HE SR 2] KB % 72 & 7 [sing R D SEY GG
S D ffr

BB
SEEEE - EEER (QER), ROFE R (biEERT)

B (Fe) IXFRTHMOEIS 2 FIINT 2 L HAICR B D, 770°C TTOMWENRDND.
2D & D BIREEMARDOMIES 2 LR T2 ETIND—DIZ Ising BAIMNH 5. il Ising 1
g, d Woeks T 27 EOACVELE 0.0 29 — { —1,+1} BHERMNIZETHIND LT
ETNTHD. ZOBBIINT 2 HEER - BRFAHKITOWTIX 4] 1IZFEL .

— T, BFHFMZE, AEVIMEARIZE > TRINDIAREINETH L. BRKIC
i, HHROAY VEE {0, ), % Pauli {7AITESHA, MESEHNTS. 20
FOIHES Z LT, HIRIE, MNBFETEMESE22ZLIEDICL > THER K X 2
, HHERIIEED © 2 ERFEEE P END . & AT, BT Ising BEIIME 2RI
e R RE Tl 2 2 72 “HEZEME O Tsing R (A VG HEY) 6T 25 2 LRI 6 H
THY, TOWRZER EOMERSMNEB % AV TEL OHBERERNELNTVS (2, 3.

A DRI, BYMIREMAZEE, PHEBNAIRD FBONHMRN O Y ORET
NEMNEND ZEIZELYH D, &T Ising BELZ B 1) B GRS O BUE N 2 7T
Ix Bjonberg [1] I2& > TIIHONT VBB, TOHLTIKIEE/NT X — & & [H5E U 7R
TH ARG 2 2 X2 L EOREIZODVTRINT VWD, HEENLDT
NEWSBIRMNSIE, HEFERBRECEKS Z [EE U2 RN CTREZ 2382 L TDn
B xRN0,

A TIX Z DIREZIH T D 0E & WS I DWW THEE TILBE LNk %
95, THIZEL T, dkouE T Ising BAHIEROZKRT d + 1 oot Ising #5
RILSMiCHD I L 5] ICHED S, RERTEA < IR TOMRSMIEI DA%
2. ETNVOFHUOVERPEHOHNFIZONTIE, #EHOHMTHRND.

* IRV K KGR B X E-mail: kamijima@math.sci.hokudai.ac.jp
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RECOVERING MODELLED DISTRIBUTIONS FROM
PARACONTROLLED CALCULUS

MASATO HOSHINO

Many singular SPDEs have motivations from statistical physics, quantum field
theory, etc., but they are sometimes ill-posed without “renormalizations”. The
theory of paracontrolled calculus by Gubinelli, Imkeller and Perkowski made it
possible to show the local well-posedness results for such renormalized SPDEs.
Compared with the famous theory of reqularity structures by Hairer, the PC theory
has an advantage in showing detailed properties (global well-posedness, ergodicity,
etc.) but it is not algebraically sophisticated. Our ultimate goal is to show the
equivalence of RS and PC and construct a new theory which has both advantages
of RS and PC.

One of the main differences between the two theories is in the definition of
solutions. In PC, solutions are written by using the Bony’s paraproduct. In RS,
solutions are described based on local estimates. Therefore in order to get the
relationship between these concepts, we need local estimates of Bony’s paraproduct.

This talk consists of the following three steps.

(1) (Analytical step) We consider local behaviors of the nonlocal operators

(- (flfef)ef)...efHe
For the simplicity, we consider slightly simpler operators.
(2) (Algebraic step) We construct the Hopf algebra which represent the struc-
ture appearing in (1).
(3) Some applications: multiplicative SDEs with singular noises, iterated com-
mutators, paralinearization, etc.
This talk is based on a joint work with Ismaél Bailleul.

FAcULTY OF MATHEMATICS, KYUSHU UNIVERSITY
E-mail address: hoshino@math.kyushu-u.ac.jp



Nelson #LHUBTE & IERAZ Schrodinger AR ( Nelson Diffusions and Nonlinear
Schrodinger equations)

#A #iA (Hayato NAWA), BRAKRS: B Bt fl

1. JE# Schrodinger HEER
R OEFIIIARLE 7 I Schrodinger SRR DO RIHIERTEIZ OWTEZ 3 ¢

21'%—1? + MY+ Yy =0, (z,t) € RT x Ry,

$(0) = o € H'(R).
22T, HYRY & 1 BoEBIEMY £ CHHENRESTH % & H BBKD 7 7 A, @H D Sobolev %[,
2FT. ZOWBMERED BFTEYINE I X S NI HHE T, || V|| DAIKIET 2 R RIERE R
Trnax € (0,00] B5H>T, h € C([0, Trnax); H'(RY)) 72 2 —EfR%2 b, KD T — LM (£ 72130 75) 1,
TN P27y (FREIRVE ), LIREN 2 BAMREENT 2 [7):

