ON A CHARACTERISTIC CLASS ASSOCIATED
WITH DEFORMATIONS OF FOLIATIONS

TARO ASUKE

ABSTRACT. A characteristic class for deformations of foliations called the Fuks—Lodder—Kotschick
class (FLK class for short) is studied. It seems unknown if there is a real foliation with non-trivial
FLK class. In this article, we show some conditions to assure the triviality of the FLK class. On
the other hand, we show that the FLK class is easily to be non-trivial for transversely holomor-
phic foliations. We present an example and give a construction which generalizes it.

INTRODUCTION

It is well-known that secondary characteristic classes for foliations such as the Godbillon—
Vey class vary under deformations of foliations [18], [11]. By taking derivatives of such classes
with respect to differentiable one-parameter families, we can define characteristic classes for
deformations of foliations [10]. Beside these derivatives, given a deformation of a foliation, we
can define a characteristic class which we call the Fuks—LLodder—Kotschick class (FLK class for
short). It is the most fundamental class which is not the derivative of a secondary characteristic
class. Although the FLK class is non-trivial in the DGA associated with deformations of folia-
tions [4], it seems unknown if there is a foliation with non-trivial FLK class in the real category.
Indeed, several conditions which assures the triviality of the FLK class are known [14]. On
the other hand, a non-trivial example is known in the transversely holomorphic setting (Exam-
ple 3.2), where the non-triviality is derived from the framings of the normal bundle. In this
article, we will show the following. Relevant definitions will be given in Section 1.

Theorem A. Let F be a transversely projective foliation with trivial canonical bundle. Then

the FLK class of F with respect to any infinitesimal deformation is trivial.

Theorem A is a generalization of [14, Corollary 3.3], where codimension-one foliations with
transverse flat projective structures (called transverse homographic structures) are considered.

Theorem B. Let F be a foliation with trivial canonical bundle. Then the FLK class of F is
trivial for any infinitesimal deformations of F if H'(M;Oz) = {0} or H*(M;0x) = {0}.

Theorems A and B are also valid for transversely holomorphic foliations, where the FLK
class depends on the trivializations of the canonical bundle. If a real foliations is considered,
then we may assume that the canonical bundle is trivial by taking a double covering of M. On
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the other hand, the triviality of the canonical bundle is an essential condition for transversely
holomorphic foliations.

These theorems can be compared with the following ones concerning deformations of the
Godbillon—Vey class.

Theorem A’ ([16], [1], [3], [5]). Let F be a transversely projective foliation. Then the deriva-
tive of the Godbillon—Vey class with respect to any infinitesimal deformation of F is trivial.

Theorem B’ (Heitsch [9], [10], cf. [2]). Let F be a foliation of M. The derivative of the
Godbillon—Vey class with respect to any infinitesimal deformation of F is trivial if H'(M; ©r) =

{0}

Theorems A’ and B’ are also valid for transversely holomorphic foliations if we consider the
Bott class instead of the Godbillon—Vey class.
We also show the following

Theorem C. The FLK class admits continuous variations in the category of transversely holo-
morphic foliations.

The definition of continuous variations is slightly subtle when compared with that of classical
secondary classes such as the Godbillon—Vey class. See Section 3 for details.

1. DEFINITIONS

Let M be a manifold without boundary and F a foliation of M. We assume that foliations
are regular, namely, without singularities.
We recall some basic definitions in order to fix notations.

Definition 1.1. A partition F of M into injectively immersed submanifolds {L,} is called a
foliation of codimension ¢ if there is an atlas {U,}, called a foliation atlas, of M such that each
U; is homeomorphic to V; x T;, where V; C R” is an open set and 7; C R? is an open ball, in
a way such that each connected component of Ly N Uj is of the form V; x {t}, where t € T;.
The local diffeomorphisms on I1 7; induced by parallel translations along the leaves are called
holonomy.

If there is an foliation atlas such that I17; admits an orientation which is preserved under
the holonomy, then F is said to be transversely orientable. In what follows, we assume that
foliations are transversely orientable. This is always the case if the foliation is transversely
holomorphic. In general, a structure on 11 7; invariant under the holonomy is called a transverse
structure of the foliation /. We might need a suitable choice of a foliation atlas in order to
obtain a transverse structure depending on the structure. In this article, the following one is
relevant.

