
ON DEFORMATIONS OF FOLIATIONS AND CHARACTERISTIC
CLASSES

TARO ASUKE

ABSTRACT. We study characteristic classes for deformations of foliations. Those
classes include known classes such as the Godbillon–Vey class and the Fuks–
Lodder–Kotschick class. We introduce a certain differential graded algebra (DGA
for short) which recovers the Bott vanishing and some formulae by Heitsch. Some
basic properties and structures of the cohomology of those DGA’s are discussed.
In particular, it is shown that at the level of the cohomology of DGA, there are
some classes which cannot be described by the Godbillon–Vey class and the Fuks–
Lodder–Kotschick class. It is also shown that if a certain type of characteristic
classes admit non-trivial deformations in examples, then they yield another kind
of classes which admit also non-trivial deformations.

INTRODUCTION

LetF be a real codimension-one foliation which is transversely orientable. Then,
there is a 1-form ω, such that TF = kerω. By Frobenius’ theorem, there exists a
1-form η such that dω = ω∧η. Moreover, there is a 1-form µ such that dη = ω∧µ.
Then, we have dη2 = 0 which is the Bott vanishing. The 3-form η ∧ dη is closed
and represents a class independent of choices. This class is called the Godbillon-Vey
class. Let {Fs} be a smooth family of real codimension-one, transversely orientable
foliations. Then, we have a smooth families of 1-forms {ωs}, {ηs}, {µs} such that
dηs = ωs ∧ µs. If ‘ ˙ ’ denotes the derivative at s = 0, then we have (dη)˙ = dη̇,
dη̇ = ω̇∧µ+ω∧ µ̇, where ω = ω0, η0 = η and µ = µ0. It follows that dη∧ dη̇ = 0

and that η ∧ η̇ ∧ dη is closed. Indeed, the latter 4-form represents a characteristic
class of families of foliations [10], [20], [21] and called the Fuks–Lodder–Kotschick
class. It is not difficult to show that the Godbillon–Vey class, its derivative and the
Fuks–Lodder–Kotschick class are the only characteristic classes obtained from η,
η̇, dη and dη̇. We can consider differentials of higher order. For example, we have
dη̈ = ω̈∧µ+2ω̇∧ µ̇+ω∧ µ̈. Hence dη̈∧dη+(dη̇)2 = 0, and η∧ η̈∧dη+η∧ η̇∧dη̇
is closed. The latter form represents also a characteristic class for families of foli-
ations. Actually, we have η ∧ η̈ ∧ dη + η ∧ η̇ ∧ dη̇ = (η ∧ η̇ ∧ dη) .̇ This implies
that the class is just a derivative of the Godbillon–Vey class and is not really a new
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one. In this paper, we first introduce spaces of deformations of higher order and
characteristic classes for such deformations. These are generalization of [14] and
[4]. In the study of characteristic classes, the Bott vanishing [8] and the Heitsch
formula [13] are significant. The former is the very basic in defining characteristic
classes. On the other hand, the latter describes derivatives of characteristic classes.
In particular, it largely divides the classes into those which vary according to defor-
mations and rigid ones. Characteristic classes introduced in this article well reflect
such phenomena. Finally, we will present a candidate of a characteristic class which
is not a priori described by a combination of the Godbillon–Vey class and the Fuks–
Lodder–Kotschick class.

This article is organized as follows. First three sections are devoted to introduce
spaces of deformations. In the latter half, we introduce characteristic classes and
study their properties.

I. Spaces of deformations

1. DEFINITIONS

We fix a manifold M and a foliation F of M . Foliations are always assumed to
be regular (without singularities) and of codimension q.

If {ft} is a family of some object smoothly parametrized by t ∈ (−ϵ, ϵ), then a
dot over an object denotes the derivative of the family at t = 0. Derivatives of order

k are also denoted by ‘(k)’. For example, we set f (1) = ḟ =
∂f

∂t

∣∣∣∣
t=0

.

Definition 1.1. LetX, Y be topological spaces and x ∈ X , y ∈ Y . A local mapping
from (X, x) to (Y, y) is a continuous mapping from a neighborhood of x to Y which
maps x to y. If the mapping is a homeomorphism to the image, then we call the
mapping a local homeomorphism. Similarly, we consider local mappings of class
Cr and local diffeomorphisms of class Cr.

Definition 1.2. If f : (X, x)→ (Y, y) is a local mapping of class Cr, then the r-jet
of f at x is denoted by jrxf .

Definition 1.3. Let o ∈ Rq be the origin. The group of r-jets, denoted by Gr, is the
set of the r-jets at o of local diffeomorphism from (Rq, o) to (Rq, o) equipped with
a product given by compositions.

Definition 1.4. If G is a Lie group, then TG denotes its tangent group.

The tangent group is the tangent bundle ofG equipped with a natural group struc-
ture. We have TG = G⋉g as groups, where g denotes the Lie algebra of G and the
multiplication is given by (a,X)(b, Y ) = (ab,Adb−1 X+Y ). If G ⊂ GLq(R), then
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we have a matrix representation of TG. Indeed, if we associate (a,X) ∈ TGLq(R)

with
(
a
aX a

)
, then this gives a faithful representation. A higher order analogue

of this representation is given as follows.

Definition 1.5. For r ∈ N, we define a subgroup Sr of GL(r+1)q(R) by

Sr =



a0
a1 a0
... . . . . . .
ar · · · a1 a0


∣∣∣∣∣∣∣∣ a0 ∈ GLq(R), a1, . . . , ar ∈ glq(R)

 .

The Lie algebra of Sr is denoted by sr.

The group Sr appears as the structure group of a certain vector bundleN r defined
in Section 2.

2. NORMAL BUNDLES OF HIGHER ORDER

Let TF ⊂ TM be the subbundle of TM which consists of vectors tangent to a
leaf. We set Q(F) = TM/TF , and let ν : TM → Q(F) and p : Q(F) → M be
the projections.

Definition 2.1. Let U ⊂ Rq be an open set. An r-frame at x ∈ U is the r-jet jrof a
local diffeomorphism f : (Rq, o)→ (U, x) at o. The bundle of r-frames at points in
U is denoted by P r(U).

It is classical that P r(U) is a principalGr-bundle overU . Moreover, if g : U → V

is a diffeomorphism of class Cr, then we have g∗P r(V ) ∼= P r(U) as principal
bundles. Therefore, we can introduce the bundle of r-frames of Q(F) as follows.
Let {Uλ} be a foliation atlas, and πλ : Uλ → Tλ be a submersion such that F
restricted to Uλ is given by the fibers of πλ. Then, π∗

λP
r(Tλ) and π∗

µP
r(Tµ) are

isomorphic on Uλ ∩ Vλ. Hence a principal Gr-bundle is formed on M .

Definition 2.2. Let F rQ(F) denote the principal Gr-bundle obtained as above. We
call F rQ(F) the bundle of r-frames of Q(F). The natural projection from F rQ(F)
to F r−1Q(F) is denoted by πr

r−1.

If r = 0, then F 0Q(F) is naturally diffeomorphic to M . If the leaves of F are
points, then F rQ(F) = P r(M).

Let Jr
o (Rq) be the space of r-jets of local mappings from (R, o) to (Rq, o), which

is diffeomorphic to (Rq)r. Then, Gr naturally acts on Jr
o (Rq) by compositions on

the left.

Definition 2.3. We set Jr(F) = F rQ(F) ×Gr Jr
o (Rq). We call Jr(F) the bundle

of r-jets transversal to F . The natural projection from Jr(F) to Jr−1(F) is denoted
by prr−1.
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The bundles J0(F) and J1(F) are naturally isomorphic to M and Q(F), respec-
tively. Under these identifications, we have p10 = p.

Remark 2.4. We can regard elements of the bundle Jr(F) as the jets of curves in
the direction transversal to F . Let l : (R, o) → (M,x) be a curve. Let U ≈ V × T
be a foliation chart which contains x. By composing with the projection to T , we
can regard l as a curve, say l, in T . Then, the r-jet of l represents an element of
Jr(F). Conversely, elements of Jr(F) are represented in this way.

Definition 2.5. We set πr = π1
0 ◦ π2

1 ◦ · · · ◦ πr
r−1 and pr = p10 ◦ p21 ◦ · · · ◦ prr−1.

Remark 2.6. The fibers of the bundle pr : Jr(F)→ M are diffeomorphic to (Rq)r.
The bundle Jr(F) is not a vector bundle if r ≥ 2, however, it admits the zero sec-
tion.

We omit to write F in what follows, for example, Q will denote Q(F).
We equip Jr with a foliation as follows. Let U ≈ V × T be a foliation chart

for F , where V corresponds to leaves. Then, Jr is trivialized on U as follows. Let
(x, y) ∈ V × T be local coordinates. We consider coordinates (x, y, ẏ, . . . , y(r))

on V × T × (Rq)r, where y, ẏ, . . . , y(r) are independent variables although each
y(k) is meant to be the k-th derivative of y with respect to a deformation param-
eter. Let Û ≈ V̂ × T̂ also be a foliation chart and assume that U ∩ Û ̸= ∅.
Suppose that the transition function is given by (x̂, ŷ) = (φ(x, y), γ(y)). Then we
have (x̂, ŷ, ̂̇y, . . . , ŷ(r)) = (φ(x, y), γ(y), Dγyẏ, . . . , , D

rγ(y, ẏ, . . . , y(r))). There-
fore, we can define a foliation of JrQ by the condition that y, ẏ, . . . , y(r) are con-
stants. The foliation thus obtained is denoted byF (r). We haveF (0) = F . Note that
F rQ can be equipped with a foliation in a parallel way, which is denoted by F̂ (r).

Definition 2.7. We call (x, y, ẏ, . . . , y(r)) the natural coordinates for Jr.

Remark 2.8. Even if E ⊂ TM is not necessarily integrable, we can consider F 1Q,
where Q = TM/E. In order to define JrQ and F rQ for r ≥ 2, we need some
auxiliary structures.

Definition 2.9. Let N r = TJr/TF (r) be the normal bundle of F (r). The natural
projection from N r to N r−1 is denoted by p̃rr−1. We set p̃r = p̃10 ◦ p̃21 ◦ · · · ◦ p̃rr−1.
The bundle N r−1 is also denoted by Q(r).

Remark 2.10. 1) We have F (0) = F and that N0 = Q.
2) If F is a foliation by points, then Q(2) = N1 coincides with the two-tangent

bundle T (2)M = TTM of M .



ON DEFORMATIONS OF FOLIATIONS AND CHARACTERISTIC CLASSES 5

We have a commutative diagram

Q = N0 p̃10←−−− N1 ←−−− · · · ←−−− N r−1
p̃rr−1←−−− N r

p

y y y y
M ∼= J0 p10←−−− Q ∼= J1 ←−−− · · · ←−−− Jr−1

prr−1←−−− Jr,
where the vertical arrows are projections.

Let U ≈ V × T be a foliation chart for F . The, Jr is trivialized as U × (Rq)r ≈
V × T × (Rq)r. Together with the natural coordinates, this is a foliation chart for
F (r). HenceN r is trivialized asU×(Rq)r×(Rq)r+1. Let (x, y, ẏ, . . . , y(r); v, v̇, . . . , v(r))
be the naturally defined coordinates. Note that v, v̇, . . . , v(r) are independent vari-
ables, however, v(k) is meant to be the velocity which corresponds to y(k), where
y(0) = y. The projection p̃r : N r → Q is then locally given by

p̃r(x, y, ẏ, . . . , y(r); v, v̇, . . . , v(r)) = (x, y; v).

Let U and Û be foliation charts. We assume that U ∩ Û ̸= ∅ and let γ be the
transition function in the transversal direction. We define T kDγy to be the ‘time
derivative’ of Dγy of order k. For example, we have T 0Dγy = Dγy, T 1Dγy =

D2γyẏ, T 2Dγy = D3γyẏẏ +D3γyÿ and so on. As v̂ = Dγyv, we have

v̂(k) =
k∑

i=0

(
k

i

)
(T iDγy)v

(k−i).

Similarly, we have ̂̇y = Dγyẏ so that

ŷ(k+1) =
k∑

i=0

(
k

i

)
(T iDγy)y

(k−i+1).

If we set z(k) =
1

k!
y(k), u(k) =

1

k!
v(k) and DkDγy =

1

k!
T kDγy, then we have

û(k) =
k∑

i=0

(DiDγy)u
(k−i),

(k + 1)ẑ(k+1) =
k∑

i=0

(DiDγy)(k − i+ 1)z(k−i+1).

Noticing that the frame
(

∂

∂z(0)
, . . . ,

∂

∂z(r)

)
corresponds to the fiber coordinates

(u(0), . . . , u(r)) for N r, we introduce for later use the following

Definition 2.11 ([9]). Let τ be an endomorphism ofN r locally equal to
r∑

k=1

∂

∂z(k)
⊗

dz(k−1) modulo TF (r). We call τ an r-almost tangent structure on Jr.
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In our contexts, the term ‘tangent’ means that we regard τ as if it were an operator
on the leaf space.

Let Q′ = p̃r∗N0 and ∇(r) a Bott connection for F (r). If v ∈ Q′, then v = νr(ṽ)

for some ṽ ∈ TJr. Since ∇̃(r) is a Bott connection, the horizontal lift of a vector in
TF belongs to TF (r). Hence the horizontal lift of v to N r is well-defined, which is
denoted by vH .

