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1. Let M be a compact Sasakian (i.e., normal strongly pseudo-convex CR)
(2n+1)-manifold, n � 2. An explicit formula for Tanaka-Hodge number hp;q

of a Sasakian manifold M which is de�ned as the zero locus of a weighted
homogeneous polynomial f is represented in terms of the graded Milnor
algebra associated to f .

2. A complex polynomial f in n+ 2-complex variables, n � 2

f = f(z1; z2; � � � ; zn+2) =
X

ca1���an+2 z
a1
1 z

a2
2 � � � z

an+2
n+2

is called weighted homogeneous, of degree d and with weight
w = (w1; w2; � � � ; wn+2) 2 N � � � � � N( n+ 2 times), if it satis�es

w1a1 + � � �+ wn+2an+2 = d

for each monomial za11 z
a2
2 � � � z

an+2
n+2 appearing in f

Example (Brieskorn-Pham polynomial)

f(z) = za11 + za22 � � �+ z
an+2
n+2

Its degree is d = a1a2 � � � an+2 and weights are wi =
d

ai
, 1 � i � n+ 2.

3. The zero locus of f = f(z)

Vf = fz 2 C n+2 j f(z) = 0 g; n � 2

is a hypersurface of C n+2 and admits in general the origin as a singularity.
Assume that the origin is an isolated singularity.
Intersection of Vf with an "-hypersphere S2n+3

" = fz 2 C n+2j jzj = "g
centered at 0 yields a smooth (2n + 1)-manifold M(= Kf ) = Vf \ S

2n+3
" ,

called a link of the singularity.
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Proposition. The link Kf carries an S1-action and is equipped with a
Sasakian structure (�; �; '; g) or equivalently a normal strongly pseudo con-
vex CR structure. The Sasakian structure on Kf is almost regular in the
sense of C. B. Thomas[17].

In fact, let C � � C
n+2 �! C

n+2 ,

(t; z) 7! t � z = (tw1z1; � � � ; t
wn+2zn+2)

be the weighted C� -action of C n+2 . Then f satis�es

f(t � z) = tdf(z)

so that Vf is C � -invariant. Further Kf is invariant under the action of
S1 = feis 2 C � j s 2 Rg.

Assume that GCDfw1; � � � ; wn+2g = 1. This guarantees e�ectiveness of
the C � -action.

To de�ne a Sasakian structure on Kf we notice Kf is a real hypersurface
of a smooth n+1-dimensional complex manifold Vfnf0g around Kf . We set
�; �; ' as

� = J�;

JX = '(X) � �(X)�; X 2 TzKf ;

where � is the unit normal vector �eld along Kf , obtained by taking the
tangent vector of the real orbit of the C � -action and '(X) is tangential part
of JX. Note � coincides with the in�nitesimal vector �eld of the S1-action.
The metric g is induced from the Euclidean metric of C n+2 . So, (�; �; '; g)
yields a Sasakian structure on Kf admitting isometric S1-action[2].

Since the isotropy group Gz, z 2 Kf is

Gz = f� 2 S1 j �w(z) = 1g;

where w(z) = GCDfwi j zi 6= 0g for z = (z1; � � � ; zn+2). So this action has no
�xed points and admits additionally �nitely many distinct isotropy groups
contained in some common �nite subgroup � of S1. By Theorem 1 in [17]
this implies that the Sasakian structure is almost regular. Notice that the
set of points of free S1-action is open dense in Kf .

Remark that a regular Sasakian manifold is an S1-�ber bundle over a
Hodge complex manifold([3],[5]).
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4. The harmonic theory of a Sasakian manifold. The tangent
bundle TM of a Sasakian manifold M splits as TM = D � R�, where
D = Ker � = �? is a rank 2n real subbundle, called the contact bundle. It
admits the almost complex structure 'jD and also the 'jD-hermitian metric
gjDE. Then D
C = D(1;0)�D(0;1) relative to 'jD and it holds for the space
�(D(0;1)) of smooth sections in D(0;1)

[�(D(0;1));�(D(0;1))] � �(D(0;1)) (integrability of the CR structure) (1)

[�;�(D(0;1))] � �(D(0;1)) (normality of the CR structure) (2)

so that (D(0;1); �; d�) yields on M a normal strongly pseudo convex CR stru-
cure.

Remark. It is not diÆcult to see that a normal strongly pseudo convex CR
structure induces conversely a Sasakian structure so that a Sasakian structure
is a synonym with a normal strongly pseudo convex CR structure([9]).

Theorem([15]) Let (M; (�; �; '; g)) be a compact Sasakian (2n+1)-manifold
M . Then a harmonic k-form � on M , k � n, satis�es

i(�)� = 0;

�� = 0

where � : �k+2(M) �! �k(M) is the adjoint of L = e(d�), the exterior
product of d�.　

