∈ D(A0), then w(t; w0) ∈

D(A0) and w(t; w0) is continuously differentiable and satisfies (2.6) on [0, Tw0)

([37], [42, Prop. 4.16]). Since (2.3) is induced from the stable population model
1.11 by the transformation (2.4), we know that Tw0 = ∞ if w0 is a nontrivial
data, and the following holds:

Lemma 2.1 Let �0 be the set of nontrivial initial data. Then � ∩�0 is positively
invariant with respect to the solution semiflow of the system (2.3).

Next consider the linearized equation of (2.5) at the equilibrium point w∗ ≡ 1:

dζ(t)
dt

= (A0 + G′[w∗])ζ(t), (2.7)

where ζ(t, a) := w(t, a) − w∗ and G′[w∗] : L1 → L1 is a linear operator with
one-dimensional range defined as

G′[w∗]ζ := −h(ζ )w∗.

Then A0+G′[w∗] generates a strongly continuous semigroup T(t)=exp((A0+
G′[w∗])t), because A0 + G′[w∗] is a bounded linear perturbation of the popula-
tion semigroup generator A0.

Lemma 2.2 For the linearized semigroup T(t), there exist numbers ε < 0 and
M(ε) ≥ 1 such that

‖T(t)‖ ≤ M(ε)e−εt. (2.8)

Proof Since the semigroup generated by the population operator with a com-
pact perturbation is eventually compact [24] [42, Prop. 4.14] it follows that
ω0(A0 + G′[w∗]) = sup{�z : z ∈ Pσ (A0 + G′[w∗])}.1 Then if there exists a
dominant eigenvalue for A0 + G′[w∗] and its real part is negative, then ω0(A0 +
G′[w∗]) < 0, hence there exist M(ε) ≥ 1 and ε > 0 such that ‖T(t)‖ ≤ M(ε)e−εt

([42], Propositions 4.12, 4.13). So let us consider the eigenvalue equation for
A0 + G′[w∗]:

(λ− (A0 + G′[w∗]))φ = 0, φ ∈ D(A0).

Then we have

λφ + φ′ + h(φ) = 0, φ(0) =
ω∫

0

π(a)φ(a)da,

1 Pσ (A) denotes the point spectrum of the operator A and ω0(A) denotes the spectral bound of
the semigroup etA (see [36]).
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which is solved formally as follows:

φ(a) = φ(0)e−λa − h(φ)

a∫

0

e−λ(a−s)ds.

Inserting the above expression to the definition of h(φ) and the boundary con-
dition of φ, we obtain a system of equations for the unknown numbers φ(0) and
h(φ) as

(
φ(0)
h(φ)

)
=

(
�11(λ) �12(λ)

�21(λ) �22(λ)

) (
φ(0)
h(φ)

)
,

where
(
�11(λ) �12(λ)

�21(λ) �22(λ)

)

:=
( ∫ ω

0 π(a)e
−λada − ∫ ω

0 π(a)
∫ a

0 e−λ(a−s)dsda,∫ ω
0 (f (a)− µ(a))ψ(a)e−λada − ∫ ω

0 (f (a)− µ(a))ψ(a)
∫ a

0 e−λ(a−s)dsda

)
.

Let �(λ) = (�ij(λ))1≤i,j≤2. Then λ is an eigenvalue if and only if λ ∈ � := {λ ∈
C : det(I −�(λ)) = 0}. It is easy to see that

det(I −�(λ)) =
{
(1 −�11(λ))

[
1 + r0

λ

]
, λ �= 0,

−r0
∫ ω

0 aπ(a)da, λ = 0.

Therefore since r0 > 0, it follows that� = {λ ∈ C \ {0} : �11(λ) = 1} ∪ {−r0}.
By using the standard argument for the Euler–Lotka characteristic equation,
we have supλ∈� �λ < 0 for � := {λ ∈ C \ {0} : �11(λ) = 1}. That is, we have
supλ∈�Reλ < 0. ��
Proposition 2.3 Let w(t) be the solution of (2.5). Then there exists a number
η > 0 such that if ‖w0 − w∗‖ < η, it follows that

‖w(t, ·)− w∗‖ ≤ M(ε)e−εt‖w0 − w∗‖, (2.9)

for some numbers M(ε) ≥ 1 and ε > 0, where M(ε) is independent from the
initial data w0.

Proof Inserting w∗ + ζ(t) into (2.5), we have

dζ(t)
dt

= (A0 + G′[w∗])ζ(t)+ R(ζ(t)), (2.10)

where

R(ζ(t)) := G(w∗ + ζ(t))− G′[w∗]ζ(t).
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From the Fréchet differentiability, there exists a continuous increasing function
k(r), r ≥ 0 with k(0) = 0 such that

‖G(w∗ + ζ )− G(w∗)− G′[w∗]ζ‖ = ‖R(ζ )‖ ≤ k(r)‖ζ‖,

for all ζ ∈ L1 such that ‖ζ‖ ≤ r. Applying the variation of constants formula to
(2.10), we have

ζ(t) = T(t)ζ(0)+
t∫

0

T(t − s)R(ζ(s))ds. (2.11)

From Lemma 2.2, if we choose γ ∈ (ω0(A0 + G′[w∗]), 0), then there exists
M(γ ) ≥ 1 such that ‖T(t)‖ ≤ M(γ )eγ t. Choose r > 0 such that k(r) ≤
−γ /2M(γ ) and let η ≤ r/M(γ ). Suppose that ‖ζ(0)‖ < η and let 0 < t1 ≤ ∞ be
the largest extended real number such that ‖ζ(t)‖ ≤ r for 0 ≤ t < t1. Then for
0 ≤ t < t1, we have

‖ζ(t)‖ ≤ M(γ )eγ t‖ζ(0)‖ + M(γ )

t∫

0

eγ (t−s)‖R(ζ(s))‖ds,

≤ M(γ )eγ t‖ζ(0)‖ + M(γ )eγ t

t∫

0

e−γ sk(r)‖ζ(s)‖ds.

Therefore we obtain

e−γ t‖ζ(t)‖ ≤ M(γ )‖ζ(0)‖ + −γ
2

t∫

0

e−γ s‖ζ(s)‖ds.

From the Gronwall inequality, we have

e−γ t‖ζ(t)‖ ≤ M(γ )‖ζ(0)‖e−(γ /2)t.

Then we arrive at the estimate as

‖ζ(t)‖ ≤ M(γ )e(γ /z)t‖ζ(0)‖ ≤ r.

Then we know that t1 = ∞ and (2.9) holds for −ε = γ /2. ��

3 Linearized stability for the homogeneous epidemic system

For the homogeneous epidemic system, once the stable age distribution is at-
tained, we can rewrite the basic system into the normalized system in which
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the nonlinear term becomes bilinear (the mass action type). In the following,
we prove that the local stability [instability] of steady states of the normalized
system implies the stability [instability] of persistent solutions of the original
homogeneous system.

Let us introduce the ratio distributions for each of the epidemiological classes
as follows:

uj(t, a) := Uj(t, a)

N(t)ψ(a)
. (3.1)

In the following we assume that N(t) > 0 for all t ≥ 0, which holds if the initial
age profile is non-trivial.

Note that under the Assumption 1.1, we have

w(t, a) = P(t, a)
N(t)ψ(a)

=
n∑

j=1

uj(t, a) = 〈e, u(t, a)〉, (3.2)

where we define e := (1, 1, . . . , 1)T so that for u ∈ Y := (L1(0,ω))n, we have

〈e, u(a)〉 :=
n∑

i=1

ui(a).

Now in order to make a concrete normalization argument possible, we intro-
duce a special homogeneity condition:

Assumption 3.1 The force of infection is given by an expression of the form

ω∫

0

β(a, σ)
Uj(t, σ)

N(t)
dσ , (3.3)

where β is the transmission probability function (which is assumed to be essen-
tially bounded and nonnegative) and Uj is an infectious class. Other transition
entries in the matrix G(a; U) are given bounded nonnegative functions inde-
pendent of the population density U.

Inserting Uj(t, a) = N(t)ψ(a)uj(t, a) into (1.2), the homogeneous epidemic
system in the stable population is reduced to a Cauchy problem on the Banach
space Y+ = (L1+(0,ω))n:

du(t)
dt

= Ãu(t)+ F̃(u(t))+ B(u(t)), u(0) = u0, (3.4)
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where the operators Ã, F̃ and B acting on Y are defined as follows:

Ãφ := −dφ/da,

D(Ã) :=



φ ∈ Y : φi ∈ AC[0,ω],φ(0) =
ω∫

0

M̃(a)φ(a)da,




 ,

where M̃(a) := (kijπ(a))1≤i,j≤n and F̃(φ)(a) = G̃(a,φ)φ where the force of
infection term in G̃ is given by the formula as

λ[a|φj] :=
ω∫

0

β(a, σ)ψ(σ)φj(σ )dσ . (3.5)

Other elements of the matrix G̃(a; U) are the same as the corresponding ele-
ments of G. The operator Ã is a generator of the multistate population semi-
group etÃ [24,25]. The nonlinear term B is given by

B(φ) = z(φ)φ, (3.6)

where z : Y+ → R+ is a functional given by

z(φ) := r0 − h(〈e,φ〉). (3.7)

Conversely if the system (3.4) is given, by using its solution u we can recover
the total size N(t) from the equation:

1
N(t)

dN(t)
dt

= r0 − z(u(t)), N(0) =
ω∫

0

P(0, a)da.

Once we can determine N(t) from the above equation, Uj and P can be recov-
ered by (3.1) and (3.2).

Let K1 be a closed convex set given by

K1 := {φ ∈ Y+ : 〈e,φ(a)〉 = 1} .

Moreover, from the definition (3.2), biologically meaningful solutions u(t) of
(3.4) should take a value in the closed convex set:

K2 :=



φ ∈ Y+ :

ω∫

0

ψ(a)〈e,φ(a)〉da = 1




 .

Then it follows from
∫ ω

0 ψ(a)da = 1 that K1 ⊂ K2 and z(φ) = 0 if φ ∈ K1.
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Lemma 3.2 The sets K1 and K2 ∩ �0 are positively invariant with respect to the
solution semiflow of (3.4).

