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The distributions of sliding block patterns in finite samples and the
inclusion-exclusion principles for partially ordered sets
Hayato Takahashi!

Let X € A™ with finite alphabet A and w € A*. Let |w| be the length of the word w. We consider
the following random variable,

n
— 1 i+w|—-1
Ny = 51 IXf*‘w‘”:w where IX}*‘”'*lzw =1if X, = w else 0.
=

We also call this statistics sliding block patterns. In particular if we count the occurrence of multiple
words, it is called suffix tree.

The distributions of sliding block patterns have been shown via generating functions based on
induction of sample size, see [1, 2, 3, 5, 4].

In this paper we show the distributions of sliding block patterns for Bernoulli processes with
finite alphabet, which is not based on the induction on sample size. We show a new inclusion-
exclusion formula in multivariate generating function form on partially ordered sets, and show a
simpler expression of generating functions of the number of pattern occurrences in finite samples.

We say that a word w is overlapping if there is a word = with |w| < |z| < 2|w| and w appears in x
at least 2 times, and w is called non-overlapping if there is no such x. We write = C y if x is a prefix
of y.

Theorem 1 Let P be an i.i.d. process of fixed sample size n of finite alphabet. Let s1 C so C -+ C 5

be an increasing non-overlapping words of finite alphabet, i.e., s; is a prefix of s; and m; < m;j, where
m; is the length of s;, for all i < j. Let P(s;) be the probability of s; fori=1,...,1. Let

l
=D imiki + ) ki :
Alky,... k) = (” %’17” 2i >HP’“(S¢),

.k Py
B(ky,...,k) = P> Lgismio1_y = hjy j=1,....,1), (1)
=1
Fa(z1,...,21) = Z Alky, ... k2" 2R and
1,k
FB(Zl,...,Zl) = Z B(/cl,...,kl)zkl---zk’.
k1, ky

Then
Fy(z1,29,...,21) = Fp(z1+ 1,21+ 20+ 1,...,21+ -+ 21+ 1).

With slight modification of Theorem 1, we can compute the number of the occurrence of the
overlapping increasing words. For example, let us consider increasing self-overlapping words 11, 111,
1111 and the number of their occurrences. Let 011, 0111, 01111 then these words are increasing non-
self-overlapping words. The number of occurrences 11, 111, 1111 in sample of length n is equivalent
to the number of occurrences 011, 0111, 01111 in sample of length n + 1 that starts with 0. We can
apply Theorem 1 to derive the distribution of increasing overlapping words with this manner.

In [5], expectation, variance, and CLTs for the sliding block pattern are shown. We show the
general higher moments for non-overlapping words.

'Random Data Lab. Email: hayato.takahashi@ieee.org



Theorem 2 Let w be a non-overlapping pattern.

min{T,t} n— S|'w‘ Ls
vt BE(N.) Z At5< ) >P5(w).
S _
Aps = <T>rt(—1)5 ", T =max{t € N | n—t|lw| > 0}.
"
In the above theorem, A; s is the number of surjective functions from {1,2,...,t} — {1,2,...,s} for
t,s € N, see [6].
In [5], it is shown that central limit theorem holds for sliding block patterns,
Ny — E(N, 1
pe= By L[ ey,
m V21 J

where w is non-overlapping pattern, E(N,,) = (n — |w| 4+ 1)P(w) and V(Ny) = E(Ny) + (n — 2|w| +
2)(n — 2|w| + 1)p*(w) — E*(Ny).
Let
Ln/|wl]

Z (Dl =1

z*|w|

N/, obeys binomial law if the process is 1.1.d. We call N|, block-wise sampling. As an application

of CLT approximation, we compare power functions of sliding block sampling N,, and block-wise
sampling N,,. We consider the following test for sliding block patterns: We write Ey = E(N,,) and
Vo = V(Ny) if P(w) = 6. Null hypothesis: P(w) = 6* vs alternative hypothesis P(w) < 0*. Reject
null hypothesis if and only if N, < Eg+ — 51/Vg«. The likelihood of the critical region is called power
function, i.e., Pow(0) := Py(Ny < Eg« — 5y/Vp«) for 6 < 6*.

We construct a test for block-wise sampling: Null hypothesis: P(w) = 6* vs alternative hypothesis
P(w) < 0*. Reject null hypothesis if and only if N;, < Ej. — 5,/Vj., where Ej = [n/|w|]# and
Vy = [n/|w||0(1 — ). The following table shows powers of tests for sliding block patterns and block
wise sampling at 6 = 0.2,0.18,0.16 under the condition that 8* = 0.25, |w| = 2, and n = 500.

0 0.2 0.18 0.16
Power of Sliding block 0.316007 0.860057 0.995681
Power of Block wise ~ 0.000295 0.002939 0.021481
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Central limit theorem for random walks on nilpotent
covering graphs with weak asymmetry

Ryuya NAMBA (Okayama University)
(Jointwork with Satoshi ISHIWATA (Yamagata) and Hiroshi KAWABI (Keio))

Long time behaviors of random walks (RWs) on an infinite graph is a well-studied topic
in geometry, harmonic analysis and graph theory, to say nothing of probability theory. It is
known that geometric features such as the periodicity and the volume growth of the underlying
graph affect long time behaviors of RWs. By putting an emphasis on them, Ishiwata, Kawabi
and Kotani [1] considered a non-symmetric random walk {w, }°°, on a I-crystal lattice X, a
covering graph of a finite graph whose covering transformation group I' is abelian. Through a
discrete analogue of the harmonic map from X into a Euclidean space I'® R, they established
two kinds of functional central limit theorems (CLTSs) for {w, }°,. In fact, since a diverging
drift term arising from the non-symmetry prevents us from taking the CLT-scaling limit
directly, it is difficult to prove such CLTs. To overcome the difficulty, two schemes were
introduced in [1]. One is to replace the usual transition operator by the transition-shift
operator to “delete” the diverging drift term. The other is to introduce a family of non-
symmetric RWs on X to “weaken” the diverging drift term. (The latter scheme is also applied
in the study of the hydrodynamic limit of weakly asymmetric simple exclusion processes.)

Let I be a finitely generated nilpotent group. In [2], we considered a non-symmetric RW
{w,}22, on a I'-nilpotent covering graph, a generalization of both crystal lattices and Cayley
graphs of a finitely generated group of polynomial volume growth. By extending the former
scheme to the nilpotent case, we established a functional CLT for {w,}32, in [2]. The main
purpose of this talk is to extend the latter scheme to the nilpotent case and to establish
another functional CLT for {w,}>2,. This talk is based on our recent preprint [3].

Let X = (V, E) be a I'-nilpotent covering graph. Here V' is the set of all vertices and E
the set of all oriented edges in X. For e € F, we denote the origin, terminus and inverse
edge of e by o(e),t(e) and e, respectively. We set E, := {e € F|o(e) = z} for x € V. Let
p: E — (0,1] be a I-invariant transition probability and (2,(X),P,, {w,}>2,) a RW on X
starting from x € V associated with p. Through the covering map = : X — X, we also
consider the RW (Q(4)(Xo), Pray, {m(wn)}72) and the corresponding transition probability
is also denoted by p : Ey — (0,1]. We denote by m : Vi — (0, 1] the normalized invariant
measure on Xy and also write m : V. — (0, 1] for the I'-invariant lift of m to X. Let
H;(Xo, R) be the first homology group of X,. We define the homological direction of the RW
on Xo by v := Y .cp, P(e)m(o(e))e € Hy(Xo,R). We call the RW on Xg (m-)symmetric if
p(e)m(o(e)) = p(e)m(t(e)) for e € Ey. Otherwise, it is called (m-)non-symmetric. Note that
the RW on X is (m-)symmetric if and only if v, = 0.

Thanks to the celebrated theorem of Maléev, we find a connected and simply connected
nilpotent Lie group G such that I' is isomorphic to a cocompact lattice in G. The nilpotent Lie
group G is equipped with the canonical dilations (7.).>o, which gives a scalar multiplication on



G. By realizing X into G, CLTs for RWs on X can be discussed. Let g be the corresponding
Lie algebra of G and gV = G/[G, G] the generating part of g. We take a canonical surjective
linear map pg : Hy(Xo,R) — g(!) by using the general theory of covering spaces. Thanks
to the map pr and the discrete Hodge-Kodaira theorem, a flat metric gy associated with the
transition probability p, called the Albanese metric, is induced on g. A periodic realization
®y : X — (@ is said to be modified harmonic if
> ple)tog (Po(ofe) - @o(t(e))
ecFE,
The quantity pr(7,) € g is called the asymptotic direction, which also appears in the law
of large numbers for g™M-valued RW {log (<I>0(wn)) ‘g<1)}f:0. It should be noted that v, = 0
implies pgr(7,) = 04, however, the converse does not hold in general.
For the given transition probability p, we introduce a family of [-invariant transition
probabilities (p:)o<e<1 on X by p-(e) := po(e) + eq(e) for e € E, where

i) 1= 3 (ple) + %p@), a(e) = 2 (v0) - %p@).

Namely, the family (p.)o<c<1 is given by the linear interpolation between the given transition
probability p = p; and the (m-)symmetric probability pg. Moreover, the homological direction

Yp. equals €7, for every 0 < e <1, which plays a key role in the proof of main theorems.
We now fix a reference point x, € V such that @éo) (x) = 1g, where 15 is the unit
clement of G. We write ¢\ for the Albanese metric on g() associated with p. and ®{ :

X — G be the (p.-)modified harmonic realization for every 0 < e < 1. We set y,Si:)(c) =
Tp-1/2 (@éa)(wk(c))) forneN k=0,1,...,n,c€ Q, (X) and 0 < e < 1. We then define a

G-valued continuous stochastic process Y& = (yf’”))ogtgl by the geodesic interpolation of

o = pr(7p) (xeV).

{y,gj;’j)};;:o with respect to the Carnot-Carathéodory metric on G. We take an orthonormal
basis {Vi,Va, ..., Vy} of (g, g(()o)) and consider a stochastic differential equation (SDE)
d

dY, = Vi(Ys) o dBi + pr(y,)(Y)) dt, Yo =1g,
i=1
where (B)o<i<1 = (B}, BZ, ..., B{*")o<i<1 is an R%-standard Brownian motion starting from
By = 0. Let (Y;)o<t<1 be the G-valued diffusion process which solves the SDE above.

We now state our main result as follows:

Theorem. Under several natural assumptions on {@ff)}ogsgl, the sequence {Y™ ™ myoe
converges in law to a G-valued diffusion process Y in C%*H([01]; G) as n — oo for all
a<1/2.
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A limit theorem for inverse local times of
jumping-in diffusion processes

Kosuke Yamato(Kyoto University)
(joint work with Kouji Yano(Kyoto University)

Let X be a strong Markov process X on the half line [0,00) which is
a natunal scale diffusion up to the first hitting time of 0 and, as soon as
X hits 0, X jumps into the interior (0,00) and starts afresh. This kind of
processes are studied by Feller[1] and 1t6[2] and shown that such processes
are characterized by the speed measure dm which characterizes the diffusion
on the interior (0, 00) and the jumping-in measure j which characterizes the
law of jumps from the boundary 0 to the interior (0,00). We denote this
process by X,, ; and call it a jumping-in diffusion.

Let us consider the inverse local time 7, ; at 0 of a jumping-in diffusion
X ;. We study the fluctuation scaling limit of the inverse local time 7,, ; of
the form:

a7 V) = BAE) — T(1) in D (1)
for some constants b > 0 and a € (0,2]. Here D denotes the space of
cadlag paths from [0,00) to R equipped with Skorokhod’s J;-topology. In
order to obtain the limit, we establish the continuity theorem for jumping-
in diffusion processes which roughly asserts the following: for jumping-in
diffusions {X,,,, j, }n, if their speed measures {dm,}, converge to a speed
measure dm in a certain sense and the measures {7j,(dz)}, degenerate to the

point mass at the origin in a certain sense, then for the appropriate constants
{bn }n, it holds that

N (£) — bt LN oB(t) +T(m;kt) in D (2)

n—oo
for some constants ¢ and x. Here B denotes a standard Brownian motion
and T'(m;t) the spectrally positive Lévy process without Gaussian part as-
sociated to m which is independent of B. In order to prove the continuity
theorem, we introduce a class of A-eigenfunctions of the generalized second

1



order differential operator %% and apply Krein-Kotani correspondence and

its continuity established in Kotani[4].

As an application of the above result, we study the occupation time of
two-sided jumping-in diffusions which are constructed by connecting two
jumping-in diffusion processes with respect to 0. Let X be such a process
and define A(t) = fot L(0,00)(Xs)ds. We give conditions for the existence of
the limit distribution $A(t) as t — oo. Moreover, in the case where the limit
degenerate, that is,

1AM Lo pe o] Q

t—o0

holds, we show the scaling limit of the fluctuation around the limit constant
along the exponential clock, that is, the following limit:

(Alegt) — pegt) —— Z(t) (4)
€f(q) q—+0

for a process Z(t) and a positive function f(g) which converges to 0 as
qg — +0. Here e, denotes an exponentially distributed random variable
with parameter ¢ > 0 and is independent of X. This result is a jumping-in
version of the result proved for diffusions in Kasahara and Watanabel[3].
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On optimal periodic dividend strategies
for Lévy risk processes

Kei Noba (Kyoto University), José Luis Pérez (CIMAT),
Kazutoshi Yamazaki (Kansai University) and Kouji Yano (Kyoto Universtiy)

1 Introduction

This talk is based on [4] and [5]. In this talk, we revisit the optimal periodic dividend
problem, in which dividend payments can only be made at the jump times of an indepen-
dent Poisson process. In the dual (spectrally positive Lévy) model, recent results have
shown the optimality of a periodic barrier strategy, which pays dividends at Poissonian
dividend-decision times, if and only if the surplus is above some level. In this talk, we
show the optimality of this strategy for a spectrally negative Lévy process whose dual has
a completely monotone Lévy density. We also consider the version with bail-outs where
the surplus must be non-negative uniformly in time. There are many previous studies
of spectrally negative cases. Loeffen([3]) and Kyprianou et al.([2]) showed the optimality
of a barrier strategy in the classical case and that of a threshold strategy under the ab-
solutely continuous assumption on the dividend strategy, respectively. Avram et al.([1])
and Pérez et al.([7]) showed the optimality of those of the version with bail-outs. In this
draft, we give the main results for the models without bail-outs.

