ON DEFORMATIONS OF FOLIATIONS AND CHARACTERISTIC
CLASSES

TARO ASUKE

ABSTRACT. We study characteristic classes for deformations of foliations. Those
classes include known classes such as the Godbillon—Vey class and the Fuks—
Lodder—Kotschick class. We introduce a certain differential graded algebra (DGA
for short) which recovers the Bott vanishing and some formulae by Heitsch. Some
basic properties and structures of the cohomology of those DGA’s are discussed.
In particular, it is shown that at the level of the cohomology of DGA, there are
some classes which cannot be described by the Godbillon—Vey class and the Fuks—
Lodder—Kotschick class. It is also shown that if a certain type of characteristic
classes admit non-trivial deformations in examples, then they yield another kind
of classes which admit also non-trivial deformations.

INTRODUCTION

Let F be areal codimension-one foliation which is transversely orientable. Then,
there is a 1-form w, such that 7" = kerw. By Frobenius’ theorem, there exists a
1-form 7 such that dw = w A 7. Moreover, there is a 1-form p such that dn = w A p.
Then, we have dn> = 0 which is the Bott vanishing. The 3-form n A dn is closed
and represents a class independent of choices. This class is called the Godbillon-Vey
class. Let { F;} be a smooth family of real codimension-one, transversely orientable
foliations. Then, we have a smooth families of 1-forms {w;}, {ns}, {is} such that
dns = ws A ps. If <77 denotes the derivative at s = 0, then we have (dn) = dn,
dn = wA pu+wA 1, where w = wyp, o = 1 and p = . It follows that dn A dn =0
and that n A 7 A dn is closed. Indeed, the latter 4-form represents a characteristic
class of families of foliations [10], [20], [21] and called the Fuks—Lodder—Kotschick
class. It is not difficult to show that the Godbillon—Vey class, its derivative and the
Fuks—Lodder—Kotschick class are the only characteristic classes obtained from 7,
7, dn and dr). We can consider differentials of higher order. For example, we have
dii = O A p+20 A fi+w A ji. Hence dij Adn+ (dn)? = 0, and n AijAdn+nAnAdn
is closed. The latter form represents also a characteristic class for families of foli-
ations. Actually, we have n A 7j A dn+n A0 Adn= (nAnAdny). This implies
that the class is just a derivative of the Godbillon—Vey class and is not really a new
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one. In this paper, we first introduce spaces of deformations of higher order and
characteristic classes for such deformations. These are generalization of [14] and
[4]. In the study of characteristic classes, the Bott vanishing [8] and the Heitsch
formula [13] are significant. The former is the very basic in defining characteristic
classes. On the other hand, the latter describes derivatives of characteristic classes.
In particular, it largely divides the classes into those which vary according to defor-
mations and rigid ones. Characteristic classes introduced in this article well reflect
such phenomena. Finally, we will present a candidate of a characteristic class which
is not a priori described by a combination of the Godbillon—Vey class and the Fuks—
Lodder—Kotschick class.

This article is organized as follows. First three sections are devoted to introduce
spaces of deformations. In the latter half, we introduce characteristic classes and
study their properties.

I. Spaces of deformations

1. DEFINITIONS

We fix a manifold M and a foliation F of M. Foliations are always assumed to
be regular (without singularities) and of codimension q.

If {f;} is a family of some object smoothly parametrized by t € (—e¢, ¢), then a
dot over an object denotes the derivative of the family at ¢ = 0. Derivatives of order

«(k)» g )
ot |,_,

Definition 1.1. Let X, Y be topological spacesand x € X,y € Y. A local mapping

k are also denoted by . For example, we set f(V) = f =

from (X, z) to (Y, y) is a continuous mapping from a neighborhood of z to Y which
maps z to y. If the mapping is a homeomorphism to the image, then we call the
mapping a local homeomorphism. Similarly, we consider local mappings of class
C" and local diffeomorphisms of class C".

Definition 1.2. If f: (X, z) — (Y, y) is a local mapping of class C", then the r-jet
of f at x is denoted by j. f.

Definition 1.3. Let o € R? be the origin. The group of r-jets, denoted by GG', is the
set of the r-jets at o of local diffeomorphism from (R?, 0) to (R?, 0) equipped with
a product given by compositions.

Definition 1.4. If G is a Lie group, then T'G denotes its tangent group.

The tangent group is the tangent bundle of GG equipped with a natural group struc-
ture. We have T'G' = G x g as groups, where g denotes the Lie algebra of G and the
multiplication is given by (a, X)(b,Y) = (ab, Ady-» X +Y). If G C GL,(R), then
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we have a matrix representation of 7'G. Indeed, if we associate (a, X)) € TGL,(R)

with ai( 0l then this gives a faithful representation. A higher order analogue

of this representation is given as follows.

Definition 1.5. For r € N, we define a subgroup S” of GL,1),(R) by

ao
a; Qo

S" = A ap € GLy(R), a1,...,a, € gl (R)
aT . e al ao

The Lie algebra of S” is denoted by s".

The group S" appears as the structure group of a certain vector bundle N" defined
in Section 2.

2. NORMAL BUNDLES OF HIGHER ORDER

Let T"F C T'M be the subbundle of 7'M which consists of vectors tangent to a
leaf. We set Q(F) = TM/TF,andletv: TM — Q(F) and p: Q(F) — M be
the projections.

Definition 2.1. Let U C R? be an open set. An r-frame at v € U is the r-jet j. f a
local diffeomorphism f: (R? 0) — (U, z) at o. The bundle of r-frames at points in
U is denoted by P"(U).

It is classical that P"(U) is a principal G"-bundle over U. Moreover, if g: U — V
is a diffeomorphism of class C", then we have ¢*P"(V) = P"(U) as principal
bundles. Therefore, we can introduce the bundle of r-frames of Q)(F) as follows.
Let {U,} be a foliation atlas, and my: U, — T) be a submersion such that F
restricted to U is given by the fibers of my. Then, 7y P"(T)) and 7, P"(T},) are
isomorphic on U, N V). Hence a principal G"-bundle is formed on M.

Definition 2.2. Let F"Q)(F) denote the principal G"-bundle obtained as above. We
call F"Q(F) the bundle of r-frames of Q)(F). The natural projection from F"Q(F)
to F"'Q(F) is denoted by 7"_,.

If r = 0, then F'Q(F) is naturally diffeomorphic to M. If the leaves of F are
points, then F"Q(F) = P"(M).

Let J! (R?) be the space of 7-jets of local mappings from (R, o) to (R?, 0), which
is diffeomorphic to (R?)". Then, G" naturally acts on .J, (R?) by compositions on
the left.

Definition 2.3. We set J"(F) = F'Q(F) x¢r J,(R?). We call J"(F) the bundle
of r-jets transversal to F. The natural projection from J"(F) to J"~'(F) is denoted

by pr_;.
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The bundles J°(F) and J'(F) are naturally isomorphic to M and Q(F), respec-
tively. Under these identifications, we have p(l) =D.

Remark 2.4. We can regard elements of the bundle J"(F) as the jets of curves in
the direction transversal to F. Let [: (R,0) — (M, z) beacurve. LetU =~ V x T
be a foliation chart which contains x. By composing with the projection to 7', we
can regard [ as a curve, say [, in 7. Then, the r-jet of [ represents an element of
J"(F). Conversely, elements of J"(F) are represented in this way.

Definition 2.5. We set 7" =i omi o---on!_,andp” =pjopio---op._,.

Remark 2.6. The fibers of the bundle p": J"(F) — M are diffeomorphic to (R?)".
The bundle J"(F) is not a vector bundle if > 2, however, it admits the zero sec-
tion.

We omit to write F in what follows, for example, () will denote Q(F).

We equip J" with a foliation as follows. Let U ~ V x T be a foliation chart
for F, where V' corresponds to leaves. Then, J" is trivialized on U as follows. Let
(z,55) € V x T be local coordinates. We consider coordinates (x, 4,7, ...,y")
on V x T x (RY)", where y, 7, ... ,y™) are independent variables although each
y™® is meant to be the k-th derivative of y with respect to a deformation param-
eter. Let U ~ V x T also be a foliation chart and assume that U N U #+ J.
Suppose that the transition function is given by (Z,7) = (¢(x,y),v(y)). Then we
have (Z,5.9.....5") = (¢(=,9).7¥). Dwg. .- ., D"y(y. 4, ...,y")). There-
fore, we can define a foliation of J"() by the condition that y, 7, . .. ,y(r) are con-
stants. The foliation thus obtained is denoted by F"). We have F©) = F. Note that
F" (@) can be equipped with a foliation in a parallel way, which is denoted by F),

Definition 2.7. We call (z,7,7, ...,y the natural coordinates for .J".

Remark 2.8. Even if E C TM is not necessarily integrable, we can consider '@,
where Q = TM/E. In order to define J"Q) and F"Q for r > 2, we need some
auxiliary structures.

Definition 2.9. Let N" = T.J"/TF"") be the normal bundle of ). The natural
projection from N” to N ! is denoted by p._,. We set p" = pyopio---0p._,.
The bundle N"~* is also denoted by Q".

Remark 2.10. 1) We have F© = F and that N° = Q.
2) If F is a foliation by points, then Q' = N coincides with the two-tangent
bundle 7® M = TTM of M.
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We have a commutative diagram

O=N" P N o N
g | | |
~ 70 ptl) ~ 1 r—1 le -

Mx~J' ¢ Q~yJ J J',

where the vertical arrows are projections.
Let U =~ V x T be a foliation chart for F. The, J" is trivialized as U x (R?)" ~
V x T x (R?)". Together with the natural coordinates, this is a foliation chart for

F™)_ Hence N" is trivialized as U x (R?)" x (R?)" L. Let (z, v, 9, ...,y v,0,...,0")

be the naturally defined coordinates. Note that v, v, ... ,v(r) are independent vari-
ables, however, v®) is meant to be the velocity which corresponds to y*), where
y© = . The projection 7" : N” — Q is then locally given by
Py, g,y 0, 0" = (2, y50).
Let U and U be foliation charts. We assume that U N U # @ and let v be the
transition function in the transversal direction. We define T* D, to be the ‘time

derivative’ of Dv, of order k. For example, we have TODvy = Dry,, T1D7y =
D?v,5, T* Dy, = D*v,99 + D?y,ij and so on. As 0 = D-,v, we have

k
—— k ) )
B = T Dy, o™,

i=0
Similarly, we have}j\ = D,y so that
k

y(h+1) = Z ( ) (T" Dy, )y* =+,

- 1
=0

1
(k) — — (&) o, (B) — — (k) k _ Tk
If we set 2\ = Ly u = and D"D-y, = k:!T D~,, then we have
—_— k
=0

k
(k’ + 1)z(k+l) = Z(DZD’Yy)Uf —i+ 1)Z(k_i+1).
=0
’ 9 ds to the fib dinat
92077 §yn) corresponds to the fiber coordinates
(u®, ..., u) for N", we introduce for later use the following

Noticing that the frame (

L0
Definition 2.11 ([9]). Let 7 be an endomorphism of N" locally equal to Z ERO) ®
k=1

dz*=Y modulo TF™. We call 7 an r-almost tangent structure on J'.
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In our contexts, the term ‘tangent’ means that we regard 7 as if it were an operator
on the leaf space.