Proof In the system (2.5), if w(0, a) = w∗, we have w(t, a) = w∗ for all t > 0,
which means that the positive orbit u is included in K1 if u(0) ∈ K1. Next
suppose that u(0) ∈ K2 ∩�0. Then it follows that

d〈e, u(t)〉
dt

= A0〈e, u(t)〉 + z(u)〈e, u(t)〉. (3.8)

Equation (3.8) is equivalent to (2.5) with w = 〈e, u〉, hence it follows from
Lemma 2.2 that 〈e, u(t)〉 stays in the state space �0 ∩ �, which implies that
u(t) ∈ K2 ∩�0. ��

Now we adopt a technical assumption, which would be satisfied for many
cases:

Assumption 3.3 The operator F̃ : Y → Y is locally Lipschitz continuous and
continuously Fréchet differentiable.

Lemma 3.4 Let u(t) be a solution of (3.4). Then there exists B0 > 0 and ε1 > 0
such that

‖B(u(t))‖ ≤ B0e−ε1t‖u(t)‖‖w0 − w∗‖, (3.9)

where w0(a) := 〈e, u(0, a)〉.
Proof It is sufficient to show that there exists B0 > 0 and ε1 > 0 such that
|z(u(t))| ≤ B0e−ε1t‖w0 − w∗‖. It follows from r0 = ∫ ω

0 (f (a)− µ(a))ψ(a)da that

|z(u(t))| ≤
ω∫

0

|f (a)− µ(a)|ψ(a)|w∗ − w(t, a)|da.

From the estimate (2.9), there exist numbers M > 0 and ε > 0 such that
‖w(t, ·) − w∗‖ ≤ Me−εt‖w0 − w∗‖. Hence if we choose B0 as B0 =
M supa∈[0,ω] |f (a)− µ(a)|ψ(a), then (3.9) follows immediately. ��

From Lemma 3.4 we can expect that the asymptotic behavior of (3.4) is
determined by the system restricted to K1:

dv(t)
dt

= Ãv(t)+ F̃(v(t)), v ∈ K1. (3.10)

In the following, we call (3.10) the normalized system. From Lemma 3.4, the
normalized system can be seen as a limiting equation with respect to (3.4). The
normalized system is no other than the ratio age distribution system in case that
the host population attains the stable age distribution, that is, we can prove the
following:
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Lemma 3.5 Let u(t) be the solution of (3.4). Then u(t) ∈ K1 if and only if P(t, a)
is the persistent solution of (1.11).

Proof If u(t) ∈ K1, we have 〈e, u(t, a)〉 = 1 which implies that

n∑

j=1

uj(t, a) = 1
N(t)ψ(a)

n∑

j=1

Uj(t, a) = P(t, a)
N(t)ψ(a)

= 1.

Therefore P(t, a) = N(t)ψ(a). Then P(t, a) is a separation of variable type solu-
tion of (1.11), we know that N(t) = ‖P0‖er0t and P becomes the persistent
solution. Conversely if we assume that P(t, a) = Cer0tψ(a) (C is a positive
constant), then N(t) = Cer0t, hence

∑n
j=1 uj(t, a) = 1. ��

It is clear that no matter whether r0 is positive or not, the epidemic dynamics
is essentially described by the normalized system if the host population already
attains the stable age distribution.

Since K1 is positively invariant with respect to the solution semiflow of (3.4)
and (3.4) is reduced to (3.10) on K1, it follows that

Lemma 3.6 Let V(t) be a solution semiflow such that V(t)v0 = v(t; v0) where
v(t; v0) denotes the solution of the normalized system (3.10) with the initial data
v(0) = v0 ∈ Y. Then V(t)(K1) ⊂ K1.

Lemma 3.7 u∗ ∈ K2 is an equilibrium point of (3.4) if and only if u∗ ∈ K1 and
u∗ is an equilibrium point of the normalized system (3.10), that is,

Ãu∗ + F̃(u∗) = 0. (3.11)

Let u∗ ∈ K1 be an equilibrium point of (3.4). Define a perturbation ζ(t, a) by
ζ = u − u∗, u ∈ K2. Inserting u = u∗ + ζ into (3.4), we have an equation for the
perturbation:

dζ(t)
dt

= Ãζ(t)+ F̃ ′[u∗]ζ + R(u∗, ζ(t)), (3.12)

where F̃ ′[u∗] is a Fréchet derivative of F̃ at u∗ and the residual term R is given
by

R(u∗, ζ(t)) := F̃(u∗ + ζ(t))− F̃(u∗)− F̃ ′[u∗]ζ(t)+ B(u∗ + ζ(t)). (3.13)

From Lemma 3.4, we obtain an estimate:

‖B(u∗ + ζ(t))‖ ≤ B0e−ε1t(‖u∗‖ + ‖ζ(t)‖)‖w0 − w∗‖. (3.14)

From the definition of Fréchet differentiability, there exists a continuous
increasing function k(r), r ≥ 0 such that k(0) = 0 and
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‖F̃(u∗ + ζ )− F̃(u∗)− F̃ ′[u∗]ζ‖ ≤ k(r)‖ζ‖, (3.15)

for all ζ ∈ Y such that ‖ζ‖ ≤ r.
Let T∗(t), t ≥ 0 be a strongly continuous semigroup of bounded linear oper-

ators in the Banach space Y with infinitesimal generator Ã + F̃ ′[u∗]. Then if
ω∗ > ω0(Ã + F̃ ′[u∗]), there exists a constant M(ω∗) ≥ 1 such that ‖T∗(t)‖ ≤
M(ω∗)eω∗t. Now we can prove the following:

Proposition 3.8 Let u∗ ∈ K1 be an equilibrium solution of (3.4). If ω0(Ã +
F̃ ′[u∗]) < 0, there exist η > 0, M ≥ 1 and γ < 0 such that if u0 ∈ K2 and
‖u0 − u∗‖ < η, then for all t > 0, it follows that

‖u(t; u0)− u∗‖ ≤ Meγ t‖u0 − u∗‖. (3.16)

Proof From (3.12), the perturbation ζ(t) := u − u∗ is given as the continuous
solution of the variation of constants formula:

ζ(t) = T∗(t)ζ(0)+
t∫

0

T∗(t − s)R(u∗, ζ(s))ds. (3.17)

Let ω∗ be a number such that 0 > ω∗ > max{ω0(Ã + F̃ ′[u∗]), −ε1} where ε1 is
chosen in Lemma 3.4. Choose r > 0 such that k(s) ≤ −ω∗/4M(ω∗) for s ∈ [0, r].
Let us choose η < r so small such that

0 < η ≤ min

{
r

M(ω∗)(1 + B0‖u∗‖
ω∗+ε1

)
, − ω∗

4M(ω∗)B0

}
.

Suppose that ‖ζ(0)‖ < η and let 0 < t1 ≤ ∞ be the largest extended real
number such that ‖ζ(t)‖ ≤ r for 0 ≤ t < t1. Note that

‖w0 − w∗‖ =
ω∫

0

∣∣∣∣∣

n∑

i=1

(ui(0, a)− u∗
i (a))

∣∣∣∣∣ da ≤ ‖u(0)− u∗‖ = ‖ζ(0)‖ < η.

Then for 0 ≤ t < t1, we have

‖ζ(t)‖ ≤ M(ω∗)eω∗t‖ζ(0)‖ + M(ω∗)
t∫

0

eω
∗(t−s)‖R(u∗, ζ(s))‖ds

≤ M(ω∗)eω∗t‖ζ(0)‖ + M(ω∗)eω∗t

t∫

0

e−ω∗s [
k(s)+B0e−ε1s‖ζ(0)‖] ‖ζ(s)‖ds

+ M(ω∗)eω∗t

t∫

0

e−ω∗sB0e−ε1s‖u∗‖‖ζ(0)‖ds.
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Therefore we obtain

e−ω∗t‖ζ(t)‖ ≤ M(ω∗)‖ζ(0)‖
(

1 + B0‖u∗‖
ω∗ + ε1

)
+ −ω∗

2

t∫

0

e−ω∗s‖ζ(s)‖ds.

From the Gronwall inequality, we have

e−ω∗t‖ζ(t)‖ ≤ M(ω∗)‖ζ(0)‖
(

1 + B0‖u∗‖
ω∗ + ε1

)
e−(ω∗/2)t.

Then we arrive at the estimate as

‖ζ(t)‖ ≤ M(ω∗)e(ω∗/2)t
(

1 + B0‖u∗‖
ω∗ + ε1

)
‖ζ(0)‖ ≤ r.

Then we know that t1 = ∞ and (3.16) holds for γ = ω∗/2. ��
Here we should note that Ã + F̃ ′[u∗] is the linearized generator of the nor-

malized system (3.10) but it is not the linearized generator of the system (3.4),
since B(u(t)) includes a linear term. Nevertheless Proposition 3.8 tells us that
the local stability of equilibrium point of the normalized system (3.10) implies
that of the ratio age distribution system (3.4).

In many cases, we can show that the linearized semigroup e(Ã+F̃ ′[u∗])t is
eventually compact, so the steady state is locally asymptotically stable if all
eigenvalues of the linearized generator Ã + F̃ ′[u∗] have negative real part.

Here we clear the meaning of stability of the persistent solution implied in
Proposition 3.8. Observe that the initial data of the homogeneous system (1.2)
can be decomposed as follows:

Uj(0, a) = N(0)ψ(a)(u∗
j (a)+ rj(a)), 1 ≤ j ≤ n,

where the function r(a) = (r1(a), . . . , rn(a)) satisfies the condition

ω∫

0

ψ(a)〈e, r(a)〉da = 0,

and the condition ‖u0 − u∗‖ < η can be written as ‖r‖ < η. Corresponding to
the equilibrium point u∗, we can consider the persistent solution as

U∗(t, a) = N∞er0tψ(a)u∗(a),

where N∞ := limt→∞ e−r0tN(t). Then we can show the following:
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Proposition 3.9 There exists a number η > 0 such that if ‖r‖ < η, then

lim
t→∞ e−r0t‖U(t, ·)− U∗(t, ·)‖ = 0. (3.18)

Proof Observe that

ω∫

0

|Uj(t, a)− U∗
j (t, a)|da ≤

ω∫

0

∣∣∣∣
Uj(t, a)

N(t)ψ(a)
− N∞er0t

N(t)
u∗

j (a)

∣∣∣∣ N(t)ψ(a)da

≤N(t) sup
a∈[0,ω]

|ψ(a)|



ω∫

0

∣∣∣∣
Uj(t, a)

N(t)ψ(a)
− u∗

j (a)

∣∣∣∣ da +
ω∫

0

|u∗
j (a)|da

∣∣∣∣1− N∞er0t

N(t)

∣∣∣∣



.