Definition 1.2. Let F be a foliation of real codimension 2q of a manifold M. The foliation F is
said to be transversely holomorphic of complex codimension ¢ if there is a foliation atlas {U; }



such that there exists an embedding of 117} into C? in a way such that the holonomy consists of
holomorphic mappings.

Foliations without transverse holomorphic structures are also called real foliations in contrast
to transversely holomorphic ones. In this article, we will study both real and transversely holo-
morphic foliations. In what follows, ¢ will denote the codimension of F if F is a real foliation,
and the complex codimension of F if F is transversely holomorphic. On a foliation chart, say
U;, the coordinates in the transversal direction, namely, those for 7;, are denoted by (y}, ceyd)
or simply by (y',...,y9). We set K = R for real foliations, and K = C for transversely
holomorphic foliations.

Definition 1.3. If F is a real foliation, we set E(F) = T'.F and Q(F) = TM/E(F). We
call Q(F) the normal bundle of F. If F is transversely holomorphic, we define £(F) to be

0 0
the complex vector bundle locally spanned by T'F and I We set Q(F) = (TM ®
Y1 yq

C)/E(F) and call it the complex normal bundle of F.

Note that we always have Q(F) = (TM ® K)/E(F). In this article, normal bundles of
transversely holomorphic foliations as real foliations will not appear so that QQ(F) is always
referred as a normal bundle.

Definition 1.4. We set K = A\? Q*(F) and call it the canonical bundle of the foliation F.

Remark 1.5. If we work on real foliations, then the triviality of K r is equivalent to the transver-
sal orientability of /. On the other hand, if we work on transversely holomorphic foliations,
then the triviality of K r is equivalent to the triviality the first Chern class of Q(F). It can be
attained by considering an S!-fibration over M.

The following transverse structure is also relevant.

Definition 1.6. A foliation is said to be transversely projective if there is a foliation atlas {U;}
such that I17; admits a projective structure which is invariant under the holonomy. When
transversely holomorphic foliations are considered, then projective structures are understood to
be complex projective structures.

Note that projective structures are not necessarily flat. If the projective structure is flat, we
may assume that I17); can be embedded in a projective space and that the holonomy pseu-
dogroup consists of projective transformations.

Definition 1.7. Let Q"(U) = I'y(A\" T*M) be the set of K-valued differential forms of class
C on an open subset U of M. If E is a vector bundle over M, we denote by Q" (U; E) =
I'y(E @ N\ T*M) the set of E-valued r-forms on U. We denote by I;(U; E) the ideal of
O*(U; E) locally generated by s ® dy™* A --- A dy'*, where iy < --- < i, and s € Iy (E). We
set C3(U; Q(F)) = (U Q(F)) /I (U; Q(F)).



We naturally have C'=(U; Q(F)) =2 I'y(Q(F) @ N E(F)*).

Definition 1.8. A connection V? on Q(F) is called a Botr connection if V%Y = x[X,Y] holds
for X € Iy(E(F))and Y € Iy (Q(F)), where U is an open set, m: TM ® K — Q(F) is the
projection, Yisaliftof Y to TM ® K. A connection D on K7 is called a Bott connection
if DxY = LxY holds for X € I'y(E(F))and Y € I(K5'), where Ly denotes the Lie

derivative with respect to X.

Bott connections induced on related bundles such as Q*(F) are also called Bott connections.
Note that the induced connection on K 7' by a Bott connection on ()(F) is a Bott connection in
the sense of Definition 1.8.

Definition 1.9. Let V? be a Bott connection on Q(F). Let {e1, ..., e,} be alocal trivialization
of Q(F) and 7 the connection form of V° with respect to {ey, ..., e,}. If c € C%(U; Q(F)),

then we denote by dr the covariant exterior derivative, namely, we locally represent ¢ = > e; ®
i
¢ and set

drc= Zel-@ (dC“rZT;/\Cj) mod I{71(U; Q(F)).
i J

We denote by H-(M; Q(F)) the (co)homology of (C%(M; Q(F)), dr).