2 Preliminary facts and main results

Let X be a spectrally negative Lévy process. Suppose that the Lévy measure of —X has
a completely monotone with respect to the Lebesgue measure. Let N" be the Poisson
process with rate » > 0 which are independent from X. Let [F be the filtration generated
from X and N”. In this setting, a strategy m = {L] : t > 0} is a non-decreasing,
right-continuous, and F-adapted process such that the cumulative amount of dividends
L™ admits the form

L™(t) —/ v (s)dN"(s), (2.1)
[0,%]
for some F-adapted caglad process v™. The surplus process U™ after dividends are de-
ducted is such that
U™(t) = X(t) — L™ (t) (2.2)

where of = inf{t > 0: U™(¢) < 0} is the corresponding ruin time. We assume that the
payment cannot exceed the available surplus and hence

0<v™(s) <U"(s—), s>0. (2.3)

We fix ¢ > 0 which is the discount rate. We define the expected net present value of
dividends paid until ruin as the following:

ve(z) = E, /[0 . eqtdL”(t)] : (2.4)




Let A, be the set of all admissible strategies. The problem is to compute the value
function

U () = v(x) := sup vg(x). (2.5)

T{'GAT
For b > 0, the periodic barrier strategy 7 is the strategy which satisfies the
V() = (UT (k=) —b) VO, t>0. (2.6)
The strategy 7° was constructed by [6]. The expected NPV v™ was computed by 6,

Corollary 4.4] using the scale functions.

Let ® be the inverse Laplace exponent of X and W@ be the g-scale function of X.
We denote

ZD(x, o(q+71)) = 7’/ e~ @ (5 4 1)dz, z € R, (2.7)
0
h(b) = e~ ®latr)b (T’W(Q)/(b) —O(qg+ 7‘)Z(q)'(b7 O(q + 1"))) , b>0. (2.8)
We define
b =inf{b > 0: h(b) < 0}. (2.9)

Then we have the following theorem:

Theorem 2.1. For x > 0, we have v+ (x) = v(z).
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Functional limit theorem for
intermittent interval maps

Toru Sera (Kyoto University)

Interval maps with indifferent fixed points have been studied as models of intermittent
phenomena, such as intermittent transitions to turbulent flow in convective fluid. In
this context, the occupations near indifferent fixed points correspond to long regular or
laminar phases, while the occupations away from them correspond to short irregular or
turbulent bursts. There have been many studies of scaling limits of the occupations near
and away from them, e.g., [1, 7, 8, 10, 4, 6]. In this talk, we present a functional and joint-
distributional refinement of them, based on [5]. It is motivated particularly by [2, 3, 9].

We impose the following assumption from now on:

Assumption. An interval map 7 : [0, 1] — [0, 1] satisfies the following conditions:

(1) (for simplicity) T is point-symmetric, i.e., Tx =1 —-T(1 —z), z € (1/2,1].
(2) the restriction T'|j1/9 : [0,1/2] — [0,1] is a C*-bijective map.

(3) T0=0,T'0 =1 and T"z > 0, z € (0,1/2).

Note that 0 and 1 are indifferent fixed points of 7. We know that 7" has a unique (up to
scalar multiplication) o-finite invariant measure p(dx) equivalent to the Lebesgue measure
dz. From now on, let us fix 0 € (0,1/2). Then, it holds that x([0,6)) = u((1 —46,1]) = 0o
and u([d,1 — d]) < co. Hence Birkhoff’s pointwise ergodic theorem implies

n—1 n—1

1 . 1
- ; Lirkzeqs 1oy njoo 0 equivalently, o g Lyrkagsi-)} n——>>oo 1), aexz.

Roughly speaking, the orbit (x, Tx, T?z,...) of almost every starting point  is concen-
trated close to 0 and 1. We are interested in non-trivial scaling limits of occupation times
for [0,4),[d,1 — 6] or (1 —6,1]. Let us denote by ¢(N) = ¢(N,z) the Nth hitting time of
(x, Tz, T?x,...) for [§,1 — d]:

©(0)=0 and @(N +1)=min{k > p(N): TFz € [5,1-46]}, N >0.

We will denote by @ = p([d,1 — 8] N -)/u([0,1 — 6]) the normalized restriction of p over
[0, 1 — 6]. We now present our main result.

Theorem (S. [5]). Let o € (0,1), and let & be a [0, 1]-valued random variable with P[§ €
dz] < dz. Then the following conditions are equivalent:



(i) Te —x = (1 —2) —T(1 —z) is reqularly varying of index (1 + 1/a) at 0.
(ii) 4t holds that

o ((bnt] L i)
( Z Lirie<s), ~ Z Lirhes1_s} : t>0> = L (8, S) :t>0), inD,

where b, = 1/7lp(1) > n], and S (t) and S(f) (t) are i.i.d. a-stable subordinators

with Lévy measure %r*ko‘dr, r > 0.

(iii) 4t holds that

[nt] [nt] [nt]

1
( Z 1{T’“§<6}a Z S A Z Lirrgs1—gy it 2 0)

kO

d o .
— (/O :H-{Z(O‘)(s)<0}d37 L( )<t>, /O :H-{Z(O‘)(s)>0}d3 it > O>, m D,

n—o0

where Z\@(t) denotes a (2 — 2a)-dimensional symmetric Bessel diffusion process
starting from the origin, and L™ (t) denotes the local time of Z(®)(t) at the origin
in the Blumenthal-Getoor normalization.
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The Laplacian on some round Sierpinski carpets
and Weyl's asymptotics for its eigenvalues

Naotaka Kajino (Kobe University)

The purpose of this talk is to present the speaker’s recent results on the construction of
a “canonical” Laplacian on round Sierpinski carpets invariant with respect to certain
Kleinian groups (i.e., discrete subgroups of the group Méb(@) of (orientation preserving
or reversing) Mébius transformations on C:=CuU {o0}) and on Weyl’s asymptotics for
its eigenvalues. Here a round Sierpinski carpet refers to a subset of C homeomorphic to

the standard Sierpinski carpet whose complement consists of disjoint open disks in C.

1. Preceding results for the Apollonian gasket

The construction of the Laplacian is based on the speaker’s preceding study of the
simplest case of the Apollonian gasket K, g~. This is a compact fractal subset of C ob-
tained from an ideal triangle, i.e., the closed subset of C enclosed by mutually externally
tangent three circles, with the radii of the circles a~!, 71,7~ and with the set V%7
of its three vertices (see Fig. 1). Set C(Kap,) :={f | f : Kap~, — R, f is continuous}.

Theorem 1.1 (K., cf. [5]). There ezist a finite Borel measure p on K, g, with full sup-
port and an irreducible, strongly local, reqular symmetric Dirichlet form (%P7, Fy 5.4)
on L*(Ko g, ) such that for any affine function h : C — R, h|k € Fopn and

o, B,y

gaﬁﬁ(thaﬂﬁ,U) =0 for any v € Fop,NC(Kqyp,) with ,U|VOQ’B” =0 (1.1)

(i.e., hlx, 5. is E¥P7-harmonic on Kop \VE?7). Moreover, Co gy i= FagC(Kagy)

and E4P e, . xcu ., are unique (up to positive constant multiples of E4P7|e. . e .. ).
Theorem 1.2 (K.). C}Y = {ulk,, | u:C —= R, uis Lipschitz}y C Cop and

4P (u,v) = ZCEAQ’M rad(C) /C<ch, Vev)dvole  for any u,v € CI;}}QW (1.2)

where A, g denotes the set of all the arcs appearing in the construction of K, g3,
rad(C') the radius of C, V¢ the gradient on C' and vole the length measure on C.
Theorem 1.3 (K.). As the measure pi in Theorem 1.1, u®P7 = > cea, - rad(C)vole

can be taken. Moreover, the Laplacian associated with (Ko g, u®?7, E*PY Fop.) has
discrete spectrum and its eigenvalues {\*P7},en (with each repeated according to mul-
tiplicity) satisfy, with' dag := dimy K, g~ and some cq € (0,00) independent of a, 3,7,

limy oo A%/ 240 0 € N | AP < A} = ¢ H%e (K, 5) € (0, 00). (1.3)

This work was supported by JSPS KAKENHI Grant Numbers 25887038, 15K17554, 18K18720.
Keywords: Kleinian groups, round Sierpinski carpets, Laplacian, Weyl’s eigenvalue asymptotics.
ldimg and H¢ denote Hausdorff dimension and the d-dimensional Hausdorff measure, respectively.




2. Kleinian groups G,, with limit set a round Sierpinski carpet
Let m € N, m > 6. Since 7 + 2 + - < 7 there exists a geodesic triangle with

inner angles 7, %, 7, which is unique up to hyperbolic isometry, in the Poincaré¢ disk
model B? := {2z € C | |z| < 1} of the hyperbolic plane. More specifically, set ¢, := R,
(5 := {te™/™ | t € R} and choose t,7 € (0,00) so that {5 := {z € C | |z —te™™| = r}is
orthogonal to OB* := {z € C | |z| = 1} and intersects ¢, with angle Z; there is a unique
such choice of ¢, r by virtue of 7 +%+7- < m. Let Ay denote the closed geodesic triangle

~

formed by ¢y, {5, {3 and define a subgroup I, of M6b(C) by T, := ({Invy, }3_,), where
Inv, denotes the inversion (reflection) in a circle or a straight line ¢. Then Poincaré’s
polygon theorem (see, e.g., [2, Section 8]) tells us that B* = |J, .. 7(4), where 7(4)
and o(/\g) intersect only on their boundaries for any 7,0 € T',,, with 7 # 0.

Next, choose r,,, € (0,1) so that S := {z € C| |z = ry,} intersects {, with angle %;
it is elementary to see that there is a unique such choice of r,,. Then it turns out (see,
e.g., [1]) that the subgroup G,, of Mob(C) defined by G, := (I', Invs) is a Kleinian
group and that 0xGrn := U,cq, 9(0B?) is the limit set of Gy, (i.e., the minimum non-

empty closed G,,-invariant subset of ((A:) and is in fact a round Sierpinski carpet (being
homeomorphic to the standard Sierpiniski carpet follows from [6]).

Set Ko := (0Gm) NB2, G := {g € M6b(C) | g'(c0) € C\ B2} and K, := g(Ky)
for g € G. Also set D, := {gh(@\@) | h€Gn}\ {g(@\@)}, so that D, is a family
of disjoint open disks in C with K, = g(B?) \ Upep, D- Now we adopt (1.2) as the
definition of the Dirichlet form on K, and similarly for the volume measure on K,.
Definition 2.1 (K.). Let g € G and set C, := {u|g, | u: C — R, u is Lipschitz}. We
define a Borel measure 7 on K, and a symmetric bilinear form £9: C; x C, —+ R by

V9= ZDE% rad(0D)volgp, E9(u,v) := Z rad(@D)/ (Vapu, Vopv) dvolgp.

oD
Proposition 2.2 (K.). On L*(K,,19), (£9,C,) is closable and its closure (9, F,) is a
strongly local reqular Dirichlet form whose associated Laplacian has discrete spectrum.

DeDy

Since G, is convex cocompact (hence Gromov hyperbolic), d,,, := dimy K, € (1,2)
and H% (K,) € (0,00) by [4, Theorem 7]. The following is the main result of this talk.

Theorem 2.3 (K.). There ezists ¢, € (0,00) such that for any g € G, the eigenval-
ues {\ }nen (with each eigenvalue repeated according to its multiplicity) of the (non-
negative definite) Laplacian associated with (K,,v9,E9, F,) satisfy

limy oo A2 # 0 € N | N < A} = ¢, H (K,). (2.1)

Theorem 2.3 is proved by applying Kesten’s renewal theorem [3, Theorem 2] to a
certain Markov chain on the space of “all possible Euclidean shapes of K,” defined by
H\G :={Hg | g € G}, where H denotes the group of Euclidean similarities of C.
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Ground state of the renormalized Nelson model:

final version
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(On a Riemann-Roch theorem for divisors on an infinite graph)

JE3 =, &+ £ (A. Atsuji and H. Kaneko)

1. Riemann-Roch theorem on a weighted finite graph

Let G = (Vg, Eg) be a connected graph consisting of finite set Vg of vertices and of finite set
E¢ of edges. We assume that weight C, , is given at every edge {z,y} € Eg.