Let Q' = p"*N° and V") a Bott connection for F). If v € @', then v = 1" (7)
for some o € T.J". Since V() is a Bott connection, the horizontal lift of a vector in
TF belongs to T'F (") Hence the horizontal lift of v to N is well-defined, which is
denoted by v

Definition 2.12. We call v’ € N the horizontal lift of v.

Definition 2.13. We set H") = {v" € N" | v € Q'} and call it the horizontal lift
of Q'.

It is easy to see that H™ is isomorphic to @’ as vector bundles over .J". We have
the following

Theorem 2.14. If we set H®) = 7" *H® for 0 < k < r, then we have N =

@ H®. Moreover, each H"® is isomorphic to Q' = p"™*Q.
k=0

The proof of Theorem 2.14 is omitted because it is parallel to that of Theorem 3.1
in [9] once we establish horizontal lifts as in Definition 2.12.

Remark 2.15. If we begin with a Bott connection which is invariant under the holo-
nomy, then we can apply the theory of prolongations [23] to construct various lifts
of objects on Q = N to F"Q" and to N". In such a case, Theorem 2.14 is naturally
obtained by means of these lifts.

Remark 2.16. Isomorphisms obtained by Theorem 2.14 are homotopic because the
structure group of N" over J" is homotopic to GL,(R)". In particular, if identifi-
cations are given by Bott connections for ), then a homotopy can be given by
means of homotopies between connections.

By Theorem 2.14, we can define a Bott connection for  from a Bott connection
V™ for F). Let py.: N™ — H™ be the projection given by the direct sum decom-
position. If X € T'M and if Y is a local section to (), then we regard Y as local
section to H™) and set Z(Xr) Y = pT(V(XT)HY).

Remark 2.17. We have ZQY = pr,k(Tk(ng)HY)) for0 <k <r.

Definition 2.18. Let V be a Bott connection for F. A Bott connection V) for F(")
is said to be a liff of V if V = V().

Then, we have the following

Proposition 2.19. Thus defined V") is indeed a Bott connection for F. Moreover,
V") is independent of k and the lift of Y. Conversely, if a Bott connection ¥ for F
is given, then there is a lift of V to F™.
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Proof. The first claim is easy. The second claim can be easily shown on foliation
charts. Then, a partition of unity argument shows the claim. 0

Remark 2.20. Suppose that we work on holonomy invariant connections, which is
the case if F is Riemannian for example. Then, we can find a unique lift of V which
fulfills some naturalities by prolongations.

3. SPACES OF DEFORMATIONS
We introduce several spaces of deformations of foliations.

Definition 3.1. Let F be a foliation of a manifold M. A one-parameter family {F; }
of foliations is of class C" if {T'F;} is of class C" as a family of distributions. We
always assume that 7y, = F. The space of C" one-parameter family is denoted
by 2" (F). We call a one-parameter family also an actual deformation of F. If
{Fi} € 2(F) andif r > 1, then we regard (r — 1)-jets of {T'F,} as r-jets of {F;}.
The space of r-jets is denoted by D"(F). Noticing that there is a natural mapping
from D"(F) to D"(F), we define the space of infinite jets of deformations by
setting D>°(F) = lim D"(F).

Remark 3.2. We can consider some reductions of spaces of deformations. That
is, we can define {F;} and {F]} to be equivalent if there is a C" one-parameter
family {¢;} of foliation preserving diffeomorphisms such that 7, = ¢;*F;,. We
can assume moreover that there is a smooth isotopies which connects ¢; to the
identity. The characteristic classes we will later construct remain invariant under
these equivalences. On the other hand, the homotopy types of trivializations of
normal bundles, if exist, are not invariant in general under former equivalences.

If the normal bundle of F = Fj is trivialized, then we fix trivializations of F; as
follows.

Definition 3.3. Suppose that the normal bundle Q)(F) of F is trivialized by e. Let
{F:} be a C" one-parameter family of foliations with 7y = F. Then, we fix a C"
one-parameter family of identification Q(F;) = Q(F) and trivialize Q(F;) by the
trivialization induced by e. We say that such a family {F,} is framed.

There is a natural diagram
PF) s — T NF)— T (F)— o ~— ()
S N l
DYF) = {F} <= v <= D F) <= D' (F) < -+ < D™(F).

We first recall the canonical forms. Let F = F'Q and mp: F — M the pro-
jection. An element of F' is the 1-jet of a smooth mapping u: (R?, 0) — (M, x)
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such that 7y o w is a local diffeomorphism, where U ~ V' x T'is a foliation chart
for F which contains x and 7;: U — T is the projection. Such an u induces an
isomorphism from 7,R? to (). By using the standard identification of 7,R? with
R?, we consider u as a mapping from R? to Q).

Definition 3.5. If u € F and if X € T, F, then we set w,(X) = u ™' (v(1p. X)) €
R?. We call w the canonical form on P.

0
If X € gl,(R), then a vector field on F is defined by X (u) = 5 (u.exptX)
t=0

We call X™ the fundamental vector field associated with X. The canonical form is
horizontal in the sense that w(X™) = 0 for any X € gl (R). The following is
an easy

Lemma 3.6. If g € GL,(R), then Rjw = g~ 'w, where R, denotes the right action
of GLy(R) on F and GL,(R) acts on R? standardly on the left.

Let U be an open subset of M. Then, local trivializations of () over U and
sections from U to [’ are in one-to-one correspondence. Similarly, sections from U
to F' are in one-to-one correspondence to local trivializations of Q* on U. Actually,
if o is a section, then o*w gives a local trivialization. Conversely, let € be a local
trivialization and e be its dual. If we regard e as a section from U to F, then we
have e;e'(v) = m(v). Hence we have ¢ = e*w. Finally, let V be a Bott connection
on @ and 0 the connection form on F', which is a gl (R)-valued one-form such that
R;0 = Ady-1 0 and that (X ™) = X forany X € gl (R). If V is a Bott connection,
then we have dw + 6 A w = 0 and vice versa. We also call # a Bott connection by
abuse of notations.

Suppose now that {F;} is a smooth one-parameter family of foliations with F =
Fo. Then, F; = F IQ(.E) are isomorphic to F’' so that we can find a smooth one-
parameter family {w,} of canonical forms on F'. Similarly, we can find a smooth
one-parameter family {6;} of Bott connections so that dw; + 6; A w; = 0.

If {6} is a smooth one-parameter family of connection forms with 6, = 6, then
fis a gl,(R)-valued one-form on F' such that Rgé = Ady 6 and is horizontal.
Moreover, if {6, } are a family of Bott connections, then we have dw-+0Aw+0Aw =

1 ok - 1 o
0. If we set o™ = = a—wt and Q(k) = — a—et

=7 o =1 o , then we have

t=0

t=0

k
(3.7) aw® + 30" At = o.
1=0



ON DEFORMATIONS OF FOLIATIONS AND CHARACTERISTIC CLASSES 9

In a matrix form, we have

) 7 o
M 5(1) @(0) =
dl@® | +1a® v g© Alo? | =0
_(T) —:r — 7‘.—. A —. . — _(7")
We have the following

Lemma 3.8. Let g € GL,(R).

1) For k > 0, @® is an R%-valued one-form on F' and is horizontal. We have
s—(k) __ —1—(k
ng( ) — g_ kw( ).
2) Fork > 1, 9( ) is a gl (R)-valued one-form on F and is horizontal. We have
RO = Ad,1 0",

On the other hand, the structure group of N" can be reduced to GL,(R)" because
it is contained in S”. Hence we have the following

Proposition 3.9. Let FN" be the frame bundle of N" and fix a reduction of the

=
o
structure group to GL,(R)". Then, we can regard | as a section to FN" and

w?"

9(0)

5(1) 5(0)

> g gV as a linear connection form on FN".

g(T) 5(7"*1) 5(1) 5(0)

Remark 3.10. 1) A reduction in Proposition 3.9 is given by Theorem 2.14.
2) Connections given by Proposition 3.9 depends on reductions, however, they
are homotopic each other.
3) The bundle F'N" is different from F"(). Indeed, F'N" is a principal S"-
bundle while F"() is a principal G"-bundle.

Based on these observations, we introduce the following

Definition 3.11. Let F be a foliation of a manifold M and w the canonical form
on ' = F 1@. Given a Bott connection 6 on F', we call a pair of families w =
{w(’“)}ogkg and 0 = {g(k)}ogkgr infinitesimal deformation of w and 0 of order r if
the following conditions are satisfied:
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1) We have W = w. If k > 1, then @™ is an R%valued one-form on F and is
horizontal. In addition, R;w(’“ = g™ for g € GL,(R).

2) We have ) = 6. If k > 1, then 7" isa gl,(R)-valued one-form on F" and
is horizontal. In addition, Rgg(k) = Ad,— 7" for g € GLy(R).

The space of infinitesimal deformations of 6 of order  is denoted by lA)T(]-" ,0). We
set D"(F) = J D" (F.0).
0

Remark 3.12. We can always consider the trivial infinitesimal deformation, namely,
an infinitesimal deformation such that @w®) = 0 and g(k) = (Oforany k > 1.

Definition 3.13. An infinitesimal deformation & of F is said to be realizable if there
is a family of foliations {F;} of which the jet is equal to &. If the normal bundle of
F is trivialized by e, then a realization {F;} is said to be framed if {F;} is framed
as a deformation of F of which the normal bundle is trivialized by e.

Remark 3.14. When we consider framed deformations, only the homotopy types
of trivializations are relevant. In particular, characteristic classes which we will

introduce later do not depend on the choice of families of identifications Q(F;) =
Q(F) once the homotopy type of trivialization of Q(F).

By (3.7), we have the following

Lemma 3.15. An infinitesimal deformation (@, 5) of order r induces a Bott connec-
tion for F).

Remark 3.16. The space D! (F,0) is a vector space in the following sense. Let V' be
the space of infinitesimal deformations of order one of a Bott connection. If (@, 0)
and (@', 5/) are infinitesimal deformations of order one, then we have

do® + oA + 3 Aw =0,
Ao +oATD + 0D Aw = 0.

Hence we have d(@V +T W) +0A (@D +7' W) + (5(1) +6 M) Aw = 0. This leads
us to understand infinitesimal deformations of order one as elements of a certain
cohomology [14], [15]. Actually, if the order is equal to one, then characteristic
classes are defined for cohomology classes determined by infinitesimal deforma-

tions [15], [4].