It is known that dr is well-defined, namely, independent of the choice of Bott connections
and local trivializations, and that (C%(M;Q(F)),dx) is a cochain complex (cf. [9], [7], [3,
Lemma 3.4]).

Definition 1.10 ([11]). A vector field X is said to preserve F of a I" vector field if [X,Y] €
I'(E(F)) forany Y € I'(E(F)). We denote by © z the sheaf of germs of vector fields which
preserve F.

The following is known.

Theorem 1.11 (Heitsch [9], Duchamp-Kalka [7]). The complex (C%(M;Q(F)),dr) is a res-
olution of O so that Hy-(M; Q(F)) = H*(M;Ox).

Definition 1.12 (Heitsch [9], Duchamp—Kalka [7]). Elements of H 1(M ; O F) are called infini-
tesimal deformations of F.

Let o € H'(M;©#) be an infinitesimal deformation of F. We fix a representative, say w, of
o which is a dz-closed one-form valued in Q(F). We choose a local trivialization {es, ..., ¢e,}
of Q(F) and let w be its dual. Then, w is locally represented as w = Y e; ® w', where W'

are one-forms. We regard w and w as K?-valued one-forms. If we denotelby 7 the connection
form of V* with respect to {ey, ..., e,} as in Definition 1.9, then, we can find a gl (K)-valued
one-form 7 such that

dwo+717ANw+T7TAw=0.



If the local trivialization is changed from e to ¢/ = eP, where P is a GLq(K )-valued function,
then 7 is changed into P~7P. Therefore, if we set § = tr7, then the one-form 6 is globally
well-defined. On the other hand, V? induces a connection, say D, on K}l = /\q Q(F). The
connection form of D with respect to e; A+ - - Aeg is equal to tr 7. Assume that K;l is trivial and
fix a trivialization, say e. Then the connection form of D with respect to e is a globally well-
defined one-form, which we denote by 6. Indeed, 6 is given by the difference of the connection
D and the flat connection with respect to e. We denote § by 6° if we clarify e. The one-form
0 can be regarded as an infinitesimal deformation of # with respect to w. In addition, we have
df = dtr 7, which is independent of e.

Definition 1.13. Assume that K}l is trivial, and let § and df be as above. We set ¢ = —1/27
for real foliations and ¢ = —1/2m+/—1 for transversely holomorphic foliations. The class in
H?7TY(M; K) represented by ¢ A (d6)? is called the Godbillon—Vey class of F if F is a real
foliation, the Bott class of F if F is a transversely holomorphic foliation.

Remark 1.14. The Bott class can be defined as an element of H**'()M;C/Z) even if K7' is
non-trivial.

Definition 1.15. Let 4 € H'(M;Oz). Let & be a representative of 1 and we define 6, 6,
df as above. We set ¢ = —1/27 for real foliations and ¢ = —1/2m+/—1 for transversely
holomorphic foliations.

1) The class in H29*!(M; K) represented by 770 A (df)? is called the infinitesimal deriv-
ative with respect to ;. of the Godbillon—Vey class if F is real, of the Bott class if F is
transversely holomorphic. We denote thus defined class by DGV ,(F) in the real case,
DBott,(F) in the transversely holomorphic case.

2) Suppose that the canonical bundle K of F is trivial. If F is transversely holomorphic,
then we fix the homotopy class of a trivialization, say e. The class in H*(M; K)
represented by 2720 A 0 A (d6)? is called the Fuks—Lodder—Kotschick class (FLK class
for short) with respect to 1, and denoted by FLK,(F). If we emphasize the trivialization,
then we denote FLK,, (F) also by FLK,, (F;e).

Note that DBott,, (F) is well-defined even if K ;' is non-trivial.
The following is known.

Theorem 1.16 ([8, Chapter 3, Section 1.5], [15], [14], [2]). The FLK class is independent of
the choices in the real case, while it depends on the homotopy class of trivializations of the
canonical bundle in the transversely holomorphic case.

2. PROOFS OF THEOREMS A AND B

The argument heavily depends on [3]. We will mostly follow the notations in [3, Section 4].
Let V° be a Bott connection on Q(F) and D the induced connection on K;' = ATQ(F). If
e is a trivialization of K;l, then we denote by 6° the connection form of D with respect to e.