From (3.16) and N(t)e−r0t → N∞ > 0, we obtain (3.18). ��
For the system (3.4), if we choose the initial data such that u(0) ∈ K1, then
u(t) ∈ K1 for all t > 0 since K1 is positively invariant. In such case, the orbit
u(t) ∈ K1 is described by the normalized system (3.10) since B(u(t)) = 0. There-
fore the instability of u∗ as the equilibrium point of (3.10) implies the instability
of u∗ as the equilibrium point of (3.4):

Proposition 3.10 Let u∗ be an equilibrium solution of (3.4) and (3.10). If u∗ is
unstable with respect to the normalized system (3.10), it is also unstable for the
system (3.4).

From the above results, we know that to examine asymptotic behavior of the
persistent solutions of the homogeneous epidemic system in the stable popu-
lation, it is sufficient to study equilibrium points of the normalized system by
using the principle of linearized stability in the classical sense.

4 The age-structured MSEIR epidemic model

In the following, based on the results of the previous sections, we show the
threshold and stability results for the normalized system of the age-structured
MSEIR epidemic model. The MSEIR epidemic model has been used by many
authors as a standard model to study typical childhood diseases as measles and
poliomyelitis [11,14,15,21,29,33], but so far there has been no rigorous math-
ematical treatments for the case that the host population is not stationary and
the proportionate mixing assumption does not hold, which is the case we deal
with in the following sections.

Suppose that the host population is a closed age-structured population de-
scribed by the stable population model (1.11). Let us divide the host population
into five subpopulations; the passively immune class, the susceptible class, the
exposed class, the infective class and the recovered class, the age-density func-
tions of each class are denoted by U1(t, a), U2(t, a), U3(t, a), U4(t, a) and U5(t, a)
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respectively. Let β(a, σ) be the transmission rate between the susceptible indi-
vidual aged a and the infective individual aged σ and δ(a) be the age-dependent
rate of loss of passive immunity. Different from existing studies [14,21,29], we
assume that δ is an age-dependent (nonnegative bounded) function, since the
existence of age-dependence of δ is more realistic, and will lead a more inter-
esting argument for uniqueness of endemic steady state. On the other hand,
for simplicity, we assume that the rate of developing infectivity ε and the rate
of recovery γ are constants. Moreover, we adopt the Assumption 1.1, that is,
mortality and fertility of host population are not affected by epidemic status.
We suppose that all newborns produced by susceptible individuals become
susceptible and other newborns belong to the passively immune class.

Then the basic system (the age-structured MSEIR model) can be formulated
as the homogeneous epidemic system 1.2 with the transition matrix G(a, U) and
the fertility matrix M(a) given by

G(a, U) =





−δ(a) 0 0 0 0
δ(a) −λ(t, a) 0 0 0

0 λ(t, a) −ε 0 0
0 0 ε −γ 0
0 0 0 γ 0




,

M(a) =





f (a) 0 f (a) f (a) f (a)
0 f (a) 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




,

where f (a) is the age-specific birth rate and the force of infection λ(t, a) is given
by

λ(t, a) = 1
N(t)

ω∫

0

β(a, σ)U4(t, σ)dσ , (4.1)

where

N(t) =
n∑

j=1

ω∫

0

Uj(t, a)da.

According to the argument in the previous sections, we can start our discus-
sion from the normalized system. Thus let us suppose that the host population
has already attained the stable age distribution. By using the normalization
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(3.1) with N(t) = N(0)er0t, we introduce the ratio age distributions as

vj(t, a) := Uj(t, a)

P∗(t, a)
,

where P∗(t, a) = N(0)er0tψ(a) is the persistent solution of the host popula-
tion system. Then the normalized system on K1 is formulated as the Cauchy
problem:

dv(t)
dt

= Av(t)+ F̃(v), v ∈ K1, (4.2)

where

Av = −dv/da, D(A) =



vj ∈ AC[0,ω] : v(0) =
ω∫

0

M̃(a)v(a)da




 ,

and F̃(v) = G̃(a, v)v. The transition matrix G̃(a, U) and the fertility matrix M̃(a)
are given by

G̃(a, v) =





−δ(a) 0 0 0 0
δ(a) −λ[a|v4] 0 0 0

0 λ[a|v4] −ε 0 0
0 0 ε −γ 0
0 0 0 γ 0




,

M̃(a) =





π(a) 0 π(a) π(a) π(a)
0 π(a) 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




,

where π(a) = e−r0af (a)�(a) and

λ[a|v4] :=
ω∫

0

β(a, σ)ψ(a)v4(t, σ)dσ . (4.3)

Let v∗ = (m∗, s∗, e∗, i∗, r∗)T be the equilibrium solution of (4.2) and let
ζ(t, a) := v(t, a) − v∗(a) be the perturbation. Note that 〈e, ζ(t, a)〉 = 0. Then
the linearized system at the steady state v∗ is given as

dζ(t)
dt

= Aζ(t)+ F̃ ′[v∗]ζ(t), (4.4)
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where

F̃ ′[v∗]ζ =





−δζ1
−λ[·|ζ4]s∗ − λ∗ζ2 + δζ1
λ[·|ζ4]s∗ + λ∗ζ2 − εζ3

εζ3 − γ ζ4
γ ζ4




, λ∗(a) := λ[a|i∗].

Then the linearized generator A + F̃ ′[v∗] can be decomposed as A + F̃ ′[v∗]1 +
F̃ ′[v∗]2 where for ζ ∈ Y,

F̃ ′[v∗]1ζ =





−δζ1
−λ∗ζ2 + δζ1
λ∗ζ2 − εζ3
εζ3 − γ ζ4
γ ζ4




, F̃ ′[v∗]2ζ =





0
−λ[·|ζ4]s∗
λ[·|ζ4]s∗

0
0




.

Now we adopt the following technical assumption:

Assumption 4.1 (1) The transmission coefficient β is an essentially bounded
nonnegative function with a compact support in R × R and the following holds
uniformly for ζ ∈ R:

lim
h→0

∞∫

−∞
|β(a + h, ζ )− β(a, ζ )|da = 0.

(2) There exists a nonnegative function η(σ ) such that η(σ ) > 0 for a left
neighborhood at σ = ω and β(a, σ) ≥ η(σ ) for almost all (a, σ) ∈ R × R.

Under the Assumption 4.1, it follows from the well known compactness cri-
teria in L1 ([45], p. 275) that the mapping φ → λ[·|φ] defines a compact operator
from L1(0,ω) to itself.

Since A + F̃ ′[v∗]1 is the generator of the multistate stable population system
on the finite age space, it generates an eventually compact semigroup, so it fol-
lows that ω1(A + F̃ ′[v∗]1) = −∞ [24]. Since F̃ ′[v∗]2 is a compact perturbation,
we also obtain ω1(A + F̃ ′[v∗]1) = ω1(A + F̃ ′[v∗]) = −∞2 ([42], Proposition
4.14). Then we have the following result:

Proposition 4.2

ω0(A + F̃ ′[v∗]) = sup{�z : z ∈ Pσ (A + F̃ ′[v∗])}. (4.5)

From the above result and the principle of linearized stability ([42], Proposi-
tions 4.17, 4.18), we conclude that the local stability [unstablity] of steady states

2 ω1(A) denotes the essential growth bound of the semigroup etA.
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of the normalized system for the MSEIR model can be characterized by the
location of eigenvalues of the linearized generator at each steady state:

Proposition 4.3 If �z < 0 for any eigenvalue of A + F̃ ′[v∗], the steady state v∗ is
locally asymptotically stable, while v∗ is unstable if A + F̃ ′[v∗] has an eigenvalue
with positive real part.

5 The basic reproduction ratio

It is clear that the normalized system has the disease-free steady state v∗ :=
(0, 1, 0, 0, 0)T. Here let us consider the stability problem of the disease-free
steady state. In this case, we have

F̃ ′[v∗]ζ =





−δζ1
−λ[·|ζ4] + δζ1
λ[·|ζ4] − εζ3
εζ3 − γ ζ4
γ ζ4




.

Then the perturbation of the infected population (ζ3, ζ4)
T is determined inde-

pendently from (ζ1, ζ2, ζ5). Then instead of considering the full eigenvalue prob-
lem of the linearized generator, let us examine the following problem:

(A0 + F0)ζ = zζ , ζ ∈ D(A0), (5.1)

where operators A0 and F0 acting on E0 := L1(0,ω)× L1(0,ω) as follows:

A0ζ :=
(−d/da − ε, 0

0 −d/da − γ

) (
ζ3
ζ4

)
, F0ζ :=

(
λ[·|ζ4]
εζ3

)
,

where ζ = (ζ3, ζ4)
T ∈ E0 and the domain of A0 is given by

D(A0) = {(ζ3, ζ4)
T ∈ E0 : ζ3, ζ4 ∈ AC[0,ω], ζ3(0) = ζ4(0) = 0}.

Proposition 5.1 Let us define a linear integral operator Wz, z ∈ C from L1 into
itself as

(Wzφ)(a) =
ω∫

0

Kz(a, s)φ(s)ds, φ ∈ L1(0,ω), (5.2)
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where

Kz(a, s) : =
ω∫

s

β(a, σ)ψ(σ)e−z(σ−s)θ0(σ , s)dσ ,

θ0(σ , s) : = ε

σ∫

s

e−γ (σ−ζ )e−ε(ζ−s)dζ .

(5.3)

Then Wz is compact and nonsupporting 3 for all z ∈ R and it follows that

Pσ (A0 + F0) = {z ∈ C : 1 ∈ Pσ (Wz)}. (5.4)

Proof Under the Assumption 4.1, it is easy to see from the well known com-
pactness criterion in L1 that the operator Wz is a compact operator for all z.
Next for z ∈ R, let us define a positive functional Fz as

〈Fz,φ〉 :=
ω∫

0

ω∫

s

η(σ )ψ(σ)e−z(σ−s)θ0(σ , s)dσφ(s)ds.

