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1. INTRODUCTION

Twistor theory, originated by R. Penrose [16], has been studied for more than thirty years,
and brought a large amount of harvests in many fields: differential geometry, complex geometry,
mathematical physics and so on.

Penrose-type twistor theory study a moduli space M of rational curves C' in a complex man-
ifold Z, then M often carries a natural structure which is the general solution of an interesting
differential-geometric problem. Recently, in contrast, C. LeBrun and L. J. Mason investigated
a new paradigm of twistor theory. In this new theory, we study a moduli space of holomorphic
curves-with-boundary C in Z with boundaries lying on a totally real submanifold P C Z. This
framework is well adapted to many problems in global differential geometry where the general
solutions are of very low regularity.

At present, several cases of LeBrun-Mason twistor correspondences are known [8, 9, 10, 11, 14].
As a consequence of one of them, we find that there exist infinite-dimensionally many self-dual
indefinite conformal structures on S? x S? satisfying a certain strong global condition called
Zollfrei condition. On the other hand, K. P. Tod [17] and H. Kamada [6] independently obtained
infinitely many examples of self-dual indefinite metrics on S? x S? via similar method as the
Riemannian example obtained by LeBrun [7]. The natural question here is to determine whether
the self-dual metrics obtained by Tod or Kamada are Zollfrei or not, and this turns out to be
‘Yes’ (Theorem 7.1).

In the investigation of the above problem, the author obtained, using the Radon transform,
a general solution of the wave equation and the monopole equation over the de Sitter 3-space S}
which is a Lorentzian manifold equipped with an Einstein metric. In future, as demonstrated
in this article, LeBrun-Mason theory might take a good role for solving more complicated hy-
perbolic PDEs over pseudo-Riemannian manifolds, and for exploiting a new field of differential
geometry.

2. LEBRUN-MASON CORRESPONDENCE

The first result obtained by LeBrun and Mason is the following.

Theorem 2.1 (LeBrun-Mason [9]). There is a one-to-one correspondence between

e Zoll projective structures [V] on S%, and
e totally real embeddings v : RP? — CP2,

in a neighborhood of the standard objects.

A projective structure is an equivalence class of connections on the tangent bundle by which
the notion of (un-parametrized) geodesic is well defined, and a projective structure is called Zoll
iff all the maximal geodesics are closed. Notice that the Zoll condition is a global condition.

The correspondence in Theorem 2.1 is characterized in the following way. Suppose an em-
bedding ¢ is given. Then we find a moduli space M of holomorphic disks with boundaries
lying on the totally real submanifold ((RP?) ¢ CP2. If ¢ is sufficiently near to the standard
embedding, M turns out to be diffeomorphic to S?. This moduli space M is naturally equipped
with a family of closed curves each of which corresponds to the set of disks with boundaries
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passing through a fixed point p € ¢(RP?). Then the projective structure on M is defined so that
this family coincides to the family of geodesics.

The second result is as follows.

Theorem 2.2 (LeBrun-Mason[10]). There is a one-to-one correspondence between

e self-dual conformal structures [g] of signature (++ ——) on S? x S?, and
o totally real embeddings RP? — CP3,

in a neighborhood of the standard objects.

The correspondence is characterized similarly as the case of Theorem 2.1. LeBrun and Mason
also proved the following theorem concerning to a global condition.

Theorem 2.3 (LeBrun-Mason[10]). Any self-dual metric g of signature (++ ——) on S? x S?
sufficiently near the standard metric is Zollfrei, i.e. all the maximal null geodesics of g are
closed.

By Theorem 2.3, the self-dual metrics appearing in the statement of Theorem 2.2 turn out to
be Zollfrei. This Zollfreiness is a key to prove the required correspondence.

Next results in the LeBrun-Mason theory are about the correspondence for Einstein-Weyl
manifolds. An Finstein- Weyl manifold is a manifold equipped with a conformal structure [g]
and a compatible torsion-free connection V such that the trace-free symmetric part of the Ricci
tensor of V vanish. It is known that the equations appearing in the 3-dimensional Einstein-Weyl
condition is totally integrable (see [1, 4, 14]). LeBrun-Mason type result for the Einstein-Weyl
manifolds is first obtained by the author as follows.