Definition 2.12. We call vH ∈ N r the horizontal lift of v.

Definition 2.13. We set H(r) = {vH ∈ N r | v ∈ Q′} and call it the horizontal lift
of Q′.

It is easy to see that H(r) is isomorphic to Q′ as vector bundles over Jr. We have
the following

Theorem 2.14. If we set H(k) = τ r−kH(r) for 0 ≤ k ≤ r, then we have N r ∼=
r⊕

k=0

H(k). Moreover, each H(k) is isomorphic to Q′ = p̃r∗Q.

The proof of Theorem 2.14 is omitted because it is parallel to that of Theorem 3.1
in [9] once we establish horizontal lifts as in Definition 2.12.

Remark 2.15. If we begin with a Bott connection which is invariant under the holo-
nomy, then we can apply the theory of prolongations [23] to construct various lifts
of objects on Q = N0 to F rQr and to N r. In such a case, Theorem 2.14 is naturally
obtained by means of these lifts.

Remark 2.16. Isomorphisms obtained by Theorem 2.14 are homotopic because the
structure group of N r over Jr is homotopic to GLq(R)r. In particular, if identifi-
cations are given by Bott connections for F (r), then a homotopy can be given by
means of homotopies between connections.

By Theorem 2.14, we can define a Bott connection for F from a Bott connection
∇(r) for F (r). Let pk : N r → H(k) be the projection given by the direct sum decom-
position. If X ∈ TM and if Y is a local section to Q, then we regard Y as local
section to H(r) and set∇(r)

X Y = pr(∇(r)

XHY ).

Remark 2.17. We have ∇(r)
X Y = pr−k(τ

k(∇(r)

XHY )) for 0 ≤ k ≤ r.

Definition 2.18. Let∇ be a Bott connection for F . A Bott connection∇(r) for F (r)

is said to be a lift of∇ if∇ = ∇(r).

Then, we have the following

Proposition 2.19. Thus defined ∇(r) is indeed a Bott connection for F . Moreover,
∇(r) is independent of k and the lift of Y . Conversely, if a Bott connection ∇ for F
is given, then there is a lift of∇ to F (r).
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Proof. The first claim is easy. The second claim can be easily shown on foliation
charts. Then, a partition of unity argument shows the claim. □

Remark 2.20. Suppose that we work on holonomy invariant connections, which is
the case ifF is Riemannian for example. Then, we can find a unique lift of∇which
fulfills some naturalities by prolongations.

3. SPACES OF DEFORMATIONS

We introduce several spaces of deformations of foliations.

Definition 3.1. LetF be a foliation of a manifoldM . A one-parameter family {Ft}
of foliations is of class Cr if {TFt} is of class Cr as a family of distributions. We
always assume that F0 = F . The space of Cr one-parameter family is denoted
by Dr(F). We call a one-parameter family also an actual deformation of F . If
{Ft} ∈ D(F) and if r ≥ 1, then we regard (r− 1)-jets of {TFt} as r-jets of {Ft}.
The space of r-jets is denoted by Dr(F). Noticing that there is a natural mapping
from Dr(F) to Dr−1(F), we define the space of infinite jets of deformations by
setting D∞(F) = lim←−D

r(F).

Remark 3.2. We can consider some reductions of spaces of deformations. That
is, we can define {Ft} and {F ′

t} to be equivalent if there is a Cr one-parameter
family {φt} of foliation preserving diffeomorphisms such that F ′

t = φt
∗Ft. We

can assume moreover that there is a smooth isotopies which connects φt to the
identity. The characteristic classes we will later construct remain invariant under
these equivalences. On the other hand, the homotopy types of trivializations of
normal bundles, if exist, are not invariant in general under former equivalences.

If the normal bundle of F = F0 is trivialized, then we fix trivializations of Ft as
follows.

Definition 3.3. Suppose that the normal bundle Q(F) of F is trivialized by e. Let
{Ft} be a Cr one-parameter family of foliations with F0 = F . Then, we fix a Cr

one-parameter family of identification Q(Ft) ∼= Q(F) and trivialize Q(Ft) by the
trivialization induced by e. We say that such a family {Ft} is framed.

There is a natural diagram

(3.4)

D0(F)

��

· · ·oo Dr−1(F)oo

��

Dr(F)oo

��

· · ·oo D∞(F)oo

��
D0(F) = {F} · · ·oo Dr−1(F)oo Dr(F)oo · · ·oo D∞(F).oo

We first recall the canonical forms. Let F = F 1Q and πF : F → M the pro-
jection. An element of F is the 1-jet of a smooth mapping u : (Rq, o) → (M,x)
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such that πU ◦ u is a local diffeomorphism, where U ≈ V × T is a foliation chart
for F which contains x and πU : U → T is the projection. Such an u induces an
isomorphism from ToRq to Qx. By using the standard identification of ToRq with
Rq, we consider u as a mapping from Rq to Qx.

Definition 3.5. If u ∈ F and if X ∈ TuF , then we set ωu(X) = u−1(ν(πF ∗X)) ∈
Rq. We call ω the canonical form on P .

IfX ∈ glq(R), then a vector field on F is defined byX∗(u) =
∂

∂t
(u. exp tX)

∣∣∣∣
t=0

.

We call X∗ the fundamental vector field associated with X . The canonical form is
horizontal in the sense that ω(X∗) = 0 for any X ∈ glq(R). The following is
an easy

Lemma 3.6. If g ∈ GLq(R), then R∗
gω = g−1ω, where R• denotes the right action

of GLq(R) on F and GLq(R) acts on Rq standardly on the left.

Let U be an open subset of M . Then, local trivializations of Q over U and
sections from U to F are in one-to-one correspondence. Similarly, sections from U

to F are in one-to-one correspondence to local trivializations of Q∗ on U . Actually,
if σ is a section, then σ∗ω gives a local trivialization. Conversely, let ϵ be a local
trivialization and e be its dual. If we regard e as a section from U to F , then we
have eiϵi(v) = π(v). Hence we have ϵ = e∗ω. Finally, let ∇ be a Bott connection
on Q and θ the connection form on F , which is a glq(R)-valued one-form such that
R∗

gθ = Adg−1 θ and that θ(X∗) = X for any X ∈ glq(R). If∇ is a Bott connection,
then we have dω + θ ∧ ω = 0 and vice versa. We also call θ a Bott connection by
abuse of notations.

Suppose now that {Ft} is a smooth one-parameter family of foliations with F =

F0. Then, Ft = F 1Q(Ft) are isomorphic to F so that we can find a smooth one-
parameter family {ωt} of canonical forms on F . Similarly, we can find a smooth
one-parameter family {θt} of Bott connections so that dωt + θt ∧ ωt = 0.

If {θt} is a smooth one-parameter family of connection forms with θ0 = θ, then
θ̇ is a glq(R)-valued one-form on F such that Rgθ̇ = Adg−1 θ̇ and is horizontal.
Moreover, if {θt} are a family of Bott connections, then we have dω̇+θ∧ω̇+θ̇∧ω =

0. If we set ω(k) =
1

k!

∂k

∂tk
ωt

∣∣∣∣
t=0

and θ
(k)

=
1

k!

∂k

∂tk
θt

∣∣∣∣
t=0

, then we have

(3.7) dω(k) +
k∑

i=0

θ
(k−i) ∧ ω(i) = 0.
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In a matrix form, we have

d


ω(0)

ω(1)

ω(2)

...
ω(r)

+


θ
(0)

θ
(1)

θ
(0)

θ
(2)

θ
(1)

θ
(0)

... . . . . . . . . .

θ
(r)

θ
(r−1) · · · θ

(1)
θ
(0)

 ∧

ω(0)

ω(1)

ω(2)

...
ω(r)

 = 0.

We have the following

Lemma 3.8. Let g ∈ GLq(R).
1) For k ≥ 0, ω(k) is an Rq-valued one-form on F and is horizontal. We have
R∗

gω
(k) = g−1ω(k).

2) For k ≥ 1, θ
(k)

is a glq(R)-valued one-form on F and is horizontal. We have

Rgθ
(k)

= Adg−1 θ
(k)

.

On the other hand, the structure group of N r can be reduced to GLq(R)r because
it is contained in Sr. Hence we have the following

Proposition 3.9. Let FN r be the frame bundle of N r and fix a reduction of the

structure group to GLq(R)r. Then, we can regard


ω(0)

ω(1)

...
ωr

 as a section to FN r and


θ
(0)

θ
(1)

θ
(0)

θ
(2)

θ
(1)

θ
(0)

... . . . . . . . . .

θ
(r)

θ
(r−1) · · · θ

(1)
θ
(0)

 as a linear connection form on FN r.

Remark 3.10. 1) A reduction in Proposition 3.9 is given by Theorem 2.14.
2) Connections given by Proposition 3.9 depends on reductions, however, they

are homotopic each other.
3) The bundle FN r is different from F rQ. Indeed, FN r is a principal Sr-

bundle while F rQ is a principal Gr-bundle.

Based on these observations, we introduce the following

Definition 3.11. Let F be a foliation of a manifold M and ω the canonical form
on F = F 1Q. Given a Bott connection θ on F , we call a pair of families ω =

{ω(k)}0≤k≤r and θ = {θ(k)}0≤k≤r infinitesimal deformation of ω and θ of order r if
the following conditions are satisfied:
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1) We have ω(0) = ω. If k ≥ 1, then ω(k) is an Rq-valued one-form on F and is
horizontal. In addition, R∗

gω
(k) = g−1ω(k) for g ∈ GLq(R).

2) We have θ(0) = θ. If k ≥ 1, then θ
(k)

is a glq(R)-valued one-form on F and

is horizontal. In addition, Rgθ
(k)

= Adg−1 θ
(k)

for g ∈ GLq(R).
The space of infinitesimal deformations of θ of order r is denoted by D̂r(F , θ). We
set D̂r(F) =

⋃
θ

D̂r(F , θ).

Remark 3.12. We can always consider the trivial infinitesimal deformation, namely,
an infinitesimal deformation such that ω(k) = 0 and θ

(k)
= 0 for any k ≥ 1.

Definition 3.13. An infinitesimal deformation α̂ ofF is said to be realizable if there
is a family of foliations {Ft} of which the jet is equal to α̂. If the normal bundle of
F is trivialized by e, then a realization {Ft} is said to be framed if {Ft} is framed
as a deformation of F of which the normal bundle is trivialized by e.

Remark 3.14. When we consider framed deformations, only the homotopy types
of trivializations are relevant. In particular, characteristic classes which we will
introduce later do not depend on the choice of families of identifications Q(Ft) ∼=
Q(F) once the homotopy type of trivialization of Q(F).

By (3.7), we have the following

Lemma 3.15. An infinitesimal deformation (ω, θ) of order r induces a Bott connec-
tion for F (r).

Remark 3.16. The space D̂1(F , θ) is a vector space in the following sense. Let V be
the space of infinitesimal deformations of order one of a Bott connection. If (ω, θ)
and (ω′, θ

′
) are infinitesimal deformations of order one, then we have

dω(1) + θ ∧ ω(1) + θ
(1) ∧ ω = 0,

dω′(1) + θ ∧ ω′(1) + θ
′(1) ∧ ω = 0.

Hence we have d(ω(1)+ω′(1))+θ∧(ω(1)+ω′(1))+(θ
(1)

+θ
′(1))∧ω = 0. This leads

us to understand infinitesimal deformations of order one as elements of a certain
cohomology [14], [15]. Actually, if the order is equal to one, then characteristic
classes are defined for cohomology classes determined by infinitesimal deforma-
tions [15], [4].

Remark 3.17. If we only consider ω in defining D̂r(F), we obtain a space of infin-
itesimal deformations of distributions. This space is just sections to (N r)∗ so that it
enjoys linearity while D̂r(F) does not if r ≥ 2. The difference is derived from the
integrability of distributions which appear as the existence of Bott connections.
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Remark 3.18. There is a natural mapping from Dr(F) to D̂r(F) for 0 ≤ r ≤ ∞
which extends the diagram (3.4).

We introduce the following notions in order to facilitate arguments passing from
families of foliations to infinitesimal deformations.

Definition 3.19. A polynomial on M valued in Q(F) of degree r is said to be a
formal section to Q(F) of order r. A polynomial on M valued in the space of Bott
connections on Q(F) of degree r is said to be a formal Bott connection on Q(F) of
degree r.

The following is an easy

Proposition 3.20. Let ω = {ω(k)}0≤k≤r and θ = {θ(k)}0≤k≤r be an infinitesimal

deformation of ω and θ of order r. If we set ω̂ =
r∑

k=0

tkω(k) and θ̂ =
r∑

k=0

tkθ
(k)

,

where t0 = 1, then ω̂ is a formal section to Q(F) of order r and θ̂ is a formal Bott
connection on Q(F) of order r.

If r = 1, then the space of infinitesimal deformations is formulated by Heitsch [14]
as a cohomology which is denoted by H1(M ; ΘF), . The above constructions are
compatible with it in the following sense.

Theorem 3.21. If ({ω(k)}k=0,1, {θ
(k)}k=0,1) ∈ D̂(F , θ), then ω(1) is a infinitesi-

mal deformation of ω0 with respect to θ = θ(0) (up to signatures) and θ(1) is the
infinitesimal deformation of θ with respect to ω0.

To be precise, we consider the restrictions of ω(1) to θ
(1)

to the tangent bundle of
foliations in Theorem 3.21.