From the Assumption 4.1, Fz is a strictly positive functional and we have Wzφ ≥
〈Fz,φ〉e and limz→−∞〈Fz, e〉 = +∞, where e ≡ 1 is a quasi-interior point in L1+.
Moreover for any integer n, we have Wn+1

z φ ≥ 〈Fz,φ〉〈Fz, e〉ne. Then we obtain

3 Here we summarize some definitions and results for nonsupporting operator. For more detail,
the reader may refer to [20,26,32,39]. Let E be a real or complex Banach space and let E∗ be its
dual (the space of all linear functionals on E). We write the value of f ∈ F∗ at ψ ∈ E as 〈f ,ψ〉.
A non-empty closed subset E+ is called a cone if the following holds: (1) E+ + E+ ⊂ E+, (2)
λE+ ⊂ E+ for λ ≥ 0, (3) E+ ∩ (−E+) = {0}. We can define the order in E such that x ≤ y if and
only if y − x ∈ E+ and x < y if and only if y − x ∈ E+ \ {0}. The cone E+ is called total if the set
{ψ − φ : ψ ,φ ∈ E+} is dense in E. The dual cone E∗+ is the subset of E∗ consisting of all positive
linear functionals on E, that is, f ∈ E∗+ if and only if 〈f ,ψ〉 ≥ 0 for all ψ ∈ E+. ψ ∈ E+ is called
quasi-interior point if 〈f ,ψ〉 > 0 for all f ∈ E∗+ \ {0}. f ∈ F∗+ is called strictly positive if 〈f ,ψ〉 > 0 for
all ψ ∈ E+ \ {0}. Let B(E) be the set of bounded linear operators from E to E. T ∈ B(T) is called
positive if T(E+) ⊂ E+. For T, S ∈ B(E), we say T ≥ S if (T − S)(E+) ⊂ E+. A positive operator
T ∈ B(E) is called nonsupporting if for every pair ψ ∈ E+ \ {0}, f ∈ E∗+ \ {0}, there exists a positive
integer p = p(ψ , f ) such that

〈
f , Tnψ

〉
> 0 for all n ≥ p. The spectral radius of T ∈ B(E) is denoted

as r(T). σ(T) denotes the spectrum of T and Pσ (T) denotes the point spectrum of T. From results
by Sawashima [39] and Marek [32], we can state the following:

Proposition 5.2 Let E be a Banach lattice and let T ∈ B(E) be compact and nonsupporting. Then
the following holds: (i) r(T) ∈ Pσ (T) \ {0} and r(T) is a simple pole of the resolvent, that is, r(T) is an
algebraically simple eigenvalue of T; (ii) The eigenspace corresponding to r(T) is one-dimensional
and the corresponding eigenvector ψ ∈ E+ is a quasi-interior point. The relation Tφ = µφ with
φ ∈ E+ implies that φ = cψ for some constant c; (iii) The eigenspace of T∗ corresponding to r(T)
is also a one-dimensional subspace of E∗ spanned by a strictly positive functional f ∈ E∗+; (iv) Let
S, T ∈ B(E) be compact and nonsupporting. Then S ≤ T, S �= T and r(T) �= 0 implies r(S) < r(T).
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〈
F, Wn

zφ
〉
> 0, n ≥ 1 for every pair φ ∈ L1+ \ {0}, F ∈ (L1+)∗ \ {0}, that is, we

know that Wz is a nonsupporting operator. Next for v = (v3, v4) ∈ D (A0) let
us consider the eigenvalue problem: (A0 + F0)v = zv, z ∈ C. Observe that this
eigenvalue problem can be rewritten as u = Tzu, where u := (z − A0)

−1v and
Tz := F0(z − A0)

−1. Note that (z − A0)
−1 exists for all z ∈ C since for v ∈ E0 it

is given by

((z − A0)
−1v)(a) =

(∫ a
0 e−(z+ε)(a−s)v3(s)ds∫ a
0 e−(z+γ )(a−s)v4(s)ds

)
.

Then Tz is calculated as

Tzv :=
(

0 Uz
Vz 0

) (
v3
v4

)
,

where Uz and Vz are mappings on L1(0,ω) defined as

(Uzφ)(a) : =
ω∫

0

ω∫

ζ

β(a, σ)ψ(σ)e−(z+γ )(σ−ζ )dσφ(ζ )dζ ,

(Vzφ)(a) : = ε

a∫

0

e−(z+ε)(a−s)φ(s)ds,

for φ ∈ L1(0,ω). Then we know that Pσ (A0 + F0) = {z ∈ C : 1 ∈ Pσ (Tz)}.
On the other hand, it is easy to see that Wz = UzVz. Let us define �1 := {z ∈
C : 1 ∈ Pσ (Tz)} and �2 := {z ∈ C : 1 ∈ Pσ (Wz)}. If z ∈ �1, there exists a
v = (v3, v4)

T ∈ E0 such that

(
v3
v4

)
=

(
0 Uz

Vz 0

) (
v3
v4

)
. (5.5)

Then we have v3 = UzVzv3 = Wzv3. Therefore we know that z ∈ �2, hence
�1 ⊂ �2. Conversely if z ∈ �2, there exists v3 ∈ L1(0,ω) such that v3 = UzVzv3.
Then if we define v4 = Vzv3, (5.5) holds again. That is z ∈ �1, hence �2 ⊂ �1.
Thus we conclude that �1 = �2. Then we know that (5.4) holds. ��

Now we define W0 = U0V0 as the next generation operator [12,13]. The
next generation operator maps the density of primary cases to the density of
secondary cases, hence the per-generation growth factor of the infectious pop-
ulation density, called the basic reproduction ratio denoted by R0, is given by
the spectral radius, denoted by r(W0), of the next generation operator W0. If
W0 is a nonsupporting compact operator, R0 = r(W0) is the dominant positive
eigenvalue of the next generation operator.
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Proposition 5.3 There exists a unique z0 ∈ R ∩ �2 such that r(Wz0) = 1 and
z0 > 0 if r(W0) > 1; z0 = 0 if r(W0) = 1; z0 < 0 if r(W0) < 1, and it is the
dominant characteristic root such as z0 > sup{Rez : z ∈ �2 \ {z0}}.
Proof Since Wz, z ∈ R is nonsupporting, it follows from Proposition 5.4 that
r(Wz), z ∈ R is strictly decreasing. For z ∈ R, let fz be a strictly positive ei-
genfunctional corresponding to the eigenvalue r(Wz) of positive operator Wz.
Then we have

〈fz, Wze〉 = r(Wz)〈fz, e〉 ≥ 〈Fz, e〉〈fz, e〉.

Since fz is strictly positive, we obtain r(Wz) ≥ 〈Fz, e〉. It follows from the
Assumption 4.1 that limz→−∞ r(Wz) = +∞. On the other hand, it is clear that
limz→∞ r(Wz) = 0. Then r(Wz) is strictly decreasing from +∞ to zero when z
moves from −∞ to +∞. Then the first half of the proposition is the direct con-
sequence of this monotonicity of r(Wz). Next we show the dominant property of
z0. For any z ∈ �2, there is an eigenfunction ψz such that Wzψz = ψz. Then we
have |ψz| = |Wzψz| ≤ W�z|ψz|. Let f�z be the strictly positive eigenfunctional
corresponding to W�z, we obtain that

〈f�z, W�z|ψz|〉 = r(W�z)〈f�z, |ψz|〉 ≥ 〈f�z, |ψz|〉.

Hence we have r(W�z) ≥ 1 and �z ≤ z0 because r(Wz) is strictly decreasing for
z ∈ R and r(Wz0) = 1. If �z = z0, then Wz0 |ψz| = |ψz|. In fact, if Wz0 |ψz| > |ψz|,
taking duality pairing with the eigenfunctional fz0 corresponding to the eigen-
value r(Wz0) = 1 on both sides yields 〈fz0 , Wz0 |ψz|〉 = 〈

fz0 , |ψz|
〉
> 〈fz0 , |ψz|〉

which is a contradiction. Then we can write that |ψz| = cψ0, where ψ0 is the
eigenfunction corresponding to the eigenvalue r(Wz0) = 1. Hence, without loss
of generality, we can assume that c = 1 and write ψz(a) = ψ0(a) exp(iα(a)) for
some real function α(a). If we substitute this relation into Wz0ψ0 = ψ0 = |ψz| =
|Wzψz|, then we have

ω∫

0

Kz0(a, s)ψ0(s)ds =
∣∣∣∣∣∣

ω∫

0

Kz0+i�z(a, s)ψ0(s) exp(iα(s))ds

∣∣∣∣∣∣
.

From [20, Lemma 6.12], we obtain that −�z(σ −s)+α(s) = θ for some constant
θ . From Wzψz = ψz, we have eiθWz0ψ0 = ψ0eiα , so θ = α(a), which implies
that �z = 0. Then there is no element z ∈ �2 such that �z = z0 and z �= z0,
hence z0 is the dominant root in �2. ��
Proposition 5.4 If R0 < 1, the disease-free steady state is globally asymptotically
stable, while it is unstable if R0 > 1.

Proof From Propositions 5.1 and 5.3, if R0 > 1, the linearized generator A0+F0
has a positive eigenvalue z0, then the disease-free steady state is unstable. Next
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observe that in the original nonlinear system (4.2), v := (v3, v4)
T satisfies the

Cauchy problem as

dv(t)
dt

= A0v(t)+ F1(t)v(t),

where F1(t) is a time-dependent linear operator such that

F1(t)v :=
(

v2(t, a)λ[a|v4]
εv3

)
,

and we see v2(t, a) as a known function. By using the variation of constants
formula and the iteration method , v(t) can be seen as the limit of the sequence
{vn}n=1,2,.. with the initial data v0 defined by

vn+1(t) = eA0tv0 +
t∫

0

eA0(t−s)F1(s)v
n(s)ds.

Let us consider another sequence {wn}n=1,2,.. with the same initial data such
that

wn+1(t) = eA0tu0 +
t∫

0

eA0(t−s)F0wn(s)ds.

Then we have v1 ≤ w1 since F1(t)v0 ≤ F0v0, hence iteratively we obtain that
vn ≤ wn. Since w(t) = limn→∞ wn is the solution of the linearized system
w′ = (A0 + F0)w, then we have v(t) ≤ w(t) = e(A0+F0)tv(0). If R0 < 1, it follows
from Propositions 5.1 and 5.3 that ω0(A0 + F0) < 0, so we have limt→∞ v(t) ≤
limt→∞ w(t) = 0. Next if we see (v3, v4) as a known vector, (v1, v2, v5) satisfies a
linear nonautonomous system as

(∂t + ∂a)v1(t, a) = −δ(a)v1(t, a),

(∂t + ∂a)v2(t, a) = δ(a)v2(t, a)− λ[a|v4]v2(t, a),

(∂t + ∂a)v5(t, a) = γ v4(t, a),

v1(t, 0) =
ω∫

0

π(a)v1(t, a)da + h(t),

v2(t, 0) =
ω∫

0

π(a)v2(t, a)da,

v5(t, 0) = 0,
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where

h(t) :=
ω∫

0

π(a)(v3(t, a)+ v4(t, a)+ v5(t, a))da.

