ON LINEAR INDEPENDENCE OF CLASSES IN H*(WU,)

TARO ASUKE

ABSTRACT. It is a classical question if the characteristic mapping is
injective or surjective. In this article, the injectivity for transversely
holomorphic foliations is discussed. More precisely, a family of rigid,
linearly independent classes in H*(WUy,) will be introduced. The fam-
ily is closely related to the one obtained by Baker in the real case, and
different from the one studied by Hurder in [8]. This article is based
on a talk given at Foliations 2012, and also on a paper ‘On indepen-
dent rigid classes in H*(WUyg)” which is to appear in Illinois Journal of
Mathematics [3].

1. INTRODUCTION

Secondary characteristic classes are defined for transversely holomorphic
foliations in a parallel way to the usual ones for smooth foliations, and called
complex secondary characteristic classes. As in the real case, injectivity and
surjectivity of the characteristic mappings are classical questions. If com-
plex normal bundles are assumed to be trivial, then it concerns the mapping
H*(W§) — H*(BIY). The mapping is studied by Hurder in [8], and a

family of rigid, linearly independent classes of H *(Wg) is obtained, where

‘rigid’ means they are rigid under deformations of foliations (otherwise the
class is said to be variable). In this article, we will discuss the case where
complex normal bundles are not necessarily trivial. The relevant mapping
is H*(WU,) - H*(BI, ,;c). By studying a complexification of an example of
Baker [4], a family of linearly independent classes of H*(WU,) is obtained.
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Some of the classes in the family are rigid classes and form a family different
from Hurder’s one.

This article is based on the talk ‘On independent rigid classes in H*(WU,)’
which I gave at Foliations 2012 held at Wydzial Matematyki i Informatyki,
Uniwersytetu Lodzkiego, L6dz, and also on a paper in the same title which is

to appear in Illinois Journal of Mathematics [3].

2. PRELIMINARIES

Throughout the paper, the coefficients of cohomology groups are chosen in
C. First we recall some basic notions of characteristic classes of transversely
holomorphic foliations. A fundamental reference is [6].

Let BT (;C be the classifying space of transversely holomorphic foliations of
complex codimension ¢, and let W be the classifying space of transversely
holomorphic foliations of complex codimension ¢ with trivialized complex nor-
mal bundles. Characteristic classes of transversely holomorphic foliations are

elements of H* (BF(;C) and H*(BI'F). Among them, secondary characteristic

classes are given by means of the following differential graded algebras (dga’s
for short).

Definition 2.1. Let Clvq, ..., v,] be the polynomial ring generated by v, .. ., v,
where the degree of v; is set to be 25. We denote by I, the ideal generated by
monomials of degree greater than 2¢, and set Cylv1,...,v4] = Clv1,. .., v4]/I4.
We also define C4[v1,. .., 04| by replacing v; by v;. We set
WU, = [, .., 1g) @ Cqlus, ..., 0] @ Cyl01, ..., g,
= /\[ul, co Ul @ Cylun, -, vyl

Wy = Alin, ..., 1] @ Cylty, ..., 7,

WS = Alu, ... gt .., g] @ Cylvn, ..., 0] @ CylDn,..., Ty

Wy

These algebras are equipped with derivations such that du; = v; —v;, du; = v;,

du; = v; and dv; = dv; = 0. The degree of u;, u; and @; are set to be 2i — 1.

Cohomology of these dga’s are related as follows. First, we have Wg: =
W,AW,. Therefore, H* (ng) is isomorphic to H*(W,)®@ H*(W,) and there is
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a natural inclusion from H*(W,) to H *(Wg). There is also a natural mapping
from H*(WU,) to H*(W) which corresponds to the natural mapping from
Biféc to BFf. It is induced by the mapping from WU, to Wg which maps
u; to u; — u;, v; to v; and v; to U;, respectively. Note that the mapping from
W to BF(;C is a part of the homotopy fibration Bil"(;C — BF(;C — BGL(¢; C)

and also is the classifying map of the F;C—structure of BFC‘]C, namely, the map

which forgets the triviality of the complex normal bundle. In what follows,
elements of H*(WU,), etc., are denoted by their representatives by abuse of
notations.

The following result is classical.

Theorem 2.2. There is a well-defined homomorphism H*(WU,) — H*(BIY)
and H*(WS) — H*(BIT).