II. Characteristic classes
In what follows, deformations and realizations are assumed to be framed if the

normal bundle of the foliation under consideration is trivialized.

4. BASIC DEFINITIONS

We discuss assuming that foliations are real and that normal bundles of them are
trivialized. We can argue in a parallel way even if we study foliations of which
the normal bundles are non-trivial, or ones which admits transversal structures such
as metric structure (Riemannian foliation) or holomorphic structure (transversely
holomorphic foliation). In order to study such foliations, we need to replace Wq by
other ones such as WOq, WC and WUq, etc. Note that if the normal bundle of the
foliation under consideration is trivial, then we need to fix the homotopy type of the
trivialization.
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Definition 4.1. We set

glq(R[t])r = {A0 + A1t+ · · ·+ Art
r | Ai ∈ glq(R)},

GLq(R[t])r = {A0 + A1t+ · · ·+ Art
r | A0 ∈ GLq(R), Ai ∈ glq(R) if i > 0},

glq(R[[t]]) = lim←−
r∈N

glq(R[t])r,

GLq(R[[t]]) = lim←−
r∈N

GLq(R[t])r.

The multiplication in glq(R[t])r and the inverse in GLq(R[t])r are taken modulo tr+1.

The following is an easy

Lemma 4.2. ForX =


X0

X1 X0
... . . . . . .
Xr · · · X1 X0

 ∈ sr, we set φ(X) = X0+X1t+· · ·+

Xrt
r. Then, φ is an isomorphism from sr to glq(R[t])r. Moreover, the restriction of

φ to Sr is isomorphism to GLq(R[t])r.

We set X(t) = φ(X).

Definition 4.3. Let X =


X0

X1 X0
... . . . . . .
Xr · · · X1 X0

 ∈ sr. We represent Xk as Xk =


Y0(k)
Y1(k) Y0(k)

... . . . . . .
Yr(k) · · · Y1(k) Y0(k)

 and set Ck,l(X) =
1

k!

(
−1
2π

)k

trYl(k).

Let ci be the i-th Chern polynomial, that is, we define ci to satisfy

det

(
λIq −

1

2π
X

)
= λq + λq−1c1(X) + · · ·+ λcq−1(X) + cq(X),

where X ∈ glq(R). We set Ck(X) =
1

k!

(
−1
2π

)k

trX , which corresponds to the

k-th Chern character. It is well-known that there uniquely exist polynomials φk in
free variables x1, . . . , xk such that

ck =
k∑

i=0

φk(C1, 2C2 . . . , k!Ck)

for 1 ≤ k ≤ q. The polynomials φk are often called the Newton polynomial.
See [18] for details.
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Let xi, ẋi, ẍi, . . . , x
(m)
i , . . ., where 1 ≤ i ≤ q, be free variables. Let δ be the

derivation on R[x(m)
i ] such that δx(m)

i = x
(m+1)
i . Then, each δlφk is a polynomial in

x
(m)
i , where 1 ≤ i ≤ k and 0 ≤ m ≤ l. The polynomial δlφk evaluated by x(m)

i is
denoted by δlφk(xi, ẋi, . . . , x

(l)
i ).

Definition 4.4. Let X =


X0

X1 X0
... . . . . . .
Xr · · · X1 X0

 ∈ sr. We set C ′
k,l(X) = k!Ck,l(X)

and
ck,l(X) = δlφk(C

′
i,0(X), C ′

i,1(X), . . . , C ′
i,l(X)).

We can describe the invariant polynomials on sr as follows.

Theorem 4.5. Let I(Sr) be the algebra of invariant polynomials on sr. Then, we
have I(Sr) = R[ck,l], where 1 ≤ k ≤ q and 0 ≤ l ≤ r.

Proof. For X ∈ glq(R) and 1 ≤ i ≤ q, we set τi(X) = trXq. If we extend
τi naturally to glq(R[t])r, then we have I(GLq(R[t])r) ∼= R[τ1, . . . , τq]. If X ∈ sr,

then we have τk(X(t)) =
r∑

l=0

trYl(k)t
l. Since t is an independent, we are done. □

5. RELEVANT DIFFERENTIAL GRADED ALGEBRAS

We introduce some differential graded algebras (DGA’s for short).

Definition 5.1. We set

D̃rWq =
∧

[hi,(a)]1≤i≤q, 0≤a≤r ⊗ R[ci,(b)]1≤i≤q, 0≤b≤r.

We allow r to be∞.

i) We define an exterior derivative d on D̃rWq by the conditions dhi,(j) = ci,(j)
and dci,(j) = 0. We formally set hi,(−1) = ci,(−1) = 0 for all i, and define a
(unsigned) derivation δ̃ on D̃rWq by the conditions that

δ̃(ci,(a)) = ci,(a+1),

δ̃(hi,(b)) = hi,(b+1),

where a < r.
ii) We set ord(ci,(a)) = a, ord(hi,(b)) = b and naturally extend ord to the whole

D̃rWq.
iii) We set deg(ci,(a)) = 2, deg(hi,(b)) = 1 and naturally extend deg to the whole

D̃rWq.
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We set hi = hi,(0) and ci = ci,(0). Note that d and δ̃ commute each other. In
what follows, we do not explicitly indicate exterior products, namely, we omit the
symbol ‘∧’.

Definition 5.2. We set

σ̃(ci,(l)) =
1

2
l(l − 1)ci,(l−1),

σ̃(hi,(l)) =
1

2
l(l − 1)hi,(l−1).

We extend σ̃ to the whole D̃rWq as a (unsigned) derivation.

Lemma 5.3. If c ∈ D̃rWq is a monomial and if ord(c) < r, then we have σ̃ ◦ δ̃(c)−
δ̃ ◦ σ̃(c) = ord(c)c.

Proof. The claim holds if c = ci,(l) or if c = hi,(l). Indeed, we have

σ̃ ◦ δ̃(ci,(l))− δ̃ ◦ σ̃(ci,(l)) = σ̃(ci,(l+1))−
1

2
l(l − 1)δ̃(ci,(l−1))

=
1

2
(l + 1)lci,(l) −

1

2
l(l − 1)ci,(l)

= lci,(l).

Similar calculations are valid for hi,(l). Suppose that the claim holds for monomials

of degree less than or equal to k. Let c ∈ D̃rWq be a monomial of degree k + 1. If
c admits a decomposition that c = c1c2 with ord(c1) ≤ k and ord(c2) ≤ k, then we
have

σ̃ ◦ δ̃(c)− δ̃ ◦ σ̃(c)(5.4)

= σ̃(δ̃(c1)c2 + c1δ̃(c2))− δ̃(σ̃(c1)c2 + c1σ̃(c2))

= σ̃(δ̃(c1))c2 + δ̃(c1)σ̃(c2) + σ̃(c1)δ̃(c2) + c1σ̃(δ̃(c2))

− δ̃(σ̃(c1))c2 − σ̃(c1)δ̃(c2)− δ̃(c1)σ̃(c2)− c1δ̃(σ̃(c2))
= ord(c1)c1c2 + ord(c2)c1c2

= ord(c)c.

Otherwise, we have c = c1c2 with c1 = ci,(k+1) or c1 = hi,(k+1), and that ord(c2) =
0. Then, by the similar arguments as above, we can show that the claim also holds
for c. □

Remark 5.5. We set ĥi =
+∞∑
l=0

1

l!
tlhi,(l). If we termwise apply δ̃, we have δ̃ĥi =

+∞∑
l=0

1

l!
tlhi,(l+1). On the other hand, we have

∂

∂t
ĥi =

+∞∑
l=0

1

l!
tlhi,(l+1). In this sense,
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we have δ̃ =
∂

∂t
. Similarly, we have σ̃ =

1

2
t2
∂

∂t
. As this correspondence is

contravariant, σ̃◦δ̃−δ̃◦σ̃ corresponds to
∂

∂t
◦
(
1

2
t2
∂

∂t

)
−
(
1

2
t2
∂

∂t

)
◦ ∂
∂t

. Indeed, let

f be a function in t. Then, we have
∂

∂t
◦
(
1

2
t2
∂

∂t

)
(f)−

(
1

2
t2
∂

∂t

)
◦ ∂
∂t

(f) = t
∂f

∂t
.

This operator just corresponds to hi,(l) 7→ lhi,(l).

Let D̃rWq
l be the subspace of D̃rWq which is generated by monomials of order

l. If l < 0, then we set D̃rWq
l = {0}. We have the following

Lemma 5.6. 1) If l < r, then we have δ̃(D̃rWq
l) ⊂ D̃rWq

l+1.
2) We have σ̃(D̃rWq

l) ⊂ D̃rWq
l−1.

We will make use of the following variants of σ̃.

Definition 5.7. We set

σ̃′(ci,(l)) = lci,(l−1),

σ̃′(hi,(l)) = lhi,(l−1).

We extend σ̃′ to the whole D̃rWq as a (unsigned) derivation.

Definition 5.8. Let c = hi1,(l1) · · ·hia,(la)cj1,(k1) · · · cjb,(kb), where (ia, (la)) ̸= (ia′ , (la′))

if a ̸= a′. We set l(c) = a + b and call l(c) the length of c. The subspace of D̃rWq

generated by elements of length l is denoted by L̃l.

We have the following lemma which corresponds to Lemma 5.3.

Lemma 5.9. If c ∈ D̃rWq is a monomial and if l(c) < r, then we have δ̃ ◦ σ̃′(c)−
σ̃′ ◦ δ̃(c) = l(c)c.

6. BOTT VANISHING THEOREM AND HEITSCH FORMULA

The most basic characteristic classes for foliations are Pontrjagin classes of the
normal bundles. Usually we only consider the Pontrjagin classes of degree 4k,
however, in order to introduce secondary classes, we also consider the classes of
degree 4k + 2. Let ck denote the k-th Chern polynomial, which will corresponds to
the Pontrjagin form of degree 2k.

Definition 6.1. If c = cj11 · · · cjqq ∈ R[c1, . . . , cq], then we set |c| = j1 + 2j1 + · · ·+
qjq.

We will extend | · | later in Definition 7.4.
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Definition 6.2. Let IF = {ω ∈ Ω∗(M) | ω is locally of the form
∑
ωi ∧ dyi},

where (y1, . . . , yq) are local coordinates in the transversal direction. Elements of
IkF are said to be of transveresal degree greater than or equal to k, or of transversal
degree greater than k − 1.

The following is a fundamental result by Bott.

Theorem 6.3 (Bott [8]). Let ∇ be a Bott connection for F . For c ∈ R[c1, . . . , cq],
c(∇) denotes the Pontrjagin form which is calculated by we using ∇. If |c| = k,
then c(∇) ∈ IkF . In particular, c(∇) is trivial as a differential form if |c| > q.

Remark 6.4. 1) The differential form ci(∇) is always exact if i is odd. If the
normal bundle is trivial, then ci(∇) are also exact for i even.

2) If foliations under considerations are transversely holomorphic, then we make
use of the Chern classes and ci denotes the i-th Chern class. In this case, only
the imaginary parts of ci(∇) are exact so that we have to modify arguments.

Next, we recall the Heitsch formula for deformations [13]. Let {Ft} be a one-
parameter C1-family of foliations with F0 = F . We fix identifications of Q(Ft)

with Q(F), and let {θt} be a family of Bott connections with θ0 = θ. If Q(F)
is trivial, then we fix a trivialization, say e, and let θf be the flat connection with
respect to e. If we do not assume the triviality, then let θm a metric connection
with respect to a Riemannian metric on Q(F). We represent by θ♮ either θf or θm

according to the assumption. Usually we assume that Q(F) is trivialized so that θ♮

denotes θf .

Definition 6.5. IfG is a Lie group, then Ik(G) denotes the algebra of AdG-invariant
symmetric multilinear mappings on g of degree k. If c is an AdG-invariant polyno-
mial of degree k on g, then the polarization of c is also denoted by c by abuse of
notations.

Remark 6.6. If c ∈ Ik(G) and if fc denotes the polarization of c, then we have

fc(X1, . . . , Xk) =
1

k!

∂

∂t1
· · · ∂

∂tk
c(t1X1 + · · ·+ tkXk)

∣∣∣∣
t1=···=tk=0

for X1, . . . , Xk ∈ g, where t1, . . . , tk are free variables. We have fc(X, . . . , X) =

c(X).
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Definition 6.7. Let f ∈ Ik(GLq(R)). We set θt,s = sθt + (1− s)θ♮, Ωt,s = dθt,s +

θt,s ∧ θt,s and

ψt =
∂

∂t
θt,

∆f (θt, θ
♮) = k

∫ 1

0

f(θt − θ♮,Ωt,s, . . . ,Ωt,s)ds,

Vf (θt, θ
♮) =

∫ 1

0

sf(ψt, θt − θ♮,Ωt,s, . . . ,Ωt,s)ds.

Note that θt,0 = θ♮ and θt,1 = θt. Hence we have Ωt,0 = dθ♮ + θ♮ ∧ θ♮ and
Ωt,1 = dθt + θt ∧ θt.

Remark 6.8. The differential form
(
−1
2π

)i

∆ci(θt, θ
♮) will be the image of hi by the

characteristic mapping. See Definition 7.2

The following is shown by Heitsch.

Theorem 6.9 ([13]). The following formulae hold:
∂

∂t
∆f (θt, θ

♮) = k(k − 1)dVf (θt, θ
♮) + kf(ψt,Ωt,1, . . . ,Ωt,1),

∂

∂t
d(∆f (θt, θ

♮)) =
∂

∂t
f(Ωt,1, . . . ,Ωt,1) = kdf(ψt,Ωt,1, . . . ,Ωt,1).

