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1. Motivation Self-avoiding walk (SAW) on Zd is a model for linear polymers. The
SAW two-point function is defined as

GSAW
p (x) :=

∑
ω:o→x

p|ω|
|ω|∏

j=1

D(ωj − ωj−1)
∏
s<t

(1− δωs,ωt),

where p ≥ 0 is the fugacity, |ω| is the length of a path ω = (ω0, ω1, . . . , ω|ω|), and D : Zd →
[0, 1] is the Zd-symmetric 1-step distribution for the underlying random walk (RW). The
contribution from the 0-step walk is δo,x by convention. If the product

∏
s<t(1 − δωs,ωt)

is absent, GSAW
p (x) is simply equal to the RW Green’s function GRW

p (x), and therefore the
radius of convergence pSAW

c is not less than 1 ≡ pRW
c . It is known that the susceptibility

χSAW
p :=

∑
x∈Zd GSAW

p (x) is finite if and only if p < pSAW
c and diverges as p ↗ pSAW

c . For
RW, χRW

p = (1− p)−1 for p < 1.
We also consider percolation and the Ising model that are defined by D. For percola-

tion, each bond {u, v}, which is a pair of vertices in Zd, is either occupied or vacant inde-
pendently of the other bonds, and the probability that {u, v} is occupied equals pD(v−u),
where p ≥ 0 is the percolation parameter. The percolation two-point function Gperc

p (x)
is the probability that there is a path of occupied bonds from o to x. We also use the
notation GIsing

p (x) to denote the Ising two-point function (the precise definition will be
shown at my presentation). When we discuss those models simultaneously, we omit the
superscripts.

We are interested in asymptotic behavior of the critical two-point function Gpc(x) as
|x| → ∞. For the finite-range case, such as D(x) ∝ 1{0<|x|≤L} for some L ∈ [1,∞), it has
been proved [3, 4, 6] that, for SAW and the Ising model with d > 4 and for percolation
with d > 6, if d or L is sufficiently large, then there is a model-dependent constant A (≡ 1
for RW) such that, as |x| → ∞,

Gpc(x) ∼ A

pc

ad

σ2|x|d−2
, (1)

where ad := d
2Γ(d−2

2 )π−d/2 and σ2 :=
∑

x∈Zd |x|2D(x) = O(L2).
For the long-range case, such as D(x) ∝ (|x| ∨L)−d−α for some L ∈ [1,∞) and α > 0,

which is in the domain of attraction of α-stable distributions, it has been proved [5] that,
for SAW and the Ising model with d > 2(α ∧ 2) and for percolation with d > 3(α ∧ 2), if
L is sufficiently large, then

Ĝp(k) :=
∑

x∈Zd

eik·xGp(x) ³ 1
pc − p + p(1− D̂(k))

uniformly in p < pc.

1http://www.math.sci.hokudai.ac.jp/~sakai/
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This is already close to RW: ĜRW
p (k) = (1 − pD̂(k))−1 for p < 1. However, it does

not immediately imply (1) or something similar to the Riesz potential when α < 2, in
particular. This is why we initiated this research.

2. Main result It is known (e.g., [1]) that there are vα = O(Lα∧2) and ε > 0 such that
the Fourier transform of D(x) ∝ (|x| ∨ L)−d−α obeys

1− D̂(k) = vα|k|α ×
{

1 + O(|k|ε) (α 6= 2),
log 1

|k| + O(1) (α = 2).

The following is the main statement of the ongoing project with L.-C. Chen [2].

Theorem. Let α 6= 2. For RW with any d > α ∧ 2 and any L, for SAW and the Ising
model with d > 2(α ∧ 2) and L À 1, and for percolation with d > 3(α ∧ 2) and L À 1,
there is a model-dependent constant A (≡ 1 for RW) such that, as |x| → ∞,

Gpc(x) ∼ A

pc

gα

vα|x|d−α∧2
, where gα :=

Γ(d−α∧2
2 )

2α∧2πd/2Γ(α∧2
2 )

. (2)

We note that, when α > 2, the factor gα/vα in (2) simply equals ad/σ2 in (1). There-
fore, the above theorem for α > 2 concludes the same result as in [3, 4, 6] for the finite-range
case.

At my presentation, I will explain the key steps for the proof of the above theorem.
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