2 4
s alvI] = Hwo).
: ,

1/2
ool = ([ 1we0far) =l Hwo) = [Tl -
ERTEKOE AT 1 BIF S LT (|l o= (J | () [Pde)

Tk DYIHMERTE IR % 2 i 2 KO 05, FHCEIRDSD 2 DR TH 5. ¥ (blowup) & I3,

O < TH!&X < Oo7 lim ||vw(t)H = o0
t—Tmax

ERhBIEERE). PHALLIESE Schrodinger AR d =2 D& F, EPHEATERT 2L —
Y—E—20HOERET LV (Kerr ) & LTHL (BIZIF [2]), MOBEEIIE—20EHEZERIL Tw
2 %7605 (ZOHEGOREIIEREORRTIE %<, ©— 2 DM TN EAT 22O 3l & 5> T
w3), Bxld, TOBRROEHAE— FICHIERD 5,

2. Nelson HLEGBETRE

BN FOIERESTREATH % Schrodinger HRADWIHEREDRICN LT, BF Y LR TFEZE52 2
it (Nelson JABOEEE [5]) MK T 2 2 L3 TE K [1). I Schrodinger AHREAUCK L TH, [FHER
I HERORTL 2 HER T E 2 KD 22 C ([0, Tnax), RY) RIS “HERZE

Xi: C([0, Tax), RY) — R4

V)] W
5 — () = Xi(9).
BUAT B E, C([0, Tonax), RY) 0 L2
(a2 da
PlX, edx] = —2~-—
e € dal =0

7% BHERME P 23FELC, P, XONBIE B, »% Brown B2 L) b e LTREMNITONS @

t
B, X, - X, - / b(X,,7)dr.
0

F'Y 7 FH b 1% Schrodinger HFE D16, v A0 DEE b= (%+§R)%, Y=0DEEIZb:=0¢&

TERERINTNS,



3. Brown ZEENOEMRFCEA EIBFEAE—R
Box DT, {|Y(2,1)|2dr}oct<Tmax D tight THIUL,

N
[ (2, t)Pde — Z A5 (dx) + p(dx) as t = Tax
j=1
ERDHE) Z LMD oTwS 4. 22T, A (j=1,2,...,N) ¥, 2 “BE” Ny & RERIEH,
35 (dz) 1& RY ND R o/ 125 %R Dirac M, p 1% Lebesgue HIBEICKR L CHakhiiGi ©dh 2 L FHENT
WED, FEGHEZROT, X< Tidwiy, “BfE” Ny &b, 2LETKRER L2 7V LE2FROE
FEICRT LT (d=1,2,3,4), XOFHliBHIS T3 [6, 3]

Inln(Tax — )1
||w<t>|x\/ Tinae = )7

Tmax —t

CORAIENE, TR T loglog law ATV [7], 22T, ZoOREEZDLUMNOMED S HTH
521293, LX) BMBIERERI DA EEZFHLT, BHEALY— % Brown #H#)% > CEHi$
LIEMTESL, RERETS -
Trmax Timax
/0 IVl <oe,  Tim Vo] / V() dr = oo.

Theorem 1. +3K&7% M >0 BEEL T,

P

Tmax

| BT — Bi| < M/ IV (r)|ldr, e.f. 1 =1
t

N AVRVASR

25 OFHIIICIE, X oI TEIN ) RIKEDBETIZH 205 GEINZHEEIFC), RO 255 2 L8 T
51N p>01cxLT

P

TIY]aX
| BT — Be| 2 77/ IVo(T)||dr, i.o. 1 =1
t
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Rt 1 OFED Y —ERNITIZBET 5
N—2ab—> 3y

Rk
ARSI ERATE R RO REESFIb) L OfAMETH 5.

A=
1 3=

N—ab—Ya VHEREE, TYRLIEUDINRDIRT 7 TAR—DE55F W EEET HHERR

—HTHD. RMEEANLRETNVE LT, dRTESAKT LY = (Z4E) OZFRV R GL) %HE
Kpec0,1] THNICHRESELZRY RRA—aLb—vavETALHS. C0)C L 2FHAELIZRY
RS20 07 7DERERIDS BRMAEZELEDET 5L ZOTHRE |C0)| ITMEREL L
D, C(0) VIR T 7 L7225 2 ERE 0> (p) = P,(|C(0)] = 00) BXT, 0Pnd(p) 230 &k b HIC
K& < 7 BERERESE phond(d) = inf{p € [0,1] : 6P°nd(p) > 0} BEH I N D, EEDZERWIE d > 2
IZHUTO < phord(d) < 1 THB I ENBERFITREEN, p<phord p>phord D r XxDfEZIEN
WG AAE, BEFMHEER, R RA—aLb—ya VEFLORBOOE DL LT, Z OHAMERR
BIZB T BHEBHELE TN, ROXSIcEMEI N 5.