From this theorem any harmonic k-form � is in �(M;�k(D�)) for k � n.
By splitting �k(D� 
 C ) into 
p+q=k�p;q(D�), one has � =

P
p+q=k �

p;q for

which each �p;q is @D-harmonic, where @D is the operator : �(M;�p;q(D�)) �!
�(M;�p;q+1(D�)), de�ned in [16] so that on a compact Sasakian manifold one
has the Hodge decomposition, like on a K�ahler manifold. Namely, denote
by H k (M) and H p;q(M) the space of harmonic forms and the space of @D-
harmonic (p; q)-forms on M , respectively and set hp;q(M) = dimC H

p;q (M),
which we call Tanaka-Hodge number. Then

Theorem([16]). Let (M; (�; �; '; g)) be a compact Sasakian (2n+1)-manifold,
n � 2. For k � n

H
k (M) = �p+q=k H

p;q (M); k � n;

H
q;p
(M) = H

p;q (M):
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5.Milnor �bration. Milnor showed that by using the Milnor �bration the
link Kf associated to a weighted homogeneous polynomial f is (n � 1)-
connected so that non-trivial Betti numbers ofKf are only bn = bn+1(Theorem
5.2, [10]). These can be computed as ([11],[12])

bn(Kf ) =
n+2X
s=0

X
I

(�1)n�s
qi1 � � � qis

[ui1; � � � ; uis]

Here I = (i1; � � � ; is) is an s-tuple of indices 1 � i1 < � � � < is � n + 2
and [ui1; � � � ; uis] is the LCM of integers ui1; � � � ; uis( where qi = d=wi =
ui=vi; (ui; vi) = 1; i = 1; � � � ; n+ 2 ).

6. De�ne a graded algebra M f = C (z1; � � � ; zn+2)=(
@f

@z1
; � � � ; @f

@zn+2
), called the

Milnor algebra where each zi has degree wi. Then

Theorem 1([9]). hp;q of the link Kf is given for p + q = n

hp;q(Kf ) = dimC (M f )`

Here (M f )` is the linear subspace of M f consisting of degree ` elements, where
` = (p+1)d�jwj. ( jwj = w1+ � � �+wn+2 is the total sum of all the weights).

Corollary. The Betti number bn of the link Kf is given in two ways, one
in an arithmetical way and another in an algebraic way:

bn(Kf ) =
n+2X
s=0

X
I

(�1)n�s
qi1 � � � qis

[ui1; � � � ; uus]
(3)

=
nX

k=0

dimC (M f )(k+1)d�jwj (4)

We can pose the following problem. Does hp;q(Kf ) depend only on the
degree and the weights ?

7. Sketch of a proof of Theorem. The Sasakian contact structure of Kf

is almost regular so that one has the double �bration([17]), �rst by dividing
by the common �nite subgroup � of S1 and then by S1=�:

Kf

�1
�! Kf=�

�2
�! Kf=S

1 = (V n f0g)=C �
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where �1 is a branched covering, �2 is a projection by a free S1=�(�= S1)-
action, and (V n f0g)=C � , which we denote by V �

f , is a hypersurface in the
(n+ 1)-dim weighted projective space Pn+1(w)．

The space Kf=� is a �nite quotient of a smooth manifold. So its co-
homology group Hn(Kf=�;R) is isomorphic to H n (Kf ) through �1, since
Hn(Kf=�;R)�= H

n(Kf )
�, the space of �-invariant harmonic n-forms on Kf ,

and the S1-action is isometric so a harmonic form on Kf is �-invariant.

Apply the Gysin exact sequence to the S1(�= S1=�)-�bration �2 : Kf=� �!
Kf=S

1 = V �
f to have

�! Hn�1(Kf=�)

R
�! Hn�2(V �

f )
b
�! Hn(V �

f )

�! Hn(Kf=�)

R
�! Hn�1(V �

f )
b
�!

where the map b : [�] 7! [�] ^ [
] ([
] = ��[!] 2 H2(V �
f )) is induced by the

embedding � : V �
f �! P

n+1(w) ( ! denotes the curvature form representing
the �bration �2, namely the K�ahler form of Pn+1(w)). The map

R
is integra-

tion along �bres. Remark that
R
reduces to zero map, since harmonic forms

in Kf=� have no �bre directional part. Then b is injective and one has

Hn(V �
f ) = Hn

0 (V
�
f )�Hn�2(V �

f ) (5)

where Hn
0 (V

�
f ) is called the primitive cohomology group of V �

f , isomorphic to
Hn(V �

f )=Imb. So the Gysin sequence yields an isomorphism

��2 : H
n
0 (V

�
f )

�=
�! Hn(Kf=�)(�= H

n (Kf ) )

Moreover, V �
f is a V -manifold so the Hodge-de Rham-Kodaira harmonic

thoery is applicable([1]). SoHn
0 (V

�
f ) splits into�p+q=nH

p;q
0 (V �

f ), where H
p;q
0 (V �

f )

is the space of @-harmonic (p; q)-forms  p;q on V �
f satisfying the primitive

condition �! 
p;q = 0.