Remark 3.17. If we only consider @ in defining D" (F), we obtain a space of infin-
itesimal deformations of distributions. This space is just sections to (N")* so that it
enjoys linearity while 13”(]-" ) does not if > 2. The difference is derived from the
integrability of distributions which appear as the existence of Bott connections.
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Remark 3.18. There is a natural mapping from D" (F) to D"(F) for0 < r < oo
which extends the diagram (3.4).

We introduce the following notions in order to facilitate arguments passing from
families of foliations to infinitesimal deformations.

Definition 3.19. A polynomial on M valued in Q(F) of degree r is said to be a
formal section to QQ(F) of order r. A polynomial on M valued in the space of Bott
connections on Q(F) of degree r is said to be a formal Bott connection on Q(F) of
degree 1.

The following is an easy
Proposition 3.20. Ler G = {0} g<p< and 6 = {g(k)}ogkgr be an infinitesimal

deformation of w and 0 of order r. If we set 0 = Z t5® and 6 = Z tkg(k),
k=0 k=0
where t° = 1, then & is a formal section to Q(F) of order r and 0 is a formal Bott

connection on Q(F) of order r.

If r = 1, then the space of infinitesimal deformations is formulated by Heitsch [14]
as a cohomology which is denoted by H'(M;©5), . The above constructions are
compatible with it in the following sense.

Theorem 3.21. If ({T"} 01, {g(k)}k:m) € D(F,0), then @V is a infinitesi-
mal deformation of wq with respect to 0 = 0 (up to signatures) and 0V is the
infinitesimal deformation of 6 with respect to wy.

To be precise, we consider the restrictions of @' to 7" to the tangent bundle of
foliations in Theorem 3.21.

II. Characteristic classes
In what follows, deformations and realizations are assumed to be framed if the
normal bundle of the foliation under consideration is trivialized.

4. BASIC DEFINITIONS

We discuss assuming that foliations are real and that normal bundles of them are
trivialized. We can argue in a parallel way even if we study foliations of which
the normal bundles are non-trivial, or ones which admits transversal structures such
as metric structure (Riemannian foliation) or holomorphic structure (transversely
holomorphic foliation). In order to study such foliations, we need to replace W, by
other ones such as WOy, W€ and WU,, etc. Note that if the normal bundle of the
foliation under consideration is trivial, then we need to fix the homotopy type of the
trivialization.
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Definition 4.1. We set

al,(R[t]), = {Ao+ Ast + -+ A" | A; € gl (R)},

GLg(R[t]), = {Ao + Art +--- + A" | Ag € GLy(R), A; € gl (R) if i > 0},
gty (R[[Z]]) = lim gl (R[2]),,

GLy(R[[2]) = lim GLy (R[]),.

The multiplication in gl (R [t]), and the inverse in GL, (RR[t]), are taken modulo ¢"*".

The following is an easy

Xo
X1 Xo
Lemmad.2. For X = | . ) €s’, weset p(X) = Xo+Xqt+- -+
X, - X X,
X,t". Then, @ is an isomorphism from s" to gl (R[t]),. Moreover, the restriction of
@ to S" is isomorphism to GL,(R[t]),.

We set X (t) = ¢(X).

Xo
X1 Xo . .
Definition 4.3. Let X = | | | . € s". We represent X" as X" =

X, - X; X

Yik) k

Yi(k) Yo(k 1 /-1

1_( ) 0( ) . andset Cy (X)) = — [ =— | trYi(k).
: .. - ’ k! \ 27
Yi(k) - Yi(k) Yo(k)

Let c; be the ¢-th Chern polynomial, that is, we define ¢; to satisfy
1
det (AIq — ﬁX) = A+ A7y (X) 4 -+ Acg-1(X) + ¢y (X),

1 (—1\"
where X € gl (R). We set C,.(X) = o (2—) tr X, which corresponds to the
P\ 27

k-th Chern character. It is well-known that there uniquely exist polynomials ¢y, in
free variables x4, . ..,z such that

k
cr =Y ¢r(C1,2Cs ... KICy)
=0

for 1 < k < ¢. The polynomials ¢, are often called the Newton polynomial.
See [18] for details.
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Let x;, x;, 25, . .. ,xl(m), ..., where 1 < i < ¢, be free variables. Let o be the
derivation on R[z\™] such that 5™ = 2"V Then, each &'y is a polynomial in
xz(»m), where 1 < ¢ < kand 0 < m < [. The polynomial 5l<pk evaluated by ngm) is
denoted by &'y (x5, 4, . . . ,xgl)).
Xo
X1 Xo

Definition4.4. Let X = | . = €s". Weset Cp (X) = kICy (X)
X, - X; X,

and
ck,l(X> = 5lgpk<CZI,O(X)7 C;,1<X)7 R Czl,l(X>>
We can describe the invariant polynomials on s as follows.

Theorem 4.5. Let 1(S") be the algebra of invariant polynomials on s". Then, we
have I(S") = Rlcy,|, where 1 <k < qand0 <[ <r.

Proof. For X € gl (R)and 1 < i < ¢, we set 73(X) = tr X9 If we extend
7; naturally to gl (R[t]),, then we have I(GL,(R[t]),) = R[r,..., 7). If X € 5",

then we have 75, (X (t)) = Z tr Y;(k)t'. Since ¢ is an independent, we are done. [J
1=0
5. RELEVANT DIFFERENTIAL GRADED ALGEBRAS

We introduce some differential graded algebras (DGA’s for short).

Definition 5.1. We set

=t=4, YV >

We allow r to be oo.
1) We define an exterior derivative d on [/)?\/Nq by the conditions dh; ;) = ¢; ;)
and dc; ;) = 0. We formally set h; (_1) = ¢; (1) = 0 for all 4, and define a
(unsigned) derivation 5 on ﬁvq by the conditions that

6(Ci(a)) = Cij(at1),
5(him)) = i),
where a < r.
ii) We set ord(c; (a)) = a, ord(h; ) = b and naturally extend ord to the whole
iii) We set deg(c; (a)) = 2, deg(h; ) = 1 and naturally extend deg to the whole
DrW,.
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We set h; = h; o) and ¢; = ¢;(g). Note that d and 5 commute each other. In
what follows, we do not explicitly indicate exterior products, namely, we omit the
symbol ‘A’.

Definition 5.2. We set
. 1
a(ciwy) = 51(1 — 1)ei -1,
_ 1
O'(hi7(l)) = 5[([ — ]-)hi,(l—l)‘

We extend o to the whole f)?\/Nq as a (unsigned) derivation.

—_——

Lemma 5.3. If ¢ € D"W, is a monomial and if ord(c) < r, then we have o o 5(c) —
doa(c)=ord(c)e

Proof. The claim holds if ¢ = ¢; ;) or if ¢ = h; ;). Indeed, we have
~ T T~ ~ 1 ~
(oane] 5(61-7(;)) —do O'(Ci7(l)) = O'(Ci7(l+1)) — 5[([ - 1)5(Ci,(l—1))

1 1
= lci,(l).
Similar calculations are valid for h; ;). Suppose that the claim holds for monomials

—_——

of degree less than or equal to k. Let ¢ € D"W, be a monomial of degree £ + 1. If
¢ admits a decomposition that ¢ = ¢;cy with ord(c;) < k and ord(cp) < k, then we
have
(5.4) Fod(c)—dodc)
( d(c1)es + c16(ea)) — 0(F(c1)ea + 15 (ca))
=G (0(c1))ez + 0(c1)F(c2) + F(c1)d(c2) + e15((c2))
(5(0(0 ))ea — F(c1)d(ca) — (c1)F(c2) — c16(5(ca))
= ord(ey)creo + ord(cy)crco
= ord(c)c.

Otherwise, we have ¢ = c;c; with ¢; = ¢; (g41) Of €1 = hj 141y, and that ord(cy) =
0. Then, by the similar arguments as above, we can show that the claim also holds
for c. 0

+oo
Remark 5.5. We set h; = Z l'tl @)- If we termwise apply d, we have Sh; =

+oo
1 0~ 1
Z l‘t 'h, ,(+1)- On the other hand, we have 5 —h; = Z l't hi 41y In this sense,
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~ 0 ~ 0 . .
we have § = Era Similarly, we have ¢ = —t*—-. As this correspondence is
N I 0 (1,0 1,0\ 0
contravariant, od —dod corresponds to 5° (?2&) — (?2&) P Indeed, let
o (1,0 1,0 0 0
f be a function in ¢. Then, we have 5 ° <§t2§) (f)— (§t2§> o a(f) = ta—{.

This operator just corresponds to h; ;) = Lh; ).

Let Wll be the subspace of W] which is generated by monomials of order
1. If 1 < 0, then we set D'W,' = {0}. We have the following

Lemma5.6. 1) Ifl < r, then we have 6(D"W,!) C mlﬂ,
2) We have 5(D"W,}) ¢ Drw /=L

We will make use of the following variants of &.
Definition 5.7. We set

5/(01',(1)) = lCi,(z—1)7
7 (hiqy) = lh -1

—~—

We extend o’ to the whole D"W,, as a (unsigned) derivation.

Definition 5.8. Letc = hi17(l1) cee him(la)cjh(’ﬂ) © Gy (k) where (ia, (la)) 7é (ia/, (la/))
if a # a'. Weset [(c) = a + b and call [(c) the length of c. The subspace of D"W,,
generated by elements of length [ is denoted by L;.

We have the following lemma which corresponds to Lemma 5.3.

Lemma 5.9. If c € D"W,, is a monomial and if I(c) < r, then we have dod(c) —
' od(c)=I(c)c

6. BOTT VANISHING THEOREM AND HEITSCH FORMULA

The most basic characteristic classes for foliations are Pontrjagin classes of the
normal bundles. Usually we only consider the Pontrjagin classes of degree 4k,
however, in order to introduce secondary classes, we also consider the classes of
degree 4k + 2. Let ¢ denote the k-th Chern polynomial, which will corresponds to
the Pontrjagin form of degree 2k.

Definition 6.1. If c = c]' - - ¢J* € Rlcy, ..., ¢,], then we set || = jy +2jy + -+ +
qJq-

We will extend | - | later in Definition 7.4.
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Definition 6.2. Let [r = {w € Q"(M) | wislocally of the form Y w; A dy'},
where (y',...,y?) are local coordinates in the transversal direction. Elements of
1 J—IZ are said to be of transveresal degree greater than or equal to k, or of transversal
degree greater than £ — 1.

The following is a fundamental result by Bott.

Theorem 6.3 (Bott [8]). Let V be a Bott connection for F. For c € Ricy, ..., ¢4,
c(V) denotes the Pontrjagin form which is calculated by we using V. If |c| = k,
then ¢(V) € I%. In particular, ¢(V) is trivial as a differential form if |c| > q.

Remark 6.4. 1) The differential form ¢;(V) is always exact if i is odd. If the
normal bundle is trivial, then ¢;(V) are also exact for i even.

