ON THE MINIMAL MODEL THEORY OF
NUMERICAL KODAIRA DIMENSION ZERO

YOSHINORI GONGYO

ABSTRACT. We prove the existence of good log minimal models
for dlt pairs of numerical log Kodaira dimension 0.

CONTENTS
1. Introduction 1
2. Preliminaries 3
3. Log minimal model program with scaling 6
4. divisorial Zariski decomposition 8
5. Existence of minimal model in the case where v =0 9
6. Abundance theorem in the case where v =0 12
References 13

1. INTRODUCTION

Throughout this article, we work over C, the complex number field.
We will make use of the standard notation and definitions as in [KM]
and [KMM]. The minimal model conjecture for smooth varieties is the
following:

Conjecture 1.1 (Minimal model conjecture). Let X be a smooth pro-
jective variety. Then there exists a minimal model or a Mori fiber space

of X.

This conjecture is true in dimension 3 and 4 by Kawamata, Kollar,
Mori, Shokurov and Reid (cf. [KMM], [KM] and [Sho2]). In the case
where Kx is numerically equivalent to some effective divisor in dimen-
sion 5, this conjecture is proved by Birkar (cf. [Bil]). When X is
of general type or Kx is not pseudo-effective, Birkar, Cascini, Hacon
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and M°Kernan prove Conjecture 1.1 for arbitrary dimension ([BCHM]).
Moreover if X has maximal Albanese dimension, Conjecture 1.1 is true
by [F2]. In this article, among other things, we consider Conjecture
1.1 in the case where v(Kx) = 0 (for the definition of v, see Definition
2.5):

Theorem 1.2. Let (X,A) be a projective Q-factorial dit pair such
that v(Kx + A) = 0. Then there ezists a minimal model (X, Ayy,) of
(X,A).

Actually the author heared from Vladimir Lazi¢ that Theorem 1.2
for klt pairs has known by Druel (cf. [D] ) after he finished this work.
In this article, moreover, we give the generalization of his result for
dlt pairs by using the sophisticated Birkar—Cascini-Hacon—M°Kernan’s
results and Druel’s way. Essentially our method seems to be same as
Druel’s. However, by expanding this result to dlt pairs we give the
different proof of the abundance theorem for log canonical pairs in the
case where v = 0 from [CKP] and [Ka2]:

Theorem 1.3 (=Theorem 6.1). Let X be a normal projective variety
and A an effective Q-divisor. Suppose that (X, A) is a log canonial pair
such that v(Kx+A) = 0. Then Kx+A is abundant, i.e. v(Kx+A) =
K(Kx +A).

First, Nakayama proved Theorem 1.3 when (X, A) is klt. Nakayama’s
proof is independent of Simpson’s results. Simpson’s results is used to
approach the abundance conjecture in [CPT] in the first. Campana—
Perternell-Toma prove Theorem 1.3 when X is smooth and A = 0. Siu
also gave the analytic proof of it (cf. [Siu]). The results of [CKP], [Ka2]
and [Siu| depend on [Sim] and [Bu]. In this article, we show Theorem
1.3 by a different way from [CPT], [CKP], [Ka2] and [Siu]. In our proof
of Theorem 1.3, we do not need results of [Sim| and [Bu]. Our proof
depends on [BCHM] and [G].

We summarize the contents of this article. In Section 2, we define
several base loci and the numerical Kodaira dimension, and collect
some properties of these. In Section 3, we review a log minimal model
program with scaling and works of Birkar—Cascini-Hacon—-M“Kernan.
In Section 4, we introduce the divisorial Zariski decomposition and
collect some properties of it. Section 5 is devoted to the proof of the
existence of minimal models in the case where v = 0. In Section 6, we
prove Theorem 1.3.

Notation and Definition 1.4. Let K be the real number field R or
the rational number field Q. We set Koo = {z € K|z > 0}.
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Let X be a normal variety and let A be an effective K-divisor
such that Kx + A is K-Cartier. Then we can define the discrepancy
a(E, X,A) € K for every prime divisor E over X. If a(F, X,A) >
—1 (resp. > —1) for every E, then (X,A) is called log canonical
(resp. kawamata log terminal). We sometimes abbreviate log canon-
ical (resp. kawamata log terminal) to lc (resp. klt).

Assume that (X, A) is log canonical. If F is a prime divisor over X
such that a(E, X, A) = —1, then cx(F) is called a log canonical center
(lc center, for short) of (X, A), where cx(FE) is the closure of the image
of E on X. For the basic properties of log canonical centers, see [F1,
Section 9.