Definition 6.10. If f ∈ Ik(GLq(R)) and if r ≥ 1, then we set

α
(r)
f (θt, θ

♮) =
∂r−1

∂tr−1
f(ψt,Ωt,1, . . . ,Ωt,1),

V
(r)
f (θt, θ

♮) =
∂r−1

∂tr−1
Vf (θt, θ

♮).

We set α(0)
f (θt, θ

♮) = ∆ci(θt, θ
♮).

The following is immediate.

Lemma 6.11. We have α(r)
f (θt, θ

♮) ∈ Ik−r
F .

Corollary 6.12. If r ≥ 1, then we have
∂r

∂tr
∆f (θt, θ

♮) = k(k − 1)dV
(r)
f (θt, θ

♮) + kα
(r)
f (θt, θ

♮).

An infinitesimal version of above formulae is given as follows.

Corollary 6.13. The following formulae hold:
∂r

∂tr
∆f (θt, θ

♮)

∣∣∣∣
t=0

= k(k − 1)dV
(r)
f (θ, θ♮) + kα

(r)
f (θ̇,Ω, . . . ,Ω),

∂r

∂tr
d(∆f (θt, θ

♮))

∣∣∣∣
t=0

=
∂r

∂tr
f(Ωt,1, . . . ,Ωt,1)

∣∣∣∣
t=0

= kdα
(r)
f (θ̇,Ω, . . . ,Ω),
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where θ̇ =
∂

∂t
θt

∣∣∣∣
t=0

, Ω = dθ + θ ∧ θ and r ≥ 1.

7. CHARACTERISTIC MAPPING

Characteristic classes for deformations of foliations are realized as follows. If
α̂ ∈ D̂r(F), then α̂ induces a Bott connection, say ∇(r), on N r. If Q(F) is triv-
ialized, then we consider the induced trivialization of N r and let ∇(r)

f be the flat
connection. Otherwise, we fix a Riemannian metric on N r and let ∇(r)

m be a metric
connection. We set∇(r)

♮ to be ∇(r)
f or ∇(r)

m .
We briefly recall the Chern–Simons forms. Let f be a polynomial in ci,(l), and let

θ and θ′ be connection forms. We set θt = (1− t)θ+ tθ′ and let Rt be the curvature
form of θt. Then, f(Rt) is closed and we have f(Rt) = a+ b∧ dt for some a and b
which do not involve dt.

Definition 7.1. We set ∆f (θ, θ
′) =

∫ 1

0

b dt.

It is classical that d∆f (θ, θ
′) = f(R(θ), . . . , R(θ))− f(R(θ′), . . . , R(θ′)), where

R(θ) and R(θ′) denote the curvature matrix of θ and θ′, respectively.

Definition 7.2. Let R be the curvature matrix of∇(r) and we set

χ̃′
α̂(ci,(l)) =

(
−1
2π

)i

ci,(l)(R),

χ̃′
α̂(hi,(l)) =

(
−1
2π

)i

∆ci,(l)(∇
(r),∇(r)

♮ ).

It is well-known that we can regard these are differential forms on the base space
Ω∗(J (r)). We extend χ̃′

α̂ to D̃∞Wq as a homomorphism to Ω∗(J (r)). Pulling back
by the trivial section from M to J (r), we obtain a homomorphism to Ω∗(M), which
is also denoted by χ̃′

α̂ by abuse of notations.

Definition 7.3. We set

χ̃α̂(ci,(l)) =

(
−1
2π

)i

ci,(l)(R),

χ̃α̂(hi,(l)) =

(
−1
2π

)i

iα(l)
ci
(∇(r),∇(r)

♮ ).

Noticing that the correspondences in Theorem 6.9 and Corollary 6.13 are functo-
rial with respect to mapping transversal to foliations and pull-backs, we extend | · |
in Definition 6.1 as follows.

Definition 7.4. We set |ci,(l)| = max{i − l, 0}. We set |hi,(0)| = 0 and |hi,(l)| =
max{i− l, 0} if l ≥ 1.
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We extend | · | to D̃rWq as in defining the degree of polynomials.

Definition 7.5. 1) We set I0 = {c ∈ D̃rWq | |c| > q}. The ideal of D̃rWq

generated by
⋃
k∈N

δ̃kI0 is denoted by I .

2) We set I ′
0 = {cj11 · · · cjqq | j1 + 2j2 + · · · + qjq > q} ⊂ I0. The ideal

generated by
⋃
k∈N

δ̃kI ′
0 is denoted by I ′.

Remark 7.6. The ideal I ′ corresponds to elements which vanish by the Bott van-
ishing and their derivatives. Taking also the Heitsch formula into account, we obtain
the ideal I . We have I ′ = I if and only if q = 1.

Since σ̃ does not decrease the values of | · |, we have the following

Lemma 7.7. The derivation σ̃ leaves I and I ′ invariant.

Similarly, we have the following

Lemma 7.8. The derivation σ̃′ leaves I ′ invariant.

Note that σ̃′ does not preserve I .
The homomorphisms χ̃ and χ̃′ induce homomorphisms from D̃rWq toH∗

DR(M ;R),
which is also denoted again by χ̃ and χ̃′, respectively.

Lemma 7.9. 1) The mapping χ̃′ : D̃rWq → H∗
DR(M ;R) vanishes on I ′.

2) The mapping χ̃ : D̃rWq → H∗
DR(M ;R) vanishes on I .

Proof. By the construction, χ̃ and χ̃′ vanish on I ′. By Theorem 6.9 and Lemma 6.11,
χ̃ vanishes on I . □

Definition 7.10. We set DrWq = D̃rWq/I and DrW′
q = D̃rWq/I

′. The homo-
morphisms induced by χ̃ and χ̃′ from DrW′

q → H∗
DR(M ;R) are denoted by χb and

χ′, respectively. The homomorphism induced by χ̃ from DrWq → H∗
DR(M ;R)

is denoted by χ. The natural homomorphism from H∗(DrW′
q) to H∗(DrWq) is

denoted by τ .

Typical elements of H∗(DrWq) are given as follows.

Definition 7.11 ([11], [10], [21], [20]). The class h1,(0)c1,(0)q ∈ H2q+1(DrWq) is
called the Godbillon–Vey class and denoted by GV. The class h1,(0)h1,(1)c1,(0)q ∈
H2q+2(DrWq) is called the Fuks–Lodder–Kotschick class (the FLK class for short)
and denoted by FLK. If we clarify q, then GV and FLK are denoted by GVq and
FLKq, respectively.
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Note that DrW1 = DrW′
1 while DrWq ̸= DrW′

q for q ≥ 2. As δ̃ and σ̃ leave
I invariant so that derivations are induced on H∗(DrWq), which are denoted by
δ and σ, respectively. Similarly, δ̃ and σ̃′ induce derivations on H∗(DrW′

q), which
are denoted by δ′ and σ′.

Lemma 7.12. The homomorphism χb is cochain homotopic to χ′.

Proof. We introduce an order in {ci,(l), hj,(k)}1≤i,j≤q, 0≤l,k≤r by requiring that

1) ci,(l) < hj,(k) for any i, j, l, k.
2) ci,(l) < cj,(k) if i < j or if i = j and l < k.
3) hi,(l) < hj,(k) if i < j or if i = j and l < k.

Let φ ∈ D̃rWq and assume that φ = φ1 · · ·φm, where φ1, . . . , φa ∈ {ci,(l), hj,(k)}
and φ1 ≤ φ2 ≤ · · · ≤ φa. Note that such a representation of φ is unique if possible.
We set

H0(ci,(l)) = 0,

H0(hi,(l)) =

(
−1
2π

)i

i(i− 1)V (l)
ci

(θt, θ
♮),

and

H(φ) =
a∑

i=1

(−1)degφ1···φi−1χ̃(φ1 · · ·φi−1)H0(φi)χ̃
′(φi+1 · · ·φm),

where deg ci,(l) = 2 and deg hi,(l) = 1. We extend H to the whole D̃rWq by
linearity.

We have

(H0d+ dH0)(ci,(l)) = 0 = χ̃(ci,(l))− χ̃′(ci,(l)),

(H0d+ dH0)(hi,(l)) =

(
−1
2π

)i

i(i− 1)dV (l)
ci

(θt, θ
♮) = χ̃(hi,(l))− χ̃′(hi,(l)).

Suppose that φ = φ1ψ, where φ1 ∈ {ci,(l), hj,(k)}, and that (Hd + dH)(ψ) =

χ̃(ψ)− χ̃′(ψ). Then, we have

H(dφ) + d(Hφ)

= H((dφ1)ψ + (−1)dφ1dψ) + d((Hφ1)χ̃
′(ψ) + (−1)dχ̃(φ1)H(ψ))

= H(dφ1)χ̃
′(ψ)− (−1)dχ̃(dφ1)H(ψ) + (−1)dH(φ1)χ̃

′(dψ) + χ̃(φ1)H(dψ)

+ d(Hφ1)χ̃
′(ψ)− (−1)d(Hφ1)dχ̃

′(ψ) + (−1)d(dχ̃φ1)Hψ + χ̃(φ1)dH(ψ)

= (Hd+ dH)(φ1)χ̃
′(ψ) + χ̃(φ1)(Hd+ dH)(ψ)

= χ̃(φ1)χ̃
′(ψ)− χ̃′(φ) + χ̃(φ)− χ̃(φ1)χ̃

′(ψ)

= χ̃(φ)− χ̃′(φ),
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where d = degφ1. Thus H is a cochain homotopy. As H preserves I ′, a cochain
homotopy from χ′ to χb is induced by H . □

By the construction, we have the following

Theorem 7.13. We have χ ◦ τ = χ′.

Proposition 7.14. The natural inclusion of Wq into DrWq induces inclusions of
H∗(Wq) into H∗(DrWq) and H∗(Wq) into H∗(DrW′

q).

Proof. It is clear that the inclusion of Wq to D∞Wq is a cochain map. Suppose that
ω ∈ Wq is a cocycle and that ω = dα + β holds for α ∈ D∞Wq and β ∈ I .
Takeing the part of order zero, we have ω = dα′+β′, where α′ and β′ are the terms
of order zero of α and β, respectively. Then, we have α′ ∈ Wq and the β ∈ I ,
where I denotes the ideal of Wq by {γ ∈ Wq | |γ| > q}. Hence ω represents the
trivial element in H∗(Wq). The proof also works for DrW′

q. □

Thanks to Lemma 7.9, characteristic classes for deformations of foliations are
realized by means of H∗(DrWq) as follows.

Theorem 7.15. 1) The homomorphism χ̃ induces a mapping χ̂ from D̂r(F) ×
H∗(DrWq) to H∗

DR(M ;R). The mapping χ̂ is partially linear in the sense
that if we fix α̂ ∈ D̂r(F), then χ̂α is a homomorphism. Moreover, χ̂ is
independent of choice of connections and metrics. On the other hand, χ̂
depends on the homotopy type of trivialization of Q(F).

2) If f : Dr(F) → Dr(F) and g : Dr(F) → D̂r(F) denote natural mappings,

then we have χ̂g(α)(c) = χα(c) and
∂

∂t
χf(a)(c)

∣∣∣∣
t=0

= qχa(c) for α ∈ Dr(F)

and a ∈ Dr(F).

Proof. The characteristic classes are realized as characteristic classes for a foliation
F (r). Hence the proof reduces to the case of usual secondary classes. See [8] for
the part 1), and [15], [2] for the part 2). The compatibility directly follows from the
constructions, especially from Definition 4.4. □

Remark 7.16. The part 2) of Theorem 7.15 can be also seen as follows. Given an

element α̂ = ({ω(r)}, {θ(r)}), we set ω̂ =
r∑

k=0

1

k!
tkω(k) and θ̂ =

r∑
k=0

1

k!
tkθ

(k)
. Then,

ω̂ is a formal trivialization of Q∗(F) in the sense that ω̂ is a section to Q∗(F)[t].
Similarly, θ̂ is a formal Bott connection on Q(F) in the sense that the formally
defined connection by θ̂ is valued in Q(F)[t]. By using ω̂ and θ̂, we can apply
arguments in the case of jets of deformations for the case of formal deformations.
If r =∞, then it suffices to consider Q∗(F)[[t]] and Q(F)[[t]].
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Definition 7.17. We call qχ, χ and χ̂ the r-jets of characteristic mappings. If we
clarify the order, they are denoted by qχr, χr, χ̂r, respectively.

Since the characteristic classes for deformations are themselves characteristic
classes for certain foliations, we have the following

Theorem 7.18. Let F and F ′ be foliations of M and M ′, respectively. We assume
that there is a smooth mapping g : M → M ′ such that F = g∗F ′. If χ and χ′

denotes the r-jets of characteristic homomorphisms for F and F ′, then we have
χ = g∗χ′. More precisely, we have χg∗α(c) = g∗χ′

α.

Corollary 7.19. Let F be a foliation of M , and α0, α1 infinitesimal deformations
of order r. If there is a foliation F ′ of M × [0, 1] and infinitesimal deformation α′

such that ι∗iα
′ = αi holds for i = 0, 1, where ιi : M →M ×{i} ⊂M × [0, 1] is the

inclusion, then χα = χα′ .