Theorem 2.4 (N.[14]). For any totally real embedding ¢ : CP' — CP' x CP! sufficiently near
id x id, we obtain an Einstein-Weyl manifold (R x S2,[g], V) of signature (— + +) as a moduli
space of holomorphic disks with boundaries on (CP'). Moreover ([g], V) is space-like Zoll.

Here an Einstein-Weyl structure ([g], V) is called space-like Zoll iff all the space-like (w.r.t.
[g]) geodesics (w.r.t. [V]) are closed. Soon after the above result, LeBrun and Mason established
the following very strong theorem.

Theorem 2.5 (LeBrun-Mason[11]). There is a natural one-to-one correspondence between

e smooth, space-time-oriented, conformally compact, globally hyperbolic, Lorentzian Finstein-
Weyl 8-manifolds (M, [g],V); and

e orientation-reversing diffeomorphisms 1) : CP' — CP!.

The explanation for the conditions appearing in the above statement is omitted. We remark
that the diffeomorphism v defines a totally real embedding id x v : CP' — CP' x CP!, and the
correspondence is obtained by considering the family of holomorphic disks with boundaries on



the image of this embedding. The most significant progress in Theorem 2.5 is that the complete
one-to-one correspondence is established, in contrast in Theorem 2.1 or 2.2, the correspondence
is established only for small neighborhoods of the standard objects. The conditions for Einstein-
Weyl manifolds appearing in Theorem 2.5 are expected to be equivalent to the space-like Zoll
condition, which is an interesting open problem.

3. ToD-KAMADA ANSATZ

To construct self-dual metrics is an important problem in, for example, differential geometry,
and many mathematicians are interested in this problem. One of the most striking results
is obtained by C. LeBrun: he explicitly constructed circle-invariant positive-definite self-dual
metrics on the connected sum of CP!([7]), which is called LeBrun’s hyperbolic ansatz. In the
indefinite case, K. P. Tod constructed infinitely many examples of self-dual metrics of signature
(+ 4+ ——) on S? x S? via an analogous technique with LeBrun ansatz ([17]).

On the other hand, H. Kamada investigated compact scalar-flat indefinite Kahlar-surfaces
with Sl-symmetry [6]. (We note that a Kihlar-surface is self-dual iff scalar-flat.) Kamada proved
that such structure is allowed only on CP! x CP!, and introduced a method to construct such
metrics. Kamada’s method is essentially similar to Tod’s construction but Kamada introduced
a stronger result (e.g. Proposition 3.2). He also constructed many examples which contains all
the examples given by Tod.

Now we recall Kamada’s construction. Let (Sf’, 95%) be the de Sitter 3-space defined by
S% = {(20, 21,29, 23) € RY | =28 + 22 + 23 + 23 = 1},
gss = (—dzg + daf + da3 + da3)|ss.
We remark that ggs is Lorentzian, i.e. of signature (— + +), and is Einstein. We identify S?
with R x S? via the bijection R x $? — S3 given by
(3.1) (t,v) — (x0, 1,22, x3) = (sinht, cosht (v1,ve, v3)).

Proposition 3.1 (Kamada[6]). Let V be a smooth positive function on S} such that *dV/2m is
a closed two-form on S} determining an integral class in H*(S3;R). Let M — S} denote an
St-bundle over S} with connection one-form © whose curvature is given by

(3.2) dO = xdV.
Then gve == -V 10® 06 + Vgs§ s a self-dual indefinite metric on M.

Proposition 3.2 (Kamada[6]). Let (V,0) be a solution of (3.2) such that V. > 0 and *dV

1s an exact two-form. Then the metric g = (cosht)_QgV’@ on M extends smoothly to the
compactification M = S% x S? iff there exist smooth functions Fi on S = R x S% such that
(3.3) V(t,v) =14+ F_(e*,0v) and V(t,v)=1+e 2F (e ?,v),

ast — —oo and as t — 400 respectively.

If xdV is exact, © is written as © = ds + A where A is a one-form on S} and s € S! is the
fiber coordinate on M — S§. Then the equation (3.2) is written as

(3.4) dA = «dV

which we call the monopole equation. Kamada introduced infinitely many examples of self-
dual indefinite metrics on S? x S? by constructing solutions (V;, A) of the monopole equation
(3.4). Now the following natural question arises.

Question 3.3. Are the metrics constructed above Zollfrei? If they are Zollfrei, can we establish
the LeBrun-Mason twistor correspondence for them?

