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1 Introduction

In mathematical models for the spread of infectious diseases, it is well known
that there is a threshold phenomena: if the basic reproduction number R0 is
grater than one, the disease can invade into the susceptible host community,
whereas it cannot if R0 is less than one. The basic reproduction number is
the average number of secondary cases produced by one infectious individual,
during its total infective period, in a population that is in the disease-free steady
state (see Anderson and May 1991, Diekmann and Heesterbeek 2000).

Mathematically speaking, the threshold phenomena implies that the disease-
free steady is locally asymptotically stable if R0 < 1, it is unstable for R0 > 1
and at R0 = 1 an endemic steady state bifurcates from the disease-free steady
state. In most epidemic models investigated so far, the bifurcation at R0 = 1 is
forward (supercritical), that is, for R0 < 1 there is no endemic steady state and
the disease-free steady state is globally asymptotically stable, and for R0 > 1
the bifurcated endemic steady is unique and locally stable at least as long as it
is small enough (near the bifurcation point), though we do not know what will
happen for the endemic steady states away from the bifurcation point. It may
lose its stability in various way (Cha, et al. 2000).

On the other hand, recently some authors have found epidemic models lead-
ing to backward bifurcations (subcritical bifurcation) at R0 = 1 and stressed
its important consequences for the control of infectious disease (see Hadeler
and P. van den Driessche 1997, Kribs-Zaleta and J. X. Velasco-Hernández 2000,
Kribs-Zaleta and M. Martcheva 2002).

In this note, we present a new epidemic mechanism leading to backward
bifurcation of endemic steady states. We consider here a simple epidemic model
for vector transmitted disease. The basic model can be seen as a simplified
version of models for Chagas disease developed by Velasco-Hernández (1991,
1994) and Sekine (2002). Chagas disease or American trypanosomiasis caused
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by the protozoan parasite Trypanosoma cruiz and transmitted by blood-feeding
triatomine bugs, is a chronic, frequently fatal infection that is common in Latin
America. There is so far no effective medical treatments and no vaccine. Though
Chagas disease can be also transmitted by blood transfusion, organ transplants
and the placenta (vertical transmission from mother to babies), here we only
consider the vector transmission and neglect the variable infectivity since our
purpose here is not to develop a realistic model for Chagas disease, but to show
a possible mechanism leading backward bifurcation as simply as possible.

2 The basic model

Let us consider a fatal disease transmitted by a vector population. We divide
the host population into two groups: S(t) denotes the density of uninfected, but
susceptible host population and I(t) denotes the density of infected hosts where
t denotes time. The infected population is removed with the extra death rate
due to disease γ > 0. Then the total size of host population is given by T (t) :=
S(t)+I(t). Let M(t) denote the density of susceptible vectors at time t, V (t) the
density of infected vectors at time t and U(t) := M(t) + V (t) the total density
of vectors. Let b1 (b2) be the birth rate of host population (vectors), µ1 (µ2)
the natural death rate of host population (vectors). For the vector population,
we assume that there is no extra death rate due to infection.

For modeling vector transmitted disease, the most important ingredient is
the formula of the force of transmission. Here we adopt a most simple assump-
tion that is very common among traditional modeling of vector transmitted
diseases like as malaria. The reader may refer to Esteva and Matias (2001) for
another type of assumption of the force of infection.

Let a be the number of bites per vector per unit time and c1 be the proportion
of infected bites that give rise to infection from infected vector to susceptible
host. For simplicity, we assume that a is a constant. Then the V vector makes
ac1V infectious bites of which a fraction S/T are on susceptible hosts. That
is, the number of new infection of hosts per unit time by vector transmission is
given by ac1V (S/T ).

Hence the force of infection (the probability per unit of time for a susceptible
to become infected) for host population, denoted by λ1(t), is given by

λ1(t) = αV (t)/T (t), (2.1)

where α := ac1. By using similar argument, we know that the force of infection
for vector population, denoted by λ2(t), is given by

λ2(t) = βI(t)/T (t), (2.2)

where β := ac2 and c2 denotes the proportion of bites that give rise to infection
from infected host to susceptible vector.
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Under the above assumption, our basic model for a vector transmitted dis-
ease can be formulated as follows:

dS(t)/dt = b1 − (µ1 + λ1(t))S(t), (2.3a)

dI(t)/dt = λ1(t)S(t)− (µ1 + γ)I(t), (2.3b)

dM(t)/dt = b2 − (µ2 + λ2(t))M(t), (2.3c)

dV (t)/dt = λ2(t)M(t)− µ2V (t), (2.3d)

If we add two equations (2.4c) and (2.4d) for vector population, we obtain
a single equation for the total vector population U = M + V as

dU(t)/dt = b2 − µ2U(t). (2.4)

It is easily seen that U∗ := b2/µ2 is a globally stable steady state. Then in the
following, we assume in advance that M(t) + V (t) = b2/µ2 for all t ≥ 0. Then
it is easy to see that the solution of (2.3a)-(2.3d) starting from the region

Ω := {(S, I,M, V ) ∈ R4
+ : 0 ≤ S + I ≤ b1/µ1,M + V = b2/µ2}

stays in Ω for all t > 0, that is, Ω is positively invariant with respect to the flow
generated by the basic system (2.3).