Remark 7.20. Let c ∈ H∗(D∞Wq). If c is represented by a cocycle which does not
involve hi,(0), 1 ≤ i ≤ q, then χ(c) is independent of the choice of trivializations of
Q(F).

Finally, we present some DGA’s needed for study certain kinds of foliations.

Definition 7.21. 1) If we consider real foliations without assuming the triviality
of normal bundles, then we will make use of

DrWOq =

(∧
[h2i′−1,(0), hi,(a)]1≤i′≤q′,1≤i≤q

1≤a≤r
⊗ R[ci,(b)]1≤i≤q

0≤b≤r

)/
I ,

where q′ is the largest integer such that 2q′−1 ≤ q. The ideal I is generated
by elements c ∈ DrWOq with |c| > q, where |h2i′−1,(0)| = 0, |hi,(a)| =
max{i− a, 0} if a ≥ 1 and |ci,(b)| = max{i− b, 0}.

2) If we consider transversely holomorphic foliations, then the characteristic
mappings are valued in H∗(M ;C). If the complex normal bundles of folia-
tions under considerations are trivial, then we will make use of

DrWC
q = (DrWq ⊗ C) ∧ (DrWq ⊗ C),

where the homotopy type of trivialization is fixed when we consider the char-
acteristic mapping. We can make use of the holomorphic part of DrWC

q ,
namely, we consider DrWq ⊗C. The latter is used in proofs of properties of
H∗(DrWq) in Theorem 8.4 and Proposition 10.15.

3) If we consider transversely holomorphic foliations without assuming the triv-
iality of normal bundles, then we will make use of

DrWUq =
(∧

[ũi,(0), ui,(a), ui,(a)]1≤i≤q, 1≤a≤r ⊗ C[vi,(b), vi,(b)]1≤i≤q, 0≤b≤r

)/
I ,
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where dũi,(0) = vi,(0) − vi,(0), dui,(a) = vi,(a), dui,(a) = vi,(a) and dvi,(b) =

dvi,(b) = 0 for a ≥ 1 and b ≥ 0. We set |ũi,(0)| = |ũi,(0)|′ = 0, |ui,(a)| =
|ui,(a)|′ = max{i − a, 0}, |ui,(a)|′ = |ui,(a)| = 0 for a ≥ 1, and |vi,(b)| =
|vi,(b)|′ = max{i− b, 0}, |vi,(b)|′ = |vi,(b)| = 0 for b ≥ 0. We define I to be
the ideal generated by elements c with |c| > q or |c|′ > q.

4) Some of characteristic classes need assumption on foliations. For example,
the Godbillon–Vey class and the FLK class is defined for foliations with
trivial canonical bundles, where the canonical bundle means the determinant
bundle of the normal bundle. In the real category, the triviality is not a strong
constraint, while it is essential in the complex category. The counterpart
of the Godbillon–Vey class is called the Bott class. Without assuming the
triviality, only the imaginary part of the Bott class is defined with coefficients
in R and the real part is a class with coefficients in R/Z. In addition, the FLK
class is no longer defined in such a case.

Remark 7.22. Some of the cohomology of DGA’s listed in Definition 7.21 are stud-
ied in [4], where the Heitsch formula is not taken into account.

Remark 7.23. Bases for H∗(Wq), H∗(WOq) and H∗(WC
q ), where WC

q = (Wq ⊗
C) ∧ (Wq ⊗ C), are well-known as the Vey bases [12]. On the other hand, we do
not know bases for H∗(DrWq), etc. if r ≥ 1.

8. VARIABILITY AND RIGIDITY, COMPARISON OF χ AND χ′

Following the standard definition, we introduce the following

Definition 8.1. 1) An element γ ofH∗(DrWq) is said to be variable if χα̂(δγ) ̸=
0 for some α̂ ∈ D̂r(F).

2) An element γ of H∗(DrWq) is said to be rigid if χα̂(δγ) = 0 for any
α̂ ∈ D̂r(F).

1’) An element γ ofH∗(DrWq) is said to be formally variable if δkγ is nontrivial
for any k.

2’) An element γ of H∗(DrWq) is said to be formally rigid if δγ = 0.

We have the following

Lemma 8.2. If γ ∈ H∗(DrWq) is variable, then γ is formally variable. On the
other hand, if γ ∈ H∗(DrWq) is formally rigid, then γ is rigid.

Proof. If γ is variable, then there is an element α̂ = ({ω(k)}, {θ(k)}) ∈ D̂r(F)
as in Definition 3.11 such that χα̂(γ) ̸= 0. For l ∈ N, we set µ(k)

l = ω(lk) and
ξ
(k)
l = θ

(lk)
. Then, α̂l = ({µ(k)

l , ξ
(k)
l }) ∈ D̂

r(F) and we have χα̂l
(γ) = l!χα̂(F),

which is non-zero if l ̸= 0. The second part follows from Theorem 7.15. □
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Remark 8.3. Suppose that α̂ is given by a smooth family {Ft} in the proof of
Lemma 8.2. Then, α̂l is given by the family {Ftl}.

The following is known. The part 1) is essentially due to Thurston. The part 2) is
shown in [6] (see also Proposition 10.15).

Theorem 8.4. 1) The Godbillon–Vey class GV ∈ H2q+1(DrWq) is variable.
2) The Fuks–Lodder–Kotschick class FLK ∈ H2q+2(DrWq) is variable.

Let W̃q = D̃0Wq and Wq = W̃q/I0, where I0 is the ideal of W̃q generated by
I ′

0 in Definition 7.5. The Bott vanishing theorem implies that χ̃ restricted to W̃q

induces a homomorphism χF : H∗(Wq) → H∗
DR(M ;R). It is known that χF does

not depend on the choice of connections [8]. On the other hand, we have a natural

homomorphism ρq+1
q : Wq+1 → Wq such that ρq+1

q (hi) =

{
hi, i ̸= q + 1,

0, i = q + 1
and

that ρq+1
q (ci) =

{
ci, i ̸= q + 1,

0, i = q + 1
, where hi = hi,0 and ci = ci,0. The induced

homomorphism on the cohomology is also denoted by ρq+1
q by abuse of notations.

The following rigidity theorem is known.

Theorem 8.5 ([13]). The image of ρq+1
q consists of classes which are rigid under

actual and infinitesimal deformations.

Theorem 8.5 states for a smooth family {Ft} that
∂

∂t
χFt(c)

∣∣∣∣
t=0

= 0 holds if

c is in the image of ρq+1
q . We will prove Theorem 8.5 in a generalized form as

Theorem 8.17.
There are some other results. We present them in a reduced form.

Theorem 8.6 (Bott [7] for 1), Heitsch [16] for 1) and 2)). Let i, j1, . . . , jq ∈ N and
assume that i > 0, i+ j1 + 2j2 + · · ·+ jq = q + 1.

1) The class hic
j1
1 · · · cjqq ∈ H2q+1(D∞Wq) is variable.

2) Suppose in addition that i2, . . . , ik ∈ N and that i < i2 < · · · < ik < q − 1.
Then, the class hihi2 · · ·hikc

j1
1 · · · cjqq is variable.

Theorem 8.7 (Kamber–Tondeur [19], Hurder [17], Asuke [3]). There exist exam-
ples of foliations of which some rigid classes in H∗(DrWq) and H∗(DrWUq) are
non-trivial.

On the contrary, we have the following rigidity which is originally found in [13].
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Definition 8.8. We define a homomorphism ρ̃q+1
q : D̃rWq+1 → D̃rWq by the con-

dition that

ρ̃q+1
q (ci,(l)) =

{
ci,(l), i ̸= q + 1,

0, i = q + 1,

ρ̃q+1
q (hi,(l)) =

{
hi,(l), i ̸= q + 1,

0, i = q + 1.

The induced homomorphism from H∗(DrWq+1) to H∗(DrWq) is denoted by ρq+1
q .

Example 8.9. If q = 2, then h2c2 ∈ H7(DrW3) is in the image of ρ32.

We will make use of the following variant of DrWq.

Definition 8.10. We set DrW+
q = D̃rWq/I, where I is the ideal of D̃rWq generated

by I ′
0.

Note that the natural inclusion ofH∗(Wq) toH∗(DrWq) factors throughH∗(DrW+
q ).

Let ρq+1
q

+ be the homomorphism fromH∗(DrW+
q+1) toH∗(DrW+

q ) induced by ρ̃q+1
q .

Definition 8.11. We set

Ki(cj,(l)) =

{
hi,(l+1), j = i,

0, j ̸= i

Ki(hj,(l)) = 0

We extend Ki to the whole D̃rWq as a (signed) derivation.

Lemma 8.12. Let δ̃i be the time derivation which operates only ci,(l) and hi,(l).

Then, we have δ̃iφ = Ki(dφ) + d(Kiφ) for φ ∈ D̃rWq.

Proof. We haveKi(dci,(l))+dKi(ci,(l)) = ci,(l+1) and thatKi(dhi,(l))+dKi(hi,(l)) =

hi,(l+1). Let φ ∈ D̃rWq and suppose that Ki(dφ) + dKi(φ) = δ̃iφ. We have

Ki(d(ci,(l)φ)) + dKi(ci,(l)φ)

= Ki(ci,(l)dφ) + d(hi,(l+1)φ+ ci,(l)K(φ))

= hi,(l+1)dφ+ ci,(l)K(dφ) + ci,(l+1)φ− hi,(l+1)dφ+ ci,(l)dK(φ)

= ci,(l+1)φ+ ci,(l)δ̃iφ

= δ̃i(ci,(l)φ)
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and

Ki(d(hi,(l)φ)) + dKi(hi,(l)φ)

= Ki(ci,(l)φ− hi,(l)dφ)− d(hi,(l)K(φ))

= hi,(l+1)φ+ ci,(l)K(φ) + hi,(l)K(dφ)− ci,(l)K(φ) + hi,(l)dK(φ)

= hi,(l+1)φ+ hi,(l)δ̃iφ

= δ̃i(hi,(l)φ).

Thus we are done. □

Definition 8.13. We set K =

q∑
i=1

Ki.

Lemma 8.14. We have |K(φ)| ≥ |φ| − 1.

By Lemma 8.12, we have

Lemma 8.15. We have δ̃φ = K(dφ) + d(Kφ) on D̃rWq.

Remark 8.16. The mapping K does not induce a cochain homotopy on DrWq. In-
deed, K does not preserve I . Actually, K does not preserve I ′, either.

Theorem 8.17. Let ρq+1
q

′ be the composite of ρq+1
q

+ and the natural homomorphism
from H∗(DrW+

q ) to H∗(DrWq). Then the image of ρq+1
q

′ consists of formally rigid
elements.

Proof. If γ ∈ H∗(DrWq) is in the image of ρq+1
q

′, then there is a cocycle in φ ∈
DrW+

q+1 which represents γ as an element of DrWq. Let φ̃ be a representative of

φ in D̃rWq+1. Then, δγ is represented by ρ̃q+1
q δ̃φ̃. On the other hand, we have

δ̃φ̃ = K(dφ̃) + d(Kφ̃) by Lemma 8.15. As φ is a cocycle in DrW+
q+1, we have

|dφ̃| > q + 1. Therefore, δγ is trivial. □

Corollary 8.18 (Heitsch [13]). The image of H∗(Wq+1) in H∗(DrWq) are formally
rigid.

Corollary 8.19. Let χ̂ : D̂r(F)×H∗(DrWq)→ H∗
DR(M ;R) be the characteristic

homomorphism. If k ≥ 1, then χ̂α̂ ◦ δk is trivial on the image of ρq+1
q

′ for any
α̂ ∈ D̂r(F).

Proof. Let γ ∈ H∗(DrWq) be in the image of ρq+1
q

′. Then, there is a cocycle in
φ ∈ DrWq+1 which represents γ as an element of DrWq. We have |dφ| > q + 1.
On the other hand, by Lemma 8.12, χ̂α̂(δ(γ)) is represented by K(dφ) + d(Kφ).
By Theorem 6.9, we have |K(dφ)| > q so that δχα̂(γ) is trivial. □
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Characteristic classes for deformations of are studied in [4], where r = 1 and
the Heitsch formula is not taken into account. Namely, the classes studied there are
those defined in terms ofH∗(D1W′

q). Combining with Theorem 3.21, we obtain the
following

Theorem 8.20. If c ∈ H∗(DqW′
q), then c denotes the image of c under the natural

mapping from H∗(D1W′
q) to H∗(D1Wq). If α̂ ∈ D̂1(F), then, we have χα̂(c) =

χα̂(c), where the element of H1(M ; ΘF) induced by α̂ is again denoted by α̂ by
abuse of notations.

Remark 8.21. The arguments developed so far are valid also for DrWOq, DrWC
q

and DrWUq with suitable adaptations.

Remark 8.22. We also have some elements analogous to the FLK class if q ≥ 2.
For example, if we set c = h2δ(h1c2) = h2ḣ1c2 − h1h2ċ2, then c ∈ H8(D∞W2) is
formally variable and σ(c) = 0. We do not know if c is variable or not.

9. STRUCTURE OF H∗(D∞Wq)

Recall that we have derivations δ̃ and σ̃ on D̃∞Wq. As these derivations leave I

invariant and commute with the differential d, they induce derivations onH∗(D∞Wq),
which are denoted by δ and σ, respectively.

If T is a linear operator which acts on a vector space V , then we refer to the
eigenspace of T of eigenvalue λ as the λ-eigenspace of T .