Let 7 : X — S be a projective morphism of normal quasi-projective
varieties and D a Z-Cartier divisor on X. We set the complete linear
system |D/S| = {E|D ~zs E > 0} of D over S. The base locus of
the linear system |D/S| is denoted by Bs|D/S|. When S = Spec C, we
denote simply |D| and Bs|D].
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2. PRELIMINARIES

Definition 2.1 (Classical litaka dimension, cf. [N, I, 3.2, Definition]).
Let X be a normal projective variety and D an R-Cartier divisor on
X. If [umDJ| # 0, we put a dominant rational map

¢|LmD4| t X - Wma
with respect to the complete linear system of LmD_J. We define the

Classical Titaka dimension k(D) of D as the following:

k(D) = max{dimW,,}



4 YOSHINORI GONGYO

if H(X,.mDJ) # 0 for some positive integer m or k(D) = —oo oth-
erwise.

Lemma 2.2. Let Y be a normal projective variety, ¢ : ¥ — X a
projective birational morphism onto a mormal projective variety, and
let D be an R-Cartier divisor on X. Then it holds the following:
(1) k(¢*D) = k(¢*D + E) for a p-exceptional effective R-divisor
E, and
(2) r(¢"D) = k(D).

Proof. (1) and (2) follows from [N, II, 3.11, Lemma].

The following is remarked by Shokurov:

Remark 2.3. In general, (D) may not coincide with x(D’) if D ~g
D’. For example, let X be the P!, P and () closed points in X such that
P # @ and a irrational number. Set D = a(P —@Q). Then k(D) = —o0
in spite of the fact that D ~p 0.

However, fortunately, (D) coincides with x(D’) if D and D’ are
effective divisors such that D ~g D’ (|[Ch, Corollary 2.1.4]). Hence it
seems reasonable that we define the following as the litaka (Kodaira)
dimension for R-divisors.

Definition 2.4 (Invariant litaka dimension, [Ch, Definition 2.2.1], cf.
[CS, Section 7]). Let X be a normal projective variety and D an R-
Cartier divisor on X. We define the invariant Iitaka dimension k(D)
of D as the following:

K(D) = (D)
if there exists an effective divisor D" such that D ~g D" or K(D) = —o00

otherwise. Let (X,A) be a log canonical. Then we call K(Kx + A)
the log Kodaira dimension of (X, A).

Definition 2.5 (Numerical Iitaka dimension). Let X be a normal pro-
jective variety, D an R-Cartier divisor and A an ample Cartier divisor
on X. We set
V(D) = max{k € Zso|limsupm *dimH° (X, .mD1 + A) > 0}
m—r0o0

if H9(X,.mDJ+ A) # 0 for infinitely many m € N or v(D) = —o0
otherwise. Remark that v(D) is independent of the choice of . Let
(X, A) be alog pair. Then we call v(Kx+A) the numerical log Kodaira
dimension of (X, A). If A =0, we simply say v(K ) is the numerical
Kodaira dimension of X.
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Lemma 2.6. Let Y be a normal projective variety, ¢ : ¥ — X a
projective birational morphism onto a normal projective variety, and
let D be an R-Cartier divisor on X. Then it holds the following:

(1) v(¢*D) = v(¢*D + E) for a p-exceptional effective R-divisor
(2) v(¢*D) = v(D) when X is smooth, and
(3) v(D) = max{k € Zso|D* # 0} when D is nef.

Proof. See [N, V, 2.7, Proposition]. O

Lemma 2.7 ([N, V, 2.7, Proposition, (1)]). Let X be a projective va-
riety and D and D' R-Cartier divisors on X such that D = D'. Then
v(D) =v(D").

Remark 2.8. v(D) is denoted as k,(D) in [N, V, § 2]. Moreover
Nakayama also defined k, (D), k1 (D) and k,(D) as some numerical
[itaka dimensions. In this article we mainly treat in the case where
v(D) = 0, i.e. k,(D) = 0. Then it holds that k(D) = k} (D) =
ky(D) = 0 (cf. [N, V, 2.7, Proposition (8)]). Moreover, if a log
canonical pair (X, A) has a weakly log canonical model in the sense
of Shokurov, then v(Kx + A) coincides with the numerical log Ko-
daira dimension in the sense of Shokurov by Lemma 2.6 (cf. [Shol,
2.4, Proposition]).

