Quasiplurisubharmonic Green functions

joint work with Vincent Gued]

LLocal setting: pluricomplex Green functions

DccC?* we PSH(D), x € D,
Lelong number v(u,z) = largest v for which
u(z) <vloglz — x|+ O(1) holds for z near x.

Say u has an isotropic pole at x with v(u,z) = v if
u(z) =vlog|z — x| + O(1) for z near =.

Given p; € D, v; >0, 1 <j <k,

9(z) ;= sup{u(z) :u € PSH(D),u < 0,v(u,p;) > v;}.

Then g € PSH(D) has isotropic poles at each pj
with v(g,p;) = v; and

k
1 _

(Lempert, Klimek, Demailly, Lelong)



(X,w) compact Kihler mfd., n = dim X, V, = /Xw“
PSH(X,w) = {¢ € L*(X,R) usc, w + ddp > 0}
P(w) = {positive closed (1,1) currents T ~ w}

TePw)<=T=w+dd, o € PSH(X,w)

Definition. ¢ € PSH(X,w) is called a w-psh Green

function with (isolated) poles at p1,...,pir € X if it is
locally bounded in X \ {p1,...,pr} and

k k
(w4 ddp)" =V > m;0p;, mj; > 0, Z mj; = 1.

1=1 1=1

Local positivity indicators for w (Demailly):
v({w}, x) :(=sup{v(p,x) : p€ PSH(X,w)} (max)

e({w},z) =
sup{vy : 3o w—psh, ||p—~log dist(-,w)HLoo(X) < 4o} =
sup{vy : 3pw—psh, v(p,z) =, v € Li; (U\{z})},

where U is a neighborhood of xz depending on .
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6({0)}73:) — min (fvwdim V>W7

Vv mult, V

where V C X irred. subvariety, dmV > 1, x € V, is
the Seshadri constant of {w} at x (Demailly-Paun).

1/n

Have O<e({w}l,z)<Vy' ' <v({w}x), Vx e X.

If ¢ is w-psh Green function with one isotropic pole
at =z then v(p,2)"0; = (w4 ddp)"™ = V05, SO

v(p,z) = e({w},z) = Vi /™

Will see that in general e({w}, z) < VM (x = PLxPD).

Proposition. x — v({w},x) is usc, x — e({w},x) is Isc
(neither is in general continuous).

Notations: PSH (X,w) ={p € PSH(X,w), ¢ <0},
M () is the unbounded locus of ¢ € PSH(X,w).



For p € X, Gp(V,) is the set of germs of functions u
at p so that w € PSH(U)N LS (U \ {p}) for some open

loc

set pe U C X, u(p) = —o0, (dd°u)™ = V,6p on U.

Theorem. Let pe X and u € Gp(V,). There exists a
unique function g = gup € PSH™(X,w) such that

(i) g <u—+ C holds near p, for some constant C.

(i1) If p € PSH™(X,w) and liminfg—pe(q)/ulq) > 1
then o < g on X.

In addition, (w4 ddg)™ =0 on X \ (M(g) U{g = 0}).
If p is an isolated point of M(g) then M(g) = {p} and
g is a w-psh Green function on X with pole at p.

Remark. Same can be done for any k points pj € X,
with uj € ij(Vw), mg > 0, Z‘I;:]_ m; = 1. Now

(3) g < mjl-/nuj + C holds near each p;.

(i) If p € PSH™(X,w), liminfg—p. p(q)/u;(q) > m
then ¢ < g on X.

1/n
j '

Remark. u = wl/n log dist(-,p) = v({w},p) > le/n.

Proof. Fix U C X an open coordinate ball around p,
so that v has the above properties on U.



Step 1. Technique of Demailly = d¢ w-psh with
@ < u near p.

Fix pe W cc W cc U, x € Cg(W'), 0 < x <1,
x =1 on W. Let p <0 psh on W/, dd°p = w. May
assume u > 0 on OW.

Let u; \, u be smooth psh on W/, so (dd®u;)" — Vi,dp.

Let p; = Cjx(dd°u;)", C; > 0s.t. p;i(X) =V,. Note
/XX (dd°u;)" — Vux(p) = Vi, so Cj — 1.

Yau's theorem (& Kolodziej) = J¢; continuous w-psh
with (w -+ ddcgoj')n = Kj, MaxXyx @; = 0.

Wilog ¢; — ¢ € PSH™ (X,w), w"-a.e. on X.

Choose a; > 1, a;?Cj > 1, a; — 1. We have
a;(ej+p) <0 < ujondWw,
a; (dd®(pj 4+ p))" = a7Cix (ddu;)" > (dd°u;)™ on W,

as x =1 on W. By the minimum principle of Bedford
and Taylor, a;(w; +p) <u; on W, so ¢+ p < u.
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Step 2. An upper envelope method. Consider

F = {gp € PSH (X,w) : Iirc‘]n_jgf ng]]; > 1} = ().

(Rashkovskii: the relative type of ¢ w.r.t. uis > 1).

g :=sup{y : p € F}, gt € PSH™(X,w). Will show
g <u—+ C near p. SO g=g* € F, g verifies (1), (i1).

Pick M > 0 s.t. the conn. comp. D of {u < —M}
which contains p is relatively compact in U. Let p <O
on U with ddp = w. Given ¢ € F there exist domains
D; CcC D, with D; \,{p} and

0 <(1—35 YHuon D;.