Claim. For p; q, p + q = n

H
p;q
0 (V �

f )
�= H

p;q (Kf )
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In fact, let  be a primitive harmonic n-form of V �
f . Then  =

P
p+q=n  

p;q,
 p;q 2 H

p;q
0 (V �

f ). So (�2 Æ �1)�( ) =
P

p+q=n(�2 Æ �1)
�( p;q). Here (�2 Æ

�1)�( p;q) is a (p; q)-forms on Kf . On the other hand, by Tanaka's Hodge
decomposition on a Sasakian manifold, we have (�2 Æ �1)

�( ) =
P

p+q=n '
p;q

in terms of harmonic (p; q)-forms on Kf . Therefore (�2 Æ �1)�( p;q) = 'p;q,
for each p; q so that hp;q0 (V �

f ) � hp;q(Kf ). However, from the above argument
one has dimHn

0 (V
�
f ) = dimHn(Kf ). So h

p;q
0 (V �

f ) = hp;q(Kf ), from which the
claim follows.

Theorem([13], [14]). The primitiveHodge number hp;q0 (V �
f ) = dimC H

p;q
0 (V �

f )
is

hp;q0 (V �
f = dimC (M f )`:

See also Appendix B.34 in [4]．

Applying these results, our Theorem is obtained.　

8. Example

Let f be a polynomial of Brieskorn-Pham type:

f = z21 + z32 + z33 + z44 + z65:

f has degree d = 12 and weights w = (6; 4; 4; 3; 2).

The link of the singularity Kf is 7-dimensional and b3(Kf ) = 2 and
h3;0(Kf ) = 0 and h2;1(Kf ) = 1.

In fact, to compute the Betti number b3 we have (q1; q2; q3; q4; q5) =
(2; 3; 3; 4; 6) and qi = ui, i = 1; � � � ; 5. So, from the formula of Milnor-Orlik,
Orlik

b3 = �

5X
s=0

X
i1<���<is

qi1 � � � � � qis
[qi1; � � � ; qis]

whose value is �f1� 5 + 19� 47 + 66 � 36g = 2.
On the other hand,

�
@f

@zi

�
=
�
2z1; 3z

2
2; 3z

2
3; 4z

3
4; 6z

5
5

�
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so that M f is the algebra generated by z2; z3; z4; z5 with degrees deg(z2) =
deg(z3) = 4;deg(z4) = 3;deg(z5) = 2. Then M f is spanned by monimials

zb22 z
b3
3 z

b4
4 z

b5
5 ;

0 � b2; b3 � 1; 0 � b4 � 2; 0 � b5 � 4. From our Theorem h3;0 = dim(M f )`,
where ` = 29. But (M f )29 = f0g since the highest degree element in the
algebra is z2z3z24z

4
5 whose degree is 22 and so h3;0 = 0. For h2;1 we compute

dim(M f )`, ` = (2 + 1)d � jwj = 17 and (M f )17 = C z2z3z4z
3
5 so h2;1 = 1. It

holds b3 = 2(h3;0 + h2;1).

9. Sasakian 5-manifolds

Now assume that a compact Sasakian manifoldM is 5-dimensional. Then
the contact bundle D is equipped with the Hodge star operator ? so that
D splits into D+ � D� in terms of self-dual and anti-self-dual subbundles.
From theorems of Tachibana and Tanaka each harmonic 2-form � splits as
self-dual and anti-self-dual harmonic forms as � = �++�� so that b2(M) =
b+(M) + b�(M) and b+(M) = 2h2;0(M) and b�(M) = h1;1(M)([6]).

Further the Riemannian curvature tensor R satis�es i(�)R = 0. This
means that the curvature operator Rmaps �2D� into itself. Now representing
R as W + S + �

12 � id in terms of Weyl curvature, Ricci curvature and scalar
curvature, one has the Block decomposition of the Weyl curvature.

W =

�
W+ �
� W�

�

Definition([6]). A Sasakian 5-manifold is self-dual ( anti-self-dual ) if
W� = 0 (respectively W+ = 0).

Theorem 2. Let (M; (�; �; �; g)) be a compact Sasakian 5-manifold of pos-
itive scalar curvature � > 0. If M is self-dual, then b�(M) = 0.

Another phenomena similar to self-dual 4-manifolds is the following which
concerns with twistor space. On a Sasakian 5-manifold one can de�ne a
twistor space Z overM as the unit sphere bundle of the anti-self-dual 2-form
bundle �2

�(D
�), which admits canonical almost CR structure.

Theorem 3([7],[8]). Let (M; (�; �; �; g)) be a Sasakian 5-manifold. If it is
self-dual, then the almost CR structure of the twistor space Z is integrable.
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Typical example of CR twistor space Z over 5-sphere S5 is given, explicitly
represented, as Z = f(z; [w]) 2 S5�CP 2 j

P
i
ziwi = 0g, which is also a CP 1 -

�bration over the 
ag manifold F , twistor space, of self-dual 4-manifold CP 2.
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