Note that 6° is globally well-defined. Note also that d6° is independent of the choice of e once
D is fixed, and moreover that df° € I?(M; K'). We refer the reader to [6] for details.

Lemma 2.1. We have a well-defined mapping 0°\: H"(M;©z) — H"™ M (M;Ox) which de-
pends on the homotopy class of the trivialization e of K}l but not on D.

Proof. Let {eq,...,e,} be a local trivialization of ()(F) on an open set, say U. Let u €
H"(M;Oz) and ¢ € C%(M;Q(F)) a representative of . We represent cas ¢ = > e; ® ¢

on U. As cis a cocycle, by shrinking U if necessary, there exists an element o« = Y, e; @ o' of
ITPH(U; Q(F)) such that

Zei® (dci—i-ZT;/\cj) :Zei@)ai.
i j i
We have
F(0° N c)
:Z€Z® (

d(6° A &) +ZT A ( 9@/\07)>

:Z€Z®

%

—Zeﬂ}@(d@e/\cz—ﬁe/\a’).

As d9° € T} (U; K), 6° A ¢ is dr-closed. Suppose moreover that ¢ = drf holds for some
f € CE Y (M;Q(F)). We locally represent f as f = e; ® fi. Then we have

ci:Zei@) (dfi—i-ZT;/\fj) —i—Zei@ai
i j i

for some {a', ..., a?} € I{(U; K). We have

do° A c—0° Ndc+) A 06/\07)>

J

6° A c

:Zei@) (96/\dfi+2€e/ijfj> —i—Zei@Qe/\ai
:—Zez < (6° A f1) +ZT INCEYi ) +Y e @dICNF Y e @6 Ao,

Note that {}_, e; ® 6¢ A f'} gives rise to an element 0 A f € C"(M;Q(F)). Again as df° €
I}(U; K), we have 0° A ¢ = dz(—0° A f). Thus 6° A p is well-defined. Let D’ also be a
Bott connection on K" and 6’ the connection form of D’ with respect to e. Then, 6 — §° €
I{(M;Q(F)) so that we have §°A = 6°A. Finally we replace the trivialization of K;' by
e = fe, where f is a nowhere zero function. If we assume that € is homotopic to e, then we can



choose a well-defined branch log f of the logarithm of f. On the other hand, the connection
d
form of D with respect to € is given by #° + 7f = 0° + dlog f. We locally have

d((log f)e) + 7 A ((log f)e) = (dlog f) A e+ (log f)(de+ 7 A c)
= (dlog f) A c+ (log f)e,

where o € I (U; Q(F)). Therefore, ¢ A p € H™+1(M; © ) is independent of the homotopy
class of the trivialization of K ;1. U

Remark 2.2. Tt suffices to assume that the connection D is a Bott connection, not necessarily
induced by V* in Lemma 2.1.

Remark 2.3. The homotopy type of the trivialization of K ]f-l is unique in the real case once the
transverse orientation is fixed.

Remark 2.4. We retain the notations in the proof Lemma 2.1. Let {U; } be a locally finite simple
covering of M such that each U, is contained in a foliation chart. If e is a trivialization of K -1

then e is represented as f; on U;, where f; is a non-vanishing function on Us;.

A A —
y; Oy!
If we denote by 6¢ the restriction of ¢ to U, then 6¢ — dlog f; € I} (U;; Q(F)), where we fix a
branch of log f; if F is transversely holomorphic. Therefore, ¢ A ¢ = dlog f; A ¢ holds on U;
modulo [ (U;; Q(F)). On the other hand, we have

dr(log fic) = dlog f; A c+ 6 A (log fic) + log fidec = dlog f; N ¢

on U; modulo 17 (U;; Q(F)). Continuing in this way, we can show that if 4 € H'(M;O%)
is represented by a family {X;;} of foliated vector fields, namely, each X;; is a vector field on
U; N Uj locally constant along the leaves and in addition transversely holomorphic if F is so,
then there is a family {m;;} of integers, which reflects the homotopy type of e, such that 6° A
is represented by (log det Dy;; + 2m/—1m;;) X, up to signature depending on conventions,
where (yj,...,4]) = vy}, .., y{) and we fix a branch of log det Dv;;. Note that we may
assume that m,; = 0 if F is a real foliation. This shows that 6° A 11 is different from the primary
obstruction of Kodaira [13] for deformations. Indeed, Proposition 3.1 and Example 3.2 show
that there is a family {F,} of transversely holomorphic foliations such that DBott,(F)) and
FLK, (F\;ex) varies together under variation of A. In particular, 6 A 1 should be non-trivial.
Hence 6° A p does not correspond to the obstruction for .