We have
p+e<0<(1—jH(u+ M)onaD,

p+¢ < (1-j ") (u+ M)onadD;.
Since u is maximal psh on U \ {p}, it follows

p+¢< Q-5 (u+ M)onD\Dj,
p+o<u+4+ MonD,

g*§u+(M—mDinp)OnD.



The remaining properties of g:

Let g € Q = X\ (M(g) U{g = 0}) (open), let p be
defined near of ¢ with dd‘p = w, p(q) = 0.

de>0and Gopen, qge GC st g<—¢, |pl <e/2
on G. Let W CCG, vpshon W, v*<p+4+ g on oW.

| g, on X\W, _

Since ¢ = g near p, have p e F. Sov < p—+g on W,
and the psh function p+4 g is maximal on . Conclude
(w4 ddg)™ =0 in G, and hence on .

Assume p € M(g) is isolated: 3 K closed ball centered
at p with KN M(g) = {p}, so g > —C on 0K.

._ ) 9 OnK, c T
7=\ max{g,—C}, on X\ K, > ¥ '

Thus ¢ < g, so M(g) = {p} and

(w4 dd®g)"({p}) > (dd“u)"({p}) = Ve.
Conclude (w—+dd°g)"™ = Viudp. <



Case X = P,

Fubini-Study form, so n}wn = dd€log ||z|| and V,, = 1.

Wlog p=[1:0:...:0leC*CP®

wn-psh functions ¢ correpsond to

u(z) =109 ||z|| 4+ ¢ (mn(2)) € PSH(C'TY),

u log homogeneous. So u(1l,z21,...,2n) € L(C"), and
v(p,p) < 1. Conclude

V({wn},p) — 8({wn},p) = 1.

Have v(p,p) = 1 if and only if

2112 + ..+ |znl?
2012 + ... + |2n|?
where h € PSH(]P” 1,wn_1).

o(mn(z)) = = | 0g + hlzq1: ... znl,

p € L (P"\ {p}) iff h € LlOC(IPm—l) iff gp has isotropic
pole at p. In this case (wn + ddp)™ =

Thus wnp-psh Green functions with one pole of maxi-
mal Lelong number 1 must have an isotropic pole.
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Case X = P! x Pl =P x PL.

Let 7, : X —>IP>;, mTw . X —>]P’,}U, Wy = Tiw1, Wy = w1

Wq p *= QWy + bww, a,b > 0.

Let 7 ((C2 \ {0}) x ((CQ \ {0}) — X,
(20, 21, wo, w1) = ([z0 : z1], [wo : w1]),

and identify (z1,w1) € C? to n(1,21,1,w1) € X.

T € P(wgp) <= T = dd°u, where u is bihomoge-
neous psh on C%:

U(AZO,)\Z]_,,LL’U)O,,LL’U)]_) —
alog |\ + blog|u| + u(zg, 21, wo, w1), A\, pu € C.

Proposition. For all p = (z,y) € X, we have
v({wa bt p) = a+b, e({w,p},p) = min{a, b}.
If T € P(w,yp) and v(T,p) = a+ b then
T = alz = z] + blw = y].
If T does not charge {z =z}, {w =y} then
v(T,p) < min{a,b}.



Proof. Wlog a > b, p=(0,0) € C2. Let T € P(wgp)-

Consider R, € P(w,p) defined by 7R, , = ddugp,

Ua,b(ZO,Z]_,wO,U)]_) .=
blog \/|zlw0]2 -+ |'u)1zo|2 + (a — b) 109 |zg].
It shows e({wq )}, p) > b. As T A Rq 1 is well defined,

v(T,p) =T ARy 1({p}) <
/XT ARyq = /Xwa’b Awiq=a+b.

Assume T does not charge {z = x}. Demailly’s regu-
larization: Je; \, 0, T; € P(wqp+ €;w1,1) with analytic
singularities, s.t. 0 <v(T,q) —v(T},q) <¢j, Vg€ X.
So T A [z = z] is well defined. If T; = ddv; near p,
I/(Tjap) < I/(’Uj|{zzx}7p) —
T; A [z = 2]({p}) < /XTj/\ [z =a] =b+e,.

Conclude that v(T,p) < b, so e({wgp},p) < b.
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Assume finally v(T,p) = a+b. Then
T=dlz=al +V[w=yl+ T, T' € Plwy_wp ),
where T does not charge {z = z} and {w = y}. So
a+b=v(T,p) <a +V+min{fa—ad,b—-0b'}.
This implies that a/ = a, ¥ =b, and T/ = 0.

Note wl/Q V2ab > min{a,b} = e({wyp},p), hence:

Corollary. There is no Green function with one iso-
tropic pole on P1 x PL.

There are however Green functions g on X with one
pole p and with many different types of singularities
at p, even when v(g,p) is maximal. E.g., let

p=(0,0)€C? a=b=1, 7*(w1 1 + dd°g) = dd‘u,

u(l, 21,1, wy) =

1
57, 109 (15w + 12F 4+ wf + 21w1Q(21,w1)[?)
k—1 k—1 .
where k> 1, Q(z1,wq) = Z Z C’Ll'LQZl w12 Have
11=01>=0

v(g,p) = 1 <= ord(Q,p) > k- 2.
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