The system (2.3a)-(2.3d) has a trivial steady state (the disease-free steady
state) as

(S∗, I∗,M∗, V ∗) = (b1/µ1, 0, b2/µ2, 0).

The dynamics of the initial invasion phase is described by the linearized sys-
tem at the disease-free steady state. At the disease-free steady state, we can
formulate the linearized system as follows:

(
İ
V̇

)
=

( −(µ1 + γ) α
βb2µ1/(b1µ2) −µ2

)(
I
V

)
, (2.5)

By calculating the eigenvalue, we can conclude that the disease-free steady state
is locally asymptotically stable if R0 < 1, whereas it is unstable if R0 > 1, where
the basic reproduction number R0 is calculated as

R0 =
αβb2µ1

b1µ2
2(µ1 + γ)

. (2.6)

By using the basic reproduction number, we can formulate the threshold condi-
tion for this vector transmitted disease as follows:

Proposition 2. 1 If R0 < 1, then the disease-free steady state is locally asymp-
totically stable, and if R0 > 1, it is unstable. Moreover, if
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R0 <
µ1

µ1 + γ
, (2.7)

then the disease-free steady state is globally asymptotically stable.

Proof. The eigenvalues of the coefficient matrix of (2.5) are give as the solution
of quadratic equation as

λ2 + (µ1 + µ2 + γ)λ + (µ1 + γ)µ2(1−R0) = 0,

where R0 is given by (2.6). Then if R0 < 1, all eigenvalues have negative real
parts, and if R0 > 1 one of eigenvalue is positive. Therefore the first half of this
statement is obvious. Let us proof the latter half. It follows from (2.3a) and
(2.3b) that

dT (t)/dt = b1 − µ1T (t)− γI(t) ≥ b1 − (µ1 + γ)T (t).

Then we obtain

T (t) ≥ b1

µ1 + γ
+ (T (0)− b1

µ1 + γ
)e−(µ1+γ)t.

Hence if T (0) ≥ b1/(µ1 + γ), it follows that T (t) ≥ b1/(µ1 + γ) for all t ≥ 0.
Even if T (0) < b1/(µ1 + γ), the condition T (t) ≥ b1/(µ1 + γ) will be satisfied as
time goes to infinity, so without loss of generality, we can assume that T (0) ≥
b1/(µ1 + γ) holds in advance. Hence we can assume that 1/T (t) ≤ (µ1 + γ)/b1.

Next let us define functions B(t) and C(t) as follows:

B(t) := λ1(t)S(t), C(t) =: λ2(t)M(t),

that is, B(t) denotes the number of newly infected hosts at time t and C(t) is the
number of newly infected vectors at time t. From (2.3), we have the following
expressions:

S(t) =
b1

µ1
+ (S(0)− b1

µ1
)e−µ1t −

∫ t

0

e−µ1(t−s)B(s)ds, (2.8)

I(t) = I(0)e−(µ1+γ)t +
∫ t

0

e−(µ1+γ)(t−s)B(s)ds, (2.9)

V (t) = V (0)e−µ2t +
∫ t

0

e−µ2(t−s)C(s)ds. (2.10)

Then we obtain a system of Volterra integral equations:

B(t) = α
S(t)
T (t)

(
V (0)e−µ2t +

∫ t

0

e−µ2(t−s)C(s)ds

)
, (2.11)

C(t) = β
M(t)
T (t)

(
I(0)e−(µ1+γ)t +

∫ t

0

e−(µ1+γ)(t−s)B(s)ds

)
. (2.12)
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By using inequalities S/T ≤ 1 and M/T ≤ (µ1 + γ)b2/(b1µ2) and if we insert
(2.12) into (2.11), it follows that

B(t) ≤ G(t) +
∫ t

0

K(s)B(t− s)ds, (2.13)

where

K(s) :=
αβ(µ1 + γ)b2

b1µ2

∫ s

0

e−µ2(s−σ)e−(µ1+γ)σdσ,

G(t) := αV (0)e−µ2t +
αβ(µ1 + γ)b2

b1µ2
I(0)

∫ t

0

e−µ2(t−s)e−(µ1+γ)sds.

