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T, : the Teichmiiller space of curves of genus g with n marked
points (2g —2+mn > 0)

Cyn : the Teichmuller curve over T, , with projection
m:Cypn — T,, and n sections Py, ..., Py,
corresponding to n marked points

Qlcgn(resp QTgn) the sheaf of holomorphic 1-forms on Cy,,
(resp. Tyn)

x()1
ng n/Tgn = Qan/ﬂ- QTg,n
the sheaf of relative differential forms on C,,

For [ € N,

max

= A Row*wcgn/Tgn((l — P+ + (= 1P,

the determinant line bundle on T,

For a pomnt s € T},

S := 7~ 1(s) a compact smooth curve
SV =S —{Py(s),...,P.(s)}

P, =Pys) (p=1,...,n)



Romw%gl n/Tgn<<l — 1)P1 4o+ (l — 1>Pn>5

=T(S, K& ® Og(Py + -+ + P,)®0-1)

={meromorphic [ differentials on S with possibly poles of order
at most [ — 1 only at the marked points}

Pick a basis of local holomorphic sections ¢1, ..., ¢4
for Roﬁ*ngn/Tgn((l - )Py +---+ (1l —1)P,), where

g (l=1)
dl) = { 2L—1(g-D+(1—n  (I>1).

(P, 0j) = //SO 0i ) pgél‘” (i,5=1,...d(])

the Petersson product, where pgo is the hyperbolic area ele-
ment on SV

Zso(s) = H H (1— e tstmiy
{7} m=1
the Selberg Zeta function for S, Re (s) > 1, where y runs over
all oriented primitive closed geodesics on S, and L(7y) denotes
the hyperbolic length of . It extends meromorphically to the
whole plane in s.

[61 A=+ A duyl 2 = [det((di, &)
[p1 A= AN dapyllo = |1 A=+ A ¢d(l)HL2ZSO<l)_1/2
(I > 2. For [ =1, employ Z/S()(l) in place of Z¢o(1) =0.)



Here, Zo(l) denotes the special value of Zgo(-) on S at [
iteger.

A — Ty 1s a Hermitian holomorphic line bundle equipped
with the Quillen metric || - ||o.

Theorem 1 (Belavin-Knizhnik (1986)+Wolpert(1986)).

61° — 61+ 1

wWw p (n — O)

Theorem 2 (Takhtajan-Zograf (1988, 1991)).

612 — 6l + 1 1
|| lle) = ——5 7 —wwr —gwrz (n>0).

Here, wy p,wry are the Kahler forms of the Weil-Petersson,
the Takhtajan-Zograf metrics respectively.

Mod, , : the mapping class group of curves of genus g with
n marked points

Mg, =T,,/Mod,, : the moduli space of curves of genus g
with n marked points

A; and all metrics we defined are compatible with the action
of Mod,, ,,, then they all naturally descend to M, ,, as orbifold
line sheaves and orbifold metrics respectively.



Theorem 3 (Weng (2001)).
We have an isometric decomposition of the determinant
line bundle with appropriate hermitian metrics (2g—2+n >

0,n > 0).
12 . A ®612—61+1 —1
AT Ay ® Ary,

W 4
C1(AWP) — :TVQP, C1(ATZ) — gWTZ-

Theorem 4 (Wolpert (1986), Takhtajan-Zograf (1991)).
For g > 2,

HX(M,,Z) ~ Z ~ <[”WP]>,

2

1
H*(My1,Z) = 77 ~ <[W7VTV2P]7 g[WTZ]>-
Here, M, = M,y.

Theorem 5 (Weng (2001), Wolpert (2007)).
For2g—2+n>0,n>0,

4
1(8y) = 5loy)
Here, A, denotes the line bundle associated with the p-th
marked point over T, ,. w, denotes the Kahler form of the
Takhtajan-Zograf metric associated with the p-th marked

point.



Theorem 6 (Weng (2001), Wolpert (2007) + Harer).
Forg>2n>0,

H* (M, Z) ~ 7" ~ <[°"WP] ;LM» “[wa] ..., —[wn]>.

M, : the Deligne -Mumford compactification of M,

Theorem 7 (Saper (1993)).
Forg>1,n=0,

H iy (Mg, wwp) ~ H* (M, R).

Here, the left hand side is the L?>—cohomology with respect
to the W-P metric.