2) If foliations under considerations are transversely holomorphic, then we make

use of the Chern classes and c; denotes the i-th Chern class. In this case, only

the imaginary parts of ¢;(V) are exact so that we have to modify arguments.

Next, we recall the Heitsch formula for deformations [13]. Let {F;} be a one-
parameter C"-family of foliations with 7y, = F. We fix identifications of Q(F;)
with Q(F), and let {0;} be a family of Bott connections with 6, = 6. If Q(F)
is trivial, then we fix a trivialization, say e, and let 67 be the flat connection with
respect to e. If we do not assume the triviality, then let #™ a metric connection
with respect to a Riemannian metric on Q(F). We represent by #* either 6/ or 6™
according to the assumption. Usually we assume that Q(F) is trivialized so that
denotes 67"

Definition 6.5. If G is a Lie group, then I*(G) denotes the algebra of Ad-invariant
symmetric multilinear mappings on g of degree k. If ¢ is an Adg-invariant polyno-
mial of degree k on g, then the polarization of c is also denoted by c by abuse of
notations.

Remark 6.6. If ¢ € I*(G) and if f. denotes the polarization of c, then we have

10 %}
et X+ X
o atkc(l L+ X N

for X1,..., Xy € g, where t1, ...t are free variables. We have f.(X,..., X) =
c(X).

fe(Xq, .o, Xg) =
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Definition 6.7. Let f € [*(GL,(R)). We set 6; , = 50, + (1 — 5)60°, Qs = db;, +
ths N ths and
9
ot

1
Af(Ht,eh) = k/ f(@t—Qu,Qtys,...,Qns)ds,
0

wt = eta

1
Vi(6,,6°) :/ sf(e, 0 — 0% Qg ..., Qs )ds.
0

Note that 0, = 6" and 01 = 0,. Hence we have ;o = do® + 6% A 6" and
in - det + et N (9t.

—1
Remark 6.8. The differential form 2—) A (6;,6%) will be the image of h; by the
T

characteristic mapping. See Definition 7.2
The following is shown by Heitsch.

Theorem 6.9 ([13]). The following formulae hold:

%)
aAf(et, 0%) = k(k — 1)dV;(0;, 0%) + kf (e, Rty - -, Qun),
0

0
PTG 0%) = e (Ut Qun) = kdf (8, Qs ),

Definition 6.10. If f € I"(GL,(R)) and if r > 1, then we set

, arfl

Oé;)(@t,ﬁu) = 8t7‘—1f(r(/}t’9t’17 e ,Qtl),
() arfl

vf (61}7 @h) = atr_l Vf(etv gh)

We set ozgco)(ﬁt, 0°) = A, (6, 60%).
The following is immediate.
Lemma 6.11. We have ozgf) (6,,6%) € 1%,

Corollary 6.12. Ifr > 1, then we have
ar
otr

An infinitesimal version of above formulae is given as follows.

Ap(0:,6%) = k(k — 1)dV" (0, 6°) + kol (6,,6%).

Corollary 6.13. The following formulae hold:
67'

o 8500, %) =k(k—1)av;"(0,6%) + kaV(6,9,...,Q),

t=0
> d(Af(6,00)] = > F .. Q)| =kdd(6,9,...,Q)
Ot f ’ o ot ,1 ) , - f y 8 by ’ )
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whereézﬁet ,QA=d0+0ANOandr > 1.
ot |,

7. CHARACTERISTIC MAPPING

Characteristic classes for deformations of foliations are realized as follows. If
& € D"(F), then & induces a Bott connection, say V), on N”. If Q(F) is triv-
ialized, then we consider the induced trivialization of N” and let ng) be the flat
connection. Otherwise, we fix a Riemannian metric on N” and let Vg) be a metric
connection. We set Vér) to be ng) or V"),

We briefly recall the Chern—Simons forms. Let f be a polynomial in ¢; (), and let
6 and 0’ be connection forms. We set 6, = (1 —¢)0 + 6’ and let R; be the curvature
form of 6,. Then, f(R;) is closed and we have f(R;) = a+ b A dt for some a and b
which do not involve dt.

1
Definition 7.1. We set A;(0,0") = / bdt.
0

It is classical that dA¢(0,60") = f(R(),...,R(0)) — f(R(#),...,R(¢)), where
R(#) and R(A") denote the curvature matrix of 6 and ', respectively.

Definition 7.2. Let R be the curvature matrix of V") and we set

- -1\’

Xa(ciwm) = (g) ciw (),

- —1\° o o
Xé}(h%(l)) = (%) Acz(l)(v( )7 vlg ))

It is well-known that we can regard these are differential forms on the base space
Q*(JM). We extend Y5 to D*W, as a homomorphism to Q*(.J™). Pulling back
by the trivial section from M to J), we obtain a homomorphism to Q* (M), which
is also denoted by X% by abuse of notations.

Definition 7.3. We set

- ~1\*

Xal(cio) = (g) ¢ (R),

- —1\" N i
Xa(hiw) = (g) ial)(v", v,

Noticing that the correspondences in Theorem 6.9 and Corollary 6.13 are functo-
rial with respect to mapping transversal to foliations and pull-backs, we extend | - |
in Definition 6.1 as follows.

Definition 7.4. We set |c; ;)| = max{i — [,0}. We set |h; )| = 0 and |h; )| =
max{i — [,0}if [ > 1.
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We extend | - | to m as in defining the degree of polynomials.

Definition 7.5. 1) We set .% = {¢ € D'W, | |¢| > ¢}. The ideal of D'W,
generated by U 6%.7, is denoted by .#.

keN
2) We set .7 = {Cilc;q | j1+ 2ja + -+ + qj, > ¢} C H. The ideal
generated by U §*.7 is denoted by .7’
keN

Remark 7.6. The ideal .#' corresponds to elements which vanish by the Bott van-
ishing and their derivatives. Taking also the Heitsch formula into account, we obtain
the ideal .#. We have .#' = .# if and only if ¢ = 1.

Since o does not decrease the values of | - |, we have the following
Lemma 7.7. The derivation o leaves .% and %' invariant.

Similarly, we have the following
Lemma 7.8. The derivation &' leaves %' invariant.

Note that o’ does not preserve .#.
The homomorphisms Y and Y’ induce homomorphisms from D"W , to Hjy, (M; R),
which is also denoted again by X and X, respectively.

Lemma 7.9. 1) The mapping X' : ]5"\\7\7(1 — Hjr(M;R) vanishes on .9".
2) The mapping X : D"W, — H[\p (M;R) vanishes on 7.

Proof. By the construction, X and X’ vanish on .#’. By Theorem 6.9 and Lemma 6.11,
X vanishes on .#. OJ

Definition 7.10. We set D"W, = ]5’\\7\7(1/ S and D"W, = ]5;\\7\7(1 /#'. The homo-
morphisms induced by X and X' from D"W, — Hpi (M;R) are denoted by x” and
X', respectively. The homomorphism induced by Y from D"W, — Hj,(M;R)
is denoted by x. The natural homomorphism from H*(D"W,) to H*(D"W,) is
denoted by 7.

Typical elements of H*(D"W,) are given as follows.

Definition 7.11 ([11], [10], [21], [20]). The class hy )¢, 0)? € H*"H(D'W,) is
called the Godbillon-Vey class and denoted by GV. The class hy gyhi 1)c1,0)? €
H*""(D"W,)) is called the Fuks—Lodder—Kotschick class (the FLK class for short)
and denoted by FLK. If we clarify ¢, then GV and FLK are denoted by GV, and
FLK,, respectively.
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Note that D"W; = D"W/ while D"W, # D"W| for ¢ > 2. As 5 and G leave
¢ invariant so that derivations are induced on H*(D"W,), which are denoted by
0 and o, respectively. Similarly, § and & induce derivations on H *(D"W,), which
are denoted by ¢’ and o’

Lemma 7.12. The homomorphism x° is cochain homotopic to ¥’

Proof. We introduce an order in {c; 1y, hj (k) }1<i,j<q, 0<i,k<r by requiring that
D ciq) < hjm forany i, j, 1, k.
2) Ci, (1) < Cj (k) ifi < j orifs = ] and [ < k.
3) hi,(l) < hj’(k) ifi <jorifi=j and!l < k.

—_—

Let ¢ € D"W¢ and assume that ¢ = ¢ - - - @y, Where @1, ..., 04 € {¢i 0y, hjx)}
and 1 < @9 < -+ < ,. Note that such a representation of ¢ is unique if possible.
We set

H0<Ci,(l)) = 07

—1\*
Ho(hiqy) = (2—> i(i — 1)V (0,67,
s

and

a

H(p) =Y (=1)*5# 21X (1 -+~ 0i1) Ho(0)X (i1 - om),

=1

where degc; ;) = 2 and degh; ) = 1. We extend H to the whole m by
linearity.
We have

(Hod + dH())(CZ )) =0= (Cz (l)) X/(Ci,(l))?

o+ ) = (52 ) i = DaV(0,09) = R(hio) ~ )
Suppose that ¢ = @19, where 1 € {c; ), hjx)}. and that (Hd + dH)() =
X(¥) — X'(¢). Then, we have
H(dp) +d(Hy)
= H((de1)v + (=1)"prdv)) + d((Hp)X' (¢) + (1) X (1) H(¥))
= H(dp)X'(¢) = (=1)"X(dp1) H(9) + (=1)"H (1) X' (d0) + X(i01) H ()
+d(Hp)X' (¥) = (=) (He)dX' () + (=1)*(dXe1) HY + X(1)dH (1)
= (Hd+ dH)(p1)X' () + X(1)(Hd + dH)(¢)
= X(e)X () = X'(¢) + X(#) = X(01)X'(¥)
= X(®) = X'(#),
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where d = deg ¢;. Thus H is a cochain homotopy. As H preserves .#’, a cochain
homotopy from y’ to x” is induced by H. 0

By the construction, we have the following
Theorem 7.13. We have x o7 = X'

Proposition 7.14. The natural inclusion of W, into D"W induces inclusions of
H*(W,) into H*(D"W,) and H*(W,) into H*(D"W)).

Proof. Tt is clear that the inclusion of W, to D*W/, is a cochain map. Suppose that
w € W, is a cocycle and that w = da + 8 holds for « € D*W, and 8 € .Z.
Takeing the part of order zero, we have w = da’ + ', where o’ and (3’ are the terms
of order zero of «a and f3, respectively. Then, we have o' € W, and the 8 € I,
where I denotes the ideal of W, by {y € W, | || > ¢}. Hence w represents the
trivial element in H*(W,). The proof also works for D"W/. O

Thanks to Lemma 7.9, characteristic classes for deformations of foliations are
realized by means of H*(D"W,) as follows.