Definition 2.9. Let 7 : X — S be a projective morphism of normal
quasi-projective varieties and D an R-Cartier divisor on X. We set

B(D/S) = ﬂ Supp E, B=(D/S) = m Supp E,

D~grE>0 D=gE>0

and
B.(D/S) = (] B(D—eA/S),
e€Rxg
where A be a m-ample divisor. We remark that these definitions are

independent of the choice of A. When S = Spec C, we denote simply
B(D), B_(D) and B, (D).

Lemma 2.10. Let m : X — S be a projective morphism of nor-
mal quasi-projective varieties and D a m-big R-Cartier divisor on X.
Let Z1,Zs, ..., Zy be Zariski closed subsets of X. Suppose that Z; &
B.(D/S) for all i. Then there exist a m-ample Q-divisor A and an
effective R-diwvisor B such that Z; € Supp B and

A+ Br~pgs D.
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Proof. By [ELMNP, Proposition 1.5], we can take a m-ample R-divisor
A’ and a sufficiently small positive number € such that D — €A’ is a
Q-Cartier divisor and

B,(D/S)=B(D —€A’/S).
Moreover, from [BCHM, Lemma 3.5.3], it holds that

B(D — eA'/S) = (] Bs|md(D — eA')/S|,

m>1

where d is a positive integer such that d(D —eA’) is an integral divisor.
Therefore we can take m > 0 such that Z; Z Bs|md(D — €A’)/S| for
all 7. Thus a general member B’ € |md(D — €A’)/S| satisfies that
Z; € Supp B’ for any i. We decompose

A” + A ~R,S GA/

such that A is a m-ample Q-divisor and A” is an effective R-divisor
which satisfies Z; € Supp A” for any i. When we put

1
B=—B+A"
md

Lemma 2.10 follows. U

We introduce a dit blow-up. The following theorem is originally
proved by Hacon:

Theorem 2.11 (DIt blow-up, [F1, Theorem 10.4], [KK, Theorem 3.1]).
Let X be a normal quasi-projective variety and A an effective Q-divisor
on X such that Kx + A is Q-Cartier. Suppose that (X,A) is log
canonical. Then there exists a projective birational morphism ¢ :' Y —
X from a normal quasi-projective variety with the following properties:
(i) Y is Q-factorial,
(il) a(FE, X,A) = —1 for every p-exceptional divisor E on'Y, and

(iii) for
—1
JAa+ Y E
E:p-exceptional

it holds that (Y,T) is dlt and Ky +T' = ¢*(Kx + A).

I'=¢

The above theorem is very useful for studying log canonical singu-
larities (cf. [F1], [G], [KK]).
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3. LOG MINIMAL MODEL PROGRAM WITH SCALING

In this section, we review a log minimal model program with scaling
and introduce works by Birkar—Cascini-Hacon-M“Kernan.

Lemma 3.1 (cf. [Bil, Lemma 2.1] and [F1, Theorem 18.9]). Let 7 :
X — S be a projective morphism of normal quasi-projective varieties
and (X, A) a Q-factorial projective log canonical pair such that A is a
Q-divisor. Let H be an effective Q-divisor such that Kx + A + H s
m-nef and (X, A + H) is log canonical. Suppose that Kx + A is not
m-nef. We put

A =inf{a € R|Kx + A+ aH is m-nef}.

Then X € Ko and there exists an extremal ray R C NE(X/S) such
that (Kx +A).R <0 and (Kx + A+ AH).R=0.

Definition 3.2 (Log minimal model program with scaling). Let 7 :
X — S be a projective morphism of normal quasi-projective varieties
and (X,A) a Q-factorial projective divisorial log terminal pair such
that A is a K-divisor. Let H be an effective K-divisor such that Ky +
A+ H is m-nef and (X, A + H) is divisorial log terminal. We put

A =inf{a € R|[Kx + A + aH is m-nef}.