The answer is ‘Yes’. See Theorem 7.1.



4. WAVE EQUATION

The monopole equation (3.2) requires the following equation for V:
(4.1) OV :=xd*xdV =0,

which we call the wave equation. If we use the coordinate (¢,v) on S as in (3.1), the wave
equation (4.1) is written as

o2 ot

where Ags is the Laplace operator along the S2-direction of S§ ~ R x S2. Notice that the wave
equation (4.2) is a hyperbolic partial differential equation.

The key for Question 3.3 is to solve the wave equation (4.1), and this is possible by using an
‘extended Radon transform’. To introduce this transform, we define

Q) ={u € S% | w-v > tanht}

0* 0 9
(4.2) — — 2tanht — 4 (cosht) “Ag2 | V =0,

for each (t,v) € S3. Notice that (t,») 1s an open subset on S? bounded by a small circle. and
that by the correspondence (t,v) < 0, the de Sitter space S3 is identified with the set of

oriented small circles on S?. Now, for any smooth function h on S?, we define functions Rh and
Qh on S} by

s T

1 1
Rh(t,v) = / hdS*, Qh(t,v) = / hdS?,
O (1,v) Qt,0)

where dS! is a natural measure on the small circle Q44 of the total length 27, and dS 2 is the
standard volume form on S?. Notice that R and Q defines a linear transform C*°(5?) — C*°(S3).
We remark that the transform C*°(S?) — C°°(S?) given by h(v) +— Rh(0,v) is called the
(spherical) Radon transform or the Funk transform, and is studied deeply (see the textbook
[3])-

Let us denote the antipodal map on S? by A. A function h € C°°(S?) is called even [resp.
odd] iff ho A = h [resp. ho A = —h]. Similarly for the natural involution o : S§ — S5 : (t,v) —
(—t,—v), a function f € C*(S}) is called even [resp. odd] iff foo = f [resp. foo = —f]. We

also define
C>(5?) := {h € 52 / £(0,)ds? = o} .
5'2

/S2hd32—0}, C>(83) := {fesf

The following Proposition is not so difficult to check.

Proposition 4.1. For any function h € C>(S?),
(1) f:= Rh € C>(S}) is even and satisfies the following equation:

0? )
Lf:= (_8152 + (cosht) A52> f=0,
(2) V :=Qh € C*®(S}) is odd and satisfies the wave equation OV = 0.

What is more important is the converse. Making use of the uniqueness theorem for initial
value problem of hyperbolic partial differential equations (see [2]) and so on, we can prove the
following.

Theorem 4.2. (1) Let V € CX(S}) be a solution of the wave equation OOV = 0. Suppose
limg 400 V(t,0) = 0 for every v € S2. Then V is odd, and there exists a unique function
h € CX(S?) satisfying V = Qh.
(2) Let f € C™(S3) be a solution of the equation Lf = 0. Suppose h4(v) = lim;_,+o0 f(,)
exist and define smooth functions on S%. Then f is even and f = Rhy holds. Moreover,
if f € C(S3) then hy € C(S?).



5. MONOPOLE EQUATION

In this section, we study about the monopole equation dA = xdV. To adapt Proposition 3.2,
we notice to the solutions (V, A) such that V = 14V and lim; 1, V (t,v) = 0. Since V satisfies
the wave equation av = 0, V is an odd function on S? by Theorem 4.2.

On the other hand, recall that © = ds + A is a connection 1-form on the S'-bundle M — S3.
If we change the trivialization of M by multiplying e’® with a real function ¢, then © is changed
into © + d¢. In this way, we obtain the transform (V,;A) — (V, A + d¢) for the monopole
solutions. We call this transform the gauge transform.

Let % and d be the fiberwise Hodge’s operator and fiberwise exterior derivative on S2-bundle
S% =R x S? >R
Proposition 5.1. Let (V, A) be a solution of the monopole equation dA = xdV', Suppose that
limy 1o V(t,v) = 1. Then, by changing (V,A) by a gauge transform, we can find a smooth
function f on S} satisfying

(1) f solves the equation Lf =0,

(2) V=1+0f, and A= —3df.
Conversely, for any smooth function f on S} satisfying Lf = 0 and lim;_, 400 f(t,v) = he(v) €
C>(S?), if we define (V, A) as in (2) above, then (V, A) solves the monopole equation.