For every vertex z € Vg, define N(z) = {y € Vo | {z,y} € Eg} andi(z) = min{| 3 c ) f(¥)Cayl €
(0,00) | f: Vg — Z}.

notions probabilistic materials
weight on edges conductance C , between x and y
weight at vertices i(x)
divisor D=3 ey, U)i(x)] 14
degree of divisor deg(D) = > ey, H(@)i(x)
canonical divisor Ke =% ev {2 yen(a) Coy — 21(2) H (1
Laplacian of f at x € Vg Af(x) = yen) Coy(f(@) — f(y))
Euler-like characteristic eV,0) = Dweve &) = Xiayrens Coy
A divisor D = ) v, l(2)i(z)1, is said to be effective, if £(x) > 0 for all z € V. We need

also the canonical divisor K¢ = -, cy {2 en() Coy — 2i(2)} (4} and the family of total orders

on Vg denoted by O. For each O € O, its inverted total order O is defined by z <g y for any
x,y € Vg satisfying y <o x. We introduce the divisor

vo(x) = Z Coy—i(z), z€Vg

yeN(z),y<ow

of degree —e(y,cy = > (wrere Coy — > wev, i(w) admitting only non-effective equivalent divisors.

We introduce an equivalence between divisors D and D’ and notation for the equivalence class
given by

D~ D' & D' =D+ Af for some Z-valued functionf,
|D| = {D"| D’ is effective and equivalent with D}.
For any divisor D and non-negative integer k, we take
Ey(D) = { effective divisors E | deg (E) = i(v,ck satisfying D — E| # 0}

to define the dimension r(D) of the divisor D by

r(D) = —iv,c), if Eo(D) =0,
max{iy,c)k | E(D) consists of all effective divisors of degree i(y,c)k}, otherwise.



Theorem (Riemann-Roch theorem on weighted finite graph). For any divisor D,
r(D) —r(Kg — D) = deg(D) + ¢y,

Similarly to M. Baker and S. Norine’s article [1], we can prove this assertion, the corner stones of
which are the following assertions:

(RR) For each divisor D, there exists an O € O such that either |D| or |vp — D] is empty.

Proposition 1  (RR) implies r(D) = (mianD,oeo deg™ (D’ — 1/0)) —i(q,c) for any divisor
D, where i(g,cy = min{| >, cy,, {(2)i(z)] € (0,00) [ £: Vi — Z} and deg™ (D) = 2 o(@)y>o L(@)i(z)
for divisor D =} v l(2)i(2)1(}.

2. Riemann-Roch theorem in an infinite graph

Throughout this section we consider an infinite graph G = (Vg, E¢) with locally finiteness and
finite volume, namely, the function #N(z) given by N(z) = {y | {z,y} € Eg} is integer valued
and the total volume m(V) = }_ y, m(z) given by m(z) = 3_, c n(y) Ca,y is finite.

For any pair {z,y} of distinct elements in Vi, we define the graph metric d(x,y) between x, y by
d(z,y) = min{k € N | {z0,21},{21,22},...,{2k-1, 2k} € E¢ for some z1,...,25_1 € Vg with zg =
x,zr = y}. We fix a reference vertex vy € Vi and take the sphere Sy = {y € Vi | d(vo,y) = k}
centered at the reference vertex vy with radius & € N with respect to the graph metric d.

We consider a divisor D = 3y, £(2)i(x)l,y on Vg satisfying > oy [(2)]i(2)1{z) < oo.
We take an exhaustion sequence G; C Gy C --- of subgraphs of G = (V, Eg) determined by
Vi ={a € Vg | d(v,,a) <n}, E, ={{a,b} € Eg | a,b € V,} and G,, = (V,,, E,,) for each n € N.

We make an attempt to extend the Riemann-Roch theorem on finite graphs to one on an infinite
graph by finding such sufficient conditions that sequence {r,, (D)} consisting of so-called dimension
of D on each G, converges as n tends to oo for any divisor D =3y, £(2)i(x)1,} with finiteness
of its support supp[D] = {z € Vg | {(x) # 0}. We will propose several conditions on the infinity
of G for controlling the dimensions of the divisor by closely looking at the Laplacian naturally
associated with {C, ,}.

As a result, after redefinitions of the dimension (D), the canonical divisor K¢ and Euler-like
characteristic ey, c), we can assert the same identity as in Theorem as a Riemann-Roch theorem
for divisor D = . l(2)i(z)1(z) on Vg with > i [€(7)]i(z)1{;; < oo on an infinite graph
satisfying specific conditions.
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&%, LT, RO, pn) & p &EFEL. ROLSITBL
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j=1
£9, =0(k=0,...,p—1) &L,
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€ = X — Xy — E wl,pﬁkfl
=1
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WDESIZHBL ¢ =0, k>p+1. WE[1, Lemma 5.1] DL TH 3.
Lemma 1. (A1)-(A4) BX O p(n) = O((n/logn)/*) (n — o) ZIKET 5. T5 LK
Bl 7 T HERE R n, DMEET S

sup Z jHQZM,H < oo almost surely.
=0

n>ny .
Mmoo

IXOFEI [1, Lemma 5.2] DFLWITH 5.
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Theorem 3. (A1)-(A4) B X p(n) = O((n/logn)/*) (n — 00) ZIKET 5. T5&
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Let T:={z€ C: |zl =1} and D := {z € C : |z| < 1} be the unit circle and
the closed unit disk, in C, respectively. Let d € N. In this talk, a d-variate ARMA
(autoregressive moving-average) process { Xy : k € Z} is a C-valued, centered, weakly
stationary process with spectral density w of the form

w(e?) = ne)h(e?)", 0 € [-m7) (1)
with h : T — C%¥? satisfying the following condition:
the entries of h(z) are rational functions in z that have

(C)

no poles in D, and det h(z) has no zeros in D.

It is known that there exists hy : T — C%? that satisfies (C) and

w(e”) = h(e”)h(e”)" = hy(e”) hy(e”), 0 € [-m ), (2)

and hy is unique up to a constant unitary factor. We may take hy = h for the univariate
case d = 1 but not so for d > 2, and this is one of the main difficulties when we deal
with multivariate processes. Let D := {z € C : |z| < 1} be the open unit disk in C.
We can write h(z)™! in the form

K my mo
h(z)~ :—PO—ZZ Puj—zszo,j, (3)
=1 j=1 j=1
where
K e NuU{0},
pp €D\{0} (p=1,....K), p.#p (n#v),
m, €N (p=1,...,K), myeNU{0}, (4)

puj ECHT (u=0,1,...,K, j=1,...,m,), py€ C™
{ Py, # 0 (b=0,1,..., K).
Here the convention $°)_, = 0 is adopted in the sums on the right-hand side of (3).

The next theorem shows that hy L of a vector ARMA process has the same mg and
the same poles with the same multiplicities as h~1.

Theorem 1. For mgy, K and (p1,m1),...,(pr,mr) in (3) with (4), hﬁ_l has the form

K my mo
hy(2)™ = —pf — ZZ p,” > b (5)
p=1 j=1 J=1

where

{pi’jECdXd (p=0,1,....K, y=1,...,m,), pgeCdXd, (6)

pfhmu#o (b=0,1,..., K).



We are concerned with the finite predictor coefficients ¢, ; € C*? (j =1,...,n) of
a d-variate ARMA process { X}, defined by

P[*n,fl}XO = ¢n,1X71 +oeee ¢n,ann> (7)

where, for n € N, P_, _1j X stands for the best linear predictor of the future value Xy
based on the finite past {X_,,..., X _1}.
The next theorem gives a closed-form expression for ¢, ;.

Theorem 2. Suppose that m, =1 (un=1,...,K) and mg = 0. Then, forn > 1 and
7=1,...,n, we have

Pn,j = Coaj + COpOT(]dM - GnGn)_l(Hn@)*{ATHn@EjP + En—j—f—lﬁ}a (8)

where a; = fo:l ﬁf;p,hl forj>1,pf =y,...,1;) € C*EK

* 0
plhﬁ(Pl)PLl
pzhﬁ(pz)/)z,l
O = ' c CdKXdK,
*
O prhy (pK)pK,l
L_J L. ... L7
I-pip, ¢ T-pip, @ T—pipg 4
L7, L, ... Ll
A= 1—p2py d 1—p2ps d 1-poPk d c CdKXdK
- . . . )
1 7 1 7. ... 17
1-pKDy d 1-pKDPo d 1-prPK d
Pila O
pyla
Hn: . E(CdKXdK, nZO,
O Picla
I [ S Pk g
1—137}171 d 1—7107}1732 d 1-p1Pg d
1—1;71zﬁ La 1_1;221) Iy - I—Z;Iz{p AK xdK
=, = o : K eC , n>1,
P g [ S Pk g
1-pkDy d 1-pKDPo d 1-prPx d
T T T T dK xd
p:(pl,hpZ,l?"'apK,l) E(C )

p~ = <p§,17 Pg,p s 7pﬂ[(,1> € CdKXd

and G,, = I1,0A, G,, = (I,0)*AT € CIK*IK,

The assumptions in Theorem 2 are just for simplicity of presentation. For the general
result, see [1].

ZE 3R
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1 Percolation

757 G=(V,E) &X3F7 A=K pe [0,1] THULT, &%l ec E IZHER p T open, HEEK 1 —p
T closed WS TRVEMNITE. ZOTXUVMIFTDE L (V, {open edge}) &\ DD T 7 %
RS5. ZOEIIZLT G OWHT T 706k EE5IZMRNER2EDS Z &% percolation &\
5. AFHHTIEZ 2 7 £ LT infinite, connected, quasi-transitive 2723 DDAEHFZ S, T Z
T quasi-transitive £1%27' 7 7 O HAHBEE Aut(G) I2£2 G ODREVERELSTHS. 2E0HD
ERRMEDTER 21, ..., 2y DFEL TIROERZ 72T .

V= U Aut(G)z;.
i=1
DL BINEDERD Y T 7, ALED p IZx L T infinite cluster (connected component) DAE%L
X HER 1 THDHEBUTRD, TOEEIX 0,00,1 D 33EY L7\ [5]. 22 p (ZBIL THFM % K
LHDLFEOERBARNLE S [3]. £ T figure 1 DL IZENTNOMEE p.,p, £ B Z, critical
probability, uniqueness threshold & IFE.3S.

1: p. and p,

2 Triangle condition

FZ2HR 2,y e VIINUT, rp(z,y) Z z & y BELU cluster IZEENLIMERLTD. HBIHN o
&0 cluster DRE I DHRMEE x, LEL. DEDROENTRINS.

Xp = Z Tp(0> ).

zeV



I p (B U THFHINARBEBTH O p. THKT S [1]. ZOKRIE EELDIE 2724 T
DT T TIZRUTHEDSIDZETHIH, 77 7D d-IRTHAEF 22 DEGEIZIEE > LB 6H
7> TW7z. Aizenman & Newman [2] 1& Z¢ (2B WT y, DWHEZEB %155 7054 & LT triangle
condition 2 A U7-. 757 G » p T triangle condition % 7z 3 & I,

Vo= Y (0,2)m(2,y)p(y,0) < 00
z,yeV
MERDILDIZ L THB. H L p. T triangle condition %7z 37 5 F liTm Xp(pe —p) =1 DEL D 5L
ptpe
DIENRINTZ. TDH 721 T, KO —kDZ T 7T, p. T triangle condition ZJi7z3 725 OO
MDD, E WS BEDFX %L S BT E 7.

3 IER

29 72 LT dregular tree & Z OEME T,07 %% 7= &, BT Hutcheroft [4] I2& > T p. T
triangle condition 2723 Z L IFHSNTWS. 5D p. < py PMEED d>3 THOIMIDIZ L HR
INTWVWE., ERERIT Y OHIPE F T triangle condition 2§72 T RIIDWTTH D, IRDKERZF7-.

< < Pu
v, 0o (p<pu)

=0 (p:pu)'
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Denote by X the set of all one-sided infinite sequences over the set N of positive
integers, namely X = {z = (z1,22,...): ; € N, i € N}, endowed with the product
topology of the discrete topology on N. Define the left shift 0: X — X by (ox); = zj41
(1 € N). For each x € X and n € N define an n-cylinder by

[Z1,...,zp] ={y= (i) € X: & =y; for every i € {1,...,n}}.
Let ¢: X — R be a function. A Borel probability measure p4 on X is Bowen’s Gibbs

measure for the potential ¢ |1, 4, 5] if there exist constants ¢p > 0, ¢; > 0 and P € R
such that for every z € X and every n € N,

polTis ..., xn)]
exp (—Pn + Z?;Ol (al(x))>

Let M denote the space of Borel probability measures on X endowed with the weak*-
topology. We are concerned with the following three sequences {A,}, {E,}, {Tyn} of
Borel probability measures on M:

For each x € X and n € N define 07 = %E?:_ol Ogigy, With 6., the unit point mass
at o'z. Denote by A,, the distribution of the M-valued random variable z + 67 on the
probability space (X, pg);

For each integer n € N define

1
n:< Z eXpSn¢(l’)) Z eXPSnﬁb(z)(ségga

rEPer, o xEPer, o

co <

<.

[1]

-1

Tyn=| D expSuo(x) > exp Sn(x) sy,

r€o~ "y o "y

where Perp,o ={z € X: o"z =z}, o0 "y={zr € X: 0"z =y} and y € X is fixed.

Theorem A. (|6, Theorem Al). Let ¢: X — R be a measurable function and pg a
Bowen’s Gibbs measure for the potential ¢. Then {A,}, {E,}, {YTyn} are exponentially
tight and satisfy the Large Deviation Principle with the same convex good rate function
I. All their weak*-limit points are supported on subsets of the set I~1(0).