Theorem 7.15. 1) The homomorphism X induces a mapping X from lA)T(]-" ) X
H*(D"W,) to Hj\g(M;R). The mapping X is partially linear in the sense
that if we fix a € 13’"(]-" ), then X, is a homomorphism. Moreover, X is
independent of choice of connections and metrics. On the other hand, X
depends on the homotopy type of trivialization of Q(F).

DIff: 2"(F)— D' (F)and g: D"(F) — ZA?T(]-") denote natural mappings,

N 0 -
then we have X g(a)(¢) = Xa(c) and axf(a)(c)‘ = Xa(c) for a € D"(F)
=0
and a € 9" (F).

Proof. The characteristic classes are realized as characteristic classes for a foliation
F ). Hence the proof reduces to the case of usual secondary classes. See [8] for
the part 1), and [15], [2] for the part 2). The compatibility directly follows from the
constructions, especially from Definition 4.4. 0J

Remark 7.16. The part 2) of Theorem 7.15 can be also seen as follows. Given an

> (5 g™ N 1w S~ ¢ LG
element & = ({w'"}, {0 '}), wesetw = g k!t w' and § = E k:!t 0" Then,
k=0 k=0
W is a formal trivialization of Q*(F) in the sense that & is a section to Q*(F)[t].

Similarly, 9 is a formal Bott connection on Q(F) in the sense that the formally
defined connection by @ is valued in Q(F)[t]. By using & and 0, we can apply
arguments in the case of jets of deformations for the case of formal deformations.
If r = oo, then it suffices to consider Q*(F)[[t]] and Q(F)[[t]]-
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Definition 7.17. We call Y, x and Y the r-jets of characteristic mappings. If we
clarify the order, they are denoted by Y", x", X", respectively.

Since the characteristic classes for deformations are themselves characteristic
classes for certain foliations, we have the following

Theorem 7.18. Let F and F' be foliations of M and M’, respectively. We assume
that there is a smooth mapping g: M — M’ such that F = ¢*F'. If x and '
denotes the r-jets of characteristic homomorphisms for F and F', then we have
X = g°X'. More precisely, we have X g+ (c) = %X}

Corollary 7.19. Let F be a foliation of M, and oy, o infinitesimal deformations
of order r. If there is a foliation F' of M x [0, 1] and infinitesimal deformation o
such that v}’ = «; holds fori = 0,1, where v;: M — M x {i} C M x [0, 1] is the
inclusion, then xo = Xao-

Remark 7.20. Let c € H*(D*W,). If c is represented by a cocycle which does not
involve h; (), 1 <@ < g, then X (c) is independent of the choice of trivializations of

Q(F).

Finally, we present some DGA’s needed for study certain kinds of foliations.

Definition 7.21. 1) If we consider real foliations without assuming the triviality
of normal bundles, then we will make use of
D"'WO, = (/\[hgz/ 1,00 M (a )]1<’/<q'711§z?7{ ® R] CZ éiii?)/ﬂ
where ¢’ is the largest integer such that 2¢' — 1 < ¢. The ideal .# is generated
by elements ¢ € D"WO, with |c¢| > ¢, where |hoy_1,0)| = 0, |hi)| =
max{i — a,0} if a > 1 and |¢; )| = max{i — b, 0}.

2) If we consider transversely holomorphic foliations, then the characteristic

mappings are valued in H*(M;C). If the complex normal bundles of folia-
tions under considerations are trivial, then we will make use of

D'WE = (D'W, ® C) A (D'W, ® C),
where the homotopy type of trivialization is fixed when we consider the char-
acteristic mapping. We can make use of the holomorphic part of DTWS,
namely, we consider D"W, @ C. The latter is used in proofs of properties of
H*(D"W,) in Theorem 8.4 and Proposition 10.15.
3) If we consider transversely holomorphic foliations without assuming the triv-
iality of normal bundles, then we will make use of

D"WU, = (Al 0); wi,(a), Tiy(a))1<i<q, 1<a<r @ Cloi gy, Tiw)i<icq, 0<b<r) [
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where dﬂi,(g) = V40) — @,(0), dui,(a) = Vi (a)» dﬂi,(a) = Ei,(a) and dvi,(b) =
dv; ) = 0fora > 1and b > 0. We set |u; )] = |t = 0, |ui @) =
|ﬂi,(a)|, = max{i — 0,,0}, |ui7(a)|' = |ﬂi,(a)| = 0fora > 1, and |Ui,(b)| =

;)| = max{i — b,0}, |v; )| = [0;,)| = 0 for b > 0. We define .# to be
the ideal generated by elements ¢ with |¢| > g or |c| > ¢.

4) Some of characteristic classes need assumption on foliations. For example,
the Godbillon—Vey class and the FLK class is defined for foliations with
trivial canonical bundles, where the canonical bundle means the determinant
bundle of the normal bundle. In the real category, the triviality is not a strong
constraint, while it is essential in the complex category. The counterpart
of the Godbillon—Vey class is called the Bott class. Without assuming the
triviality, only the imaginary part of the Bott class is defined with coefficients
in R and the real part is a class with coefficients in R /Z. In addition, the FLK
class is no longer defined in such a case.

Remark 7.22. Some of the cohomology of DGA’s listed in Definition 7.21 are stud-
ied in [4], where the Heitsch formula is not taken into account.

Remark 7.23. Bases for H*(W,), H*(WO,) and H*(W{), where W, = (W, ®
C) A (W, ® C), are well-known as the Vey bases [12]. On the other hand, we do
not know bases for H*(D"W,), etc. if r > 1.

8. VARIABILITY AND RIGIDITY, COMPARISON OF Y AND X’
Following the standard definition, we introduce the following

Definition 8.1. 1) Anelement~y of H*(D"W,) is said to be variable if x5(57) #
0 for some & € D" (F).
2) An element v of H*(D"W,) is said to be rigid if x5(dy) = 0 for any
a e D'(F).
1’) Anelement y of H*(D"W,)) is said to be formally variable if 5 is nontrivial
for any £.
2’) Anelement v of H*(D"W,)) is said to be formally rigid if 6y = 0.

We have the following

Lemma 8.2. If v € H*(D"W,) is variable, then ~ is formally variable. On the
other hand, if v € H*(D"W,)) is formally rigid, then -y is rigid.

Proof. 1f + is variable, then there is an element & = ({@®}, {g(k)}) e D'(F)
as in Definition 3.11 such that y4(7) # 0. For [ € N, we set 1) = @™ and
l(k) e Then, o; = ({ul(k),él(k)}) € lA)T(]:) and we have xgz,(7) = l!xa(F),
which is non-zero if [ # 0. The second part follows from Theorem 7.15. U
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Remark 8.3. Suppose that & is given by a smooth family {;} in the proof of
Lemma 8.2. Then, q; is given by the family {F, }.

The following is known. The part 1) is essentially due to Thurston. The part 2) is
shown in [6] (see also Proposition 10.15).

Theorem 8.4. 1) The Godbillon—Vey class GV € H**'(D"W,) is variable.
2) The Fuks—Lodder—Kotschick class FLK € H*1**(D"W,) is variable.

Let Wq = 66\\2\2 and W, = \A7V/q /Ty, where 7y is the ideal of W/q generated by
#; in Definition 7.5. The Bott vanishing theorem implies that X restricted to W,
induces a homomorphism x r: H*(W,) — Hpgz(M;R). It is known that y » does
not depend on the choice of connections [8]. On the other hand, we have a natural

. hia ) 17
homomorphism ng: W,41 — W, such that pg“(hi) = {O Z 74 i ) and
)

1 0, i=q+1
homomorphism on the cohomology is also denoted by pg“ by abuse of notations.

iy 0 1, )
that p?*'(¢;) = {C iFa+ , where h; = h;p and ¢; = ¢;o. The induced

The following rigidity theorem is known.

Theorem 8.5 ([13]). The image of pg“ consists of classes which are rigid under

actual and infinitesimal deformations.

0
Theorem 8.5 states for a smooth family {F;} that ax;t(c) = 0 holds if
=0

71 We will prove Theorem 8.5 in a generalized form as

c 18 in the image of pj

Theorem 8.17.
There are some other results. We present them in a reduced form.

Theorem 8.6 (Bott [7] for 1), Heitsch [16] for 1) and 2)). Let ¢, j1,...,j, € Nand
assume thati > 0,1+ j1 + 250+ -+ jg,=q+ 1.
1) The class h;c)* - - - cli € H**(D*W,) is variable.
2) Suppose in addition that is, . ..,1, € Nand thati < 159 < -+ < i < q— 1.
Then, the class h;h;, - - - h;, c{l e cgq is variable.

Theorem 8.7 (Kamber—Tondeur [19], Hurder [17], Asuke [3]). There exist exam-
ples of foliations of which some rigid classes in H*(D"W,) and H*(D"WU,) are
non-trivial.

On the contrary, we have the following rigidity which is originally found in [13].
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Definition 8.8. We define a homomorphism ﬁg“: DTW(I/H — Im by the con-
dition that

~ Ci (1), Z%q_{—l?
ARCIOE {O o
) Z_Q+17

P hag) = § o 17 aE
1 ’ 0, 1=q+ 1.

The induced homomorphism from H*(D"W,, ;) to H*(D"W,) is denoted by p?**.

q

Example 8.9. If ¢ = 2, then hyc, € H'(D"W3) is in the image of p3.

We will make use of the following variant of D"W,,.

—~——

Definition 8.10. We set "W, = D"W, /Z, where 7 is the ideal of D"W,, generated
by .7;.

Note that the natural inclusion of H*(W,) to H*(D"W,) factors through H*(D"W").
Let p?™'* be the homomorphism from H*(D"W/, ) to H*(D"W/) induced by p? .

Definition 8.11. We set
h; (I4+1)» J=1,
Ki 1 - ’
Ki(hj@) =0

P

We extend K; to the whole D"W, as a (signed) derivation.

Lemma 8.12. Let gl be the time derivation which operates only c; )y and h; ).
Then, we have 0;p = K;(dy) + d(K;p) for p € D'W,,.
PI"OOf We have Kz(dsz(l))—f-dKZ(Ch(l)) = Ci,(l—i—l) and that Kz(dhu(l))"_dKz(hz,(l))
hi,a+1)- Let o € D"W, and suppose that K;(dy) + dK;(¢) = d;0. We have
Ki(d(ciayp)) + dKiciayp)
= Ki(ciydp) + d(hi 1y + ¢y K ()
= Ry a41yde + ¢ K (de) + ¢ ap1yp — higrnydye + ¢, dK (@)

= Ci,1+1)P + Ci,1)0ip

= 51'(01,(1)90)
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and
Ki(d(hi,me)) + dEi(hi o))
= Ki(ci iy — hiyde) — d(hi iy K ()
= hiar1p + K (@) + hi K (de) — ¢, K (@) + by d K (p)
= hiis1)9 + i @0
= &(hi,(l)gp)'
Thus we are done. 0

q
Definition 8.13. We set K — Z K;.

i=1

Lemma 8.14. We have |K ()| > |p| — 1.
By Lemma 8.12, we have
Lemma 8.15. We have 0p = K (dyp) + d(K ) on m.