If Kx + A is not m-nef, then \; > 0. By Lemma 3.1, there exists an
extremal ray Ry C NE(X/S) such that (Kx + A).R; < 0 and (Ky +
A+ M\ H).Ry = 0. We consider an extremal contraction with respect
to this Ry. If it is a divisorial contraction or a flipping contraction, let

(X, A) --» (X1, 4A)

be the divisorial contraction or its flip. Since Kx, + A1+ A\ H; is m-nef,
we put

Xy = inf{a € R|Kx, + Ay + aH; is 7m-nef},
where H is the strict transform of H on X;. Then we find an extremal
ray Ry by the same way as the above. We may repeat the process. We

call this program a log minimal model program with scaling of H over
S. When this program runs as the following:

(Xo,Ap) = (X,A) ==+ (X1, Ap) ==» o0 =2 (X, Ag) -
then
AMZA> A3,

where \; = inf{a € R|Kx, , + A;_ 1 + «H; 1 is m-nef} and H;_; is the
strict transform of H on X;_;.
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The following theorems are slight generalizations of [BCHM, Corol-
lary 1.4.1] and [BCHM, Corollary 1.4.2]. These seem to be well-known
for the experts.

Theorem 3.3 (cf. [BCHM, Corollary 1.4.1)). Let 7 : X — S be a
projective morphism of normal quasi-projective varieties and (X, A) be
a Q-factorial projective divisorial log terminal pair such that A is an
R-divisor. Suppose that ¢ : X —'Y is a flipping contraction of (X, A).
Then there exists the log flip of .

Proof. Since —(Kx + A) is p-ample, so is —(Kx + A — eLAl) for a
sufficiently small ¢ > 0. Because p(X/Y) = 1, it holds that Ky +
A ~py ¢(Kx + A — ec AL) for some positive number ¢. By [BCHM,
Corollary 1.4.1], there exists the log flip of (X, A —eLAL). This log flip
is also the log flip of (X, A) since Ky + A ~py ¢(Kx + A — e AL).
U

Theorem 3.4 (cf. [BCHM, Corollary 1.4.2]). Let 7 : X — S be a
projective morphism of normal quasi-projective varieties and (X, A) be
a Q-factorial projective divisorial log terminal pair such that A is an
R-divisor. Suppose that there ezists a m-ample R-divisor A on X such
that A > A. Then any sequences of log flips starting from (X, A) with
scaling of H over S terminate, where H satisfies that (X, A+ H) is
divisorial log terminal and Kx + A + H is m-nef.

The above theorem is proved by the same argument as the proof
of [BCHM, Corollary1.4.2] because [BCHM, Theorem E] holds on the

above setting.

4. DIVISORIAL ZARISKI DECOMPOSITION

In this section, we introduce the divisorial Zariski decomposition for
a pseudo-effective divisor.

Definition 4.1 (cf. [N, III, 1.13, Definition] and [Kal]). Let 7 : X — S
be a projective morphism of normal quasi-projective varieties and D an
R-Cartier divisor. We call that D is a limit of movable R-divisors over
S if [D] € Mov(X/S) € N'(X/S) where Mov(X/S) is the closure of
the convex cone spanned by classes of fixed part free Z-Cartier divisors
over S. When S = Spec C, we denote simply Mov(X).

Lemma 4.2. Let 7 : X — S be a projective morphism of normal quasi-
projective varieties and D an R-Cartier divisor. Suppose that B(D/S)
dose not coincide with X and has no codimension 1 components. Then
there exist fized part free Z-Cartier divisors {Z;} over S and positive
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numbers {a;} such that

Z o;|Z) € NY(X/S).

Proof. This follows from [BCHM, Proposition 3.5.4]. O

Definition 4.3 (cf. [N, III, 1.6, Definition and 1.12, Definition]). Let
X be a smooth projective variety and B an R-big divisor. We define

or(B) = inf{multr B'|B = B’ > 0}

for a prime divisor I". Let D be a pseudo-effective divisor. Then we
define the following:

or(D) = Ji, or(D + e

for some ample divisor A. We remark that op(D) is independent of
the choice of A. Moreover the above two definitions coincide for a

big divisor because a function or(-) on Big(X) is continuous where
Big(X) := {[B] € N'(X)|B is big} (cf. [N, ITI, 1.7, Lemmal). We set

N(D)= Y op(D) and P(D) =D — N(D).
I":prime divisor
We remark that N(D) is a finite sum. We call the decomposition
D = P(D) + N(D) the divisorial Zariski decomposition of D. We say
that P(D) (resp. N(D)) is the positive part (resp. negative part) of D.

Remark that the decomposition D = P(D) + N(D) is called several
names: the sectional decomposition ([Kal]), the o-decomposition ([N]),
the divisorial Zariski decomposition ([Bo]), and the numerical Zariski
decomposition ([Ka2]).