Under the hypotheses and notation of Theorem A, we call v € M a minimizer if
I(v) = 0. We give a sufficient condition for the uniqueness of minimizer. For a function
¢: X — R put

1 n—1 ‘
P(¢p)= lim —1o sup ex oo’
(¢) = lim — gzgn S e ; ¢
where the sum runs over all n-cylinders. For v € (0,1] we introduce a metric d, on
X by setting d(x,y) = exp (—yinf{i € N: x; # y;}), with the convention e™> = 0. A
function ¢: X — R is Hélder continuous if there exist C' > 0 and 7 € (0, 1] such that for
every k € Nand all z,y € [k], |¢(x) — ¢(y)| < Cd(x,y).
1
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Theorem B. Let ¢: X — R be a Hélder continuous function such that B := inf{f €
R: P(B¢) < oo} < 1. Then there exists a unique shift-invariant Bowen’s Gibbs measure
for the potential ¢. It is the unique equilibrium state for ¢, i.e., the unique measure which
attains the supremum

sup {h(v) + / pdv: v e M is shift-invariant and /(;de > —oo}

(h(v) being the entropy of v with respect to o)), and it is the unique minimizer of the
rate function I in Theorem A. The {An}, {E,}, {Yyn} converge in the weak*-topology
to the unit point mass at the minimizer.

We apply Theorem B to the Gauss map G: (0,1] — [0, 1) given by G(z) = 1/x—[1/z].
For x € (0,1) \ Q, define (a;(z))ien € NN by a;(z) = L@%@J , and put

1
[a1(x); a(z); -+ s an(z)] = .
ai(x) + .
ag (l‘) + -+ m
Then x = lim,, ,o0[a1(7);az(z); - ;an(z)]. Themap 7: x € (0,1)\Q — (a;(z))ieny € NV
is a homeomorphism, and commutes with G and the left shift. Hence, the study of the
behavior of aj(x),az(x),az(zx),... translates to that of the dynamics of G.

Define ¢ := —log|DG| o7~ L. Then S, = 1/2 [3]. For each 8 > 1/2 the potential S¢
satisfies the conditions in Theorem B. Denote by pg the G-invariant Borel probability
measure which corresponds to the unique shift-invariant Bowen’s Gibbs measure for the
potential B¢.

Corollary. (Equidistribution of weighted periodic points). For every f > 1/2 the fol-
lowing convergence in the weak*-topology holds:

1
S— IDG™(z)| 7762 — pg  (n — o0).
erPern(G) |DG (l‘)| o zGP%;(G)

The convergence for = 1 was first proved in [2] by directly showing the tightness of

the sequence of measures. The p; is the Gauss measure: dy; = 1022%'
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Resolution of sigma-fields for multiparticle
finite-state evolution with infinite past

Yu ITO (Kyoto Sangyo University)
Toru SERA (Kyoto University)
Kouji YANO (Kyoto University)

Let us consider the stochastic recursive equation
Xk = Nka,1 P-a.s. for k € Z (1)

with the observation process X = {Xj}rez taking values in a set V' and with the noise
process N = {Nj}rez doing in a composition semigroup ¥ consisting of mappings from
V to itself, where we write fv simply for the evaluation f(v). For a given probability law
on X, we call the pair {X, N} a u-evolution if the equation (1) holds and each Ny has law
1 and is independent of .7-",5(_]1\7 = 0(X;,N; : j < k—1). Our problem here is to resolve
the observation X = o(X; : j < k) into three independent components as

FX .7:13/ V ]:i(oo Vo(Uy) P-as. for k € Z, (2)

where, for each k, the first component F) is a sub-o-field of the noise F}Y, the second
F2e = iez Fii is the remote past, and the third Uy is a random variable which is
independent of .7:,3/\/}"2(00. For o-fields Fy, Fa, ... we write F1 VFoV- - - for o(FiUFU- -+ ).

If we assume that the product N;Nj;--- N converges P-a.s. as j — —oo to some
random mapping NV, and that X, does to some random variable X_.,, then we obtain

Frc f,ﬁv vVFY  Pas forkeZ (3)

with FX = o(X_,), P-a.s. We notice that, in typical cases, these a.s. convergences fail
but the resolution (2) holds with the third random variable Uy being uniform in some
sense.

Motivated by Tsirelson’s example [2] of a stochastic differential equation without strong
solutions, Yor [7] studied this problem in the case V=T = {z € C : |z| = 1}, the one-
dimensional torus, and ¥ = T by identifying z € T with the multiplication mapping
w +— zw. By means of the Fourier series and the martingale convergence theorems, he
obtained a complete answer to the resolution problem. Akahori-Uenishi-Yano [1] and
Hirayama—Yano [3] generalized Yor’s results to compact groups; see also Yano—Yor [6] for
a survey on this topic.

We now consider the resolution problem when the state space is a finite set V =
{1,2,...,#V} and ¥ = Map(V) is the finite composition semigroup of all mappings from
V to itself. In Yano [5] we gave a partial answer in the sense that the inclusion

FrcFYVvFY, Pas forkelZ (4)

holds if and only if Supp(u) is sync, i.e., the image g(V) is a singleton for some g €
(Supp(p)), where (Supp(u)) denotes the subsemigroup of ¥ consisting of all finite com-
positions from Supp(u). Unfortunately, we have not so far obtained a general result nor
a counterexample for the resolution of the form (2).

1



We thus focus on the resolution problem for multiparticle evolutions. For a probability
law p and for m € N, we mean by an m-particle p-evolution the pair {X, N} of a V'™-
valued process X = {Xj}rez with X = (X},...,X/") and a X-valued process N =
{ Ny }kez such that the stochastic recursive equation

X =NX] |, Pas fork€Zandi=1,...,m (5)
holds and each Ny has law p and is independent of F,igﬂf. Choosing

m = inf{#g(V) : g € (Supp(p))}, (6)
we shall give a complete answer to the resolution problem of the form
Fr=F ' VvF*_Vvo(U,) P-as. forkcZ. (7)

For this purpose, we utilize the Rees decomposition from the algebraic semigroup theory,
which has played a fundamental role in the theory of infinite products of random variables
taking values in topological semigroups; see, e.g., [4] for the details.
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Denote by S the Banach spaces of weighted real [P, 1 < p < 00, spaces and the space of di-
rect product RY (with R and resp. N the spaces of real numbers and resp. natural numbers),
which are understood as Fréchet spaces. Let p be a Borel probability measure on S. On the
real L*(S; 1) space, for each 0 < o < 2, we give an explicit formulation of a-stable type (cf.,
e.g., section 5 of [Fukushima,Uemura 2012] for corresponding formula on L*(R%), d < o0)
non-local quasi-regular (cf. section IV-3 of [M,R 92]) Dirichlet form (&,,D(&,)) (with a
domain D(&,)), and show an existence of S-valued Hunt processes properly associated to
(€0 D(EL)).

As an application of the above general results, we consider the problem of stochastic
quantization of Euclidean free field, ®; and @3 fields, i.e., field with (self) interaction of
4-th power. By using the property that, for example, the support of the Euclidean @3
field measure p is in some real Hilbert space H_3, which is a sub space of the Schwartz
space of real tempered distributions S'(R3 — R), we define an isometric isomorphism 7_3 :
H_3 — "some weighted [? space”. By making use of 7_3, we then interpret the above general
theorems formulated on the abstract L?(S;u) space to the Euclidean @3 field, L*(H_3;u),
and for each 0 < a < 1 we show the existence of an H_z-valued Hunt process (Y;);>0 the
invariant measure of which is .

(Y;)¢>0 is understood as a stochastic quantization of Euclidean @3 field realized by a Hunt
process through the non-local Dirichlet form (&,,D(&,)) for 0 < a < 1.

*Inst. Angewandte Mathematik, and HCM, Univ. Bonn, Germany, email :albeverio@iam.uni-bonn.de
"Dept. Information Systems Kanagawa Univ., Yokohama, Japan, email: washizuminoru@hotmail.com
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1) As far as we know, there has been no explicit proposal of general formulation of non-
local quasi-regular Dirichlet form on infinite dimensional topological vector spaces ( for the
local case, i.e., the case where the associated Markov processes are (continuous) diffusions,
much have been developed and known), which admits interpretations to Dirichlet forms on
several concrete random fields on several Fréchet spaces.

2)  Though there have been derived several results on the existence of (continuous) dif-
fusions (i.e., roughly speaking, which associated to quadratic forms and generators of local
type) corresponding with stochastic quantizations of ®3 or ®3 Euclidean fields (cf., the quota-
tion given below), as far as we know, there exists no explicit corresponding consideration for
non-local type Markov processes, which is performed through the Dirichlet form argument.

Hence, the present result is a first development that gives answers to the above mentioned
open problems 1) and 2).
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1. &
FLEIBHESR Fourier A3 (SFO) THIE X 115, LW S RIEAHL ST & 72, Kz
SFC 7 Ogawa B TH A 5 NIBAI BT, [5], [1], [6] THAFRELS 5. [5], [1] T

&, AR HELR I D EAE D IR %ﬁﬁw‘_ SFC 2 o DMK, [6] T, #4752 HE
BUEELEAZL D cross variation & W72 HREEAVR SN T W5, AR T, IEA] CONS
2B U T Ogawa AJ R 43 72 ELBEIEL D cross variation &2 Wz ik Z 52 5.

2. BE
(Bi)tep) & ﬁlterﬁﬁﬁfgbf'ﬁ (0, F, (Fiep,a, P) £D Brown##, (e,,),en % L*([0,1]; C)
® CONS f%en FI, EMIIERLHTH D L35, L2([0,1];R) D CONS (o) men

i, sup 2 Om Jo om(s)ds L0 1]< o Zifilzd L EEAMTHDE WS, L¥[0,1];R)

MeN!m=1

DIEH] CONS IZB3 % Ogawa 47 (1EH] Ogawa #47), Ito 7, "I HEE r D i-
parameter 2 3R FE45> Wiener NEEELD Sobolev ZE[H], Skorokhodﬁﬁj\%:%m%?ﬁfo d.B,
[LdB, £r?, [} 6B ¥ % ([2] ® Definition 2.1,2.3,24 2 BIf). X,V : [0,1] — LY(Q)
Dt TD cross variation WFET B & &, TN % (X,|Y), €& L, quadratic variation
(X, XV DHFHET DL E, ThE (X, & RT.

a € L°([0,1] x 2;C),b € L°(Q; L3([0,1];CH) I U TU T2 EHET 5.

E# 1 (EAIOgawa Bl SFC) #n € NIZH U, e,a (FIEA Ogawa B AIRETH B & T
5. IEA) Ogawa BUHERTNST d.Y; = a(t) d By + b(t)dt, t € [0,1] D (ep)nen (BT 2 i
F Fourier {2 (1EH] Ogawa B SFC, s\ %, SFC-0,) (e,,d.Y) ZIRATEHET 5:
1 1 1
(en,dY) := / en(t) dY; = / en(t)a(t) d.By +/ en(t)b(t) dt.
0 0 0
FHZ, 0=0D & &, (e,,d.Y) = (en,ad.B) % a(t) D SFC-0, £ H W 5.

3. FHEFDIERIOgawaBl SFCIC & 2 BN
9, LTOILBEE D (L°([0,1] x Q) DERES) 2 EHET 5.

A= {Ae 0,1 x Q) |Re A, Tm A & HHREH as. },
/ FaB|f € LR 120,1]), f 1 (Fepo FEMTTH

/f(SB‘fEEM}—i-Span{TKf‘fGﬁ , sup [K(t,-)|r20,1) < oo}7

te[0,1]

U, fe Ly’ KeL?([0,12) 2L, Tif(t) = [ K s)ds. £77, AW DITIX
ERBEHTH D Z L ITEET 5. $_A+M+Wazb<

*e-mail: su3010320@edu.osakafu-u.ac. jp



BE1lacLLTHLE LFHROID
(1) EROAEREHEE v :[0,1] » RIZH L, va IXEH Ogawa FES AIRETH 5.
(2) 062 L2-WURS 2 AR DA RETBIES (v,)pen (S U, Lip. [ vaad,B = 0. FIZ

n—o0

P((en, dsY))nen(t) := Lip. Z fo en(s)ds (e, d.Y) =Y, Vte|[0,1],

N—oon=

22T, d.Y, = a(t)d, B, + b(t)dt, t € [0,1].

IRIZ, P & cross variation (, ), 12 & D SFC-O, THE I NSELERO2EE UT L8
ZIRTED :

Lok = {a e LO([0,1] x Q) )P((en, adyB))pen = /0. ad,B,

Vs, t € [0,1] [/O.ad*B]t: /Ot\a(u)\zdu, </0.ad*B, B.As>t: /Ot/\sa(u)du}.

& 2 AMWC L.
B 1 Lo IRl e 5.

%1 a(t)ldRe a,lm a € L 2325, ZDLE, Y, =at)d.B+b(t)dt, t €
0,1] 255 & LA D 170

(1) a(t) 1 ((en, duY))nen Ta(t) = L(P((en, dY))nen, BY, 12 & D AE S N3

(2) |Re al, |Im al, Re alm a, (sgna)aT i ((en, diY ))nen TY;: = Pl(en, dY))nen &
MWHE: Vf, g€ Lo fo ds—<f0defogd B> IEVEEINS.