Definition 9.1. Let λ ∈ R and k ∈ N. Let F̃λ be the λ-eigenspace of δ̃ ◦ σ̃. The
subspace of F̃λ which consists of order k is denoted by F̃λ,k. Similarly, F̃ ′

λ denotes
the λ-eigenspace of σ̃ ◦ δ̃ and F̃ ′

λ,k denotes the subspace which consists of elements
of order k.

We have F̃λ =
⊕
k∈N

F̃λ,k and F̃ ′
λ =

⊕
k∈N

F̃ ′
λ,k.

Lemma 9.2. 1) We have F̃λ,k = F̃ ′
λ+k,k.

2) Let σ̃λ,k be the restriction of σ̃ to F̃λ,k. Then, the image of σ̃λ,k is contained
in F̃λ−k+1,k−1. If λ ̸= 0, then σ̃λ,k is an isomorphism and the inverse is given

by
1

λ
δ̃.

Proof. First we show 1). Suppose that ω is of order k. We have σ̃ ◦ δ̃(ω) = kω +

δ̃ ◦ σ̃(ω) by Lemma 5.3. Hence σ̃ ◦ δ̃(ω) = (λ+ k)ω if and only if ω ∈ F̃λ,k.
Next, we show 2). If ω ∈ F̃λ,k, then we have δ̃ ◦ σ̃(σ̃(ω)) = σ̃ ◦ δ̃(σ̃(ω)) −

(k − 1)σ̃(ω) = (λ− k + 1)σ̃(ω) so that we have σ̃(ω) ∈ F̃λ−k+1,k−1. If conversely
ω′ ∈ F̃λ−k+1,k−1, then we have σ̃ ◦ δ̃(ω′) = λω′ by 1). As we have δ̃ ◦ σ̃(ω) = λω

on F̃λ,k, the claim holds. □
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In order to describe D̃∞Wq, we introduce a sequence as follows.

Definition 9.3. If k ∈ N and if k ≥ 1, then we define a sequence {λm,k}1≤m≤k by

setting λm,k =
k−1∑
m′=1

(k −m′) =
1

2
(m− 1)(2k −m). We set λ0,0 = 0.

The following is immediate.

Lemma 9.4. 1) We have λ1,k = 0 for any k ≥ 1 and that λm,k ≥ 1 if m ≥ 2.
2) We have λm,k + k = λm+1,k+1.

Proposition 9.5. 1) We have D̃∞Wq
0 = F̃0,0. If k ≥ 1, then we have

D̃∞Wq
k =

k⊕
m=1

F̃λm,k,k.

2) The mapping σ̃ is an isomorphism to the image when restricted to
⊕
n≥1
k≥2

F̃n,k.

On the other hand, the mapping δ̃ is an isomorphism to the image when
restricted to

⊕
k≥1

1≤m≤k

F̃λm,k =
⊕
k≥1

D̃∞Wq
k.

Proof. If k = 0 or k = 1, then we have σ̃ = 0 on D̃∞Wq
k. Hence D̃∞Wq

k = F̃0,k.
Assume that 2) holds for a k ≥ 1 and that ω ∈ D̃∞Wq

k+1. Then, σ̃ω ∈ D̃∞Wq
k

so that there exist µm ∈ F̃λm,k,k, 1 ≤ m ≤ k, such that σ̃(ω) = µ1 + · · · + µk.

Noticing that δ̃(µm) ∈ F̃λk,m+k,k+1 = F̃λm+1,k+1,k+1, we set νm =
1

λm+1,k+1

δ̃(µm)

for 1 ≤ m ≤ k and ν0 = ω −
k∑

m=1

νm. We have

δ̃ ◦ σ̃(ν0) = δ̃ ◦ σ̃(ω)−
k∑

m=1

δ̃ ◦ σ̃(νm)

= δ̃ ◦ σ̃(ω)−
k∑

m=1

λm+1,k+1νm

= δ̃ ◦

(
σ̃(ω)−

k∑
m=1

µm

)
= 0.

Therefore, ν0 ∈ F̃λ1,k+1,k+1 and we have D̃∞Wq
k+1 =

k+1⊕
m=1

F̃λm,k+1,k+1. Hence 1)

holds. On the other hand, Lemma 9.2 shows that δ̃ isomorphically maps F̃λm,k,k to
F̃λm+1,k+1,k+1 if k ≥ 1. Hence the claim 2) follows from 1). □
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Corollary 9.6. Let k ≥ 1. If pm,k denotes the projector from D̃∞Wq
k to F̃λm,k,k,

then we have

p1,k =
k−1∑
i=0

(−1)i2
i(2k − i− 2)!

(2k − 2)!i!
δ̃i ◦ σ̃i,

pk−a,k =
2k−a−1(2a+ 1)!

(k − a− 1)!(k + a)!
δ̃k−a−1 ◦ p1,k ◦ σ̃k−a−1,

where 0 ≤ a ≤ k − 1.

Proof. First, if k ≥ 2 and if 1 ≤ a ≤ k − 1, then we have pk−a,k =
1

λk−a,k

δ̃ ◦

pk−a−1,k−1 ◦ σ̃. The second formula follows from this.
Next, we have

p1,k = id−
k−1∑
i=1

1

λi+1,k

δ̃ ◦ pi,k−1 ◦ σ̃

= id−
k−1∑
i=1

1

λi+1,k · · ·λ2,k−i+1

δ̃i ◦ p1,k−i ◦ σ̃i

= id−
k−1∑
i=1

2i(2k − 2i− 1)!

i!(2k − i− 1)!
δ̃i ◦ p1,k−i ◦ σ̃i.

Note that p1,1 = id because D̃∞Wq
1 = F̃0,1. Therefore, the first formula in the

statement holds if k = 1. Assume that the formula is valid for p1,l with l < k. Then,
we have

p1,k = id−
k−1∑
i=1

k−i−1∑
l=0

2i(2k − 2i− 1)!

i!(2k − i− 1)!
(−1)l 2

l(2k − 2i− l − 2)!

(2k − 2i− 2)!l!
δ̃i+l ◦ σ̃i+1

= id−
k−1∑
i=1

k−1∑
m=i

(−1)m−i 2m(2k − 2i− 1)!(2k −m− i− 2)!

i!(m− i)!(2k − i− 1)!(2k − 2i− 2)!
δ̃m ◦ σ̃m

= id−
k−1∑
m=1

m∑
i=1

(−1)m−i 2m(2k − 2i− 1)!(2k −m− i− 2)!

i!(m− i)!(2k − i− 1)!(2k − 2i− 2)!
δ̃m ◦ σ̃m,

where m = i+ l.
Now let P (i) =

1

(2k − i− 1) · · · (2k − 2i− 2)(2k − 2i) · · · (2k −m− i− 1)
for 1 ≤ i ≤ m. Then, we have

p1,k = id− 2m

m!

k−1∑
m=1

m∑
i=1

(−1)m−i

(
m

i

)
P (i)δ̃m ◦ σ̃m,
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Hence, it suffices to show that

(9.7)
2m

m!

m∑
i=1

(−1)i−1

(
m

i

)
P (i) =

2m(2k −m− 2)!

m!(2k − 2)!

holds for 1 ≤ m ≤ k − 1. Actually, we have

m∑
i=1

(−1)i−1

(
m

i

)
P (i)

(9.8)

=
a−1∑
i=1

(−1)i−1

(
m

i

)
P (i) + (−1)a−1

(
m− 1

a− 1

)
1

(2k − a− 1) · · · (2k −m− a)
.

Indeed, the equality (9.8) holds if a = m. On the other hand, we have
1

2k − 2a+ 1

(
m− 1

a− 1

)
− 1

2k − a

(
m

a− 1

)
=

(m− 1)!

(a− 1)!(m− a+ 1)!

(m− a+ 1)(2k − a)−m(2k − 2a+ 1)

(2k − 2a+ 1)(2k − a)

= − (m− 1)!

(a− 2)!(m− a+ 1)!

2k −m− a
(2k − 2a+ 1)(2k − a)

= −
(
m− 1

a− 2

)
2k −m− a

(2k − 2a+ 1)(2k − a)
.

It follows that the equality (9.8) also holds if a = m − 1. Hence, by induction,

we have
m∑
i=1

(−1)i−1

(
m

i

)
P (i) =

(
m− 1

a− 1

)
1

(2k − 2) · · · (2k −m− 1)
. Thus the

equality (9.7) holds so that we are done. □

As the above arguments concern linear spaces, we can apply to δ and σ on
H∗(D∞Wq).

Definition 9.9. Let H∗(D∞Wq)
k be the subspace of H∗(D∞Wq) which is spanned

by elements of order k. The λ-eigenspace of δ ◦ σ is denoted by Fλ. We set Fλ,k =

Fλ ∩H∗(D∞Wq)
k.

Theorem 9.10. 1) We have H∗(D∞Wq)
0 = F0,0. If k ≥ 1, then we have

H∗(D∞Wq)
k =

k⊕
m=1

Fλm,k,k, where λm,k is given in Definition 9.3.

2) The derivation σ is an isomorphism to the image when restricted to
⊕
n≥1
k≥2

Fn,k.

On the other hand, the derivation δ is an isomorphism to the image when
restricted to

⊕
k≥1

H∗(D∞Wq)
k.
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3) Let k ≥ 1. If pm,k denotes the projector from H∗(D∞Wq)
k to Fλm,k,k, then

we have

p1,k =
k−1∑
i=0

(−1)i2
i(2k − i− 2)!

(2k − 2)!i!
δi ◦ σi,

pk−a,k =
2k−a−1(2a+ 1)!

(k − a− 1)!(k + a)!
δk−a−1 ◦ p1,k ◦ σk−a−1,

where 0 ≤ a ≤ k − 1.

Theorem 9.10 implies that H∗(D∞Wq) is completely determined by
∞⊕
k=0

F0,k.

As the projectors commute with d, we have the following

Lemma 9.11. 1) If Eλ,k ⊂ D∞Wq denotes the λ-eigenspace of δ ◦ σ, then Eλ,k

is closed under d.
2) The eigenspace Fλ,k is the cohomology of (Eλ,k, d).

The above arguments also work for H∗(D∞W′
q) with δ′ and σ′ after slight adap-

tations. We sketch the arguments and results.
First, we have the following

Lemma 9.12. Let c ∈ DrW′
q and c =

m∑
l=1

cl be the decomposition of c according to

the length. Then, c is closed if and only if cl is closed for any l. Similarly, c is exact
if and only if cl is exact for any l.

It is easy to see that the length is well-defined on DrWq, DrW′
q, H

∗(DrWq) and
H∗(DrW′

q). The subspace of H∗(DrW′
q)

k naturally defined by L̃l is denoted by

H∗(DrW′
q)

k,l. where L̃l is the subspace of D̃rWq defined in Definition 5.8. We

have H∗(DrW′
q)

k =
∞⊕
l=0

H∗(DrW′
q)

k,l.

Let Lλ,k,l be the eigenspace of δ′ ◦ σ′ on H∗(DrW′
q)

k,l.

Lemma 9.13 (cf. Lemma 9.2). If c ∈ Lλ,k,l, then σ(c) ∈ Lλ−l,k−1,l and δ(c) ∈
Lλ+l,k+1,l. If λ ̸= 0, then σ′ is an isomorphism and the inverse is given by

1

λ
δ.

Proposition 9.14. We haveH∗(DrW′
q)

k,l =
k⊕

i=0

Lil,k,l. If p′i,k,l denotes the projector

from H∗(DrW′
q)

k,l to Lil,k,l, then we have

p′i,k,l(c) =
k−i∑
m=0

(−1)m

i!m! lm+i
δm+i ◦ σm+i(c).
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From these Lemmata and Proposition, we can deduce the following

Theorem 9.15. The derivation δ′ is injective on H∗(D∞W′
q).

The difference of the domain of injectivity in Theorem 9.15 and Theorem 9.10 is
derived from Lemma 5.9 and Lemma 5.3.

If q = 1, then we have DrW1 = DrW′
1 so that we have the following

Corollary 9.16. The derivation δ is injective on H∗(D∞W1).

Corollary 9.17. An element γ ∈ H∗(D∞Wq) is either formally rigid or formally
variable. Precisely, a formally rigid element is an element ofF0,0 ⊂ H∗(D∞Wq)

0 =

H∗(Wq). On the other hand, elements of
∞⊕
k=1

H∗(D∞Wq)
k are formally variable.

If q = 1, then any element of H∗(D∞W1) is formally variable.

Proof. This is because δ is injective on
∞⊕
k=1

H∗(D∞Wq)
k. If in addition q = 1, then

δ is injective. □

Remark 9.18. We cannot tell at once if an element of H∗(Wq) is either formally
variable or rigid unless it is covered by the Heitsch theorem (Theorem 8.17).

Example 9.19. We have GVq ∈ F0,0 ⊂ H∗(D∞Wq). The formal variability of GV1

follows from Corollary 9.17. If q ≥ 2, then the formal variability follows from the
existence of examples (Theorem 8.4). On the other hand, we have FLKq ∈ F0,1 so
that it is a priori formally variable.

Remark 9.20. It is a question to find a set of elements {γi} of H∗(D∞Wq) which
generates the whole space under algebraic operations and δ. By Corollary 9.17, it
suffices to look at

⊕
k∈N

F0,k for this purpose. We will study F0,k for small k when

q = 1 in the next section (Theorem 10.1, Proposition 10.6 and Theorem 10.7).