Since it holds that uniformly for a ∈ [0,ω], limt→∞ v3(t, a) = limt→∞ v4(t, a) =
limt→∞ λ[a|v4] = 0, then it follows from the theory of inhomogeneous
McKendrick equation [25] that limt→∞ v5(t, a) = 0. Next we obtain the renewal
equation for the boundary value b(t) := v1(t, 0) as

b(t) = k(t)+
t∫

0

π(a)e− ∫ a
0 δ(σ )dσb(t − a)da,

where

k(t) =
{

h(t)+ ∫ ω
t π(a)e

− ∫ a
a−t δ(σ )dσv1(0, a − t)da t < ω

h(t) t > ω.

Since h(t) → 0 for t → ∞ and for �z ≥ 0

∞∫

0

e−zaπ(a)e− ∫ a
0 δ(σ )dσda �= 1,

then it follows from the Paley–Wiener Theorem that limt→∞ b(t) = 0 (see [22],
Appendix II). Therefore we obtain that limt→∞ v1(t, a) = 0. It follows from
〈e, v(t, a)〉 = 1 that limt→∞ v2(t, a) = 1. Thus we know that the disease-free
steady state is globally asymptotically stable if R0 < 1. ��

Though in general to calculate R0 concretely would not be easy, it is a simple
task if we can adopt the well known proportionate mixing assumption as follows:

Assumption 5.5 The transmission rate β(a, σ) can be factorized as β(a, σ) =
β1(a)β2(σ ).

For the proportionate mixing case, the next generation operator W0 becomes
a one-dimensional map. In fact we can observe that

(Wzφ)(a) = β1(a)

ω∫

0

ω∫

s

β2(σ )ψ(σ)e−z(σ−s)θ0(σ , s)dσφ(s)ds.
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If z ∈ R, we know that β1 becomes its positive eigenvector corresponding to
the Frobenius eigenvalue

r(Wz) =
ω∫

0

ω∫

s

β2(σ )ψ(σ)e−z(σ−s)θ0(σ , s)dσβ1(s)ds.

Then the basic reproduction ratio R0 = r(W0) is given by

R0 =
ω∫

0

ω∫

s

β2(σ )ψ(σ)θ0(σ , s)dσβ1(s)ds. (5.6)

Based on the expression (5.6), we can see the effect of demography on the
basic reproduction number. Since the stable age distribution ψ is a function of
the intrinsic growth rate of the host population r0, we have

∂R0

∂r0
=

ω∫

0

ω∫

s

β2(σ )(A − σ)ψ(σ)θ0(σ , s)dσβ1(s)ds,

where A denotes the average age of the host stable population:

A :=
ω∫

0

aψ(a)da.

Observe that
ω∫

0

ω∫

s

β2(σ )(A − σ)ψ(σ)θ0(σ , s)dσβ1(s)ds

=
A∫

0

k(σ )β2(σ )(A − σ)ψ(σ)dσ +
ω∫

A

k(σ )β2(σ )(A − σ)ψ(σ)dσ ,

where

k(σ ) :=
σ∫

0

θ0(σ , s)β1(s)ds.

If we assume that k(σ ) is a monotone increasing function, it follows that

∂R0

∂r0
≤ ‖β2‖∞



k(A)

A∫

0

(A − σ)ψ(σ)dσ + k(A)

ω∫

A

(A − σ)ψ(σ)dσ



 = 0.
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That is, the basic reproduction number becomes a decresing function with
respect to the intrinsic growth rate r0. So let us seek conditions so that k(σ )
becomes an increasing function. Observe that

∂k(σ )
∂σ

=
σ∫

0

∂θ0(σ , s)
∂σ

β1(s)ds,

∂θ0(σ , s)
∂σ

=
{

ε
γ−ε (γ e−γ (σ−s) − εe−ε(σ−s)) (γ �= ε)

εe−ε(σ−s)(1 − ε(σ − s)) (γ = ε).

If the susceptibility parameter β1 is constant, we have

∂k(σ )
∂σ

= β1

σ∫

0

∂θ0(σ , s)
∂σ

ds =
{

β1
γ−ε (e

−εσ − e−γ σ ) (γ �= ε)

εσe−εσ (γ = ε).

Then we can conclude that k′(σ ) > 0 and the following holds:

Proposition 5.6 Suppose that the proportionate mixing assumption holds and the
susceptibility β1 is constant. Then the basic reproduction number is monotone
decreasing with respect to the intrinsic growth rate of the host stable population.

The above conclusion tell us that the infective agent more easily invades into
developed societies with low growth rate if the susceptibility is constant. On the
other hand, if the susceptibility β1 and the infectivity β2 have supports in the
age interval (0, A) below the average age, we obtain

∂R0

∂r0
=

A∫

0

A∫

s

β2(σ )(A − σ)ψ(σ)θ0(σ , s)dσβ1(s)ds > 0.

Then in such a case, the disease would more easily invade into the stable popu-
lation with higher growth rate.

6 Existence of an endemic steady state

Now let us consider the condition for the existence of an endemic steady state.
Let v∗ = (m∗, s∗, e∗, i∗, r∗)T ∈ K1 be the density vector at the endemic steady
state of the normalized system (4.2), then it must satisfy the following system:
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dm∗(a)/da = −δ(a)m∗(a),
ds∗(a)/da = δ(a)m∗(a)− λ∗(a)s∗(a),
de∗(a)/da = λ∗(a)s∗(a)− εe∗(a),
di∗(a)/da = εe∗(a)− γ i∗(a),
dr∗(a)/da = γ i∗(a),

m∗(0) = 1 − s∗(0),

s∗(0) =
ω∫

0

π(a)s∗(a)da,

e∗(0) = i∗(0) = r∗(0) = 0,

λ∗(a) = λ[a|i∗] =
ω∫

0

β(a, σ)ψ(σ)i∗(σ )dσ .

(6.1)

By formal integration, we obtain the following expression:

m∗(a) = (1 − s∗(0))e− ∫ a
0 δ(σ )dσ ,

s∗(a) = s∗(0)e− ∫ a
0 λ

∗(σ )dσ + (1 − s∗(0))
a∫

0

e− ∫ a
σ λ

∗(ζ )dζq(σ )dσ ,

e∗(a) =
a∫

0

e−ε(a−σ)λ∗(σ )s∗(σ )dσ ,

i∗(a) =
a∫

0

e−γ (a−σ)εe∗(σ )dσ ,

r∗(a) =
a∫

0

γ i∗(σ )dσ ,

(6.2)

where q(a) is the probability density function of the loss of passive immunity
given by

q(a) := δ(a)e− ∫ a
0 δ(ζ )dζ . (6.3)

Here it follows from the boundary condition in (6.1) and the expression (6.2)
that s∗(0) is given by the functional G defined by

s∗(0) = G(λ∗) :=
∫ ω

0 π(a)
∫ a

0
�∗(a)
�∗(σ )q(σ )dσda

1 − ∫ ω
0 π(a)

(
�∗(a)− ∫ a

0
�∗(a)
�∗(σ )q(σ )dσ

)
da

, (6.4)
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where we define

�∗(a) := e− ∫ a
0 λ

∗(ζ )dζ , (6.5)

and note that the denominator of (6.4) is positive.
From (6.2), we have

i∗(a) =
a∫

0

e−γ (a−σ)ε
σ∫

0

e−ε(σ−ζ )λ∗(ζ )s∗(ζ )dζ dσ . (6.6)

If we insert the above expression into the definition of λ∗, we obtain

λ∗(a) =
ω∫

0

β(a, σ)ψ(σ)

σ∫

0

e−γ (σ−η)ε
η∫

0

e−ε(η−ζ )λ∗(ζ )s∗(ζ )dζ dη dσ

=
ω∫

0

K0(a, ζ )λ∗(ζ )s∗(ζ )dζ .

(6.7)

On the other hand, it follows from (6.2) and (6.4) that

s∗(a) = G(λ∗)e− ∫ a
0 λ

∗(ζ )dζ + (1 − G(λ∗))
a∫

0

e− ∫ a
σ λ

∗(ζ )dζq(σ )dσ . (6.8)

Inserting (6.8) into (6.7), we can define an operator � from L1+(0,ω) into itself
and rewrite (6.8) as the fixed point equation of �:

λ∗(a) = �(λ∗)(a)

= G(λ∗)
ω∫

0

K0(a, ζ )λ∗(ζ )e− ∫ ζ
0 λ

∗(x)dxq(σ )dσ dζ

+ (1 − G(λ∗))
ω∫

0

K0(a, ζ )λ∗(ζ )
ζ∫

0

e− ∫ ζ
σ λ

∗(x)dxq(σ )dσ dζ . (6.9)

That is, the force of infection at an endemic steady state is given as a positive
fixed point of �.

Proposition 6.1 If R0 ≤ 1 there is no endemic steady state, while if R0 > 1, there
exists at least one endemic steady state.



132 H. Inaba

Proof Under the Assumption 4.1, � is a compact positive operator from
L1+(0,ω) into itself. First suppose that R0 ≤ 1. Observe that for φ ∈ L1+,�(φ) ≤
W0φ. Suppose that there is a fixed point φ ∈ L1+ \{0} of�, then φ = �φ ≤ W0φ.
Let f0 be the adjoint eigenvector of W0 corresponding to r(W0) = R0. Taking
the duality pairing, we find that 〈f0, W0φ−φ〉 = (r(W0)− 1) 〈f0,φ〉 > 0, because
W0φ − φ = (W0 − �)φ ∈ L1+ \ {0} and f0 is a strictly positive eigenfunction-
al. Then we have R0 = r(W0) > 1, which contradicts our assumption. That
is, there is no endemic steady state if R0 ≤ 1. Next if R0 > 1, ∂�[0] = W0
has a unique positive eigenvector corresponding to R0 > 1 in the positive
cone of L1+. Let M := supζ∈[0,ω]

∫ ω
0 K0(a, ζ )da. Then it is easy to see that

�(L1+) ⊂ {φ ∈ L1+ : ‖φ‖ ≤ M}. By using the same argument as the Krasnosel-
ski’s fixed point theorem ([30], p. 135, Theorem 4.11 and [26], Proposition 4.6)
we can conclude that � has at least one non-zero fixed point in the positive
cone of L1+. ��

If we consider the proportionate mixing case, � becomes a one dimensional
map, the force of infection at the endemic steady state must be proportional to
β1 as far as it exists. Hence if we insert λ∗(a) = cβ1(a) with a constant c > 0 and
K0(a, ζ ) = β1(a)α0(ζ ) where

α0(ζ ) := ε

ω∫

ζ

β2(σ )ψ(σ)θ0(σ , ζ )dσ ,

into the fixed point equation (6.7) and divide the both sides by cβ1, we can reach
the characteristic equation for unknown constant c > 0:

F(c) : =
ω∫

0

α0(ζ )β1(ζ )s
∗(ζ )dζ = 1

=
ω∫

0

α0(ζ )β1(ζ )

ζ∫

0

e−c
∫ ζ
σ β1(x)dxq(σ )dσdζ

+G(cβ1)

ω∫

0

α0(ζ )β1(ζ )



e−c
∫ ζ

0 β1(x)dx −
ζ∫

0

e−c
∫ ζ
σ β1(x)dxq(σ )dσ



 dζ .