F1) (2) 2B BEEITIX (By)iep,) & HEE LR,

E2) ((en, dY))nen 2 S BRED SFC (e,,d,Y) DIRFEL TWTH (1),(2) &K L.
E3) a(t) BWRAEZINZDTHE ((en, dyY))nen THEZ NS,

F4) ae LTHNIZ, a(t) IFR1DREZ W

S 3
[1] K. Hoshino, Identification of finite variation processes from the SFC. MSJ Autumn Meet-
ing, abstract (2017)

[2] K. Hoshino, T. Kazumi, On the Ogawa integrability of noncausal Wiener functionals, to
appear, Stochastics (2018)

[3] D. Nualart, E. Pardoux, Stochastic calculus with anticipating integrands. Probab. Th.
Rel. Fields , 78, pp.535-581 (1988)

[4] S. Ogawa, The stochastic integral of noncausal type as an extension of the symmetric
integrals. Japan J. Appl. Math. 2, 229-240 (1985)

[5] S. Ogawa, H. Uemura, On the identification of noncausal functions from the SFCs. RIMS
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by an arbitrary CONS. Symposium on Probability Theory, abstract (2017)

fsenz=1if 0 <argz <7, sgnz = —10/w, z € C (arg0 := 0).
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Locally risk-minimizing (LRM) is a well-known hedging method for contingent claims in a quadratic
way (see e.g., [2] and [3]). By using Malliavin calculus, we can obtain explicit representations of LRM for
incomplete market models whose asset price process is described by a solution to a stochastic differential
equation (SDE) driven by a Lévy process ([1]).

On the other hand, there is one important derivative security describe by indicator function called digital
option. A digital option pays a fixed cash amount if some condition is realized. Mathematical representation
of digital (or binary) options are given by

1 for St > K,
Lx.00) (ST) = { 0 otherwise,
where {S;}icp0,m is a stock price process and K > 0 is a constant number that is fixed by the contract.
It is popular and important derivative security. Therefore, to study digital options, we consider Malliavin
differentiability of indicator functions ([4]).
In this talk, we first consider Malliavin differentiability of indicator functions on canonical Lévy spaces.
By using it, we obtain explicit representations of LRM for digital options in markets driven by Lévy processes.
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FBSDES Of&=—a—hVKICDWT

LRER (RERAE), HOA (KKAE)

Forward-backward stochastic differential equations (FBSDEs)

X(1) :X(O)+/tb(s,w,@(s)) ds—&-/ta(s,w,@(s)) v (s),
(1) "o Yo
Y (t) :¢(X(T))+/t f(s,w,@(s))ds—/t Z(s)dW (s),

BT MO = (X,Y,2) = (X(0), Y (8), Z(8) ey BRI X R™ x RP MRS LT 5. W I d-05E
@ Wiener #%8, b, f, o, ZUT @ IZA[JIZRBEKTH D, —IZT VX LTH->THRWV. D FBSDEs (1)
FWb W 5&ESRM Y(T) = ¢ (X(T)) 2% % 7-® Stochastic differential equations (SDEs) & (&4272 0 kkAH
NELD. ZTOMOHEEL —BEXDVWTIRO LSBT Ta—F0b s, HIZIE[R] % 1] 2355

Contraction mapping: EFif, T2DE/NIWT >0 TOATHMEIHEETE S,

The Four Step scheme: KI&NTH B H~)L 3 7D AELR).

The method of continuation: <)L 2 78 Z@FE L 2\ A% “monotonicity” FfF: 3\ 5.
AFEETIX (X,Y, Z) 2805 (X, Yn, Z,) % Newton IEDQT F 0 Y —THKT 5: ¢,b, f, 0 ([ZH4S 7224 5 5
SxERELT,

X1 (t) = Xpsn (0) + /Ot b (W, @n+1(s)) ds + /Ot on (s,w, @nﬂ(s)) AW (s),
2
Vo) = n ) + [ (5000 as — [ Zuato)aw)

22T, pn() = 9(Xn(T)) + Vo (Xn(T)) (& — Xu(T)), © € R' TH Y, (88K by, 0, fr 1 (1) DIRIELEK
0= (z,y,2) ERIEXR™ x R IZBIL T 1IYGEB L7z D LT 5 :

bn (s,w,@) = b(s,w,@n(s)) + ng(s,w,Gn(s)) (0 —0,(s5), (5,w,0) €[0,T] x QxR x R™ x R™*4,

FBRIZ o, frn DERT S.

T8 LMBAARIL by, 0, fo THBD S M0, = (X, Yoy Z) = (Xn(8), Yal1), Zu()) o0y HHBTEZ
SR BD, — I well-defined TRV, ZNE Z A9 FBSDEs (1) 3RV LOER, S 61—t
TH > THREINZIIEO —FMEA i, ULhrd EEOBRFEO LHEOWTHEERTERY, [4].

Z 2T [6] TRFHZ X (DHEEHRED 13 (Y, Z) IZBIFR L 72\ decoupled FBSDES,

t ¢
X)) =X(0)+ / b(s, X(s))ds + / o(s, X (s))dW(s),
(3) " ’ T
YO = (X@)+ [ Fs XY (s). 200 ds = [ 2(5) AW (o).
¢ ¢

DEZITRERLT.
Theorem 1 ([0]). b,o, f, ¢ 3D FTHE, WREBUL (s,w)-a.e. T—RRIZHET, T 52

E <X(0)|2 +/OT ‘b(s,w,O)‘2 + ‘J(s,w,())r + ’f(s,w,O,(),O)’2 ds) < 00,

1



&35, ZDLE, decoupled FBSDEs (3) DfENFIEL, T LREb, 0, f DM TE X 2EH C > 0 HF1E

(X —Xnt1,Y = Yo, 2 — Zny)|| £ C27") neNU{0}.

BHEO=Za— b VELOPCRIFAEBIRIGCTH > THBBD MM [0, page 453], H U < FHHEIE Z 12+ 5312
ELSIBEMZRET S [2, Theorem XVI]. FERRIT Vidossich & (s 7B THBS HREA DD &) =1 70
EREE UTHWSNT W) Chaplygin i EUI BRI IT Banach 2D =2 — b VETH B 2 L 2 RAIKE,
T DRI 7RI % [7, Theorem (1.3)] TH A7z, T 5T SDEsIZHB W T =2 — b VEEDIUREA [3] TREIN
7o, 72720, Tnold (FFiA—RSE U <) PORIFR LU TV B AVREIIC —RINEK S 5 2 & £ T3S
SNTWRD S 7.

AFEDERikIE decoupled FBSDEs (281} 6 =2 — b ViED KR —IRINRTH 5. #EL 75 LI Forward
X AZOWTIZREFIK [1] 12 £ % Gronwall AEXEDOFETH b, Backward (Y, Z2) IZDWTIHEAMSE /L4
EHEABHILILHD. ZITRERFRLITOVT I, ST 5. MEmkEz T >0295. meNIZHLT

S = {Y : Q% [0,T] — R™ continuous, adapted : || Y|z =E [ sup Y(s)|2} < oo} ,
0<s<T

T
/ |Z(s)|2d51 < oo} ,
0

2 121, X2 = X2

T
/ e |Z(s)|? ds} .
0

T 512 Kantorovitch FHZEHTHZ L THAREVW R e NTEIIRPURT 5 Z L 28R 5. £ 7250 [0]
TIRFEHIZTEZE 0D, MEZHEL TWARW (KSR A7) AR E»RN S DDAREEHTH -
To. AFEHTIEZOREZTE MY BEL TR 5.

H? = {Z Q% [0,T) — R? adapted : |Z]|g =E

# % @ Banach Z2[#] S?, x H?, S7 I&
1Y, 2)|* = Y
FraceRIZNL, BAMNE VLI

IV, 22 = E wpaﬂwwﬂ+ﬁ

0<s<T
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CONSERVATIVENESS AND FELLER PROPERTY OF
DIFFUSION PROCESSES ON RIEMANNIAN MANIFOLDS
00 WITH m-BAKRY-EMERY RICCI TENSOR FOR m <1

0000 (K. Kuwae) 0000000

1. LaprAciIANOOOOO

000000000000 Xiang-Dong Li OO0 Laplacian 0O OO0
00000000 50000, 000000000 Songzi LiOOOOO
00600000000, (M,g)UODOODOOODODUODOODOOOOOO
O00000¢ € C3(M)000000CPM)DDODODODOLOL :=A-—
<V¢,V->DDDDDDDDDu::e_¢volgDDDDDDDDDDDDDD
Ju(~LDgdu = [\(Vf,Vg)dp =: E(f.9)0 fog € C*(M)DDD0OOC
L 0 Witten Laplacian 00000000 Laplacian 0000400 QOQOdQOnd
0 (&,F) 0 (ECRM)D LA(M;)0000000000(,F)0000
000000 X =(Q,X,P,)0000(,F)0 L*(M;p)-0000000
0000000000000 O0O (p e C*(M)DDOO [3 75 000)0
m €] — 0o, 400] 0000 m-Bakry-Emery 0000000 Ricy, (L) O

Vé(z) © Vo(x)

m—n

Ricy, n(L)(x) := Ric(x) + Hess ¢(x) —

00000MOOO0O0 KOOOO Ricpa(L)(z) > K(z),zre MOOOOO
00000000 CD(K,m)000000000m=n0000 ¢0000
0000000000 Ricpu(L)(z)=Ricz)0000m>n0 KOOOO
0 (M,dy, ;) 0 RCD(K,m)-0 0000000000000 m<10000
0000 Laplacian LOO OO0 (5) 00000 XO0OO0OOO Feller 000
00000D0000000000000r,(z):=dy(z,p) 000000000
00000000m=10x00000001[9 0000000000

00 1.1 (Laplacian O0OO0OOO [5], cf. 9]). ,p € M, m < 10000
_4¢(x) _2¢(=z

)

Ricyn(L)(x) > (n—m)k(sp(x))e” »—m OO0 OLry(z) < (n—m)cotg(sp(x))e n—m

0 sp(z) <6,000000000 «0 [0,400[00000000sy(z) 0

Tp (@) 26 (v¢)
sp(z) = inf {/ e nom dt
0

O00000Ocot, DO000ODO limggscotg(s) =10000 RiccatiO OO

'yDDDDDDDDD’m:p,%p(x):J«"}

(1.1) -diﬁjﬁ(s):: k(s) + cote(s)?,

0[0,0,/00006,00000000000k<0006,=+0c00000
8, <0o000000 limgs, (6, —s)cote(s) =10000000x0000

000 x<00000000 coty(s) = v/keos(vks)/sin(v/ks), 6, = 7/\/F+
gogad

1



2.000

¢p(r)::inf3r(p)q§DDDDKD 0,+cc]00000O0O0ODOODOOOOO
O0(K)Dooooooooooo:

[e.9]
d
(K) : / ! =+oo for some r, > 0.
To

 26p(r)  20p(r)
Kle »mr|e nm

00 (K)O peMOOOOOOOO

00 2.1 (XO0O0O00).peMOO0O0O0O0D00 (K)OOOO

(2.1) Ricmn(L)(z) > —K(sp(x))e mom  for any z € M

0mel—-00,1]0000000000000X00000000
00 2.2 (XOFeller0). 00 (K)OOOO

49(2)
(2.2) Ricpn(L)(2) > —K(sq(2))e" »=m  for any z,q€ M
Ome|—00,1]0000000000000 XO FellerO0OOODO

00 210000 Grigor’yan 2] 000000000000 0OOO0OOO
00 220000 Azencott [1]0 Feller D ODO0O0O0OO0ODOODO (400
00 Laplacian 0000000000 )0Om >n0O0000 Laplacian 00 O
000 Ricpmn(L)(z) > (m — 1)k(rp(x)) OO Lry(xz) < (m — 1)cot.(rp(x)),

rp(z) <6, 00000,X00000 Felle 00 (K)DOODOODDOO

© dr
=400 forsome 7r,>0
To K (T)

00000000000000 ([8, Theorems 1.4 and 1.5))
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Geometry of the random walk range conditioned on survival
among Bernoulli obstacles

Rk Ak
TR R AE R RTS8 T

Jian Ding (University of Pennsylvania), Rongfeng Sun (National University of Singapore),
Changji Xu (University of Chicago) & D L[5

¥+ 74 EIC Bernoulli 04§ A EEY 2T 26 TV Y LT+ — 7T B0 %2EZ
%, BT EBPE DM FIZ OB % £ 2 & (annealed & V9 2) K113 T % & T ERIR
DFRICIITET 2 2 EDFH SN T3, A TIE 2 DR T DR DRTE L T 2Bk %2 8
OREFTZEZRL, IHICHPFOERDORE JICBHT 32 &0 CHET 3.

(w,P,) %2 24 EOMSEFES Bernoulli(1 — p) MERZEL, ({0 }nso, Po) 2 M %2 HFE R
ETBARITLT VI LI A= LT D, w=(ws)peze IR L T obstacles & O(w) := {z €
74w, =1} TED, FVF LT 5 — 7 DFERLZ 710 EFHLS ZEIZT S, KT OXH)
% G 9 B DI SAAT E R

pn(-) =P, @ Po(- | Tow) > N)

TH D, annealed path measure & WX 5,
DIFd>2t92%, XPEEICHAXRZFIEBRTDH 5.

Confinement property. (Sznitman [6], Bolthausen [2] for d = 2, Povel [5] for d > 3)
d>2,p€ (0,1)IZHLTo(d,p) >0, ay(w) € ZIDEEL T, fEED e > 01T LTX
DIK D LD

UN (S[QN] C Blay(w), (00 + E)Nﬁ)) —1, N — oo. (confinement)
A [4) I2B VLT Sy PP Bw) 213 LA EHOR L TWwE Z EzmLi:
W>0,uNdNﬁ%whmhﬂBmQQW>Q—+Q N = oo.