Remark 9.21. Arguments in this section are largely applicable for DrWOq. On the
other hand, if we study DrWC

q or DrWUq, we need to consider the integration σ
separately on the holomorphic part and on the anti-holomorphic part. It makes the
study especially difficult for H∗(DrWUq).

10. A PARTIAL DESCRIPTION OF H∗(D∞W1)

If q = 1, then we have additional information on H∗(D∞W1). In this section,
c1,(i) and h1,(j) are denoted by c(i) and h(j), respectively.

Note that we have I = I ′. In particular, I is generated by {δk(c2)}k∈N.
The following is easy, nevertheless it is fundamental.
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Theorem 10.1. We have F0,0
∼= ⟨GV⟩ and F0,1

∼= ⟨FLK⟩, where GV = h(0)c(0)
and FLK = h(0)h(1)c(0).

Definition 10.2. An element ω ∈ D∞W1 is said to be of type (a, b) if ω is a linear
combination of elements of the form h(i1) · · ·h(ia)c(j1) · · · c(jb).

The type determines a filtration of D∞W1. It is easy to see that this filtration
induces a one of H∗(D∞W1) and that is compatible with δ and σ.

The Godbillon–Vey class is distinguished in the following sense.

Theorem 10.3. The only non-trivial classes of type (1, b) are the Godbillon–Vey
class and its derivatives which are of type (1, 1).

Proof. Let ω̃ ∈ D̃∞W1 represent a class γ ∈ H∗(D∞W1) of type (1, b). By repeat-
edly applying σ̃, we may assume that σ̃ω ∈ I . If b = 0, then ω̃ cannot be closed
in D∞W1 unless ω̃ = 0. Suppose that b ≥ 2. We define L : D̃∞W1 → D̃∞W1 as
follows. We first set

L(c(i)) = h(i),

L(h(i)) = 0.

Then, we extend L as a signed derivation to the whole D̃∞W1. A similar argument
as in the proof of Lemma 8.12 shows that we have (1 + b)ω̃ = L(dω̃) + d(Lω̃).

Suppose now that dω̃ ∈ I . If we set Ri = δ̃i(c(0)
2), then we have dω̃ =

m∑
i=0

αiRi

for some m. As ω̃ is of type (1, b), each αi is of type (0, b− 1). Hence we can find

βi ∈ D̃∞W1 such that dβi = αi. We now set µ̃ =
m∑
i=0

βiRi and ν̃ =
1

1 + b
L(ω̃− µ̃).

As d(ω̃ − ν̃) = 0, we have ω̃ − µ̃ = dν̃. Hence γ is also represented by µ̃ so that γ
is trivial.

Finally we assume that b = 1. In this case, we may assume that ordω = k. Then,

we have ω̃ =
l∑

i=0

αih(i)c(r−i) for some αi ∈ R. If r ≤ 1, then the theorem follows

from Theorem 10.1 so that we assume that r ≥ 2. If r is even, then repeatedly

applying δ̃ to ω̃, we see that αi = 0 for i ̸= k

2
. Hence we have ω̃ = αjh(j)c(j),

where j =
k

2
. As j ≥ 1, ω̃ ∈ I if and only if αj = 0. If r is odd, then we see

that αi = 0 unless i = j or i = j + 1, where j =
k − 1

2
. In addition, we see that

αj + αj+1 = 0. It follows that ω̃ = αj(h(j)c(j+1) − h(j+1)c(j)) = −αjd(h(j)h(j+1)).
Therefore, ω̃ represents the trivial class. □
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Remark 10.4. The latter half of the proof of Theorem 10.3 is a kind of repetition of
a proof of triviality of H∗(W̃q). In addition, we can slightly reduce the last part of
the proof of Theorem 10.3 by using σ′ instead of σ.

In what follows, we will study F0,k for 2 ≤ k ≤ 5, without restricting the type.
First, we show the following

Lemma 10.5. Elements of the form c(i)c(j)c(k) with i+j+k ≤ 5 are trivial in DrW1

if r ≥ 5.

Proof. Let ωijk = c(i)c(j)c(k). We may assume that i ≤ j ≤ k. First note that we
have c(0)2 = c(0)c(1) = 0. In general, c(i)c(j), i ≤ j, is a linear combination of
elements of the form c(k)c(l), k ≤ l, with k + l = i+ j and (k, l) ̸= (i, j).

If i = 0, then ω0jk = 0 unless j ≥ 2. The element ω022 is a linear combination
of ω013 and ω004 which are both trivial. The element ω023 is a linear combination of
ω014 and ω005 which are also trivial. Suppose that i = 1. We have ω111 = −ω021

and ω113 = −ω023 so that they are trivial. The element ω112 is proportional to ω103

so that it is trivial. The element ω122 is proportional to ω032 so that it is also trivial.
Thus we are done. □

Proposition 10.6. We have F0,k ⊂ H∗(D∞W1) ∼= {0} for k = 2, 3, 4.

Proof. For a while, c, ċ, c̈, ...
c denote c1,(0), c1,(1), c1,(2), c1,(3), respectively. We make

use a similar notations for h. Recall that p1,k denotes the projection fromH∗(D∞W1)
k

to F0,k.
Let k = 2. As c2 = cċ = 0, the following elements gives rise to a set of basis for

(D∞W1)
2:

ḧ, hḧ, ḧc, hḧc, c̈, c̈h, c̈c, c̈hc, ḣċ, hḣċ, ċ2, ċ2h.

The images of these elements by p1,2 to the 0-eigenspace of δσ are equal to

0, 0,−ḣċ,−hḣċ, 0,−ċḣ, c̈c, c̈hc, ḣċ, hḣċ, ċ2, ċ2h.

Hence cocycles in the 0-eigenspace F0,2 of δσ are linear combinations of

ċ2, c̈c, ċ2h, c̈hc.

As we have ċ2h = d(ċḣh) and c̈hc = ḧhc, all of these elements are exact.
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Next, we study H∗(D∞W1)
3. We have

p1,3(
...
h ) = 0,

p1,3(
...
h c) = −1

2
ḧċ+

1

2
ḣc̈ = −1

2
d(ḣḧ),

p1,3(h
...
h c) = −ḣḧc− 1

2
hḧċ+

1

2
hḣc̈ = −3

2
ḣḧc+

1

2
d(hḣḧ),

p1,3(
...
c ) = 0,

p1,3(h
...
c ) = −1

2
ḣc̈+

1

2
ḧċ =

1

2
d(ḣḧ),

p1,3(h
...
c c) = −1

2
ḣc̈c+ ḣċ2 +

1

2
ḧċc = ḣċ2 +

1

2
d(ḣḧc),

p1,3(ḣḧ) = ḣḧ,

p1,3(ḣḧc) = ḣḧc,

p1,3(hḣḧ) = hḣḧ,

p1,3(hḣḧc) = hḣḧc,

p1,3(ḣc̈) = −
1

2
ḧċ+

1

2
ḣc̈ = −1

2
d(ḣḧ),

p1,3(ḣc̈c) = ḣc̈c = −ḣċ2 + ḣ(c̈c+ ċ2) = −ḣċ2

p1,3(ḣċ
2) = ḣċ2,

p1,3(hc̈ċ) = −
1

2
ḣċ2,

p1,3(hċ
3) = hċ3 = −hc̈cċ+ h(c̈c+ ċ2)ċ = 0.

Hence F0,3 is generated by ḣċ2. On the other hand, we have ḣċ2 = −ḣc̈c = d(ḣḧc).
Therefore, we have H∗(D∞W1)

3 ∼= {0}.
Finally, we study H∗(D∞W1)

4. We have

p1,4 = id− 1

3
δ ◦ σ +

1

15
δ2 ◦ σ2 − 1

90
δ3 ◦ σ3,

which is denoted by p for simplicity.
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We have

p(h(4)) = 0,

p(h(4)c(0)) = −
1

5
h(3)c(1) +

3

5
h(2)c(2) −

1

5
h(1)c(3),

p(h(0)h(4)) = 0,

p(h(0)h(4)c(0)) = −
1

5
h(0)h(3)c(1) +

9

5
h(1)h(2)c(1) +

3

5
h(0)h(2)c(2) −

1

5
h(0)h(1)c(3),

p(h(1)h(3)) = 0,

p(h(1)h(3)c(0)) = −h(1)h(2)c(1),
p(h(0)h(1)h(3)) = 0,

p(h(0)h(1)h(3)c(0)) = −h(0)h(1)h(2)c(1),

p(h(3)c(1)) =
1

5
h(3)c(1) −

3

5
h(2)c(2) +

1

5
h(1)c(3),

p(h(0)h(3)c(1)) =
1

5
h(0)h(3)c(1) −

4

5
h(1)h(2)c(1) −

3

5
h(0)h(2)c(2) +

1

5
h(0)h(1)c(3),

p(h(1)h(2)c(1)) = h(1)h(2)c(1),

p(h(0)h(1)h(2)c(1)) = h(0)h(1)h(2)c(1),

p(h(2)c(2)) = −
1

5
h(3)c(1) +

3

5
h(2)c(2) −

1

5
h(1)c(3),

p(h(2)c(2)c(0)) = −
1

5
h(3)c(0)c(1) +

3

5
h(2)c(0)c(2) −

1

15
h(2)c(1)

2 − 1

5
h(1)c(0)c(3) +

1

15
h(1)c(1)c(2);

note that we have

h(2)c(2)c(0) = −h(2)c(1)2

= d(h(1)h(2)c(1)) + h(1)c(1)c(2)

= d(h(1)h(2)c(1))−
1

3
h(1)c(0)c(3)

= d(h(1)h(2)c(1)) +
1

3
d(h(1)h(3)c(0)),

p(h(2)c(1)
2) =

2

3
h(2)c(1)

2 − 2

3
h(1)c(1)c(2),

p(h(0)h(2)c(2)) = −
1

5
h(0)h(3)c(1) +

3

5
h(0)h(2)c(2) −

1

5
h(1)h(2)c(1) −

1

5
h(0)h(1)c(3),

p(h(0)h(2)c(0)c(2)) =
1

3
h(0)h(2)c(0)c(2) −

1

3
h(0)h(2)c(1)

2 − 1

3
h(0)h(1)c(3)c−

1

3
h(0)h(1)c(1)c(2),

p(h(0)h(2)c(1)
2) =

2

3
h(0)h(2)c(1)

2 − 2

3
h(0)h(1)c(1)c(2),

p(h(1)c(2)c(1)) = −
1

3
h(2)c(1)

2 +
1

3
h(1)c(1)c(2),

p(h(0)h(1)c(1)c(2)) = −
1

3
h(0)h(2)c(1)

2 +
1

3
h(0)h(1)c(1)c(2),
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p(h(0)c(2)
2) =

2

15
h(2)c(1)

2 − 2

15
h(1)c(1)c(2) +

3

5
h(0)c(2)

2 − 2

5
h(0)c(1)c(3);

note that we have

h(0)c(2)
2 = −h(0)c(1)c(1) = d(h(0)h(1)c(1)),

p(h(0)c(1)
2c(2)) = −

1

3
h(1)c(1)

3 = 0,

p(h(0)c(0)c(2)
2) = h(0)c(0)c(2)

2 = 0,

where we make use of Lemma 10.5.
Therefore, cochains in E0,4 are prepresented by linear combinations of the fol-

lowing elements:

h(3)c(1) − 3h(2)c(2) + h(1)c(3),

h(0)h(3)c(1) − 3h(0)h(2)c(2) + h(0)h(1)c(3),

h(1)h(2)c(1),

h(0)h(1)h(2)c(1),

− 3h(2)c(0)c(2) + h(1)c(0)c(3), (exact)

h(2)c(1)
2 − h(1)c(1)c(2), (exact)

− 3h(0)h(2)c(0)c(2) + h(0)h(1)c(0)c(3), (exact)

h(0)h(2)c(1)
2 − h(0)h(1)c(1)c(2), (exact)

3h(0)c(2)
2 − 2h(0)c(1)c(3). (exact)

We can show that the above elements except the first four are exact. Hence, only the
second and the third one of the above elements can yield non-trivial classes. The
derivative of them are equal to

h(0)c(1)c(3) − 3h(0)c(2)
2 + 3h(2)c(0)c(2) + h(0)c(1)c(3) − h(1)c(0)c(3)

= 2h(0)c(1)c(3) + 3h(2)c(0)c(2) − h(1)c(0)c(3),
h(1)c(1)c(2) − h(2)c(1)2.

It is easy to see that they are linearly independent so that we have F0,4
∼= {0}. □

The eigenspace F0,5 ⊂ H∗(D∞W1) is non-trivial as follows. Recall that ifE0,5 ⊂
D∞W1 denotes the 0-eigenspace, then F0,5 is the cohomology of (E0,5, d).

Theorem 10.7. Let V be the subspace of F0,5 which consists of elements of type
(2, 2). Then, we have V ∼= R. Indeed, h(1)h(2)c(0)c(2) generates V .

Proof. Let p = p1,5 be the projection from (D∞W1)
5 to F0,5. Let W the subspace

of E0,5 of type (2, 2) and Z,B ⊂ W be the subspace of cocycles and coboundaries,
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respectively. The following elements generate W :

h(0)h(1)c(0)c(4), h(0)h(1)c(1)c(3), h(0)h(1)c(2)
2,

h(0)h(2)c(0)c(3), h(0)h(2)c(1)c(2),

h(0)h(3)c(0)c(2), h(0)h(3)c(1)
2, h(1)h(2)c(0)c(2), h(1)h(2)c(1)

2.