Remark 8.16. The mapping K does not induce a cochain homotopy on D"W,. In-
deed, K does not preserve .#. Actually, K does not preserve .#’, either.

Theorem 8.17. Let ng' be the composite of ,03+1+ and the natural homomorphism

from H*(D"W ) to H*(D"W,). Then the image of ,03“’ consists of formally rigid
elements.

Proof. If v € H*(D"W,) is in the image of pg“’ , then there is a cocycle in ¢ €

DTVV;Zr1 which represents «y as an element of D"W,. Let ¢ be a representative of

¢ in D"W,,;. Then, ¢+ is represented by [)Z“g@. On the other hand, we have
0@ = K(d@) + d(K) by Lemma 8.15. As ¢ is a cocycle in D"W ;, we have
|dp| > q + 1. Therefore, 0+ is trivial. O

Corollary 8.18 (Heitsch [13]). The image of H*(W 41) in H*(D"W,) are formally
rigid.

Corollary 8.19. Let ¥: D' (F) x H*(D"W,) — H{g(M;R) be the characteristic
homomorphism. If k > 1, then X5 o 6% is trivial on the image of ng' for any
a e D' (F).

Proof. Let v € H*(D"W,) be in the image of pg“’. Then, there is a cocycle in
¢ € D"W,, which represents v as an element of D"W,. We have |dy| > ¢ + 1.
On the other hand, by Lemma 8.12, X5(d(7y)) is represented by K (dy) + d(K ).
By Theorem 6.9, we have | K (dy)| > ¢ so that dx(7) is trivial. O



ON DEFORMATIONS OF FOLIATIONS AND CHARACTERISTIC CLASSES 27

Characteristic classes for deformations of are studied in [4], where » = 1 and
the Heitsch formula is not taken into account. Namely, the classes studied there are
those defined in terms of H* (DIW;). Combining with Theorem 3.21, we obtain the
following

Theorem 8.20. If c € H*(D?W,), then ¢ denotes the image of c under the natural
mapping from H*(D'W.) to H*(D'W,). If & € DY(F), then, we have xa(c) =
Xa(€), where the element of H'(M;©x) induced by Q is again denoted by & by
abuse of notations.

Remark 8.21. The arguments developed so far are valid also for D"WOQO,, DTWE
and D"WU, with suitable adaptations.

Remark 8.22. We also have some elements analogous to the FLK class if ¢ > 2.
For example, if we set ¢ = hyd(hicy) = hohico — hihaés, then ¢ € H*(D®W,) is
formally variable and o(c) = 0. We do not know if ¢ is variable or not.

9. STRUCTURE OF H*(D*W,)

Recall that we have derivations 6 and & on D>W,. As these derivations leave .%
invariant and commute with the differential d, they induce derivations on H*(D*W,),
which are denoted by ¢ and o, respectively.

If T is a linear operator which acts on a vector space V/, then we refer to the
eigenspace of 1" of eigenvalue ) as the \-eigenspace of 7.

Definition 9.1. Let A € R and k € N. Let F), be the A- elgenspace of § 0 . The
subspace of F,\ which consists of order % is denoted by F A\ k- Similarly, F! ), denotes
the \-eigenspace of o o § and FA, .. denotes the subspace which consists of elements
of order k.
We have F, = @ Fyrand F} = @ fﬁk
keEN kEN
Lemma9.2. 1) We have F);, = F}, ke
2) Let 0, be the restriction of o to F \k- Then, the image of 0 is contained
in Fx_jy15-1. If A # O, then 0, is an isomorphism and the inverse is given

by —0.
b\

Proof. First we show 1). Suppose that w is of order k. We have o o g( ) = kw +
8 0 5(w) by Lemma 5.3. Hence & 0 6(w) = (A + k)w if and only if w € FA ke

Next, we show 2). If w € F), then we have §05(G(w)) = 7o d(F(w)) —
(k —1)o(w) = (A = k 4+ 1)o(w) so that we have o (w) € Fy_i1.4-1. If conversely
W € Fy_ k+1k—1, then we have 7 o (5( ) = X' by 1). As we have 5o o(w) = Iw
on FA,k’ the claim holds. ]
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—~——

In order to describe D>*W ,, we introduce a sequence as follows.
Definition 9.3. If £ € N and if £ > 1, then we define a sequence {\,, x }1<m<i by
k-1
1
setting A, = Z (k—m') = §(m —1)(2k —m). We set A\go = 0.
m/=1

The following is immediate.

Lemma 9.4. 1) We have A\, i, = 0 for any k > 1 and that \,,, ; > 1if m > 2.
2) We have A, i, + k = M1 g1

Proposition 9.5. 1) We have ﬁqo = ﬁo,o- If k > 1, then we have
k
DOOqu = @ F)\m,kJi"
m=1

2) The mapping o is an isomorphism to the image when restricted to @ fnk

n>1
k>2

On the other hand, the mapping S is an isomorphism to the image when
restricted to @ Fy, k= @ DOOqu.
k>1 k>1
1<m<k
Proof. If k = 0 or k = 1, then we have ¢ = 0 on [)/O‘qu. Hence [)/O‘qu = ﬁ07k.
Assume that 2) holds for a & > 1 and that w € D°W **!. Then, Gw € D*W *
so that there exist u,, € F),, x 1 < m < k, such that 5(w) = p1 + -+ + pi.

Noticing that §(pm) € Fi, . 1hkt1 = Fapiyjsr k1 We St Uy = ————0(flm)
)\m+1,k+1
k

forlSmgkandyozw—Zym.Wehave

m=1

k
doa(v) = do o(w) — Z do (V)

k
doo(w)— Z AmA1,k+1Vm
m=1

k+1
Therefore, vy € F), ., k+1 and we have DOOVVC/“Jrl = @ Fx o x1.k+1- Hence 1)
m=1
holds. On the other hand, Lemma 9.2 shows that ¢ isomorphically maps F, , x to
]?,\ k+1 1f £ > 1. Hence the claim 2) follows from 1). ]

m—+1,k+
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Corollary 9.6. Let k > 1. If p,,  denotes the projector from ﬁqk to I P

then we have
k—1

22k —i— 2~
— —1)¢ 5 ()
Pk ;( = 07
Qk—a=1(9 D~ -
Dk—ak = (2a + 1) " opoaie !

(k—a—1)lk+a)
where 0 < a <k —1.

Proof. First, if £ > 2 and if 1 < a < k — 1, then we have p;_,; =

Pk—a—1k—1 © 0. The second formula follows from this.
Next, we have

Bl
Py =id — dopi_100
k—1 1 _
=id — 8" 0 prp_io
; Nid1k A2 k—it1 bR
k—
. 2i(2k — 2 — 1)l ~, .
=id — 0" ;o0
' — l(2k —i—1)! ° PLi-

Note that p;; = id because ﬁql = ﬁ(),l- Therefore, the first formula in the
statement holds if £ = 1. Assume that the formula is valid for p; ; with [ < k. Then,

we have
k—1 k—i—1

22k 21! 22—l
- 1 i+l i+1
piy = id — zzz 2k—z—1)( ) k= 2 — )1l oo
k—1 k—1
2m2k—2z—1)'(2k m—i- ~
— 2; ).(Qk—z—l).(Qk—Qz—Q)(S 0"
k—1 m
2m2k—22—l)(2k m—i—2) ~
id — S
- mzlzl Tk —i— ik —2i—2)° 07

where m =1 + [.

1
Now let P(i) =

2k—i—1)---(2k—20—2)(2k —2i)--- (2k —m —1i—1)
for 1 <7 < m. Then, we have

pre—id— 2 > (-1ym <m) P(i)3™ o 5™,
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Hence, it suffices to show that

m M . (m . 2m(2k —m — 2)!
: — —1)"! P(i) =
©D ml izj ) (2) 0 == k=2
holds for 1 < m < k — 1. Actually, we have
(9.8)

a—1
1 (m m—1 1
= —1)1 P(i _1)e-t .
1( ) (z) (5 +(=1) (a—l)(%—a—l)---(%—m—a)
Indeed, the equality (9.8) holds if @ = m. On the other hand, we have

1 m—1 B 1 m
2k —2a+1\a—1 2k —al\a—1

B (m —1)! (m—a+1)(2k —a) —m(2k —2a + 1)
(a—1)!(m—a+1) (2k —2a +1)(2k — a)
(m —1)! 2k—m—a

(@ —=2)!(m—a+ 1) (2k —2a+ 1)(2k — a)
B m—1 2k—m —a
- _(a—2> (2k —2a + 1)(2k — a)’
It follows that the equality (9.8) also holds if a = m — 1. Hence, by induction,

we have sz;(—l)i‘l (Z”) P(i) = (C’Z:f) CT—r (1% T Thus the

equality (97.7) holds so that we are done. 0

As the above arguments concern linear spaces, we can apply to é and o on
H*(D>*W,).

Definition 9.9. Let H*(D>W,)" be the subspace of H*(D>W,) which is spanned
by elements of order k. The \-eigenspace of d o ¢ is denoted by F. We set F) j, =
F\n H*(D®W,)*.

Theorem 9.10. 1) We have H*(D*W,)? = Fyo. If k > 1, then we have
K

H*(D*W,)F = @ F\, ko where A, . is given in Definition 9.3.

m=1
2) The derivation o is an isomorphism to the image when restricted to @ Fo k.
n>1
k>2

On the other hand, the derivation ¢ is an isomorphism to the image when
- k
restricted to @ H*(D*W,)".

k>1
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3) Let k > 1. If pyi denotes the projector from H*(D®W,)* to F)
we have

7n,k7k’ then

k—1

202k —i— ),
pl”“_;(_l) k=2 07

2k=a=1(2q + 1)! b1
(k—a—1)l(k+a)
where 0 < a <k —1.

k—a—1
Opl,koa )

Pk—ak =

Theorem 9.10 implies that H*(D*W,) is completely determined by @ Fo k.
k=0
As the projectors commute with d, we have the following
Lemma 9.11. 1) If E , C D™W, denotes the \-eigenspace of § o o, then E) j,
is closed under d.
2) The eigenspace F , is the cohomology of (E, d).