(6.10)

It is clear that there exists an endemic steady state if and only if F(c) = 1
has a positive root. Since F(0) = R0 and F(∞) = 0, we can again confirm that
there exists at least one endemic steady state if R0 > 1. Moreover, we can state
that there exists a unique endemic steady state if F is monotone decreasing
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with respect to c ≥ 0. Hence in the following let us seek conditions for the
monotonicity of F.

First let define a function �(c, ζ ) as

�(c, ζ ) := e−c
∫ ζ

0 β1(x)dx −
ζ∫

0

e−c
∫ ζ
σ β1(x)dxq(σ )dσ . (6.11)

Then we can check easily that

�(0, ζ ) = 1 −
ζ∫

0

q(σ )dσ = e− ∫ ζ
0 δ(x)dx,

∂�(c, ζ )
∂c

= −�(c, ζ )

ζ∫

0

β1(x)dx −
ζ∫

0

σ∫

0

β1(x)dxe−c
∫ ζ
σ β1(x)dxq(σ )dσ .

(6.12)

Next observe that F can be written as follows:

F(c) = G(cβ1)h1(c)+ h2(c),

where

h1(c) : =
ω∫

0

α0(ζ )β1(ζ )�(c, ζ )dζ ,

h2(c) : =
ω∫

0

α0(ζ )β1(ζ )

ζ∫

0

e−c
∫ ζ
σ β1(x)dxq(x)dx dζ .

Thus we obtain

dF(c)
dc

= ∂G(cβ1)

∂c
h1(c)+ G(cβ1)h

′
1(c)+ h′

2(c), (6.13)

where it is clear that h′
2 < 0 and

h′
1(c) =

ω∫

0

α0(ζ )β1(ζ )
∂�(c, ζ )
∂c

dζ . (6.14)

Thirdly we can see that

G(cβ1) = v(c)
1 − u(c)

,
∂G(cβ1)

∂c
= v′(c)(1 − u(c))+ v(c)u′(c)

(1 − u(c))2
, (6.15)
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where

u(c) : =
ω∫

0

π(a)�(c, a)da,

v(c) : =
ω∫

0

π(a)

a∫

0

e−c
∫ a
σ β1(ζ )dζq(σ )dσda.

Then we know that G′(cβ1) < 0 if ∂�/∂c < 0. That is, F(c) is monotone
decreasing if �(c, a) ≥ 0 for all c ≥ 0. Observe that

�(c, a) = e−c
∫ a

0 β1(ζ )dζ



1 −
a∫

0

ec
∫ σ

0 β1(ζ )dζq(σ )dσ



 .

Then if it holds that

1 ≥
ω∫

0

ec
∫ σ

0 β1(ζ )dζq(σ )dσ , (6.16)

for all c ≥ 0, then we know that �(c, a) ≥ 0 for all c ≥ 0 and a ∈ [0,ω], and F
becomes a monotone decreasing function for c ≥ 0.

It is clear that if q > 0 for an age interval [0, A] ⊂ [0,ω] and β1 is not identi-
cally zero for a < A, the right hand side of (6.16) goes to infinity as c → ∞, so
the condition (6.16) does not hold. Conversely we can get a sufficient condition
for the uniqueness as follows:

Proposition 6.2 If there exist numbers a0 ≤ a1 such that q(a) = 0 for a > a0 and
β1(a) = 0 for 0 ≤ a < a1, then the endemic steady state uniquely exists if R0 > 1.

Proof It suffices to show that (6.16) follows. Let

J :=
ω∫

0

ec
∫ σ

0 β1(ζ )dζq(σ )dσ .

Then if q(a) = 0 for a > a0, we have

J =
a0∫

0

ec
∫ σ

0 β1(ζ )dζq(σ )dσ .

Moreover, if β1(a) = 0 for 0 ≤ a < a1 for a1 ≥ a0, we have

J =
a0∫

0

q(σ )dσ = 1 − e− ∫ a0
0 δ(σ )dσ .

Therefore we can conclude that (6.16) is satisfied. ��
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The assumption of Proposition 6.2 implies that the passive immunity is not
lost after age a0, that is, δ = 0 for a > a0. Then 1 − exp(− ∫ a0

0 δ(σ )dσ) gives the
probability that the passive immunity will be ever lost. However its biological
meaning is not clear. Any biologically reasonable assumption for the unique
existence of endemic steady state is not yet known, even if we adopt the propor-
tionate mixing assumption. This situation is just the same as the age-structured
SIR epidemic model with vertical transmission (see [8–10,28,34]). For the case
of general (non-separable) transmission rate, the uniqueness problem of the
endemic steady state is also open, only restricted conditions to guarantee the
uniqueness have been known even for the pure horizontal transmission case of
the SIR model [26].

7 Stability of the endemic steady states

In this section, we consider the stability of the endemic steady state. Let us con-
sider the eigenvalue problem for the linearized operator at the endemic steady
state v∗ ∈ K1:

(z − (A + F̃ ′[v∗]))ζ = 0, u ∈ D(A), z ∈ C. (7.1)

From (7.1), we obtain the following ODE system:

dζ1(a)/da = −(z + δ(a))ζ1(a),

dζ2(a)/da = δ(a)ζ1(a)− λ[a|ζ4]s∗(a)− (z + λ∗(a))ζ2(a),

dζ3(a)/da = λ[a|ζ4]s∗(a)+ λ∗(a)ζ2(a)− (z + ε)ζ3(a),

dζ4(a)/da = εζ3(a)− (z + γ )ζ4(a),

dζ5(a)/da = −zζ5 + γ ζ4(a),

(7.2)

ζ1(0) = 〈π |ζ1 + ζ3 + ζ4 + ζ5〉 = −〈π |ζ2〉,
ζ2(0) = 〈π |ζ2〉,
ζ3(0) = ζ4(0) = ζ5(0) = 0,

(7.3)

where we have used the notation as 〈f |g〉 := ∫ ω
0 f (a)g(a)da.

By the formal integration of (7.2)–(7.3), we have

ζ1(a) = −〈π |ζ2〉e−za−∫ a
0 δ(σ )dσ ,

ζ4(a) =
a∫

0

e−(z+γ )(a−σ)dσ .
(7.4)

If we insert the above expression into λ[a|ζ4], we obtain

λ[a|ζ4] = (�(z)ζ3)(a), (7.5)
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where �(z) is an integral operator given by

(�(z)ζ3)(a) :=
ω∫

0

β(a, σ)ψ(σ)

σ∫

0

e−(z+γ )(σ−η)εζ3(η)dη dσ .

From the above argument, we can reach the following ODE system of (ζ2, ζ3):

dζ2(a)
da

= −(z + λ∗(a))ζ2(a)− 〈π |ζ2〉q(a)e−za − s∗(a)(�(z)ζ3)(a),

dζ3(a)
da

= s∗(a)(�(z)ζ3)(a)+ λ∗(a)ζ2(a)− (z + ε)ζ3(a),

ζ2(0) = 〈π |ζ2〉, ζ3(0) = 0.

(7.6)

Again by using the variation of constants formula, we obtain

ζ2(a) = 〈π |ζ2〉e−za



�∗(a)−
a∫

0

�∗(a)
�∗(σ )

q(σ )dσ





−
a∫

0

e−z(a−σ) �∗(a)
�∗(σ )

s∗(σ )(�(z)ζ3)(σ )dσ . (7.7)

Multiplying π to the both sides of the above equation and integrating from zero
to ω, we can obtain the following expression:

(1 − a11(z))〈π |ζ2〉 + 〈a12(z)|�(z)ζ3〉 = 0, (7.8)

where a11(z) and a12(z, a) are analytic functions with respect to z given by

a11(z) : =
ω∫

0

π(a)e−za



�∗(a)−
a∫

0

�∗(a)
�∗(σ )

q(σ )dσ



 da,

a12(z, a) : = s∗(a)
ω∫

a

π(x)e−z(x−a) �
∗(x)

�∗(a)
dx.

Next it follows from (7.6) that

ζ3(a) =
a∫

0

e−(z+ε)(a−σ)s∗(σ )(�(z)ζ3)(σ )dσ +
a∫

0

e−(z+ε)(a−σ)λ∗(σ )ζ2(σ )dσ .

(7.9)
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If we insert (7.7) into (7.9), we have

ζ3(a) =
a∫

0

e−(z+ε)(a−σ)s∗(σ )(�(z)ζ3)(σ )dσ

+〈π |ζ2〉
a∫

0

e−(z+ε)(a−σ)e−zσ λ∗(σ )



�(σ)−
σ∫

0

�(σ)

�(η)
q(η)dη



 dσ

−
a∫

0

e−(z+ε)(a−σ)λ∗(σ )
σ∫

0

e−z(σ−η) �(σ)
�(η)

s∗(η)(�(z)ζ3)(η)dη dσ . (7.10)

Applying the operator�(z) to the both sides of (7.10), we arrive at the equation
for unknown function �(z)ζ3:

(�(z)ζ3)(a) = ε

ω∫

0

β(a, σ)ψ(σ)

σ∫

0

e−(z+γ )(σ−η)
η∫

0

e−(z+ε)(η−ζ )s∗(ζ )(�(z)ζ3)

(ζ )dζd η dσ

+〈π |ζ2〉ε
ω∫

0

β(a, σ)ψ(σ)

σ∫

0

e−(z+γ )(σ−η)

×
η∫

0

e−(z+ε)(η−ζ )e−zζ λ∗(ζ )



�(ζ)−
ζ∫

0

�(ζ)

�(ξ)
q(ξ)dξ



 dζ dη dσ

−ε
ω∫

0

β(a, σ)ψ(σ)

σ∫

0

e−(z+γ )(σ−η)
η∫

0

e−(z+ε)(η−ζ )λ∗(ζ )

×
ζ∫

0

e−z(ζ−ξ) �(ζ )
�(ξ)

s∗(ξ)(�(ζ3))(ξ)dξ dζ dη dσ . (7.11)

In the triple integrals of the above equation, we can exchange the order of
integrals to obtain

ε

ω∫

0

β(a, σ)ψ(σ)

σ∫

0

e−(z+γ )(σ−η)
η∫

0

e−(z+ε)(η−ζ )f (ζ )dζ dη dσ

=
ω∫

0

ω∫

ζ

β(a, σ)ψ(σ)e−z(σ−ζ )θ0(σ , ζ )dσ f (ζ )dζ =
ω∫

0

Kz(a, ζ )f (ζ )dζ .
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By using the above expression, we can rewrite (7.11) as follows:

(�(z)ζ3)(a) =
ω∫

0

Kz(a, x)



s∗(x)(�(z)ζ3)(x)

−λ∗(x)
x∫

0

e−z(x−y) �
∗(x)

�∗(y)
s∗(y)(�(z)ζ3)(y)dy



 dx

+〈π |ζ2〉
ω∫

0

Kz(a, x)e−zxλ∗(x)



�∗(x)−
x∫

0

�∗(x)
�∗(ξ)

q(ξ)dξ



 dx.