Therefore we conclude that limt→∞B(t) = 0 if
∫ ∞

0

K(s)ds =
αβb2

b1µ2
2

= R0
µ1 + γ

µ1
< 1.

Then (2.7) is a sufficient condition for global stability of the disease-free steady
state. 2

3 Backward bifurcation of endemic steady states

Let us denote S∗, I∗, M∗ and V ∗ as the stationary states of S(t), I(t), M(t) and
V (t) respectively, and let λ∗j , (j = 1, 2) be the force of infection corresponding
to the stationary state. Then we have





0 = b1 − λ∗1S
∗ − µ1S

∗,
0 = λ∗1S

∗ − (µ1 + γ)I∗,
0 = b2 − λ∗2M

∗ − µ2M
∗,

0 = λ∗2M
∗ − µ2V

∗.

(3.1)

Then it is easy to obtain the expression for steady states as follows:

(S∗, I∗,M∗, V ∗) =
(

b1

µ1 + λ∗1
,

b1λ
∗
1

(µ1 + λ∗1)(µ1 + γ)
,

b2

µ2 + λ∗2
,

λ∗2b2

µ2(µ2 + λ∗2)

)
,(3.2)

From relations λ∗1 = αV ∗/(S∗+I∗) and λ∗2 = βI∗/(S∗+I∗), we obtain equations
as

λ∗1 =
αb2

µ2b1

(µ1 + λ∗1)(µ1 + γ)
λ∗1 + µ1 + γ

λ∗2
µ2 + λ∗2

, (3.3)

λ∗2 =
λ∗1β

µ1 + γ + λ∗1
. (3.4)

From (3.3) and (3.4), we can derive an equation satisfied by λ∗1 as
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λ∗1 =
αβb2

µ2b1

(µ1 + λ∗1)(µ1 + γ)
λ∗1 + µ1 + γ

λ∗1
µ2(µ1 + γ) + λ∗1(µ2 + β)

(3.5)

= λ∗1R(λ∗1),

where R1(λ) is a function defined by

R(λ) :=
αβb2

µ2b1

(µ1 + λ)(µ1 + γ)
λ + µ1 + γ

1
µ2(µ1 + γ) + λ(µ2 + β)

.

By using the expression for steady states, we can decompose R(λ∗1) as

R(λ∗1) =
[
α · 1

µ2
· S∗

T ∗

]
·
[

1
µ1 + γ

· β · U∗

T ∗
· M∗

U∗

]
,

which shows that R(λ) is the product of the average number of infected hosts
produced by an infected vector during its infective period and the average num-
ber of infected vectors produced by an infected host during its infective period
at the endemic steady state. That is, R(λ) is no other than the reproduction
number at the endemic steady state with the force of infection λ. Then we can
prove the following bifurcation result for the endemic steady states:

Proposition 3. 1 Let us define a number D and G as

D := µ2
1 − (µ1 + γ)G, G := µ1 − γµ2

µ2 + β
.

If G ≥ 0, then there exists a unique endemic steady state if and only if R0 > 1.
If G < 0, then the following holds:

(1) If R0 ≥ 1, there exists only one endemic steady state.

(2) If R0 < 1 and R(−µ1 +
√

D) > 1, then there exists two endemic steady
state.

(3) If R0 < 1 and R(−µ1 +
√

D) = 1, then there exists only one endemic
steady state.

(4) If R0 < 1 and R(−µ1 +
√

D) < 1, then there is no endemic steady state.

Proof. Observe that

R(λ) =
αβb2(µ1 + γ)

µ2b1

(
1− γ

λ + µ1 + γ

)
1

µ2(µ1 + γ) + λ(µ2 + β)
.

Then we obtain

R′(λ) =
αβb2(µ1 + γ)

µ2b1

−f(λ)
(µ1 + γ + λ)2(µ2(µ1 + γ) + λ(µ2 + β))2

,

where
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f(λ) = (µ2 + β)(λ2 + 2µ1λ + (µ1 + γ)G).

If G ≥ 0, then R′(λ) ≤ 0 for all λ > 0, so R(λ) is monotone decreasing for λ >
0. Since

R(0) = R0 =
αβb2µ1

b1µ2
2(µ1 + γ)

, lim
λ→∞

R(λ) = 0,

then we know that the characteristic equation R(λ) = 1 has only one positive
root if and only if R0 > 1. On the other hand, if G < 0, then we have D > 0
and

R′(λ) = −αβb2(µ1 + γ)
µ2b1

(λ + µ1 +
√

D)(λ + µ1 −
√

D)
(µ + γ + λ)2((µ2(µ1 + γ) + λ(µ2 + β))2

.