Consider the asymptotic behavior of the W-P metric and the
T-7 metric near the boundary of M, ,,.

D = M,,\M,,, : the compactification divisor

Ry € D : astable curve of genus g with n marked points
and k nodes
(we regard the marked points as deleted from the surface.)

Each node ¢; (i = 1,2,...,k) has a neighborhood
N; = {(ZZ,’UJZ) © C? ‘ |ZZ‘, |’LUZ’ < 1, zzw; = 0}

W, : a neighborhood of the marked point P, (p =1....,n)

7, . & basis of Beltrami differentials with compact support in

k n
Ry/UNUUW, (pu=k+1,k+2,...,3g —3+n)
1=1 p=1

fs : Ry — Ry is a homeomorphism with Beltrami differential
3g—3+n

T(s)= Y. s,7. (s, € C), satisfying 0f, = 7(s) Ofs.

p=k+1

By a natural identification via fs, 2z;, w;, N;, W, can be re-
garded as those for R;.

Ry s : the smooth surface gotten from R after cutting and
pasting N; to make N;; = {(z;, w;)|ziw; = t;, |t;| < 1}

Then, D is locally described as {t; = --- =t = 0}.



By the deformation theory of Kodaira-Spencer and the Hodge
theory, for [Ry; s € Ty,

T[Rt,S]Tg,n ~ HB(R@Q,

where H B(R; ;) is the space of harmonic Beltrami differentials
on Rt,s-
By the Serre duality;,

T[Etjs]Tg,n = Q (Rt,s) )

where Q(R; ) is the space of holomorphic quadratic differen-
tials on R s with finite the Petersson-norm, which is dual to

HB(R; ;).

The mner product of the Weil-Petersson metric at Tig, j7yn
is defined as (p; s denotes the hyperbolic area element of Ry g

)
(o, Bywp(t,s) = //R af pis (o, B € Tip, Ty n)-

a; (resp. (3,): Beltrami differentials on Ry, representing

d/0t; (resp. 0/0s,,)

gﬁ(tv S) — <Oélv O‘j>WP<t7 8)7
gin(t, s) = (i, Bu)wp(L, s),
g,u?(tv S) — <ﬁw 5V>Wp<t7 S)?

(2,5 =1,2,....k, pv=k+1,...,3g —3+n)

the Riemannian tensors for the W-P metric.



The inner products of the Takhtajan-Zograf metrics are de-
fined as

(0, Bt 5) = / / 0BE)(2) pre (08 € T Ty

(p=1,...,n). Here, E,(-,2) is the Eisenstein series associated
with the p-th marked point with index 2.

n

(a, B)rz(t, s) = Z<O‘7 ﬁ>p<t7 s).
p=1
hi;(t, s) = (i, aj)rz(t, s),
hin(t,s) = (ai, Bu)rz(t, ),
h,u?(t; S) — <6,u; 6V>TZ<t7 S)a
(2, =1,2,...,k, pwv=k+1,...,3g—3+n)

the Riemannian tensors for the T-7Z metric.

The Eisenstein series associated with the p-th marked point
with index 2 is defined as

Ey(z,2) =Y {Im(o;A(2))}", for 2 € H,
Ael'p\I'

where H is the upper-half plane, I' is a uniformizing Fuchsian
group and I', is the parabolic subgroup associated with the
p-th marked point, and o, € PSL(2,R) is a normalizer.

E,(2,2) is a positive subharmonic function on R;,, and as-
sumes the infinity at the p-th marked point and vanishes at
the other marked points.



The following theorem is a pioneering result for the asymp-
totic behavior of the W-P metric near the boundary of the
moduli space.

Theorem 8 (Masur (1976)).
As ti, s, — 0,
1
[£i|*(— log |ti])°

i) g, s) =
Jori <k,
1
N an(t. ) —
i) gi(t,s) = O ( ti||t;](log |ti])?(log |¢;])? )
fori,j <k,i#j,
PR 1
iit) giu(t,s) =0 ( )

[£;](— log [t:])?
fori < k,u>k+1,

Xy lim -(t,s) = qg,50,0
) (t,s)—>(0,0)gﬂ( ) gu( )

for u,v >k +1.



Recently, we updated Masur’s result by improving Wolpert’s
formula for the asymptotic of the hyperbolic metric for degen-
erating Riemann surfaces.