The following is known.

Proposition 2.5 ([3, Propositions 4.7, 4.12]). There is a well-defined mapping Lp: H(M;Q(F)) —
H?7 (M) which depends on the equivalent class of transversely torsion-free Bott connections
on Q(F). If F is transversely projective, then Lp = 0.

The mapping Lp is given as follows. Let U be a foliation chart and y = (y*,...,y%) the

coordinates in the transversal direction. If we choose e VAIA D as a local trivialization of
Y Y



KZ', then, D is locally represented by 6 = fidy' + - - + f,dy?, where fi, ..., f, are functions
on U. Let ]
N; = dfi = Y ——[ifidy’.
If ; 7+ 1f fidy
Then Lp (1), where o = [c], is represented by
d(N Ac) A (dg)T?
which is a globally well-defined (2¢ + r)-form [3, Definition 4.6, Proposition 4.7].

The mapping Lp is derived from a kind of Cartan connection called a transverse TW-connection,
where ‘TW’ stands for ‘Thomas—Whitehead’ (cf. [17]). A transverse TW-connection is a linear
connection on Q(F), where F is a lift of F to the associated principal bundle with K}l (see [3],
also [12]). We can show the following

Theorem 2.6 ([3, Definition 2.1 and Theorem 2.3]). A foliation is transversely projective if

there is a transverse TW-connection on Q(j-: ) invariant under the holonomy.
Lemma 2.7 (cf. [3, Lemma 4.10, Theorem 4.11]). We have
1.
Lp(0°Nw])==0N0°NA(d).
q

Proof. The class Lp(0° A [w]) is represented by d(N A 6° A w) A (d6)7~'. We have
AN ANO NG A (dO)T™H = —dOA (N AD)A(dO)T 4+ 6° ANd(N Ad) A (dOT1)

S (Z df; A w) A (dB)? — éee A O A (df)

1 .
— _20° NGO A (dO)Y,
q
because we have (d0)? = gldfy A -+ Adfy Ady* A -+ A dyt. O

Theorem A now follows from Proposition 2.5 and Lemma 2.7. Theorem B follows from
Lemma 2.7, because 6° A [w] should be trivial for any e.

3. NON-TRIVIALITY OF THE FLK CLASS

It is difficult to find an example of a real foliation with non-trivial FLK class [14]. On
the other hand, there is a following simple construction to yield non-trivial examples in the
transversely holomorphic setting. Let F be a transversely holomorphic foliation of complex
codimension q. Suppose that the canonical bundle K r is trivial and let w be a trivialization. We
denote by e the trivialization of K=" dual to w. Note that w defines F in the sense that we have
E(F)=kerw ={X € TM ® C | txw = 0}. Let M° = M x S', where S is considered as
the unit circle in C and ¢ will denote the natural coordinates. We denote by 7: M x St — M
the projection. Let F° be the pull-back of F to M° of which the leaves are of the form L x S?,
where L is a leaf of F. Then, the canonical bundle of F° is also trivial. Indeed, we can consider



a trivialization t"w of K r., where m € Z. We denote by e,, the trivialization of K;} dual to

t"w. As w determines F, we have a C-valued one-form 7 such that dw = —n A w. If we set
o dt
no=n-— m??
then we have d(t"'w) = —n° A (t"w), where we omit 7* if it is apparent. There is a Bott connec-

tion on K;l of which the connection form with respect to e is equal to 7. Similarly, there is a
Bott connection on K;} of which the connection form with respect to e, is equal to °. Suppose
that 7 admits a differentiable one-parameter family {F,} with 7, = F, where 0 is the base
point. If we represent the derivatives at 1z = 0 by adding dots, then (—1/2my/—1)7"1n° A (dn°)?
and (—1/2my/—=1)42n° An° A (dn°)? represent DBott, (F°) and FLK,,(F°; e,,), respectively.
If FLK,,(F; e) is non-trivial, then the foliation is what we look for. On the other hand, we have
the following proposition which generalizes [2, Example 5.11].