Proposition 4.4. Let X be a smooth projective variety and D a pseudo-
effective R-divisor on X. Then it holds the following:
(1) op(D) = lime0y op(D + €E) for a pseudo-effective divisor E,
and
(2) v(D) =0 if and only if D = N(D).
Proof. (1) follows from [N, III, 1.4, Lemmal. (2) follows from [N, V,
2.7, Proposition (8)]. O

5. EXISTENCE OF MINIMAL MODEL IN THE CASE WHERE v = ()

Lemma 5.1 (cf. [BCHM, Lemma 3.7.3]). Let 7 : X — S be a pro-
jective morphism of normal quasi-projective varieties and (X, A) a Q-
factorial projective divisorial log terminal pair such that A is an R-
divisor, and H an effective m-big R-divisor such that (X, A + H) is
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divisorial log terminal. Suppose that no lc centers of (X,A) are con-
tained in By (H/S). Then there exist an effective m-ample Q-divisor A
and an effective R-divisor B such that H ~g g B+A and (X, A+B+A)
15 divisorial log terminal.

Proof. Since no lc centers of (X, A) are contained in B, (H/S), there
exist a m-ample Q-divisor A’ and an effective R-divisor B’ such that
Supp B’ contains no lc centers of (X, A) and

A+ B ~R,S H

from Lemma 2.10. We take a general effective Q-divisor A” ~g g A’
and a sufficiently small number § € Q- such that (X, A+ (1 —0)H +
(A" + B')) is dlt. When we put

A=0A"and B=(1-96)H + B,

Lemma 5.1 holds.
O

Theorem 5.2 (cf. [D, Corollaire 3.4]). Let X be a Q-factorial pro-
jective variety and A an effective R-divisor such that (X, A) is diviso-
rial log terminal. Suppose that v(Kx + A) = 0. Then any log mini-
mal model programs starting from (X, A) with scaling of H terminate,
where H satisfies that H > A for some effective Q-ample divisor A and
(X, A+ H) is divisorial log terminal and Kx + A+ H is nef.

Proof. Let (X, A) --» (X1, Ay) be a divisorial contraction or a log flip.
Remark that it holds that

I/(KX + A) = V(KXl + Al)

from Lemma 2.6 (1) and the negativity lemma. If some lc centers of
(X, A) are contained in Supp (H —A), then (X, A+ H) is not log canon-
ical. Hence, by the assumption, no lc centers of (X, A) are contained
in By (H). By the negativity lemma, no lc centers of (X;,A;) are
contained in B (H;), where H; is the strict transform of H on X; (cf.
[BCHM, Lemma 3.10.11]). From Lemma 5.1, there exist an effective Q-
ample divisor A; and an effective R-divisor By such that H; ~g B1+A1,
(X1, Ay + By + Ay) is divisorial log terminal and Kx, + Ay + A; + By
is nef. We may replace (X, A, H) with (X7, A1, A; + By). Therefore it
suffices to show termination of such log flips. Assume that there exists
a sequence of log flips

(X, Ag) - (Xip1, D)
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with scaling of H does not terminate where (X, Ag) = (X, A). Let
{Ai} be as in Definition 3.2. We set

A= lim \;.

1—>00
If A # 0, the sequence is composed by (Kyx + A+ %)\H)—log flips. Thus

the sequence terminates by Theorem 3.4. We may assume that A = 0.
Then we see the following:

Claim 5.3. Kx + A is a limit of movable R-divisors.

Proof of Claim 5.3. Let (X,A) = (Xo,Ao) --» (X;, A;) be a composi-
tion of the log flips. We take a log resolution p; : W; — X of (X, A+ H)
and a log resolution ¢; : W; — X of (X;, A; + H;) such that the fol-

lowing diagram commutes, where H; is the strict transform of H on
Xi:

Wi
N

Let G; be an ample divisor on X; and ¢; a sufficiently small rational
number. Since Kx, +A;+\; H; is nef, we see that Kx, +A;+ N H;+¢,G;
is ample. By the negativity lemma, it holds that

pi(Kx + A+ NH 466G x) =q¢ (Kx, + A + M H; + ¢G;) + E;

where G x is the strict transform of G; on X and E; is an effective
pi-exceptional and ¢;-exceptional divisor. Thus it holds that

B(p; (Kx + A+ MH +€Gi x)) = Supp Ej.