SHEFE T2 —2HORRIZ, TEEAL) 2 THADES ZRTaT) IC8ET 5
bDOTHS., ZNEF2TPRHELTERSNTO LD TH 5.

Theorem 1. Confinement property &£ [A U xy EERED e > 012K L T,
M(%MDMW@M@—MW@>%L N = 0. (covering)

Remark. Z DEMIZE] L TI3RIE Berestycki-—Cerf [1] SR Ui Z AR L 2. 772 L %2
CCOREDEAUIIFEEM 2L LV H DT, > GEHOHTES B> Tw 5, FlZIE
4 Dl (confinement) 2 (%2 5 S MER WD DDBIRFITIE) IKE L TV 573, #5
1% (covering) ZHNZIZ/R Y, 5213 Bolthausen D X [2] 1%, (covering) 2*5 (confinement)
ZEAMEICESTED, [1J1EZ207#2d>3THmELELI EL T3,

! E-mail:ryoki@kurims.kyoto-u.ac.jp
2ZAUTHR L THVEEE L 72855 % quenched &9 .



® (confinement) & (covering) IZ & D 7 ¥ & L7 4 — 7 OWEMIEHINIC (F L DT
Fo7) BkTh s 1?_ EDTD 5. ZOHDFRIZIEEO LD log N DEDKAT-Z R
T Ban(w), 0oNT2) DRAEE —HTHILZRTHDTH S,

Theorem 2. % a > 0 BFEL T

mw@%mgN%&gMﬁ%L N = 0.

REOES DM E LT 24512, KEBED 0Son & 0B(xy(w), 0oN77) ® Haus-
dorff Hiffi7e E 2 BE T 2 HDBHARTH 505, Z1UIIE 2028 L WIED L 95 Iclbi
3.

RIS RAIHICOWTALERLTEL . ZOETILOIZEIX 1990 £ Sznit-
man 2% TREEVIDOIEK) EFEIENBELERA T —VIENTIC X > TT v ¥ LERZEDE A HE
ZEHI S 5 TR D ER I, 2 OAEIZFEBEOE I U CTHERRIN 2B % 21k
I ENBLHDD, FEMIIZENNZLDTH S, —HTHRIOREZEL oI H
WETEIFZZOREIZEWLWTHAERINTH D, ZOMORMEDIHIEE L TFHBILWnwE
CAHADBDHDEROLNLZDT, FHEHTIITELLITZ ZICTESZ YT,
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A limit theorem for persistence diagrams of random complexes
built over marked point processes *!
TR XA - T AT - A4 Y EA NIRRT A e iR R

HOBHREBU L THONZT — X D% I, Euclid ZHHNOAFRESGL LTREINS.
£, PIHIRZICT — 2P ANEIH, KEt TET—REAE2HhLe T2 Y%t OMKE5E2 5. T4

B, KL L HIIKET AR E2ROoETWBREEZS. ZOBRIE, 7 XEGEK~ L
BETHITL TV ERRT I LB TES. LNLITHEKOMN L RE b Y —FMEZRIRAEZ NS
=&, BREIROBRIIDG o NS D, Mz A (birth) WK, #tllizHk (death) FZle U
T, ZTORKIIFD ¢ RAERY—HDORA - HE A ={(z,y) €[0,00* : 0 <z <y<oo} E
7By MUZRIE, qIRS=V AT VA EEIENS.

death
> RO+ ’
.---? ,,’
« . < -> o birth
t» "
B 1 FEIXEBROFM DR (Cech #K) M2 1RNS—YRAF VAN

AFEH T, v — 7S JUBRIZH U TH 2 HAITHAKEIRDHE RS 2 )5 S B BRD /NN =2 A
TYABNZDWTHE RS, AT, JUNKRZEDOAHMNZK L DILFEMIEIZHE D <.
EASITHULT F(S) 2 S oD ERMAEEEMA L L, M % Polish ZM & §5. k :
F(RE x M) — [0, 00] 1ZIRDEAM: (K1), (K2) 2A72F LT 5.
(K1) AC B%5IE k(A) < k(B).
(K2) BFHIERA R p @ [0,00] = [0,00] BEIEL T, t < o0 86 p(t) <oco &AL, TRTD
(z,m), (y,n) € RT x MITHUT, |z —y| < p(r({(z,m), (y,n)})) BHLT 2.
E, BAICE ST r TR T OEATHE) - BERAZEVEZES 5.
(T) $RTD 2z € REIZH LT, w(T,A) = k(A) BEYH LD, 22T, T, : F(REx M) —
FRIxM) & T,A={(y+z,m) : (y,m) € A} TH5.
(R) $RTDU € O(d) I LT, k(RyA) =k(A) BEHLD. 2T, Od) I d IRERTS]
2/, Ry : F(R? x M) — f(Rd xM) & RyA={(Uz,m) : (z,m) € A} TH5.

R Mo RERIHELT 5. S € FRYx M) SIMTHE L, mls NHHERDLE
EV, ZOLEE=qa(Z) LET. B Z e FRYx M) 2 LTI, ik BARZEH
B F(E) 36— 0 € FE)WFEEN, %5 = {(v0,m0), (x1,m1),..., (14, M)} 1&, RIHDEH
BRARELE o = {20, 21,...,2q4} 1T =72 {mo,m1,...,mg} PRI NTNS ERpEs. Bz
Zc FRIx M) A52 507 e &, MEHEKEEROHAS KE) = {K(Z,t)}is0 %

K(Z,t)={0c CE: r(6) <t}

*1 A#gEi, JST CREST JPMJCR15D3 042217 DTH 5.
*2 k-suzaki@imi.kyushu-u.ac.jp



TEDD. ThOL k(6) 1%, KE) KB BHE o DRERLTHS. KE) & k-7 1V ML —
Va v IR, k OEARKLREIZOVTIE, #EFICERS.

B 1T LT, Hy(K(E,t) 2K ED K(Z,t) ® g IRAER Y=L L, r<sIZXUT,
2 Hy(K(E,r)) = Hy(K(E,s) 2a&54 K(E,7) — K(E,5) »oHBSnbBERE T

3. Hy(K(Z)) = ({Hy(K(Z,t)} 0, {8 rcs) &, qIRNA—YZAF Y bREOY—RELITIENS.
HIEA 77 VIS E ORI E MBEOREEHIZ X0, H,(K(Z)) XX 7

Hy(K(E) = ) 10, o)

L O DS NTWS ([2]). 22T I(bi,dy) 13, 5 qIRAETY—HPK(E) 2BWVWT
t =0 THEL, b <t < d FTHEKL, t =d THRERTZZEZELTWS., LEHESL
Dy(Z) = {(biyd;) € A = i =1,2,....n,} & qIRA=YAF U ARENS. Hxix D,(E) 28x
BRI
&(5) = Z O(b,dy)
(bi,di)ED4(E)
ER—HL, =Y ATV AMDIUH % Radon HIEDEINKTE R 5.

P IF R X M EDREBIETH > T, R AL 72 50BFE () = &(- x M) 2 RY 10D Hili 5t
Benzrs Miav—2o%led2 R LOX— I/ EABRTHE L VS . B {Ty)ocpa &
{Rutvecow 13 RIx M LOBREZEBANARZEME 5220, ©ICHT5ERHEL L T—FR
M, BLOHAMIE, ZNSEHAICETIEDE LTERINS. £/, OHBRARE—X >V M %
HLorlE, R DEEDE R Borel JHIES A & p> 112 LT, E[®(A)P] < oo B D LD E
EEWS. BHL>0HULT, Ap =[-L/2,L/2)¢xM &BL. DPOEEDLTVXLR k-7 4
V=2 a v K(@|y,) = {K(®|a,,t)}iso CHIET B g RAA—V AT VAR E(D|a,) %, fhil
D& ¥ RT. BRETNVI—-REHZISHALT, MO LZRTIEHNTES.,

RE 1 513 (T) 2A%2L, ®B3EWY—2ZNEABRT, 20 R NOHFEABRE & IZ2HR
E—AVPEEDEMETS. TOLEK g >0I1ZHLT, A LD Radon HIE v, BFEL T,
L—ooDbEEE L]/l S v, BEIT 5. 22T 5 BENREZERT. S5 k1F (R)2AE
L,® BT I — FINTEAHNTHINIE, FBLALHEEIZIL 500 DL E

1 v
ﬁfq,L — Vg
NS AVAC RS

A, RURRRO S — Y A5 Y AR OBREII OWTHLTWS [1] THWSNT WS Fik%,
¥ — o & BRI ALIE L T S

& 3B

[1] Y.Hiraoka, T.Shirai and K.D.Trinh, Limit theorems for persistence diagrams,
Ann. Appl. Probab. 28 (2018) 2740-2780.

[2] A.Zomorodian and G.Carlsson, Computing persistent homology, Discrete Com-
put. Geom. 33 (2005) 249-274.



Fluctuation results in First-passage percolation

obobo* dddg obobboooobooooooog 34

00 000 O First-passage percolation, optimization problem, random environment

First-passage percolation 0 Hammersley 0 Welsh O O 0O 1965 00000000000
00000000000000000000D00000D000D0 zZ40000000000
00 E(Z)0D00000ee E(z9)ODOOODOOODOO0ODOOO0DOOO0OO0ODOOOOOO
0000000000000 »00000000000000024000 e —---—> ¢
O0Oo0o0oon WDDDDDDt(w):ZleTeiDDDDDDDDDDD r,y€eziooO
OO0D0DO0DbOoo0oOoDoono:

T(x,y) :=inf{t(r): 70 200 yO OO }.

00000 0 e000000000O0T(0,z) 000000000 20000000
0000B@E) ={zecRYT(0,[z])<t}000 ¢+0000000000

000000000 B)ODOODODODODODOOOODOOOOOO
Definition 1. 0000000700000 000000OO:

P(r, = 1) < {pc(d) if T =0,

Pe(d) otherwise,

000 70 70000 support0 0 0 0O pe(d),p(d) 00000 dO O percolation 00 OO
d 0O oriented percolation DO OO0 O00O0OOOO0O

000000 BOOOOooDooooooooo
Definition 2. 000 (>0000000 T cRYO00O00O0O
Iy ={vel|dwv,T%>1} and T} = {v € RY d(v,T") <1},

00000000d00000000000000000 A BCcRYIODOOOBOOO
0D AO0ODOOOOOOODOOOODOO:

F(A,B)=mf{6 > 0| By C AC Bf}.

Theorem 1. FOOOO0O0OOOO0ODOOOOODODOOOOOOODOOC>0000
00000¢t>0000000000000TcROO0OO0OOODOOOOO

P(F(B(t),T") < clogt) < Cexp (—t°).

gbbboogobbbooobboooobbooobbbooobbboooboo
gbooboooon

Ooon

[1] Shuta Nakajima Divergence of shape fluctuation for general distributions in first
passage percolation arXiv:1706.03493.
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HE SR 2] KB % 72 & 7 [sing R D SEY GG
S D ffr

BB
SEEEE - EEER (QER), ROFE R (biEERT)

B (Fe) IXFRTHMOEIS 2 FIINT 2 L HAICR B D, 770°C TTOMWENRDND.
2D & D BIREEMARDOMIES 2 LR T2 ETIND—DIZ Ising BAIMNH 5. il Ising 1
g, d Woeks T 27 EOACVELE 0.0 29 — { —1,+1} BHERMNIZETHIND LT
ETNTHD. ZOBBIINT 2 HEER - BRFAHKITOWTIX 4] 1IZFEL .

— T, BFHFMZE, AEVIMEARIZE > TRINDIAREINETH L. BRKIC
i, HHROAY VEE {0, ), % Pauli {7AITESHA, MESEHNTS. 20
FOIHES Z LT, HIRIE, MNBFETEMESE22ZLIEDICL > THER K X 2
, HHERIIEED © 2 ERFEEE P END . & AT, BT Ising BEIIME 2RI
e R RE Tl 2 2 72 “HEZEME O Tsing R (A VG HEY) 6T 25 2 LRI 6 H
THY, TOWRZER EOMERSMNEB % AV TEL OHBERERNELNTVS (2, 3.

A DRI, BYMIREMAZEE, PHEBNAIRD FBONHMRN O Y ORET
NEMNEND ZEIZELYH D, &T Ising BELZ B 1) B GRS O BUE N 2 7T
Ix Bjonberg [1] I2& > TIIHONT VBB, TOHLTIKIEE/NT X — & & [H5E U 7R
TH ARG 2 2 X2 L EOREIZODVTRINT VWD, HEENLDT
NEWSBIRMNSIE, HEFERBRECEKS Z [EE U2 RN CTREZ 2382 L TDn
B xRN0,

A TIX Z DIREZIH T D 0E & WS I DWW THEE TILBE LNk %
95, THIZEL T, dkouE T Ising BAHIEROZKRT d + 1 oot Ising #5
RILSMiCHD I L 5] ICHED S, RERTEA < IR TOMRSMIEI DA%
2. ETNVOFHUOVERPEHOHNFIZONTIE, #EHOHMTHRND.

* IRV K KGR B X E-mail: kamijima@math.sci.hokudai.ac.jp
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[1] J.E. Bjornberg. Infrared bound and mean-field behaviour in the quantum Ising
model. Commun. Math. Phys. 323 (2013): 329-366.

[2] J.E. Bjornberg and G.R. Grimmett. The phase transition of the quantum Ising
model is sharp. J. Stat. Phys. 136 (2009): 231-273.

[3] N. Crawford, D. Ioffe. Random current representation for transverse field Ising
model. Commun. Math. Phys. 296 (2010): 447-474.