We call f the monopole potential. Notice that we obtain f = Rh. by Theorem 4.2. Now
we obtain the following.

Theorem 5.2. There is a natural one-to-one correspondence between the following objects:
1. [generating function]
smooth functions h € C>°(S?),
2. [monopole potential]
smooth functions f € C°(S3}) satisfying Lf = 0 and tligﬁn f(t,v) = he(v) € C*(S?),
—+oo

3. [equivalence class of monopoles]
gauge equivalence classes of monopoles [(V, A)] such that . ligl V(t,v) =1.
—+o0

The correspondence is given by
f=Rh, h=limf, and (V,A) = (14 0uf, —*d f).
For the condition (3.3), the following hold.

Proposition 5.3. Let h € C%°(S?) be a generating function, and (V, A) = (14+-0;Rh, —% d Rh) be
the induced monopole solution. Then the condition (3.3) in Proposition 3.2 is always satisfied.
Thus any monopole (V, A) induced from a generating function defines an self-dual metric on

52 x §2.

6. STANDARD MODEL OF THE TWISTOR CORRESPONDENCE

We now study the twistor space corresponding to the standard indefinite metric on S? x S?
with S'-action. In fact, this situation is the one which is induced from the trivial monopole
solution (V,0) = (1,0).

Let go be the product metric go = —pih + pih on S? x S? where p; : S? x S — S? is the i-th
projection and h is the standard round metric on S?. Let us define an S'-action on S? x S? by

0 - (v1,v2) = (p(B)vy,v2) 9 e St

where p(f) € SO(3) is a rotation of angle § around a fixed axis. Let p+ € S? be the ‘north
pole’ and the ‘south pole’ of the rotation, then the fixed point set of this S'-action is a disjoint



union of the two spheres S = {p1} x S2. Putting M := (52 x $2)\ (52 U S%), we obtain the
St-bundle M — S3.

It is known that the twistor space corresponding to (S? x S2,[go]) in the sense of Theorem
2.2 is the pair (CP3, RP?). Here RP? is the standard real submanifold which can be written as

(6.1) RP3 = {[20: 21 : 29 : 23] € CP? | 29 = 23,21 = 22}
The S'-action defined above induces a U(1)-action on RP? as
(6.2) Wzt 210 22t 23] = [pzo : per c 2ot 23] pe Ul).
This U(1)-action extends to a holomorphic C*-action on CP3, and the fixed point set of the
C*-action is the disjoint union of the two rational curves given by
Ly ={[20:21:20: 23 € CP?| 29 = 21 = 0},
Lo ={[z0:21:2: 23] € CP3| 2 = 23 = 0}.
Let us put Z := CP?\ (L4 U L_). Then the C*-action is free on Z, and we obtain the quotient

map
7: 7 — CP! x CP!: [20 : 21 : 22 1 23] — (M1, m2) = <21,23)
20 29
Notice that the real submanifold RP? is mapped by 7 to
(6.3) CP' = {(n1,m2) € CP* x CP* |y =7, '}

In this way we obtain the pair (CP! x CP!, CP') which is in fact the twistor space in the sense
of Theorem 2.4 or 2.5 corresponding to S7 equipped with the natural Einstein-Weyl structure.

M c S§2x§? (Z,RP3) c  (CP3 RP3)
lsl 7ri(C*»U(l))
S3 (CP! x CP!,CP')

space-time twistor space

7. THE TWISTOR SPACE

Here we explain the LeBrun-Mason twistor space for the self-dual metric on S? x S? con-
structed in Proposition 5.3. Let h be a real-valued smooth function on S? = CP!. Then we
define

P, = {[Zo 12129 Zg] e CP? | 20 = 53€h(21/20),21 = Egeh(zl/ZO)}
which is a deformation of the standard real submanifold (6.1). Notice that the U(1)-action
defined in (6.2) preserves Pj,, and the image m(P,) = CP! ¢ CP! x CP! is not deformed from
the standard case (6.3).

Theorem 7.1. Let h be a smooth function on S? and (V,A) be the corresponding monopole
solution. Suppose V' > 0. Then the self-dual metric on S? x S? induced by (V, A) is Zollfrei,
and its LeBrun-Mason twistor space is given by (CP3, Py).