Theorem 9 (O. and Wolpert (2008)).

As t; — 0 s
iv)
9 (2, 526 = g (0, 5)
4 1
= > (1o )G (Bia(2) + Bial-,2)8,)  (0,5)
+0 (zk:(log |t¢\)_3) foru,v>k—+1.
i=1

Here, E;1(+,2), E;2(+,2) denote a pair of the Eisenstein se-
ries with index 2, associated with the 1-th node of the limit
surface.

That is, the T-Z metrics have appeared from degeneration of
the W-P metric!



Proof of Theorem 9
Step 1. Consider the pluming family of hyperbolic metrics

0<ec<l, A={teC||t|<c}
II:={(z,w,t) € C°| zw =t,|z|, |w|, |t| < c}
G Il — A, &(z,w,t) =t.
Define a metric ds; on each fiber @~1(¢)

([ rlog|z|\ |1dz 1\
CSC( ) | ‘ , t#0
log |t| log [t| /1 z

2
( 4 ) | t=0.
(\ |2 log |2]

The annulus @~ 1(¢) embeds holomorphically into the neigh-
borhood U of a pinching geodesic on the smooth surface R;.

ds? = ¢

Step 2. The intrinsic hyperbolic metric ds%yp on R; and ds? are
naturally interpolated around the neighborhood U to make the
grafting metric dsgm e on Ry

By analyzing the solution to Kazdan-Warner’s curvature equa-
tion on S;, we can show that as t — 0,

4yt _ _
ds%yp = ds’ (1+7(log\t|) A(E* 4+ E*)+0((log |t|) 3))

graft
E' E? are the Eisenstein series the singular parts of which are
cut-off. That is, a pinching geodesic yields a pair of Eisenstein
series associated with a pair of cusps through degenaration.
The above expansion formula gives the updated asymptotic
formula of W-P metric through degenaration.



On the other hand, we have a result for asymptotics of the
T-7Z metric near the boundary of the moduli space.

Theorem 10 (O.-To-Weng (2008)).
As t;, s, — 0, we have the following estimates.

i) For any € > 0, there exists a constant Cy . such that

C - ,
h-(t, s) < : < k.
it s) < (= log [t:])*~ for <

For any € > 0, there exists a constant Cs . such that

02,6 .
hi(t,s) > R log [L) for i < k and the node g;

adjacent to punctures.

i) hilt.s) = O : )

23] [25](log |t:])3(log [¢4])?
fori, j < ki

iii) hin(t,s) = O ( T :

"oz 1] ) fori1 < k,u>k+1.

i) hm0 o huw(t,s) = h,w(0,0) forp,v>k+1.

Here, a node q is called to be adjacent to punctures if
the component of Ry — {all nodes} containing q also con-
tains at least one of the marked points.



Proof of Theorem 10

Use the settings and the plumbing family in the proof of Thm
9,

We introduce the test function for Eisenstein series on each
fiber @71(¢),

(
1
T W\t|CSC(7T1 Og\ﬁ)’ t#0
. 0g 0g
Ef(z) = < !
- | t=0.
 log |2]

The maximal principle for subharmonic function and etc.
permits us to show that, around the neighborhood of the pinch-
ing geodesic, Ef(z) approximates 'very nicely’ the Fisenstein
series F;(2z) on the punctured smooth surface R;.

We can use Ef(z) on the the neighborhood of the pinching
geodesic to evaluate the T-Z metric tensors h;;(t, s)’s.



Open problems

1. Determine Hy (M,n, wrz) for general (g,n). For that, we
need more informations on precise asymptotics of degenerating
Fisenstein series.

(cf. O., RIMS Kokyuroku Bessatsu (2009), to appear)
2. Is the curvature of the Takhtajan-Zograt metric negative?

3. If the answer to the question 2. is YES, study —Ric wyy.
— Recently, C.T. McMullen, and K. Liu, X. Sun & S.-T. Yau

find good geometry of the moduli of curves using —Ric wyyp.
(Ann. of Math. 151 (2000), Publ. RIMS, Kyoto 42 (2008))

4. Does the Takhtajan-Zograf Kahler form have a global rep-
resentation formula?

— The Weil-Petersson Kahler form has a global representation
formula in terms of the Fenchel-Nielsen coordinates.

(S.A. Wolpert, Amer. J. Math 107 (1985))
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