(4] HHIRIEH, P TS & BRRBER OB (k=4 2015 4F)

[5] M. Suzuki. Relationship between d-Dimensional Quantal Spin Systems and (d +
1)-Dimensional Ising Systems: Equivalence, Critical Exponents and Systematic
Approximants of the Partition Function and Spin Correlations. PTP. 56 (1976):
1454-1469.



RECOVERING MODELLED DISTRIBUTIONS FROM
PARACONTROLLED CALCULUS

MASATO HOSHINO

Many singular SPDEs have motivations from statistical physics, quantum field
theory, etc., but they are sometimes ill-posed without “renormalizations”. The
theory of paracontrolled calculus by Gubinelli, Imkeller and Perkowski made it
possible to show the local well-posedness results for such renormalized SPDEs.
Compared with the famous theory of reqularity structures by Hairer, the PC theory
has an advantage in showing detailed properties (global well-posedness, ergodicity,
etc.) but it is not algebraically sophisticated. Our ultimate goal is to show the
equivalence of RS and PC and construct a new theory which has both advantages
of RS and PC.

One of the main differences between the two theories is in the definition of
solutions. In PC, solutions are written by using the Bony’s paraproduct. In RS,
solutions are described based on local estimates. Therefore in order to get the
relationship between these concepts, we need local estimates of Bony’s paraproduct.

This talk consists of the following three steps.

(1) (Analytical step) We consider local behaviors of the nonlocal operators

(- (flfef)ef)...efHe
For the simplicity, we consider slightly simpler operators.
(2) (Algebraic step) We construct the Hopf algebra which represent the struc-
ture appearing in (1).
(3) Some applications: multiplicative SDEs with singular noises, iterated com-
mutators, paralinearization, etc.
This talk is based on a joint work with Ismaél Bailleul.

FAcULTY OF MATHEMATICS, KYUSHU UNIVERSITY
E-mail address: hoshino@math.kyushu-u.ac.jp



Nelson #LHUBTE & IERAZ Schrodinger AR ( Nelson Diffusions and Nonlinear
Schrodinger equations)

#A #iA (Hayato NAWA), BRAKRS: B Bt fl

1. JE# Schrodinger HEER
R OEFIIIARLE 7 I Schrodinger SRR DO RIHIERTEIZ OWTEZ 3 ¢

21'%—1? + MY+ Yy =0, (z,t) € RT x Ry,

$(0) = o € H'(R).
22T, HYRY & 1 BoEBIEMY £ CHHENRESTH % & H BBKD 7 7 A, @H D Sobolev %[,
2FT. ZOWBMERED BFTEYINE I X S NI HHE T, || V|| DAIKIET 2 R RIERE R
Trnax € (0,00] B5H>T, h € C([0, Trnax); H'(RY)) 72 2 —EfR%2 b, KD T — LM (£ 72130 75) 1,
TN P27y (FREIRVE ), LIREN 2 BAMREENT 2 [7):

2 4
s alvI] = Hwo).
: ,

1/2
ool = ([ 1we0far) =l Hwo) = [Tl -
ERTEKOE AT 1 BIF S LT (|l o= (J | () [Pde)

Tk DYIHMERTE IR % 2 i 2 KO 05, FHCEIRDSD 2 DR TH 5. ¥ (blowup) & I3,

O < TH!&X < Oo7 lim ||vw(t)H = o0
t—Tmax

ERhBIEERE). PHALLIESE Schrodinger AR d =2 D& F, EPHEATERT 2L —
Y—E—20HOERET LV (Kerr ) & LTHL (BIZIF [2]), MOBEEIIE—20EHEZERIL Tw
2 %7605 (ZOHEGOREIIEREORRTIE %<, ©— 2 DM TN EAT 22O 3l & 5> T
w3), Bxld, TOBRROEHAE— FICHIERD 5,

2. Nelson HLEGBETRE

BN FOIERESTREATH % Schrodinger HRADWIHEREDRICN LT, BF Y LR TFEZE52 2
it (Nelson JABOEEE [5]) MK T 2 2 L3 TE K [1). I Schrodinger AHREAUCK L TH, [FHER
I HERORTL 2 HER T E 2 KD 22 C ([0, Tnax), RY) RIS “HERZE

Xi: C([0, Tax), RY) — R4

V)] W
5 — () = Xi(9).
BUAT B E, C([0, Tonax), RY) 0 L2
(a2 da
PlX, edx] = —2~-—
e € dal =0

7% BHERME P 23FELC, P, XONBIE B, »% Brown B2 L) b e LTREMNITONS @

t
B, X, - X, - / b(X,,7)dr.
0

F'Y 7 FH b 1% Schrodinger HFE D16, v A0 DEE b= (%+§R)%, Y=0DEEIZb:=0¢&

TERERINTNS,



3. Brown ZEENOEMRFCEA EIBFEAE—R
Box DT, {|Y(2,1)|2dr}oct<Tmax D tight THIUL,

N
[ (2, t)Pde — Z A5 (dx) + p(dx) as t = Tax
j=1
ERDHE) Z LMD oTwS 4. 22T, A (j=1,2,...,N) ¥, 2 “BE” Ny & RERIEH,
35 (dz) 1& RY ND R o/ 125 %R Dirac M, p 1% Lebesgue HIBEICKR L CHakhiiGi ©dh 2 L FHENT
WED, FEGHEZROT, X< Tidwiy, “BfE” Ny &b, 2LETKRER L2 7V LE2FROE
FEICRT LT (d=1,2,3,4), XOFHliBHIS T3 [6, 3]

Inln(Tax — )1
||w<t>|x\/ Tinae = )7

Tmax —t

CORAIENE, TR T loglog law ATV [7], 22T, ZoOREEZDLUMNOMED S HTH
521293, LX) BMBIERERI DA EEZFHLT, BHEALY— % Brown #H#)% > CEHi$
LIEMTESL, RERETS -
Trmax Timax
/0 IVl <oe,  Tim Vo] / V() dr = oo.

Theorem 1. +3K&7% M >0 BEEL T,

P

Tmax

| BT — Bi| < M/ IV (r)|ldr, e.f. 1 =1
t

N AVRVASR

25 OFHIIICIE, X oI TEIN ) RIKEDBETIZH 205 GEINZHEEIFC), RO 255 2 L8 T
51N p>01cxLT

P

TIY]aX
| BT — Be| 2 77/ IVo(T)||dr, i.o. 1 =1
t
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Rt 1 OFED Y —ERNITIZBET 5
N—2ab—> 3y

Rk
ARSI ERATE R RO REESFIb) L OfAMETH 5.

A=
1 3=

N—ab—Ya VHEREE, TYRLIEUDINRDIRT 7 TAR—DE55F W EEET HHERR

—HTHD. RMEEANLRETNVE LT, dRTESAKT LY = (Z4E) OZFRV R GL) %HE
Kpec0,1] THNICHRESELZRY RRA—aLb—vavETALHS. C0)C L 2FHAELIZRY
RS20 07 7DERERIDS BRMAEZELEDET 5L ZOTHRE |C0)| ITMEREL L
D, C(0) VIR T 7 L7225 2 ERE 0> (p) = P,(|C(0)] = 00) BXT, 0Pnd(p) 230 &k b HIC
K& < 7 BERERESE phond(d) = inf{p € [0,1] : 6P°nd(p) > 0} BEH I N D, EEDZERWIE d > 2
IZHUTO < phord(d) < 1 THB I ENBERFITREEN, p<phord p>phord D r XxDfEZIEN
WG AAE, BEFMHEER, R RA—aLb—ya VEFLORBOOE DL LT, Z OHAMERR
BIZB T BHEBHELE TN, ROXSIcEMEI N 5.

EE 1.1 p>ptond T U B IEER ¢ > 0 BFEL, ERD 2 Hm 2,y € Z4 1T/ L

bond

Pz 28 ) > c. (1)

p<pPond I U BHBIEER 0 > 0 BFEL, EED2HM z,y € Z4 1T L

bond

P(x+—y) <e " (2)
CIT2MHE v,y € ZADNFAE LAY RIZX DB SN2 H5 % o &2 y 2Bz, @8 111

BEfElE R Py (x 2% y) .55 2 OARHER ORI CEMRICEIT 2 2L 28T VS, RV K
N=T L= 3 VETIVOFMIZ DO WTIESHR [1] 230,

N—ab—a YHGRE, ZAEEANDKDRERR L & OYHENTEREZR DD, EHEREITE
HENTWAH7aYBEL L LT, S0 FOMERRNET 505, X [3] TI&, &2 La?
RN EMA & IZTELBAD, GO THHICEL 2BNRZEROEL D IZ X > TERI NS
ZEERRLTED, ZHTBHEOERNERO - —va v LTI NG5 28 2RELT
W5,

2 K==L —I3vEFI

AHEHETIE, ZOMERS2ERICHLOHZRNNA—aL -2 a VETLERIBET S, ZOETNIC
BWT, B0TFWIZEUBZERIE, REWIZT VX LEL 2HED (44)W®T%UV—$&E
LLTREING., /EkDNN—aL—YarvETAVRELTVELT T TDOMATERIN, THEAD
MR D ZPARTVBEHDNL . AW TIE ,;@Fﬁﬁjéoﬁ®$%u/~$mmt%x,%®
ERIThRE UT T22if] YT AR L DFREO Y — SRy 2ZR8 3528 X7
ZDETFNER—INN—L—YaVETILEIER,

*RALKR PR BB E RS L3RR 2 42 E-mail: mikamil642@gmail.com
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DIk, d>2&9%. RY EORKIC 1 OEATHREZBETR. Wb, Me3bHo¥MilcZ 2H
WC L=l +1] £ [, L BFBEED dEOERTH D, ZOREN (d—1) THELD LT
%. R EOELME KL 2B ERoss—ab—yarEFIVEEAR &0 Q c K, AFTK
Lpe0,1] CHNLIZRET DHEREREL G2 5.

HOFARIE w € {0,115 2 5EF 2 RINOMF K (w) I8 L, #igEA R\ K (w) D&E Rl
I K (w) D (d—1) IRRBURER Y —HEOERSIC L BRIC - —x 6 5. I OFF k%
RV YIS, w S HFUENER—ILTST Gw) &, Kh—ILETRE U, BHEREIGEE @D AT
EROILLULTEDRT T T7LT 5. Gw) DEFERT Go(w) Z—D2FEEL, A FX—ab—3
VPG & FRR, RERER 0hole(p) = P,(|Go(w)| = oo) B & CEEFHER phole .= inf{p : #1°¢(p) > 0}
NEHEIND.

PAEDREDS & T, F3AMGE TIHERFMESR phole(d) 1ZB3 2 i 2 5 2 7-.

EE 2.1. EEOEMYLd > 21K L,
0 < ppe(d) <1-p"(d).

EH 215, ZOETIVICNUTHHEERME, BEAMEPEEST IR0 5. S oITAME
T, Ry FR—ab—a VETIVOMBEEFRINC B 2 EhiiER O (1) 0Ll E2F7-. 22T,
(Z4* =74+ (1/2,...,1/2) & DR FOTHAEA L L, 2THE 2%, y* € (29 Bh—NT 5 7O
—DHERAICEENT VD Z 8% 2 £28 2 KT

EE 2.2. p>plole it L, HEIEMc>0DBFEL, [LED %, y* € (ZH)* ZxtL
P 25 g 20
DENLT 5.
ARG IZER L [2] 12 HD <.

BEE AMF%EIE, JST CREST Mathematics 15656429 ¥ & U8 JSPS #kEkrORFSS (H53F) 17829801
D EZITT\W5.

SE K
[1] Grimmett, G.: Percolation. Springer-Verlag, Berlin (1999)

[2] Hiraoka, Y., Mikami, T.: Percolation on homology generators in codimension one. Preprint
https://arxiv.org/abs/arXiv:1809.07490

[3] Ichinomiya, T., Obayashi, I., Hiraoka, Y.: Persistent homology analysis of craze formation.
Phys. Rev. E. 95, 012504 (2017)



Superdiffusion of energy in harmonic chains with noises and

long-range interactions

ZHH R CRECRZERZF B R A5 R

2018 412 H 20 H

AT, RN EE % & T REEMHBETERRE F 3T 7V {(p(1), ¢ (1)) e RxR;z € Z,1 2 0},

dQCl‘(t) = pz(t)dt
dpz(t) = = X ez (= 2)q: (t)dt + /Y (noises)

BT ANF—DMAOEATr =GR 2 B8RS 5. Tihbb, AT =N XA—R% 0<e<1 & U7z,

lim. eﬂ%E ex(f( ))] »=e(y,t)dy

7 B AR e(y, )dy P35 N5 L5 REFERr — 1 v I f(), RO e(y,t) Ot TR HE
REKDB. 2T, pul0), 6, n(t) 1= LpalO)F =} Turg v 2l - 2aa(0) ~ (O & & HHOBIT
ORA t 1285 EEE, M@, TEALVF—%2KT. o:Z - R IZIEFHFRIOHEEHART VYV TH D,
Yea(z)=0, a(z)=a(-z),z€Z, a(z)<0,z+0 ZHzT. v>0 IERNEHOMETHS.