The above arguments also work for *(D**W/ ) with §" and " after slight adap-
tations. We sketch the arguments and results.
First, we have the following

Lemma 9.12. Let c € DTW; and c = Z c; be the decomposition of c according to

=1
the length. Then, c is closed if and only if ¢; is closed for any l. Similarly, c is exact

if and only if ¢, is exact for any .
It is easy to see that the length is well-defined on D"W,, DTW'q, H*(D"W,) and

H*(D"W,). The subspace of H*(D"W,)* naturally defined by L, is denoted by
H*(D"W,)*!. where Zl is the subspace of D"W, defined in Definition 5.8. We

have H*(D"W,)" @ H*(D"W))*
Let L) j; be the elgenspace of ¢ oo’ on H*(DTW;)k’l

Lemma 9.13 (cf. Lemma 9.2). If ¢ € Ly, then o(c) € Ly_;x_1; and 6(c) €

Lt g1 If X # 0, then o’ is an isomorphism and the inverse is given by X(S'

k
Proposition 9.14. We have H* (DT’W' @ Li g If pZ r1 denotes the projector

1=0

from H*(D"W;)k’l to Ly i, then we have

k—1i (_1)m
/ — '5nv+i m-+i )
pz,k,l(c) z:o ilm) [m+i ©o (C)
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From these Lemmata and Proposition, we can deduce the following
Theorem 9.15. The derivation §' is injective on H*(D*W/).

The difference of the domain of injectivity in Theorem 9.15 and Theorem 9.10 is
derived from Lemma 5.9 and Lemma 5.3.
If ¢ = 1, then we have D"W; = D"W/ so that we have the following

Corollary 9.16. The derivation ¢ is injective on H*(D*W,).

Corollary 9.17. An element v € H*(D*W,) is either formally rigid or formally
variable. Precisely, a formally rigid element is an element of Fy C H” (DOOW,])O =

H*(W,). On the other hand, elements of @ H*(D>*W,)* are formally variable.

k=1
If ¢ = 1, then any element of H*(D°*°W,) is formally variable.

Proof. This is because ¢ is injective on @ H*(D*®W,)*. If in addition ¢ = 1, then
k=1

0 is injective. OJ

Remark 9.18. We cannot tell at once if an element of H*(W,) is either formally

variable or rigid unless it is covered by the Heitsch theorem (Theorem 8.17).

Example 9.19. We have GV, € F,y C H*(D>*W,). The formal variability of GV,
follows from Corollary 9.17. If ¢ > 2, then the formal variability follows from the
existence of examples (Theorem 8.4). On the other hand, we have FLK, € Fp; so
that it is a priori formally variable.

Remark 9.20. It is a question to find a set of elements {7;} of H*(D*W,) which
generates the whole space under algebraic operations and ¢. By Corollary 9.17, it

suffices to look at EB Fy j; for this purpose. We will study Fjp j, for small £ when

keN
q = 1 in the next section (Theorem 10.1, Proposition 10.6 and Theorem 10.7).

Remark 9.21. Arguments in this section are largely applicable for D"WO,. On the
other hand, if we study DTW;C or D"WU,, we need to consider the integration o
separately on the holomorphic part and on the anti-holomorphic part. It makes the
study especially difficult for H*(D"WU,).

10. A PARTIAL DESCRIPTION OF H*(D*W,)

If ¢ = 1, then we have additional information on H*(D*°W}). In this section,
c1,() and hy ;) are denoted by c(;) and h(;), respectively.

Note that we have .# = .#’. In particular, .# is generated by {6*(c®)}ren.

The following is easy, nevertheless it is fundamental.
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Theorem 10.1. We have I, = (GV) and Fy; = (FLK), where GV = h(o)c()
and FLK = h(o)h(l)C(o).

Definition 10.2. An element w € D®W] is said to be of type (a,b) if w is a linear
combination of elements of the form A,y - - - i, ci) -+ - ()

The type determines a filtration of D*W,. It is easy to see that this filtration
induces a one of H*(D**W,) and that is compatible with § and o.
The Godbillon—Vey class is distinguished in the following sense.

Theorem 10.3. The only non-trivial classes of type (1,b) are the Godbillon—Vey
class and its derivatives which are of type (1,1).

Proof. Let w € D>®W, represent a class v € H*(D*W,) of type (1,b). By repeat-
edly applying o, we may assume that cw € .#. If b = 0, then w cannot be closed

in DWW unless w = 0. Suppose that b > 2. We define L: D*W; — D>*W; as
follows. We first set

L(cw)) = hay,
L(h@)) = 0.

—_——

Then, we extend L as a signed derivation to the whole D>*W;. A similar argument
as in the proof of Lemma 8.12 shows that we have (1 + b)w = L(dw) + d(Lw).

Suppose now that dw € .. If we set R; = gi(c(o)z), then we have dw = Z a;R;
i=0
for some m. As @ is of type (1, b), each «; is of type (0,0 — 1). Hence we can find

—_ — — — 1 ~ .
B; € D>*W; such that dB; = «;. We now set 1 = Z BiR; and v = —— L(w— p).
— 1+0
As d(w — V) = 0, we have w — i = dv. Hence 7 is also represented by 1 so that y
is trivial.

Finally we assume that b = 1. In this case, we may assume that ord w = k. Then,
!

we have w = Z a;hiyc—q) for some o; € R. If r < 1, then the theorem follows
i=0
from Theorem 10.1 so that we assume that » > 2. If r is even, then repeatedly

O .,k ~
applying J to w, we see that o; = 0 for ¢ # 5 Hence we have w = a;h;c),
k - . . :
where j = 5 As j > 1, w € J if and only if o; = 0. If r is odd, then we see

k—1
that o; = O unless ¢ = jor¢ = 5 4+ 1, where 7 = — In addition, we see that
a; + a1 = 0. Itfollows that & = a;(hg i — hirnen) = —azd(hg ).
Therefore, w represents the trivial class. O
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Remark 10.4. The latter half of the proof of Theorem 10.3 is a kind of repetition of
a proof of triviality of H*(W,). In addition, we can slightly reduce the last part of
the proof of Theorem 10.3 by using ¢’ instead of o.

In what follows, we will study Fy j, for 2 < k& < 5, without restricting the type.
First, we show the following

Lemma 10.5. Elements of the form c(c; cu) withi+j+k < 5 are trivial in D"W,
ifr > 5.

Proof. Let wijr = ciyccry. We may assume that ¢ < j < k. First note that we
have 0(0)2 = cycqy) = 0. In general, c)c;), © < J, is a linear combination of
elements of the form c(ycqy, k < I, with k + 1 =i+ jand (k,1) # (4, 7).

If 2 = 0, then wy;, = O unless 7 > 2. The element wys, is a linear combination
of wp13 and wpgs Which are both trivial. The element wqs3 1S a linear combination of
wo14 and wgps which are also trivial. Suppose that : = 1. We have wi1; = —wg21
and wy13 = —wpe3 so that they are trivial. The element w115 is proportional to wyg3
so that it is trivial. The element w;95 is proportional to wp3o so that it is also trivial.
Thus we are done. ]

Proposition 10.6. We have I, C H*(D*W,) = {0} for k = 2,3, 4.

Proof. For a while, c, ¢, ¢, ¢ denote ¢y (), €1,(1), C1,(2), C1,(3)» T€spectively. We make
use a similar notations for h. Recall that p; ;, denotes the projection from H*(D*W,)
to F(),k.

Let k = 2. As ¢® = c¢ = 0, the following elements gives rise to a set of basis for
(D>W,)2:

k

h, hh, he, hhe, &, ¢h, éc, éhe, he, hhé, é2, ¢ h.
The images of these elements by p; » to the 0-eigenspace of do are equal to
0,0, —hé, —hhe, 0, —¢h, éc, éhe, hé, hhe, ¢2, éh.
Hence cocycles in the 0-eigenspace Fj 2 of o are linear combinations of

2

¢, ée, ¢*h, Ehe.

As we have ¢*h = d(¢hh) and éhe = hhe, all of these elements are exact.
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Next, we study H*(D>*W;)?. We have

pl,s(}.bi) =0,
1. 1.. 1 .-
pra(fc) = —ghe+ Shé = —od(hh),
1. 1. 3. . 1
p173(h h C) = —th — §hhc + §th = _Ehhc + §d(hhh),
pl,s( C) =0,

1. 1. 1 ..
Pra(h€) = —ghé+ ghe = —d(hh)

prs(hé c) = ——hcc—l— hé? + = hcc = he? 4 = d(hhc)
pra(hh) =

P13 hhc) = hhe,

P13 hh ) = hhh

ms(hé) = ——hc+ hc = ——d(hh)

prs(héc) = héc = —hc + h(éc+ ) = —he?

P13

(
(
(
(
prs(hivhe) = hhe,
(
(
(
(

) =
hé?)
)=

p1,3(hce ——hc

p13(hé®) = hc = —hécé + h(éc+ ¢*)é = 0.
Hence Fj 3 is generated by hé?. On the other hand, we have hé? = —héc = d(hhc)
Therefore, we have H*(D>*W;)* = {0}.
Finally, we study H*(D>W,)*. We have

1 1 1
p174:id—55004—1—552002—%53003,

which is denoted by p for simplicity.
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We have
pha) =
(hecio)) = — e + Shiye — <h
= — —h)c
p 5 1) 5 (2 — 5 (1)E(3)»
p(ho h(4>)
1
plh h(4>0<o>) = ——h(0>h b+ h<1>h b+ h<0)h — shohwee
p(hayhe) =0,
p(ha h(3>0<o>) h@ycq),
p(hoyhyhe)) =
p(hoyhyhe) e ) —h o)h(l heyca )
p(h ) = —h(g)C(l — —h 2+ h
4 3
plhoyhEem) = gh h@c) — 5h(1>h(2>0< ~ hohece + 5h<o>h
p(hayhcay) = hayhe)e
p(hoyhayheca)) = h<o>h<1>h<2>0<1)7
(hesyees)) = —~hea + oh L
p shecw + chece — choce)
1 3
plhececo) = ~hecoco + hecoce) - 15h<2>0 n gh( )€3) 15h W)
note that we have
he)ce)co = —heeq)’
= d(hq)he)c) + hayca)ce)
1
= d(hwheew) = ghacoce)
1
= d(hwhecw) + 3dhohe o),
2 2 2 2
plheew”) = §h<2>0<1> — shwcwee,
3 1 1
p(hoyhe)ce) = —ghm)h @ * hohece - chmhecn = hohace),
1 1 1 1
p(hohe)co)ce) = shole e = 3o yh)ca)? — shohoes e = shohmeoce),
9
plhohecn’) = 3hohec’ - §h QUALAEEE
1
p(hweecm) = —zheen’ + ghu)C(l)C@),
1 1
p(hohmemee) = —shohecn® + sholnence,
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2 2 3 2
p(hoce’) = Fphoc’ - Fhocwee + shoce” - Zhocn )

note that we have

hoce® = —hocnca) = dhohme).
p(hoc’ee) = —%hu)%)?’ =0,
plhocoee?) = hococe® =0,
where we make use of Lemma 10.5.