(7.12)

Now we can see (7.12) as the following equation:

−a21(z, a)〈π |ζ2〉 + (I − a22(z))�(z)ζ3 = 0, (7.13)

where I is the identity operator, a21(z, a) is a function given by

a21(z, a) :=
ω∫

0

Kz(a, x)e−zxλ∗(x)



�∗(x)−
x∫

0

�∗(x)
�∗(ξ)

q(ξ)dξ



 dx,

and a22(z) is a linear operator from L1 into itself defined by

(a22(z)ζ )(a) :=
ω∫

0

Kz(a, x)



s∗(x)ζ(x)− λ∗(x)
x∫

0

e−z(x−y) �
∗(x)

�∗(y)
s∗(y)ζ(y)dy



dx.

Let us define a linear operator T(z) as

T(z)
[

x
f

]
:=

[
a11(z)x − 〈a12(z)|f 〉
a21(z, ·)x + a22(z)f

]
,

[
x
f

]
∈ C × L1(0,ω).

By using T(z), we can formulate (7.8) and (7.13) as a simultaneous equation as
follows:

(I − T(z))
[ 〈π |ζ2〉
�(z)ζ3

]
= 0. (7.14)

Then the solution 〈π |ζ2〉 and �(z)ζ3 exists if and only if T(z) has eigenvalue
unity. Therefore we have

Proposition 7.1

Pσ (A + F̃ ′(v∗)) = {z ∈ C : 1 ∈ Pσ (T(z))}. (7.15)
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Since it is quite difficult to determine the eigenvalues of A + F̃ ′(v∗) under
the general transmission rate, let us adopt the proportionate mixing assump-
tion. Under the proportionate mixing assumption, the range of operator T(z)
becomes two-dimensional. In fact, if we set β(a, σ) = β1(a)β2(σ ), we have

Kz(a, x) = β1(a)αz(x), (�(z)ζ3)(a) = β1(a)gz(ζ3), (7.16)

where

αz(x) : =
ω∫

x

β2(σ )ψ(σ)e−z(σ−x)θ0(σ , x)dσ ,

gz(ζ3) : = ε

ω∫

0

β2(σ )ψ(σ)

σ∫

0

e−(z+γ )(σ−η)ζ3(η)dη dσ .

Then the operator equation (7.14) can be reduced to a two-dimensional simul-
taneous equation as

(I − U(z, c))
[

x
gz(ζ3)

]
= 0, (7.17)

where U(z, c) is 2-dimensional matrix given by

U(z, c) :=
[

u11(z, c) u12(z, c)
u21(z, c) u22(z, c)

]
.

The (i, j)th elements of U(z, c) are defined by

u11(z, c) : =
ω∫

0

e−zaπ(a)�(c, a)da,

u12(z, c) : = −
ω∫

0

β1(a)s
∗(a)

ω∫

a

π(x)e−z(x−a)−c
∫ x

a β1(σ )dσdx da,

u21(z, c) : =
ω∫

0

αz(x)e−zxcβ1(x)�(c, x)dx,

u22(z, c) : =
ω∫

0

αz(y)



s∗(y)β1(y)−cβ1(y)

y∫

0

e−z(y−x)−c
∫ y

x β1(σ )dσ s∗(x)β1(x)dx



 dy,

where c is the positive solution of (6.10) and s∗ is given by

s∗(a) =
a∫

0

e−c
∫ a
σ β1(x)dxq(σ )dσ + G(cβ1)�(c, a). (7.18)
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Then the eigenvalues of the linearized operator are given as the roots of the
characteristic equation as follows:

det(I − U(z, c)) = (1 − u11(z, c))(1 − u22(z, c))− u12(z, c)u21(z, c) = 0.

(7.19)

In order to consider the local stability of bifurcating endemic steady states,
let us adopt a possible scenario of parameter change as follows:

Assumption 7.2 The age-dependent susceptibility parameter β1(a) can be writ-
ten as β1(a) = κβ̂1(a), where β̂1 is the normalized schedule such that

ω∫

0

α0(x)β̂1(x)dx = 1. (7.20)

Then the parameter κ equals the basic reproduction ratio R0.

By using the above parametrization, we can prove the local stability result
of the endemic steady states:

Proposition 7.3 If we adopt the proportionate mixing assumption and the
Assumption 7.2, the endemic steady state is locally asymptotically stable as far as
R0 > 1 and |R0 − 1| is small enough.

Proof Under the proportionate mixing assumption and the Assumption 7.2,
the force of infection λ∗ can be written as λ∗(a) = cκβ̂1(a) where c is given as
the positive root of the characteristic equation as

G(c, κ) := κ

ω∫

0

α0(x)β̂1(x)s
∗(x)dx − 1 = 0, (7.21)

where s∗(a) is given by

s∗(a) =
a∫

0

e−cκ
∫ a
σ β̂1(ζ )dζq(σ )dσ + G(cκβ̂1)�̂(c, κ , a),

where

�̂(c, κ , a) := e−cκ
∫ a

0 β̂1(x)dx −
a∫

0

e−cκ
∫ a
σ β̂1(x)dxq(σ )dσ .

From (7.20), we have G(0, 1) = 0 and we can observe that

∂G

∂c
(0, 1) =

ω∫

0

α0(ζ )β1(ζ )
∂s∗

∂c

∣∣∣∣
(c,κ)=(0,1)

dζ < 0,
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because it follows from (6.15) that ∂G(cκβ̂1)/∂c < 0 at (c, κ) = (0, 1) and

∂s∗

∂c

∣∣∣∣
(c,κ)=(0,1)

= −
a∫

0

a∫

σ

β̂1(x)dxq(σ )dσ

+ ∂G(cκβ̂1)

∂c

∣∣∣∣∣
(c,κ)=(0,1)

e− ∫ a
0 δ(σ )dσ + ∂�̂(c, κ , a)

∂c

∣∣∣∣∣
(c,κ)=(0,1)

,

where

∂�̂(c, κ , a)
∂c

∣∣∣∣∣
(c,κ)=(0,1)

= −e− ∫ a
0 δ(σ )dσ

a∫

0

β̂1(x)dx −
a∫

0

σ∫

0

β̂1(x)dxq(σ )dσ .

Therefore it follows from the Implicit Function Theorem that G = 0 can be
locally solved as c = c(κ) with c(1) = 0 at the neighborhood of (c, κ) = (0, 1).
Moreover observe that

∂G

∂κ
(0, 1) = 1 +

ω∫

0

α0(x)β1(x)
∂s∗

∂κ

∣∣∣∣
(c,κ)=(0,1)

dx = 1. (7.22)

Then we conclude that

c′(1) = −Gκ(0, 1)
Gc(0, 1)

= −1
Gc(0, 1)

> 0. (7.23)

Next replacing λ∗ by c(κ)κβ̂1, we can define the complex function F(z, κ) by

F(z, κ) := (1 − û11(z, κ))(1 − û22(z, κ))− û12(z, κ)û21(z, κ),

where ûij(z, κ) := uij(z, c(κ)). If κ = 1, then we have c(1) = 0, s∗ = 1 and the
equation F = 0 can be reduced to the characteristic equation at the disease-free
steady state:



1 −
ω∫

0

e−za−∫ a
0 δ(σ )dσπ(a)da







1 −
ω∫

0

αz(x)β̂1(x)dx



 = 0. (7.24)

It is easy to see that all of roots of the equation

1 −
ω∫

0

e−za−∫ a
0 δ(σ )dσπ(a)da = 0,
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have negative real part, since
∫ ω

0 e− ∫ a
0 δ(σ )dσπ(a)da < 1. Moreover, using (7.20)

and the standard argument about the Euler–Lotka characteristic equation, we
know that the equation

1 −
ω∫

0

αz(x)β̂1(x)dx = 0,

has a unique dominant real root z0 = 0. That is, if κ = 1, then F(z, 1) = 0 has
the dominant root z0 = 0. It is easy to see that

∂F

∂z
(0, 1)

=


1 −
ω∫

0

π(a)e− ∫ a
0 δ(σ )dσda




ω∫

0

ω∫

x

(σ − x)β2(σ )ψ(σ)θ0(σ , x)dσβ1(x)dx > 0.