The homomorphisms are called the universal characteristic homomorphisms.
If a transversely holomorphic foliation of a manifold, say M, is given, then
the classifying map induces a mapping from H*(WU,) to H*(M), or from
H*(W;C) to H*(M). These mappings are called characteristic homomor-

phisms.

Definition 2.3. The classes in H*(WU,), H*(W{) or its image by (the uni-
versal) characteristic mappings which involve u;, u; or @; are called secondary
characteristic classes. If F is a transversely holomorphic foliation, then, the
image of a class, say w, of H*(WU,) or H*(Wizc) under the characteristic
mapping associated with F is represented by w(F).

Remark 2.4. The structure of H*(W,) and H*(WO,), where WO, is a certain
dga which plays the role of WU, for real foliations, are completely understood
[7). Therefore, the structure of H*(W{) is also understood. However, the
structure of H*(WU,) is quite unknown if ¢ > 3 (see [2] for the case where
q<3).

There are some significant classes.

Definition 2.5. 1) The class ujo{ in H?71(W,) is called the Bott class
and denoted by Bott,.
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2) The class /=1t (v +v¢"5) +--- +57) in H29H1(WU,) is called the
imaginary part of the Bott class and denoted by &,.
3) The class v—1uv{o] in H491(WU,) is called the Godbillon-Vey class
and denoted by GVa,.
4) A class in H*(WU,) or H* (Wizc) is called a variable class if it admits
a continuous deformation. Classes which are not variable are said to
be rigid.
The images of above classes under the natural mappings from H*(WU,) to
H*(WE) and from H*(W,) to H*(W), or characteristic mappings are also

named in the same way.
The following is known.

Theorem 2.6. 1) Elements of H**7(WU,) and H*™ (W) are vari-
able.

2) Let p: WUgy1 — WU, be the homomorphism which satisfies

~ 171‘7 { # q + 17
p(ul) - ’

0, i1=q+1

p(v): Vj, ]7&(]4‘1,
’ 0, j=q+1’
p(@k) _ 'Dka k¢q+17
0, k=q+1

The classes in the image of H*(WU,) under p,.: H*(WUgy1) = H*(WU,)
are rigid. A similar mapping from H*(Wg, ) to H*(WE) is also de-

fined. The classes in the image are also rigid.

Remark 2.7. 1) Actually, the Bott class is well-defined if the g-th exte-
rior product of the complex normal bundle (called the anticanonical
bundle) is trivial.

2) The Godbillon-Vey class in the sense of Definition 2.5 coincides with
the usual one if we regard transversely holomorphic foliations as real
foliations by forgetting transverse complex structures.

3) It is known that the image of &, under the natural mapping from
H*(WU,) to H*(W{) is equal to v/=1(Bott, — Bottg).
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4) The Bott class and its imaginary part are variable class. The Godbillon-
Vey class is a rigid class, although it is variable in the category of real
foliations. Indeed, if we set y = /—1ay (0910971 4+ 0957 4 09715,

then v € H4T(WU,41) and p.y = GVa,.
Theorem 2.8 ([1]). We have H*TY(WU,) = H?7t1(W,).

A basis for H*T1(W,), indeed for H*(W,), is given by Vey [7]. Hence we
can find a basis for H271(WU,).
A priori there can be a difference between H *(BFS) and the secondary

characteristic classes. There are old open problems on this point.

Question 2.9. 1) Is the universal characteristic mapping from H*(WU,)
to H*(BF{;C) injective?
2) Is the universal characteristic mapping from H*(WU,) to H*(BIy)
surjective?
3) How about it if we replace WU, and BF;C by W(q: and Biféc, respec-
tively?

Note that the kernel of the mapping H*(WU,) — H*(BIy) corresponds

to nothing but linear relations (dependence) of characteristic classes.

3. LINEAR INDEPENDENCE OF SECONDARY CHARACTERISTIC CLASSES

The linear independence of variable classes can be seen by using a classical

example of Bott [5].