Therefore, cochains in Ej 4 are prepresented by linear combinations of the fol-
lowing elements:

heycay — 3h@)ce) + haycs),
hoyhaycay — 3hoyh)ce) + hoyhaca),
hyheew),
hoyhwhe e,
— 3h@)c)c@) + hycoce),  (exact)
h(2)c(1)2 — haycayee),  (exact)
— 3hyh@)co)ce) + hohwcoycs), (exact)
h(O)h(2)C(1)2 — hyhaycayce), (exact)
Bhye” — 2hoca)ce).  (exact)
We can show that the above elements except the first four are exact. Hence, only the

second and the third one of the above elements can yield non-trivial classes. The
derivative of them are equal to

hoycayce) = 3hoce)” + 3hecoce + hocmee — hacoce)
= 2h)cycE) T 3h@co)ce) — ha)coce)
hayeace) — hee™
It is easy to see that they are linearly independent so that we have Fy, = {0}. O
The eigenspace Fy 5 C H*(D*W,) is non-trivial as follows. Recall that if Fy 5 C
D>W, denotes the 0-eigenspace, then Fj 5 is the cohomology of (Ey 5, d).

Theorem 10.7. Let V' be the subspace of I\ 5 which consists of elements of type
(2,2). Then, we have V- = R. Indeed, h(1yh)c0)c(2) generates V.

Proof. Let p = p; 5 be the projection from (D>W;)° to Fy5. Let W the subspace
of Ey5 of type (2,2) and Z, B C W be the subspace of cocycles and coboundaries,
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respectively. The following elements generate W:

hh@)c0)c@): hoheca)ce):
hohe)coc@, kohecn® hohecoce, hohecn®
These elements are closed by Lemma 10.5. Among these elements,
he) e ey oyhayea) ),
ho) @ co)c),
ho)h@)coc@): hiyhe)co e
form a basis for W. The image of these elements by p are described as follows.
If w € W, then C(w) = (A1, Xa,...,X5) € R’ denotes the coordinate vector
of w with respect to the above basis, namely, we have w = Ahyhcoycu) +

Asho)hycaycs) + Ashioyuz)c)cs) + Aaho)hs)co)c) + Ashayhe)co)c2). Then,
we have

Cp(hoyhaycoew)) = (—1p —13 — 11 18> 11)
Cp(hoyhaycme)) = (350 58 350 — 350 —35)
Cp(hohecocs)) = (<5 —55 28 —280 —2¢)
Clp(hoyhscoe)) = (311 — 1 110 —11)
C(p(hwyh@coee)) = (0,0,0,0,1)

It follows that {(1,6,0,0,0), (0,1,1,—1,0),(0,0,0,0,1)} is a basis for Z.
Next we study the space B. Elements of type (3, 1) and of order 5 in D*W, are
linear combinations of the following elements:
h iy e, by hsy e, oy iy sy ey s by ey ez e2)-

The images of these elements by p are given as follows:

1 6 3 9
=hohmhaco) = hohehe o) — horohe)co) + T ohoheco,
7 7 14 14
1 6 1 3
— Zhohmhwee + choheheco — sgholoheco + 5ghohnhece),

1 3

1rohohe o = Thohomhece

1 3

—1hohmheca) + Jholoheco-

The span of these elements are equal to the one of /(o) hv1)h(a)c0) — 6h(0) 2y h(3)C(0)
and hyhyh@yca) — 3ho)hayhe)ce). By some honest calculations, we see that
{(1,0,-6,6,0),(0,5,5,—5,—3)} is a basis for B. Therefore, we can choose

{(0,0,0,0,1)} as a basis for V = Z/B. O
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Theorem 10.8. The classes 6'(GV)§*(GV), 6*(GV)§*(GV) belong to Fy5 and
proportional to h(yh2yc)c2) which is non-trivial. In particular, the product struc-
ture of H*(D*W,) is non-trivial.

Proof. We have
§(GV) = hayco) + hoyca) = 2ha)co),
6*(GV) = 2h@cq) + 2h 1)CA),
6*(GV) = 2h)c() + 4h@cay + 2ha)yc@),
6" (GV) = 2h()c() + 6h@yca) + 6h@)ce) + 2hayce)

in D*W;. It follows that we have 6°(GV)§*(GV) = 4h)h(1)co)c(2) and that
5(GV)54(GV) = 4h(1)h(2)0(0)6(2). 0

Remark 10.9. The cochains h()hoycoyce) € D¥W], is not closed if & < 2 and
closed if £ > 3. This resembles the fact that the Godbillon—Vey class is not defined
for foliations of class C'* [22].

Remark 10.10. We have §(GV)§*(GV) = 0 by Proposition 10.6. Hence we have
§2(GV)&*(GV)+6(GV)§*(GV) = 0. We also have 0(6*(GV)5*(GV)) = §(GV)5*(GV)+
30%(GV)6*(GV) = 0. We can show that (GV)d§°(GV) is non-trivial as well, how-
ever, we omit the proof.

We also have the following
Proposition 10.11. The class hyh)hoycoyce) € Fos is non-trivial.

Proof. Let w = hgyh)h2)c0)c2). The cochain w is closed by Lemma 10.5. We
have cw = 0 so that w represents an element of /5. As there are no non-trivial
cochain of type (4, 1) of order 5, h()h(1)h(2)c(0)c(2) is not exact. O

Remark 10.12. Because of the type, the class i)l (1)h2)c(0)c(2) cannot be described
in terms of §'(GV) and ¢’ (FLK).

Remark 10.13. The classes h1)h)coyc) and hgyhayhz)co)c(2) are formally vari-
able by Corollary 9.16. However, we do not know any example of deformations of
which the classes h(l)h(g)C(o)C(g) or h(o)h(l)h(g)C(o) C0)C(2) is non-trivial. If they are
always trivial, then there will exist some geometric constrains which yields a kind
of the Bott vanishing or the Heitsch formulae. Indeed, most of invariants known so
far for 1-dimensional dynamics are described by volumes, linear terms of mappings
and Schwarzian derivative. On the other hand, it is known that the classes GV,
d(GV) and FLK are described by the volume elements along the leaves, linear ho-
lonomy and the Schwarzian derivative of holonomy [1], [5], [6]. Theorem 10.8 im-
plies that this is also the case for 1(1)h(2)c0)c2). We expect that b)) h2)co)ce)
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is still described by the above-mentioned invariants even if it is non-trivial for some
examples.

The non-triviality of the FLK class is derived from that of the derivative of the
Bott class in [6]. Shortly, integrating the FLK class /(o) 1)c() along the direction
of 1), we obtain the derivative of the Bott class /1(1)c(p). This construction is also
valid for several other classes as follows.

First, we have the following

Lemma 10.14. Let c be a cocycle in D**W , and suppose that hc is a non-trivial co-
cycle. If ¢ is non-trivial in H*(D*W,), then h;c is also non-trivial in H*(D*W,).

Proof. Suppose that hyc = do as cocycles for some o« € D*W,. As h;c is non-
trivial, « is also non-trivial. We represent « as a« = hy3 + -y, where 3 and 7 do
not involve h;. Then, we have hic = da = —hdf + 18 + d~y so that we have
c=—dp. O

Actually, a non-trivial class ¢ € H*(D>W,) yields a non-trivial class hc under
certain assumptions. Let F be a transversely holomorphic foliation of M of com-
plex codimension ¢. Suppose that the complex normal bundle Q(F) of F is trivial
and fix a trivialization, say e, of Q(F). Let M = S' x M and 7: M — M be
the projection. We equip M with the pull-back foliation 7*F. If & € lA)T(]-" ),
then @ naturally induces an element of D’(F) which is denoted by 7*a. For
c € H*(D*W,), we set ¢(F,a,e) = Xa(c) in order to emphasize the trivializa-
tion e of Q(F). Let F = 7*F. The normal bundle Q(F) is trivial. If m € Z, we
define trivialization e, of Q(JE ) as follows. We regard S* as the unit circle in C
and ¢ be the coordinate for C. Then, we set ¢€,,, = t™¢e using the product structure of
St x M. Under these settings, we have the following

Proposition 10.15 ([6], Proposition 3.1). Let c € H*(D*W,). Assume that c can
be represented by a cocycle which does not involve hy, ..., h, and that h,c is also
a cocycle. Suppose that éc(F,a,e) € H*(M;C) is non-trivial. If m # 0, then
either §(hyc)(F,d,e) € H*TY(M;C) or 6(hic)(F,m*Q,ey,) € H*YM;C) is

non-trivial. In particular hyc represents a variable class in H*™ (D™W,).

Proof. Let w be the trivialization of QQ*(F) dual to e which is a C?-valued one-form.
It is known that there is a M, (C)-valued one-form, say 7, such that dw +n Aw = 0.
Actually, 1 is a connection form of a Bott connection with respect to e and we have

po_ 1
YT on /1

dt
Q*(F) which is the dual to e,,. If we set ,,, = m? + 1, then we have dw,, + 1,, A

trn for F and e. We can choose w,,, = t""'w as a trivialization of

Wy = 0. We have hy = — tr n,, for F and €m. As the deformation « is

1
2my/—1
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supported on M and as ¢ does not involve Ay, ..., h, so that ¢ does not depend on
the trivialization of Q*(F), we have

hlc(}:, T, €y) = T hic(F, a, e) — gmvolgt Ar*c(F, a,e).

As §(c(F, @, e)) is assumed to be non-trivial and as volg: is independent of defor-

kN~

mations, either &(hyc)(F, 7@, &) or §(hic)(F, @, e) is non-trivial. O

Example 10.16. If we set ¢ = d(h)c)) = ha)co) + hoyca) = 2ha)co), then
we obtain the twice of the FLK class h yha C(O) As an analogue we set c =
6*(h)c)) = h@co) +2hayea) +hoyce) = 2(h(2)c(0 +h@ycqy). Then, we obtain
the class 2h,g (h o +h 1)c(1)) = 25(FLK)

Some remarks and consequences of Proposition 10.15 will follow.

Remark 10.17. 1) The class c is always formally variable. Indeed, the class c
should involve some of h; ,) with a > 0, otherwise c is trivial. Hence we
have ord(c) > 0 so that jc ;é 0 by Theorem 9.10.

2) It is well-known that we can calculate h; using A’Q*(F). Hence, if ¢ in-
volves only hy (,) and ¢ ), then we can make use of A‘Q*(F) instead of
Q*(F). It follows that we can avoid taking the trace so that the coefficients
gm in the above formula can be made into m. This is the case for example if
c 1s derived from the Godbillon—Vey class and the FLK class.

3) The above construction is not valid in the real category.

4) So far as we know, the classes ¢(F, @, e) and hic(F, @, ¢,,) are always
proportional. We do not know if there is a pair {c, hyc} which are linearly
independent.

5) Classes of the form c are independent of the choice of trivializations.

Concerning Theroem 10.8 and Proposition 10.11, we have the following

Corollary 10.18. Suppose that hyh) @2 (F,a,e) € H S(M; C) is non-trivial
for some F, & and e. Then, elther h(o h(l)h@)c @(F.a,e) € H'(M;C) or
hoyhyh2)co) C(g)(]: 7@, m) € H'(M; C) is non- mvzal
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