These elements are closed by Lemma 10.5. Among these elements,

h(0)h(1)c(0)c(4), h(0)h(1)c(1)c(3),

h(0)h(2)c(0)c(3),

h(0)h(3)c(0)c(2), h(1)h(2)c(0)c(2)

form a basis for W . The image of these elements by p are described as follows.
If ω ∈ W , then C(ω) = (λ1, λ2, . . . , λ5) ∈ R5 denotes the coordinate vector
of ω with respect to the above basis, namely, we have ω = λ1h(0)h(1)c(0)c(4) +

λ2h(0)h(1)c(1)c(3) + λ3h(0)h(2)c(0)c(3) + λ4h(0)h(3)c(0)c(2) + λ5h(1)h(2)c(0)c(2). Then,
we have

C(p(h(0)h(1)c(0)c(4))) =
(
− 1

14
,−15

14
,− 9

14
, 9
14
, 9
14

)
C(p(h(0)h(1)c(1)c(3))) =

(
5
28
, 33
28
, 3
28
,− 3

28
,− 3

28

)
C(p(h(0)h(2)c(0)c(3))) =

(
− 3

28
,− 3

28
, 15
28
,−15

28
,−15

28

)
C(p(h(0)h(3)c(0)c(2))) =

(
1
14
, 1
14
,− 5

14
, 5
14
,− 9

14

)
C(p(h(1)h(2)c(0)c(2))) = (0, 0, 0, 0, 1) .

It follows that {(1, 6, 0, 0, 0), (0, 1, 1,−1, 0), (0, 0, 0, 0, 1)} is a basis for Z.
Next we study the space B. Elements of type (3, 1) and of order 5 in D∞W1 are

linear combinations of the following elements:

h(0)h(1)h(4)c, h(0)h(2)h(3)c, h(0)h(1)h(3)c(1), h(0)h(1)h(2)c(2).

The images of these elements by p are given as follows:
1

7
h(0)h(1)h(4)c(0) −

6

7
h(0)h(2)h(3)c(0) −

3

14
h(0)h(1)h(3)c(1) +

9

14
h(0)h(1)h(2)c(2),

− 1

7
h(0)h(1)h(4)c(0) +

6

7
h(0)h(2)h(3)c(0) −

1

28
h(0)h(1)h(3)c(0) +

3

28
h(0)h(1)h(2)c(2),

1

4
h(0)h(1)h(3)c(1) −

3

4
h(0)h(1)h(2)c(2),

−1

4
h(0)h(1)h(3)c(1) +

3

4
h(0)h(1)h(2)c(2).

The span of these elements are equal to the one of h(0)h(1)h(4)c(0)−6h(0)h(2)h(3)c(0)
and h(0)h(1)h(3)c(1) − 3h(0)h(1)h(2)c(2). By some honest calculations, we see that
{(1, 0,−6, 6, 0), (0, 5, 5,−5,−3)} is a basis for B. Therefore, we can choose
{(0, 0, 0, 0, 1)} as a basis for V = Z/B. □
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Theorem 10.8. The classes δ1(GV)δ4(GV), δ2(GV)δ3(GV) belong to F0,5 and
proportional to h(1)h(2)c(0)c(2) which is non-trivial. In particular, the product struc-
ture of H∗(D∞W1) is non-trivial.

Proof. We have

δ(GV) = h(1)c(0) + h(0)c(1) = 2h(1)c(0),

δ2(GV) = 2h(2)c(0) + 2h(1)c(1),

δ3(GV) = 2h(3)c(0) + 4h(2)c(1) + 2h(1)c(2),

δ4(GV) = 2h(4)c(0) + 6h(3)c(1) + 6h(2)c(2) + 2h(1)c(3)

in D∞W1. It follows that we have δ2(GV)δ3(GV) = 4h(2)h(1)c(0)c(2) and that
δ(GV)δ4(GV) = 4h(1)h(2)c(0)c(2). □

Remark 10.9. The cochains h(1)h(2)c(0)c(2) ∈ DkW1 is not closed if k ≤ 2 and
closed if k ≥ 3. This resembles the fact that the Godbillon–Vey class is not defined
for foliations of class C1 [22].

Remark 10.10. We have δ(GV)δ3(GV) = 0 by Proposition 10.6. Hence we have
δ2(GV)δ3(GV)+δ(GV)δ4(GV) = 0. We also have σ(δ2(GV)δ3(GV)) = δ(GV)δ3(GV)+

3δ2(GV)δ2(GV) = 0. We can show that (GV)δ5(GV) is non-trivial as well, how-
ever, we omit the proof.

We also have the following

Proposition 10.11. The class h(0)h(1)h(2)c(0)c(2) ∈ F0,5 is non-trivial.

Proof. Let ω = h(0)h(1)h(2)c(0)c(2). The cochain ω is closed by Lemma 10.5. We
have σω = 0 so that ω represents an element of F0,5. As there are no non-trivial
cochain of type (4, 1) of order 5, h(0)h(1)h(2)c(0)c(2) is not exact. □

Remark 10.12. Because of the type, the class h(0)h(1)h(2)c(0)c(2) cannot be described
in terms of δi(GV) and δj(FLK).

Remark 10.13. The classes h(1)h(2)c(0)c(2) and h(0)h(1)h(2)c(0)c(2) are formally vari-
able by Corollary 9.16. However, we do not know any example of deformations of
which the classes h(1)h(2)c(0)c(2) or h(0)h(1)h(2)c(0)c(0)c(2) is non-trivial. If they are
always trivial, then there will exist some geometric constrains which yields a kind
of the Bott vanishing or the Heitsch formulae. Indeed, most of invariants known so
far for 1-dimensional dynamics are described by volumes, linear terms of mappings
and Schwarzian derivative. On the other hand, it is known that the classes GV,
δ(GV) and FLK are described by the volume elements along the leaves, linear ho-
lonomy and the Schwarzian derivative of holonomy [1], [5], [6]. Theorem 10.8 im-
plies that this is also the case for h(1)h(2)c(0)c(2). We expect that h(0)h(1)h(2)c(0)c(2)
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is still described by the above-mentioned invariants even if it is non-trivial for some
examples.

The non-triviality of the FLK class is derived from that of the derivative of the
Bott class in [6]. Shortly, integrating the FLK class h(0)h(1)c(0) along the direction
of h(0), we obtain the derivative of the Bott class h(1)c(0). This construction is also
valid for several other classes as follows.

First, we have the following

Lemma 10.14. Let c be a cocycle in D∞Wq and suppose that h1c is a non-trivial co-
cycle. If c is non-trivial in H∗(D∞Wq), then h1c is also non-trivial in H∗(D∞Wq).

Proof. Suppose that h1c = dα as cocycles for some α ∈ D∞Wq. As h1c is non-
trivial, α is also non-trivial. We represent α as α = h1β + γ, where β and γ do
not involve h1. Then, we have h1c = dα = −h1dβ + c1β + dγ so that we have
c = −dβ. □

Actually, a non-trivial class c ∈ H∗(D∞Wq) yields a non-trivial class h1c under
certain assumptions. Let F be a transversely holomorphic foliation of M of com-
plex codimension q. Suppose that the complex normal bundle Q(F) of F is trivial
and fix a trivialization, say e, of Q(F). Let M̃ = S1 × M and π : M̃ → M be
the projection. We equip M̃ with the pull-back foliation π∗F . If α̂ ∈ D̂r(F),
then α̂ naturally induces an element of D̂r(F̃ ) which is denoted by π∗α̂. For
c ∈ H∗(D∞Wq), we set c(F , α̂, e) = χ̂α̂(c) in order to emphasize the trivializa-
tion e of Q(F). Let F̃ = π∗F . The normal bundle Q(F̃) is trivial. If m ∈ Z, we
define trivialization em of Q(F̃) as follows. We regard S1 as the unit circle in C
and t be the coordinate for C. Then, we set ẽm = tme using the product structure of
S1 ×M . Under these settings, we have the following

Proposition 10.15 ([6], Proposition 3.1). Let c ∈ H∗(D∞Wq). Assume that c can
be represented by a cocycle which does not involve h1, . . . , hq and that h1c is also
a cocycle. Suppose that δc(F , α̂, e) ∈ H∗(M ;C) is non-trivial. If m ̸= 0, then
either δ(h1c)(F , α̂, e) ∈ H∗+1(M ;C) or δ(h1c)(F̃ , π∗α̂, ẽm) ∈ H∗+1(M̃ ;C) is
non-trivial. In particular h1c represents a variable class in H∗+1(D∞Wq).

Proof. Let ω be the trivialization ofQ∗(F) dual to ewhich is a Cq-valued one-form.
It is known that there is a Mq(C)-valued one-form, say η, such that dω+ η∧ω = 0.
Actually, η is a connection form of a Bott connection with respect to e and we have

h1 = − 1

2π
√
−1

tr η for F and e. We can choose ωm = t−mω as a trivialization of

Q∗(F̃) which is the dual to em. If we set ηm = m
dt

t
+ η, then we have dωm + ηm ∧

ωm = 0. We have h1 = − 1

2π
√
−1

tr ηm for F̃ and ẽm. As the deformation α is
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supported on M and as c does not involve h1, . . . , hq so that c does not depend on
the trivialization of Q∗(F), we have

h1c(F̃ , π∗α̂, ẽm) = π∗h1c(F , α̂, e)− qm volS1 ∧π∗c(F , α̂, e).

As δ(c(F , α̂, e)) is assumed to be non-trivial and as volS1 is independent of defor-
mations, either δ(h1c)(F̃ , π∗α̂, ẽm) or δ(h1c)(F , α̂, e) is non-trivial. □

Example 10.16. If we set c = δ(h(0)c(0)) = h(1)c(0) + h(0)c(1) = 2h(1)c(0), then
we obtain the twice of the FLK class h(0)h(1)c(0). As an analogue, we set c =

δ2(h(0)c(0)) = h(2)c(0)+2h(1)c(1)+h(0)c(2) = 2(h(2)c(0)+h(1)c(1)). Then, we obtain
the class 2h(0)(h(2)c(0) + h(1)c(1)) = 2δ(FLK).

Some remarks and consequences of Proposition 10.15 will follow.

Remark 10.17. 1) The class c is always formally variable. Indeed, the class c
should involve some of hi,(a) with a > 0, otherwise c is trivial. Hence we
have ord(c) > 0 so that δc ̸= 0 by Theorem 9.10.

2) It is well-known that we can calculate h1 using
∧qQ∗(F). Hence, if c in-

volves only h1,(a) and c1,(b), then we can make use of
∧qQ∗(F) instead of

Q∗(F). It follows that we can avoid taking the trace so that the coefficients
qm in the above formula can be made into m. This is the case for example if
c is derived from the Godbillon–Vey class and the FLK class.

3) The above construction is not valid in the real category.
4) So far as we know, the classes c(F , α̂, e) and h1c(F̃ , π∗α̂, ẽm) are always

proportional. We do not know if there is a pair {c, h1c} which are linearly
independent.

5) Classes of the form c are independent of the choice of trivializations.

Concerning Theroem 10.8 and Proposition 10.11, we have the following

Corollary 10.18. Suppose that h(1)h(2)c(0)c(2)(F , α̂, e) ∈ H6(M ;C) is non-trivial
for some F , α̂ and e. Then, either h(0)h(1)h(2)c(0)c(2)(F , α̂, e) ∈ H7(M ;C) or
h(0)h(1)h(2)c(0)c(2)(F̃ , π∗α̂, ẽm) ∈ H7(M̃ ;C) is non-trivial.

REFERENCES

[1] T. Asuke, Infinitesimal derivative of the Bott class and the Schwarzian derivatives, Tohoku
Math. J. 61 (2009), 393–416.

[2] , Godbillon-Vey class of transeversely holomorphic foliations, MSJ Memoirs, vol. 24,
The mathematical society of Japan, Tokyo, 2010.

[3] On independent rigid classes in H∗(WUq), Illinois Journal of Mathematics 56 (2012), 1257–
1265.

[4] T. Asuke, Derivatives of secondary classes and 2-normal bundles of foliations, J. Math. Sci.
Univ. Tokyo 22 (2015), 893–937.

[5] , Notes on ‘Infinitesimal derivative of the Bott class and the Schwarzian derivatives’,
Tohoku Math. J. 69 (2017), 129–139.



42 TARO ASUKE

[6] , On a characteristic class associated with deformations of foliations, Internat. J. Math.
34 (2023), 2350003 (12 pages).

[7] P. Baum and R. Bott, Singularities of Holomorphic Foliations, Jour. Diff. Geom. 7 (1972),
279–342.

[8] R. Bott, S. Gitler, and I. M. James, Lectures on algebraic and differential topology, Delivered
at the Second Latin American School in Mathematics, Mexico City, July 1971, Lecture Notes
in Math., vol. 279, Springer-Verlag, Berlin, 1972.

[9] I. Bucataru, Horizontal lifts in the higher order geometry, Publ. Math. Debrecen 56 (2000),
21–32.

[10] D. B. Fuks, Cohomology of infinite-dimensional Lie algebras, Contemporary Soviet Mathe-
matics, Consultants Bureau, New York, 1986. Translated from the Russian by A. B. Sosinskiı̆.

[11] C. Godbillon, Un invariant des feuilletages de codimension 1, C. R. Acad. Sci. Paris Sér. A-B
273 (1971), A92–A95.
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