Example 3.1. Let Ag,...,\; be non-zero complex numbers. Let X be a
holomorphic vector field on C4*! defined by X (z) = Zq: )\izi%, where z =
(29,...,29) is the standard coordinates. The integrz;l_gurves of X define a
foliation of C2*! which is invariant under homothecies. Hence, if ¢ is a non-
zero complex number and if we denote by M, the quotient of C¢*1\ {0} by
the multiplication by ¢, then we have a foliation of M, which we denote by
F. Note that M, is diffeomorphic to S' x §29+1 and that the anticanonical
bundle of Fy is trivial. Let J = (j1,...,Jq) be a g-tuple of non-negative

integers. We set vy = U{l ~--U§" and c; = c{l ---cff, where ¢; denotes the
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i-th Chern polynomial. Let w,v; € H* (Wf) Under normalizing the volume,

we have

CiCJ()\(h ey )\q)
o Ag

where volg2¢+1 denotes the normalized volume form of the image of the stand-

ard (2¢ + 1)-sphere in C4*t! in M..

uivg(Fa) =

V0152q+1 s

Example 3.1 implies that classes in H?4T!1(W,) admit continuous deform-
ations and are linearly independent. Indeed, if we have a relation of the form
aroy + - + agag, = 0, where {aq,...,qp} is a basis for qu“(Wq), then it
should be invariant when Ao, ..., A, vary. This implies that a; =--- = a; = 0.
Some additional arguments show that classes in H?41(WU,) and H24"! (W;C)
are also linearly independent.

There is a complexification of an example of Baker [4], which is useful in
studying rigid classes (see also [2], where an example of the same kind is used

for studying the Godbillon-Vey class).

Example 3.2. Let G = SL(k +n;C), where n >k >0orn=k=1, H =
{(aij) € Gla;; =0ifi >k and j <k}, K =S(U(k)xU(n)) and T = Tk+tn-1
the maximal torus in G realized as diagonal matrices. Then, the left cosets of
H induce transversely holomorphic foliations of complex codimension kn on
I'\G/T and I'\G/K, where I' is a discrete subgroup of G such that I'\G/K

is a closed manifold.

Example 3.2 is studied in [3], and we have a complexification of [4, The-
orem 5.3] as follows. The proof of the following theorems and the corollary is
given in [3].

IfI = {i1,...,4;} then we set uy = u;, - - - u;,. We denote @y also by u;, ..
If I = & then we set uy = 1 and regard i; = +o0o. We define h; in a similar

way.

Theorem 3.3. Let I = {i1,...,4;} and suppose that k < i; < --- < 4 < n.
The classes of the form ﬂl7___7kﬂ['l}{€n6fn are non-trivial and linearly indepen-
dent in H*(I'\SL(k +n;C)/T). These classes are rigid classes, namely, rigid

under deformations of foliations if k =1 and i1 > 2.
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There is also a complexification of [9, Theorem 5.37] as follows.

Theorem 3.4. Let k = 1 in Ezample 3.2 and I = {iy,...,4;}, and let
q(v1,...,v) and r(0y,...,0,) be monomials of degree 2i and 2n, respectively.
Then, we have the following.

1) We fix r(v1,...,0,) and denote it by 7. Then, the classes of the form
Upn—it10rq(v1, .., 0)T, n—i+1 < iy < --- < i < n, are linearly
independent in H*(I'\SL(n+1;C)/T). These classes are multiplies of
the classes uyurvyo} in H*(I'\SL(n + 1;C)/T).

2) The classes of the form urq(v1,...,v,)r(01,...,0p), wheren—i+1 <
i1 < -+ <4 <mn, are trivial in H*(I'"\SL(n + 1;C)/T).

Note that the classes in 2) are rigid ones. Some of the classes in 1), e.g.
the Godbillon-Vey class, are also rigid.

Rigid classes are firstly studied by Hurder [8]. Let ¢ = 2¢' — 2 with ¢’ > 1.
Let % be a subset of H*(W,) C H*(W(g) defined by Z = {ug’hw’isvg/*lﬂ <
ig < - <is < @} U{ugiy,. i, 0g1¢ < iz <--- <is < gq}. The family Z is
a set of rigid secondary classes studied in [8]. Indeed, # consists of linearly
independent secondary classes. The families in Theorems 3.3 and 3.4 differ
from Z. At present we know only the following classes o, and 5, as elements
of WU, which belongs to the subspace of H *(W;C) spanned by Z and %. Let
ag = Ul '+ + 07 1) and By = Uy (vy + Uy). Note that as = Bo.

These classes are rigid classes also in H*(WU,). We have the following.

Corollary 3.5. ay is non-trivial in H'(I'\SL(3;C)/T;C). If ¢ > 2, then
oy and By are linearly independent in H*' ~(I'\SL(q 4 1;C)/T;C).
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