(1, 2] [3] T, |a(:r)| < e’C|3”| xeZ 725 C>0DPEFEL, y=€,0<8< 1,79 >0 & UTEEE AT —
NVENTOWBEAE, f(e) =7, de(y,t) = ~Cyya(-A)ie(y,t) THBIEBRINTWVS. Cpo >0 &
Yo, WL TREBDEHTH S, ZHIIHEERRT V¥ YL a PMEENRE %2 3 2546, AEMIZ nearest
neighbor interaction («(0) = 2,a(x1) = -1, a(x) = 0,]z| 2 2) DJFE LR U TRV X — 54 OZEE DB X
N5 LEFE®RLTEY, RIFEAHMZ BRI E L ThRwn.,

HHEL, a(z) = —|2[70,0>2, y=€%70,0< s < 1,79 > 0 DIFA,

6-s(6-1)

2<0<3 — f()=c =7, de(y,t)=-Cho(-A)T7e(y,1),
053 — f(O)=¢T, de(y.t)=-Cro(-A)ie(y,1),
=3 — €7 <fle)<ez2V550, de(y,t)=—-Cya(-A)ie(y,t)

ThHodIeamll. Ihhs 2<0<3 OGERREMAMPESHMNIZEEELTEY, 0 =3 054
HREMAT =V VIR TNIEL RDZ N0 D, 2<0<3 OFRFIZFRFIC, sound speed & FEIXN 2 &
jﬂ ak) = Loz a(@)e®™ ke [-1 1] 20k > 0 THRKT 2. LHOBRKKEED >3 05a,
sound speed [ XHEIZHRTH D, ZOBEHELEVP T RINF —HAOEHITHEL TV 5.

S5 3Rk
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Eigenvalue processes of Ginibre ensemble and their properties

BB 5 (TRERFR BB A 580

1 8A

Ginibre Ensemble (GE) O RHIFEREIZ & 5 EAMHEBRIZOWTHRT 4. GE X7 Y X LFHDETILT
B Y, AT HIESE 7 IR ERUIAG A S IR FMTHI T 5. GE DEAIEIXEEBAMET, T ORERD A X
BERPALIN LD —HED IR 1 TPORT 5 (1] 384 20 GE IZH§ 2 RMBRERETLVBMEINODOH
508 (12],3]), ZDETIVIFIEIERUTIITH 272, D TV I — MFFNIH§T 2 FEMEHATE RV, 2
Z CAGHE T IR RBIBGEHIC & - T Z OREA B ORERM D % BARRIZER L, T 5122 0EAN
7 MVDEAMEREORENCEEEEA S I 2R T. 20 LIFT)V I — M OEEEORHEFEREE T
IV TH 5 Dyson 777 VEBIDGZE L IFAKE S BRD.

2 SUYLITIOREERETIV

ETIEHITH O, FHZ TV I — MIFOEAHEFETH S Dyson 75 7 Vil# &2k 5. NRTILI—h
FIFMERESREFE H(t) = (hij(1))1<ij<ny ZIRDEDIZED B

Bii(t) i=j
his(t) o= § BLORIELO >0
hji(t) >

Z T By, B, Bf;(i < j) 1372 1 RGehET 5 VB TH 5.
H(t) 1% N EOEEAM N (1) > ... > An(t) 255, ZOEAMEEEIX 1 RooHEEZE T 5 0 @) & R
TEHZ RSN TNWS.

Theorem (Dyson 1962 [4]).
H(t) DEBAMEERENE) = (A(t), -+, AN (1)) IZIRDOMERM Y X 2 727

/ 1 -
dXi(t) = dBL(t) + Z ﬁdt, i=1,---,N
J(#1)
ZZT By, , By (3N 1 IR T 5 0 ViEFTH B .
Dyson 7 7 v V@B Tlk, MO FEEE L OMAEMEHAZERTZOFBOFHMB NY 7 NHIZENS.
RIZ GE ORFFIFEEE T & LT N IEEH, JEERTIERERER G(t) = (Giy(t)1<ijon BXD XS
IZED D

Gr(t) = By(t) := BE(t) + V—1B,(t), 1<k,JI<N, t>0



ZZTBE B, 1<kl < NIIMSR1UOCEET S VEBEITH D, By $EET IV VHEHTH .
Gt) X N HOEREEMEE2 DD, 20 RBABEH L FREOANIT L > TIROFEREMRS.

Theorem 1 (Y).
G(t) DEREAFEEFE () = (M (8), -+, AN (2)) IFIROMERM I X %727

o= 3 OO = OO iy

1<k <N j(l;[@ (Ai(t) = (t))

T 2T Iy FBAATHIT, EHTH AT U T Ay B ADS kAT LA 2D RN TR S NS /MTHITH .
ZOFERN S GE OFEIEEERIZYVF VT — 1V Th by, MoEAMEE OMBE/ERZRTEZBETILVF v

ToVIHIZENS Z b b.

X 512 Bourgade, Dubach [3] DAER Z H\\ 5 & FHHZ T DWT

dXi, Aj)e =0, d(\i, A}); = 20;;(t)dt.
DD LD, 22T O4(t) EEARZ LD Overlap L FEIEN, FHEA T MV R;(t) € CN L EREH R
MV L) eCNizkoT

() = (B;(&) Ra(t)) (L))" La(1))
TEZRBINDIETHD. HOIEG(t) Z ERTTINZ &> THAT 2 Z & T, @A EEFEDH 25 D3EA X
I MIVONETHRTESLZ L E2RUT. 2D Overlap 2 BRI T RO L STk 5.
Proposition 2 (Y).

o) = Skt ()1 = GO NI ~ G1)),)

e [Ty M (E) = A (O

o) - Sy det ((M®Iy = GO (OIy = GO)) )
v [Ty i) = Ap(8) Ty g () = Ag (1))

UEDZ Eh 5, GE DEE Overlaps A EAEERICHEEZ X TWA Z 2 2bh 5. 2k Dyson 77
Y VEHREDIERITHIDET VTR S8 o2 2 TH Y, FFIEHITHRAEDHRKTH 5. A#HT
T EOFERD S X S ICEAHEBREORFMAFIZ L5 FRIZOVWTiwd 5. - BEEROFER [5] 1I2DoW
THEKT 5.
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A hypercontractive family of the Ornstein—Uhlenbeck
semigroup and its connection with ®-entropy inequalities*

Yt CRAERE)

Given a positive integer d, let 74 be the d-dimensional standard Gaussian measure. For
every p > 0, define LP(y;) to be the set of measurable functions f : R? — R such that
£ := Jga|f(2)[Pya(dz) < oo (we abuse the notation even when p < 1). We denote by

Q = {Q:}+>0 the Ornstein—Uhlenbeck semigroup acting on L!(v,): for f € L'(v4) and t > 0,

@@= [ 7 (e e+ VImeTy)quldy), z e R
R
It is well known that @ enjoys the hypercontractivity: if f € LP(y4) for some p > 1, then
1Q:f 1, < 1], for all ¢ > 0, (HC)

where q(t) = €?(p — 1) + 1. The hypercontractivity (HC) was firstly observed by Nelson
[6] and found later by Gross [4] to be equivalent to the (Gaussian) logarithmic Sobolev
inequality':

L rProglfldn< [ V52 dva+ 113108 11 (Ls1)

which holds true for any weakly differentiable function f in L?(4) with |V f| € L?(v4). Tt is
also known (see [1, Proposition 4]) that (HC) is equivalent to the exponential hypercontrac-
tivity: for any f € L'(v4) with ef € L(v4), it holds that

lexp (Quf)llze < flef ]Iy for all ¢ > 0. (¢HC)

One of the objectives of this talk is to show, by employing stochastic analysis, that two
hypercontractivities (HC) and (eHC) are unified into

Theorem 1 ([5], Theorem 1.1). Let a positive function c in C1((0,00)) satisfy
d >0 and c/c is concave on (0,00), (C)

and set
u(t,z) = / c(y)e%dy7 t>0, z>0. (1)
0

Then for any nonnegative, measurable function f on R such that

U(O,f) € Ll(')/d)a

we have

v (& [lut, Q) < v (0, [[u(0, H)lly)  for all t = 0. (uHC)

Here for every t > 0, the function v(t,-) is the inverse function of u(t,z), z > 0.

Typical examples of functions ¢ fulfilling the condition (C) are xP~! with p > 1 and e%;
in fact, they both satisfy (¢/c’)” = 0. These two choices of ¢ in Theorem 1 lead to (HC) and
(eHC), respectively. Another example of ¢ will be given in the talk.

Recall the well-known fact that differentiating the left-hand side of (HC) at ¢ = 0 yields
(LSI); the same argument enables us to obtain from (uHC) the following generalization of
(LSI):

*This talk is based on [5].
fThe Gaussian logarithmic Sobolev inequality goes back to Stam [7].




Corollary 1 ([5], Corollary 3.1). For a function c satisfying the assumptions in Theorem 1,
set

G(a) = /0 " () dy and H(x) = /O " () log efy) dy

for x> 0. Then for any f € C} (RY) with infd f(x) >0, we have
zeR

H(dwu<y [ DN+ HoGHIGO]L). (4LS)
Rd R4

Here G~ is the inverse function of G.

It is shown in [5, Proposition 3.3] that for every function f as in Corollary 1, the validity
of (gLSI) for any positive ¢ € C1((0,00)) satisfying (C), is necessary and sufficient for that
of ®-entropy inequalities for any ® € C?((0,00)) satisfying the condition that

®” > 0 and 1/®” is concave on (0, 00). (P)

In a general setting of Markov triple (E, p,I") with associated Dirichlet form (£, D(£)) as
treated in detail in [2, Chapters 4-7], the triple is said to satisfy the ®-entropy inequality
with constant R > 0 if

/E o(f) du—<1>< /E fdu> <J /E O"(FIT(f, £) dp (@1)

for any positive f € D(£). In the setting of the present talk, namely in the case E = R?,
pu = g and I'(f, f) = |V f|?, it is known (see, e.g., [3, Section 4]) that (®I) holds with
R = 1 under the condition (P). In this talk, we show that in the present setting, the
hypercontractive family (uHC) indexed by positive ¢’s satisfying (C), is equivalent to the
family of ®-entropy inequalities (®I) with R = 1 indexed by ®’s satisfying (P). The same
reasoning applies to the general setting of Markov triple as well. For instance, if a probability
measure 4 on E = R? is in the form u(dz) = e~V ®dz with V € C?(RY) whose Hessian
matrix satisfies y-Hessy (2)y > ply|?, =,y € R?, for some p > 0, then the ®-entropy inequality
(®1) for T'(f, f) = |V f|? is known (cf. [3, Corollary 2.1]) to hold with R = 1/p, which entails
that (uHC) holds true for the semigroup generated by A — VV -V, with exponent e* in (1)
replaced by e2rt.

If time permits, we will also present a unification of (eHC) and the reverse hypercontrac-
tivity of the Ornstein—Uhlenbeck semigroup Q.
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Biased random walk
on the trace of
biased random walk

D. A. Croydon (University of Warwick)

NB. This talk is based on the forthcoming work [8], which is joint with M. P. Holmes (University
of Melbourne).

The study of stochastic processes in disordered media is an important aspect of modern proba-
bility. Models in this area for which extensive research has been conducted include the classical
model of random walk in random environment, as well as random walks on random graphs,
such as Galton-Watson trees and percolation clusters. Typical properties that one is interested
in include: (i) recurrence/transience; (ii) laws of large numbers (i.e. the existence of a deter-
ministic limiting velocity); (iii) conditions for ballisticity /sub-ballisticity (i.e. strict positivity
of the speed or not); (iv) regularity (i.e. continuity, monotonicity or lack thereof) of attributes
(e.g. the velocity) in terms of some underlying parameter; and (v) scaling limits.

In this paper, we tackle the first three of these issues for a biased random walk on a random
graph, as given by the trace of a biased random walk on Z?; we henceforth call the process of
interest the ‘biased random walk on the trace of biased random walk’ (BRWBRW). The biases
are chosen so that both the original walk (defining the graph) and the BRWBRW are transient
— somewhat remarkably, this does not mean that we necessarily require the underlying drift of
the two walks to be oriented in the same direction. By standard regeneration arguments, the
BRWBRW admits a limiting speed. Regarding the issue of ballisticity, we note that, when it
backtracks, the initial walk creates traps for the BRWBRW. We will show that the effect of
this trapping can lead to zero speeds, and in particular establish a sharp phase transition for
whether the BRWBRW is ballistic or sub-ballistic.

We conclude by briefly relating our work to other studies in which trapping has been observed
for biased random walk on random graphs. As early as the 1980s, physicists observed that such
phenomenon might be relevant when the random graphs are percolation clusters, empirically
demonstrating the non-monotonicity of the speed, and sub-ballisticity in the strong bias regime
[1]. Mathematically, a phase transition between ballisticity and sub-ballisticity was first shown
rigourously for the simpler model of random walk on supercritical Galton-Watson trees [10] (see
also [3, 5, 7] for recent work concerning more detailed properties of such processes), and has since
been confirmed to hold in the percolation setting [4, 9, 11]. A relatively up-to-date survey of
these developments is given in [2]. Qualitatively, our results match those established for Galton-
Watson trees and percolation clusters, and, although we do not confirm it rigourously, we also
observe empirically non-monotonic behaviour for the speed that is similar to the behaviour
expected for these other models. Moreover, whilst our graphs are more complex than trees, in
the sense there is not a unique shortest path between vertices and the traps are less obviously
defined, the model is still more tractable than the percolation case. As a result, we are able
to give a more concrete expression for the critical point that separates the ballistic and sub-
ballistic phase, which we are even able to evaluate explicitly in examples. Finally, we note that,



in another related work, biased random walk on an unbiased random walk has been shown to
exhibit localisation on a logarithmic scale [6].
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