Proposition 3.1. Suppose that FLK ,(F; e) is trivial in H**2(M; C). Suppose in addition that
DBott,(F) is non-trivial in H**'(M;C). Then, the FLK class FLK o (F°; e,,,) is non-trivial
in H*772(M x S*; C) if m # 0, where ;1° = 7* . More precisely, we have mFLK 0 (F°; €,,) =
—mDBott, (F), where m denotes the integration along the fiber. In particular, H*(M X
S ©70) # {0}

Proof. We have
N o o . dt
n° An A (dn®)" =10 A (n—my) A (dn)?
. dt .
=nAnA(dn)!+m— AnA(dn)t.
By multiplying (—1/27+/—1)7"2 on the both hand sides, we obtain

FLK,.(F° en) = m"FLK,(F;e) — mr*DBott, (F) A volg:.

The first part of the proposition follows from this equality. The second claim follows from
Theorem B. O

Example 3.2 ([2, Example 5.11], see also [6, pp. 74-76]). Let F be a foliation of S* given by
the one-form
Aozodzy — A1 21d29,
where S? is considered to be the unit sphere in C? of which the coordinates are given by (z1, 29),
and A\, Ao are non-zero complex numbers such that the ratio A\ = \; /A, is not a negative real
number. It is well-known that Bott(Fy) = (A + 2+ 1) [S?], where [S?] denotes the standard
generator of H3(S3;C). On the other hand, the FLK class is trivial regardless trivializations
of Q(F) because it is of degree 4. If we denote by y the element of H'(M;Of,) which
corresponds to the variation of A, then DBott, (Fy) = (1 — 55) [S?]. Let
W = t"(Aazadzy — A121 d2o)



be a trivialization of Kz, = Q*(Fy), where ¢ denotes the standard coordinates of S ! considered
as the unit circle in C. We denote e, the trivialization of K}il dual to w,,. Then, by Propo-
sition 3.1, FLK,(F3; e,,) = —ma*DBott,(Fy) U [S'], where [S']| denotes the image of the
standard generator of H'(S';C) in H*(S? x S'; C). Itis easy to generalize this construction to
obtain an example of arbitrary complex codimension.

Remark 3.3. The FLK classes for examples of Heitsch [11] can be shown trivial. For example,
in Example 1 of [11], real foliation of codimension 2¢ — 1 are constructed on fiber bundles
F — E — B with B being a product of a ¢-tuple of surfaces and F' the 2¢-dimensional

0
Euclidean space equipped with vector fields of the form Ajy'— + -+ + A y* where

0
oy oy
A2;i_1 = Ao;. The foliations are spanned by a kind of lifts of B and the vector fields, and are
essentially on the S??~!-bundle over B. The Godbillon-Vey class of these foliations are of
degree 4¢ — 1 and highly non-trivial, while classes of degree 4¢ should be trivial. Example 2

of [11] also yields a trivial example, although computations become involved.

We can consider continuous deformations of the FLK class. We should be aware that H'(M; O, )
is not necessarily constant. We propose the following.

Definition 3.4. Let {F,} be a differentiable family of foliations of a fixed manifold M with
parameter A\. We assume that the codimension of F), is constant and that transverse holomorphic
structure also varies differentiably if each ) is transversely holomorphic. Assume in addition
that there exist a differentiable family of 1-forms wy such that each w) is dz,-closed, and a
differentiable family {€,} of sections to A TM ® K such that €, induces a trivialization, say
ex, of Kz for each A. If FLK,,, (F; €,) varies continuously in H*?*?(M; K') which is a vector

space, then we say that the FLK class admits a continuous variation.

Theorem C in the introduction now follows from Example 3.2. We do not know if Theorem C
is valid for real foliations.
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