Hence we know that R(λ) has a unimodal pattern and it attains the maximum
value at λ = −µ1 +

√
D > 0. Then the above statement follows. 2

Corollary 3. 2 The backward bifurcation does not occur for our model if the
extra death rate γ due to the disease is zero.

From the above propositions, we know that a backward bifurcation of en-
demic steady states could occur at R0 = 1 under the condition G < 0, and we
do not yet know what kind of parameter set satisfies the condition R(−µ1 +√

D) ≥ 1. However, observe that

R′(0) = −αβb2(µ2 + β)G
µ3

2b1(µ1 + γ)2
.

Hence if G < 0, then R′(0) > 0, and it is easy to see that if R0 < 1 and |R0 −
1| is small enough, there exists two endemic steady state.

On the other hand, if we note that the equation R(λ) = 1 can be reduced
to a quadratic equation

g(λ) := (µ2 + β)λ2 + Hλ + (µ1 + γ)2µ2(1−R0) = 0, (3.6)

where H is given by

H := (µ1 + γ)(2µ2 + β − αβb2

µ2b1
).

Since g′(0) = H and g(0) = (µ1 + γ)2µ2(1−R0), by graphical consideration we
can easily obtain the following another formulation:

Proposition 3. 3 Let us define the discriminant E of (3.6) as

E := H2 − 4(µ1 + γ)2(µ2 + β)µ2(1−R0).

Then the following holds:
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(1) If R0 > 1, there is only one endemic steady state,

(2) If R0 = 1, there is only one endemic steady state when H < 0, and there
is no endemic steady state when H ≥ 0,

(3) If R0 < 1, there is no endemic steady state when H ≥ 0. If H < 0, there
are two endemic steady states when E > 0, there is only one endemic
steady state when E = 0 and there is no endemic steady state when E <
0.

Corollary 3. 4 Suppose that

2 +
β

µ2
<

αβb2

µ2
2b1

< 2 +
β

µ2
+ 2

√
1 +

β

µ2
. (3.7)

Then the backward bifurcation occurs at R0 = 1.

Proof. First observe that under the condition (3.7), we have

H = µ2(µ1 + γ)(2 +
β

µ2
− αβb2

µ2
2b1

) < 0. (3.8)

Let us choose R0 as a bifurcation parameter. Consider γ as a function of R0

and let us fix other parameters. Observe that

γ =
αβb2µ1

b1µ2
2

1
R0

− µ1. (3.9)

Then R0 moves from zero to αβb2/(b1µ
2
2), γ decreases monotonically from ∞

to zero. Moreover note that E = 0 when R0 = R∗0, where

R∗0 := 1− µ2

4(µ2 + β)
(2 +

β

µ2
− αβb2

µ2
2b1

)2,

which is positive under the condition (3.7). Then we obtain the following table:

R0 0 R∗0 1 αβb2/(µ2
2b1)

γ ∞ µ1(αβb2/(µ2
2b1)− 1) 0

E E < 0 0 E > 0

Therefore we know that for R∗0 < R0 < 1, there exist two endemic steady states,
and the backward bifurcation occurs at R0 = 1. 2
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4 Discussion

We have developed a mathematical model for vector transmitted disease with
fatality, and calculated the basic reproduction number R0 to show that the
disease can invade into the susceptible population and unique endemic steady
state exists if R0 > 1, whereas the disease dies out if R0 is small enough. We
also proved that depending on parameters, the backward bifurcation of endemic
steady state can occur, so even if R0 < 1, there could exist endemic steady
states. In our modeling, existence of disease-induced death rate plays a crucial
role for the existence of a backward bifurcation.

The presence of a backward bifurcation has practically important conse-
quences for the control of infectious diseases. If the bifurcation of endemic state
at R0 = 1 is forward one, the size of infected population will be approximately
proportional to the difference |R0 − 1|. On the other hand, in a system with
a backward bifurcation, the endemic steady state that exists for R0 just above
one could have a large infectious population, so the result of R0 rising above one
would be a drastic change in the number of infecteds. Conversely, reducing R0

back below one would not eradicate the disease, as long as its reduction is not
sufficient. That is, if the disease is already endemic, in order to eradicate the
disease, we have to reduce the basic reproduction number so far that it enters
the region where the disease-free steady state is globally asymptotically stable
and there is no endemic steady state.

In this note, we have only discussed existence of backward bifurcation of
endemic steady states, to consider their stability is a future problem. From
general principle of subcritically bifurcated steady state solutions, we could
expect that if R0 < 1 and there are two endemic steady states, the steady
state corresponding to the smaller force of infection is unstable, and the other
steady state is locally stable. This kind of stability arguments will be shown in
a separate paper.
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