Exactly speaking, the correspondence is characterized in the following way. For given h €
C>(S?), suppose V > 0 or equivalently |0; Rh(t,v)| < 1. Then there exists a family of holomor-
phic disks F = {D,} on CP? with boundaries on P, such that

(1) F is parameterized by x € S? x S?;

2) each class [D,] € Hy(CP3, Py; Z) = 7 gives a generator; and
( g g

(3) F foliates CP? \ P,.

Moreover the following holds:



(i) F induces a self-dual Zollfrei conformal structure [g] on S? x S? in the sense of Theorem
2.2;
(ii) an S'-action on S? x S? is induced and is free on M := {x € S? x S? | D, C Z};
(iii) the quotient M/S' has a natural Einstein-Weyl structure which is equivalent to the
standard S%; and
(iv) the class [g] contains the metric induced by the monopole solution (V, A) corresponding
to h.

Finally we notice to the case when the condition |0;Rh(t,v)| < 1 does not satisfied. Even in
this case, we can construct the family of holomorphic disks F = {D,} on CP? with boundaries
on P, satisfying the above conditions (1) and (2). However, the condition (3) does not hold.

Proposition 7.2. If |0,Rh(t,v)| > 1 for some (t,v) € S}, then the family F does not give a
foliation on CP3\ Py,

This result insists that if the LeBrun-Mason twistor space (CP?, P,) is far from the standard
one so that the critical condition |0;Rh(t,v)| < 1 does not be satisfied, then the family of
holomorphic disks ‘degenerate’, and the LeBrun-Mason correspondence does not work well at
least in the sense so far.

REFERENCES
[1] E. Cartan: Sur une classe d’espaces de Weyl, Ann. Sci. Ecole Norm. Sup. (3), 60, 1-16 (1943)
[2] R. Courant, D. Hilbert: Metods of Mathematical physics, vol. 2, Intersciences, New York (1962)
[3] S. Helgason: The Radon Transform (Second Edition), Progress in Mathematics vol.5, Birkhdusar (1999)
[4] N. J. Hitchin: Complex manifolds and FEinstein’s equations, Twistor Geometry and Non-Linear Systems,

Lecture Notes in Mathematics vol. 970 (1982)
[5] P. E. Jones, K. P. Tod: Minitwistor spaces and Einstein-Weyl spaces, Class. Quantum Grav. 2, 565-577
(1985)
[6] H. Kamada: Compact Scalar-flat Indefinite Kihler Surfaces with Hamiltonian S*-Symmetry, Comm. Math.
Phys. 254, 23-44 (2005)
[7] C. LeBrun: Explicit self-dual metrics on CPaf - - - CP2, J. Diff. Geom. 34, 223-253 (1991)
[8] C. LeBrun: Tuwistors, Holomorphic Disks, and Riemann Surfaces with Boundary, Perspectives in Riemannian
geometry, 209-221, CRM Proc. Lecture Notes, 40, Amer. Math. Soc. Providence, RI (2006)
[9] C. LeBrun, L. J. Mason: Zoll Manifolds and complex surfaces, J. Diff. Geom. 61, 453-535 (2002)
[10] C. LeBrun, L. J. Mason: Nonlinear Gravitons, Null Geodesics, and Holomorphic Disks, Duke Math. J. 136,
no.2 (2007)
[11] C. LeBrun, L. J. Mason: The FEinstein-Weyl Equations, Scattering Maps, and Holomorphic Disks,
arXiv:0806.3761
[12] F. Nakata: Singular self-dual Zollfrei metrics and twistor correspondence, J. Geom. Phys. 57, no.6, 1477-1498
(2007)
[13] F. Nakata: Self-dual Zollfrei conformal structures with a-surface foliation, J. Geom. Phys. 57, no.10, 2077-
2097 (2007)
[14] F. Nakata: A construction of Finstein-Weyl spaces via LeBrun-Mason type twistor correspondence, Comm.
Math. Phys. 289, 663-699 (2009)
[15] F. Nakata: Wave equations and the LeBrun-Mason correspondence, arXiv:0907.0928
[16] R. Penrose: Nonlinear gravitons and curved twistor theory, Gen. Rel. Grav. 7, 31-52 (1976)
[17] K. P. Tod: Indefinite conformally-ASD metric on S* x S?: Further advances in twistor theory. Vol.IIL.
Chapman & Hall/CRC pp.61-63 (2001), reprinted from Twistor Newsletter 36 (1993)