Then again it follows from the Implicit Function Theorem that F(z, κ) = 0 can
be locally solved as z = z(κ) with z(1) = 0 at the neighborhood (z, κ) = (0, 1).
Moreover, we have

z′(1) = −Fκ (0, 1)
Fz(0, 1)

. (7.25)

Observe that

Fκ(0, 1) = −


1 −
ω∫

0

e− ∫ a
0 δ(σ )dσπ(a)da



 ∂û22

∂κ
(0, 1)

+
ω∫

0

β̂1(a)

ω∫

a

π(x)dx da
∂û21

∂κ
(0, 1),

∂û21

∂κ
(0, 1) = c′(1)

ω∫

0

α0(x)β̂1(x)e
− ∫ x

0 δ(σ )dσdx > 0,

∂û22

∂κ
(0, 1) = 1 +

ω∫

0

α0(x)β̂1(x)
∂s∗

∂κ

∣∣∣∣
κ=1

dx − c′(1)
ω∫

0

α0(x)β̂1(x)

x∫

0

β̂1(y)dy dx

= −c′(1)
ω∫

0

α0(x)β̂1(x)

x∫

0

β̂1(y)dy dx < 0,

where we have used (7.20) and the fact that
ω∫

0

α0(x)β̂1(x)
∂s∗

∂κ

∣∣∣∣
κ=1

dx = c′(1)Gc(0, 1) = −1.
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Therefore we can conclude that z′(1) < 0, which means that the dominant char-
acteristic root of (7.19) goes to the left half plane as κ crosses unity from the
left to the right. Then as far as κ > 1 and |κ − 1| is small enough, by using the
well known argument ([22], Chap. 4; [27]) we can show that other eigenvalues
stay in the left half plane. In fact, we can write the characteristic equation as
F(z, 1)+ R(z, κ) := 0, where R(z, κ) := F(z, κ)− F(z, 1). z := 0 is the dominant,
isolated root of F(z, 1) = 0, there exists a small η > 0 such that z = 0 is the
unique root of F(z, 1) = 0 in the half plane �z ≥ −η. Let us consider the domain
� = {z ∈ C : �z ≥ −η, |z| ≤ r}. It is easily checked that |F(z, 1)| > |R(z, κ)|
on the boundary ∂� uniformly for large r > 0 if |κ − 1| is sufficiently small.
Hence by using the Rouché Theorem, we know that z(κ) is the only root of the
characteristic equation in the half plane �z ≥ −η, that is, the local stability is
determined by the sign of z′(1). Since under our Assumption 7.2, κ = R0, so we
conclude that the endemic steady state is locally asymptotically stable if R0 > 1
and |R0 − 1| is sufficiently small. ��

8 Discussion

In the first part of this paper, we have developed a new approach to deal with
the asymptotic behavior of the age-structured homogeneous epidemic systems.
For the homogeneous system, there is no attracting nontrivial equilibrium,
instead we have to examine existence and stability of persistent solutions. We
have rewritten the basic system as an evolution equation of the ratio age dis-
tributions, which is the age profiles divided by the stable age profile. If the
host population has the stable age profile, the ratio age distribution system is
reduced to the normalized system. By assuming that the host population dynam-
ics is described by the stable population model, we proved the stability principle
that the local stability [unstability] of steady states of the normalized system
implies the stability [unstability] of the corresponding persistent solutions of
the original homogeneous system.

In the second part of this paper we have shown threshold and stability results
of the normalized system for the age-structured MSEIR epidemic model. For
the MSEIR model, we have proved that at least one endemic steady state exists
if and only if the basic reproduction ratio R0, which is given by the dominant
eigenvalue of the next generation operator, is greater than unity, while the dis-
ease-free steady state is globally asymptotically stable if R0 < 1. We have also
shown that an endemic steady state exists if R0 > 1 and discussed conditions for
unique existence of endemic steady state. Subsequently by using the bifurcation
argument and the proportionate mixing assumption, we have shown that the
bifurcated endemic steady state is locally asymptotically stable as long as R0 > 1
and |R0 − 1| is small enough. However, we have not yet known whether the
same kind of result could hold for the model with non-separable transmission
rate and what will occur for larger R0. Thieme [40], Andreasen [3] and Cha
et al. [10] have shown that the age-structured SIR epidemic system could show
the stability change of endemic steady states and lead periodic solutions.
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It should be remarked that even under our assumption that the host
population is described by the stable population model, the Assumption 3.1
is also restrictive. If we adopt a more complex mixing function as the force
of infection (see [6]), our approach would not work well. The more impor-
tant challenge would be to develop any approach to deal with the regulation
problem in the structured epidemic models such that the epidemic can affect
the host demographic parameters. In fact, if we like to deal with the long-run
effect of fatal diseases as HIV/AIDS at the population level, we are always
confronted with the problem originated from interaction between demography
and epidemics. In such a case, we can not adopt the normalization argument
shown above, our problems become much more difficult.

Acknowledgments I would like to thank Prof. Odo Diekmann and the reviewers very much for
their valuable comments and suggestions to the earlier version of this paper.
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11. Cvjetanović, B., Grab, B., Dixon, H.: Epidemiological models of poliomyelitis and measles
and their application in the planning of immunization programmes. Bull. World Health Organ.
60(3), 405–422 (1982)

12. Diekmann, O., Heesterbeek, J.A.P., Metz, J.A.J.: On the definition and the computation of the
basic reproduction ratio R0 in models for infectious diseases in heterogeneous populations.
J. Math. Biol. 28, 365–382 (1990)

13. Diekmann, O., Heesterbeek, J.A.P.: Mathematical Epidemiology of Infectious Diseases: Model
Building, Analysis and Interpretation. J. Wiley, Chichester (2000)

14. Greenhalgh, D.: Vaccination campaigns for common childhood diseases. Math. Biosci. 100,
201–240 (1990)

15. Greenhalgh, G.: Existence, threshold and stability results for an age-structured epidemic model
with vaccination and a non-separable transmission coefficient. Int. J. Systems Sci. 24(4), 641–668
(1993)

16. Hadeler, K.P., Waldstätter, R., Wörz-Busekros, A.: Models for pair formation in bisexual
populations. J. Math. Biol. 26, 635–649 (1988)



Age-structured homogeneous epidemic systems 145

17. Hadeler, K.P., Ngoma, K.: Homogeneous models for sexually transmitted diseases. Rocky Mt.
J. Math. 20(4), 967–986 (1990)

18. Hadeler, K.P.: Periodic solutions of homogeneous equations. J. Differ. Equations 95, 183–202
(1992)

19. Hadeler, K.P.: Pair formation models with maturation period. J. Math. Biol. 32, 1–15 (1993)
20. Heijmans, H.J.A.M.: The dynamical behaviour of the age-size-distribution of a cell population,

In: Metz, J. A. J., Diekmann, O. (eds.) The Dynamics of Physiologically Structured Populations.
Lect. Notes. Biomath. vol. 68. pp. 185–202, Springer Berlin Heidelberg New York (1986)

21. Hethcote, H.W.: The mathematics of infectious diseases. SIAM Rev. 42(4), 599–653 (2000)
22. Iannelli, M.: Mathematical Theory of Age-Structured Population Dynamics. Giardini Editori e

Stampatori in Pisa (1995)
23. Iannelli, M., Martcheva, M.: Homogeneous dynamical systems and the age-structured SIR

model with proportionate mixing incidence. In: Iannelli, M., Lumer, G., (eds.) Evolution Equa-
tions: Applications to Physics, Industry, Life Sciences and Economics Progress in Nonlinear
Differential Equations and their applications, vol. 55,pp 227–251. Birkhäuser, Basel Boston
Berlin (2003)

24. Inaba, H.: A semigroup approach to the strong ergodic theorem of the multistate stable popu-
lation process. Math. Popul. Stud. 1(1), 49–77 (1988a)

25. Inaba, H.: Asymptotic properties of the inhomogeneous Lotka-Von Foerster system. Math.
Popul. Stud. 1(3), 247–264 (1988b)

26. Inaba, H.: Threshold and stability results for an age-structured epidemic model. J. Math. Biol.
28, 411–434 (1990)

27. Inaba, H.: Kermack and McKendrick revisited: the variable susceptibility model for infectious
diseases. Japan J. Indust. Appl. Math. 18(2), 273–292 (2001)

28. Inaba, H.: Mathematical analysis of an age-structured SIR epidemic model with vertical trans-
mission. Discret. Contin. Dyn. Systems Series B 6(1), 69–96 (2006)

29. Katzmann, W., Dietz, K.: Evaluation of age-specific vaccination strategies. Theor. Popul. Biol.
25, 125–137 (1984)

30. Krasnoselskii, M.A.: Positive Solutions of Operator Equations. Noordhoff, Groningen (1964)
31. Manfredi, P., Williams, J.R.: Realistic dynamics in epidemiological models: the impact of popu-

lation decline on the dynamics of childhood infectious diseases Measles in Italy as an example.
Math. Biosci. 192, 153–175 (2004)

32. Marek, I.: Frobenius theory of positive operators: comparison theorems and applications SIAM
J. Appl. Math. 19, 607–628 (1970)

33. McLean, A.: Dynamics of childhood infections in high birthrate countries. In: Hoffman, G.W.,
Hraba, T. (eds.) Immunology and Epidemiology, Lecture Notes in Biomath. vol. 65.
pp. 171–197. Springer Berlin Heidelberg New York (1986)

34. Milner, F.A., Langlais, M., Busenberg, S.: Non-unique positive steady states in population
dynamics and epidemic models and their stability. In: Martelli, M., Cooke, K., Cumberbatch,
E. (eds.) Differential Equations and Applications to Biology and to Industry, pp. 369–383
World Scientific, Singapore (1996)

35. Mollison, D. (ed.): Epidemic Models: their Structure and Relation to Data. Cambridge Uni-
versity Press, Cambridge (1995)

36. Nagel, R. (ed.): One-Parameter Semigroups of Positive Operators. Lecture are Notes in Math-
ematics, vol. 1184. Springer Berlin Heidelberg New York (1986)

37. Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations.
Springer Berlin Heidelberg New York (1983)

38. Prüss, J.: Equilibrium solutions of age-specific population dynamics of several species. J. Math.
Biol. 11, 65–84 (1981)

39. Sawashima, I.: On spectral properties of some positive operators. Nat. Sci. Report Ochanomizu
Univ. 15 53–64 (1964)

40. Thieme, H.R.: Stability change for the endemic equilibrium in age-structured models for the
spread of S-I-R type infectious diseases. In: Differential Equation Models in Biology, Epidemi-
ology and Ecology. Lecture Notes in Biomath. vol. 92. pp. 139–158. Springer Berlin Heidelberg
New York (1991)

41. Tuljapurkar, S., Meredith John, A.: Disease in changing populations: growth and disequilib-
rium. Theor. Popul. Biol. 40, 322–353 (1991)



146 H. Inaba

42. Webb, G.F.: Theory of Nonlinear Age-Dependent Population Dynamics. Marcel Dekker,
New York and Basel (1985)

43. Webb, G.F.: Asynchronous exponential growth in differential equations with homogeneous
nonlinearities. In: Dore, G., Favini, A., Obrecht, E., Venni, A., (eds.) Differential Equations
in Banach Spaces. Lecture Notes in Pure and Applied Mathematics, vol. 148. pp. 225–233.
Dekker, New York (1993)

44. Webb, G.F.: Asynchronous exponential growth in differential equations with asymptotically
homogeneous nonlinearities. Adv. Math. Sci. Appl. 3, 43–55 (1993/94)

45. Yosida, K.: Functional Analysis, 6th edn. Springer Berlin Heidelberg New York (1980)