Since B(Kx + A+ MNH +€6G; x) C pi(Supp E;), we see that Kx +A+
AiH + €,G; x is movable from Lemma 4.2. Hence, if we take {¢;} such
that ¢; — 0, Claim 5.3 follows. O

Let ¢ : Y — X be a log resolution of (X,A). We consider the
o-decomposition

O (Kx +A) = P(¢"(Kx + A)) + N(p"(Kx +A))
(Definition 4.3). Since
v(ip"(Kx +A)) =v(Kx +A) =0,

we see P(¢*(Kx + A)) = 0 by Proposition 4.4 (2). In particular, this
is the divisorial Zariski decomposition. Moreover we see the following
claim:
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Claim 5.4. N(¢*(Kx + A)) is a p-exceptional divisor.

Proof of Claim 5.4. Let G be an ample divisor on X and € a sufficiently
small positive number. By Proposition 4.4 (1), it holds that

Supp N (¢"(Kx + A)) C Supp N(¢*(Kx + A + €G)).

If it holds that ¢, (N(¢*(Kx+A))) # 0, we see that Bo(Kx + A +€G)
has codimension 1 components. This is a contradiction to Claim 5.3.
Thus N(¢*(Kx + A)) is a p-exceptional divisor. O

Hence Kx + A = 0, in particular, Kx + A is nef. This is a contra-
diction to the assumption. 0

Corollary 5.5. Let X be a Q-factorial projective variety and A an
effective R-divisor such that (X, A) is divisorial log terminal. Suppose
that v(Kx +A) = 0. Then there exists a log minimal model of (X, A).

Remark 5.6. These results are on the absolute setting. It may be
difficult to extends these to the relative settings. See [F3].

6. ABUNDANCE THEOREM IN THE CASE WHERE v = ()

In this section, we prove the abundance theorem in the case where
v = 0 for an R-divisor:

Theorem 6.1. Let X be a normal projective variety and A an effective
R-divisor. Suppose that (X, A) is a log canonical pair such that v(Kx+
A)=0. Thenv(Kx+A) = K(Kx+A). Moreover, if A is a Q-divisor,
then v(Kx + A) = k(Kx + A) = K(Kx + A).

First we extends |G, Theorem 1.2] to an R-divisor.

Lemma 6.2 (cf. [FG, Theorem 3.1]). Let X be a normal projective
variety and A an effective K-divisor. Suppose that (X,A) is a log
canonical pair such that Kx + A =0. Then Kx + A ~g 0

Proof. If K = Q, then the statement is nothing but |G, Theorem 1.2].
From now on, we assume that K = R. Let > . B; be the irreducible
decomposition of Supp A. We put V' = @RB;. Then it is well known

that
L={AeV|(X,A) is log canonical }

is a rational polytope in V. We can also check that

N ={A e L|Kx + A is nef}
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is a rational polytope and A € N (cf. [Bi2, Proposition 3.2] and [Shol,
6.2 First Main theorem]). We note that A is known as Shokurov’s
polytope. Therefore, we can write

k
KX ‘|—A = ZTZ'(KX +Az>
i=1

such that

(i) A; is an effective Q-divisor such that A; € N for every i,
(i) (X,4;) is log canonical for every i, and
(iii) 0 <r; <1, r; € R for every i, and Zle r; = 1.
Since Kx + A is numerically trivial and Ky + A, is nef for every 1,
Kx + A; is numerically trivial for every i. By [G, Theorem 1.2], we see
that KX +A ~R 0.
U

Proof of Theorem 6.1. By taking a dlt blow-up (Theorem 2.11), we
may assume that (X, A) is a Q-factorial dlt pair. By Corollary 5.5,
there exists a log minimal model (X,,,A,,) of (X,A). From Lemma
2.6 (3), it holds that Ky, + A,, = 0. By Lemma 6.2, it holds that
k(Kx, + A,) = 0. Lemma 2.2 implies that K(Kx + A) = 0. If
A is a Q-divisor, then there exists an effective Q-divisor E such that
Kx + A ~g E by Corollary 5.5 and Lemma 6.2. Thus we see that
K(Kx +A) = K(Kx + A). We finish the proof of Theorem 6.1.

O

Corollary 6.3. Let m : X — S be a projective surjective morphism
of normal quasi-projective varieties, and let (X, A) be a projective log
canonical pair such that A is an effective K-divisor. Suppose that
v(Kp+ Ap) =0 for a general fiber F, where Kp+ Ap = (Kx + A)|p.
Then there exists an effective K-divisor D such that Kx + A ~g » D.

Proof. This follows from Theorem 6.1 and [BCHM, Lemma 3.2.1]. O
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