EE 1.1 p>ptond T U B IEER ¢ > 0 BFEL, ERD 2 Hm 2,y € Z4 1T/ L

bond

Pz 28 ) > c. (1)

p<pPond I U BHBIEER 0 > 0 BFEL, EED2HM z,y € Z4 1T L

bond

P(x+—y) <e " (2)
CIT2MHE v,y € ZADNFAE LAY RIZX DB SN2 H5 % o &2 y 2Bz, @8 111

BEfElE R Py (x 2% y) .55 2 OARHER ORI CEMRICEIT 2 2L 28T VS, RV K
N=T L= 3 VETIVOFMIZ DO WTIESHR [1] 230,

N—ab—a YHGRE, ZAEEANDKDRERR L & OYHENTEREZR DD, EHEREITE
HENTWAH7aYBEL L LT, S0 FOMERRNET 505, X [3] TI&, &2 La?
RN EMA & IZTELBAD, GO THHICEL 2BNRZEROEL D IZ X > TERI NS
ZEERRLTED, ZHTBHEOERNERO - —va v LTI NG5 28 2RELT
W5,

2 K==L —I3vEFI

AHEHETIE, ZOMERS2ERICHLOHZRNNA—aL -2 a VETLERIBET S, ZOETNIC
BWT, B0TFWIZEUBZERIE, REWIZT VX LEL 2HED (44)W®T%UV—$&E
LLTREING., /EkDNN—aL—YarvETAVRELTVELT T TDOMATERIN, THEAD
MR D ZPARTVBEHDNL . AW TIE ,;@Fﬁﬁjéoﬁ®$%u/~$mmt%x,%®
ERIThRE UT T22if] YT AR L DFREO Y — SRy 2ZR8 3528 X7
ZDETFNER—INN—L—YaVETILEIER,

*RALKR PR BB E RS L3RR 2 42 E-mail: mikamil642@gmail.com
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DIk, d>2&9%. RY EORKIC 1 OEATHREZBETR. Wb, Me3bHo¥MilcZ 2H
WC L=l +1] £ [, L BFBEED dEOERTH D, ZOREN (d—1) THELD LT
%. R EOELME KL 2B ERoss—ab—yarEFIVEEAR &0 Q c K, AFTK
Lpe0,1] CHNLIZRET DHEREREL G2 5.

HOFARIE w € {0,115 2 5EF 2 RINOMF K (w) I8 L, #igEA R\ K (w) D&E Rl
I K (w) D (d—1) IRRBURER Y —HEOERSIC L BRIC - —x 6 5. I OFF k%
RV YIS, w S HFUENER—ILTST Gw) &, Kh—ILETRE U, BHEREIGEE @D AT
EROILLULTEDRT T T7LT 5. Gw) DEFERT Go(w) Z—D2FEEL, A FX—ab—3
VPG & FRR, RERER 0hole(p) = P,(|Go(w)| = oo) B & CEEFHER phole .= inf{p : #1°¢(p) > 0}
NEHEIND.

PAEDREDS & T, F3AMGE TIHERFMESR phole(d) 1ZB3 2 i 2 5 2 7-.

EE 2.1. EEOEMYLd > 21K L,
0 < ppe(d) <1-p"(d).

EH 215, ZOETIVICNUTHHEERME, BEAMEPEEST IR0 5. S oITAME
T, Ry FR—ab—a VETIVOMBEEFRINC B 2 EhiiER O (1) 0Ll E2F7-. 22T,
(Z4* =74+ (1/2,...,1/2) & DR FOTHAEA L L, 2THE 2%, y* € (29 Bh—NT 5 7O
—DHERAICEENT VD Z 8% 2 £28 2 KT

EE 2.2. p>plole it L, HEIEMc>0DBFEL, [LED %, y* € (ZH)* ZxtL
P 25 g 20
DENLT 5.
ARG IZER L [2] 12 HD <.

BEE AMF%EIE, JST CREST Mathematics 15656429 ¥ & U8 JSPS #kEkrORFSS (H53F) 17829801
D EZITT\W5.

SE K
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Superdiffusion of energy in harmonic chains with noises and

long-range interactions

ZHH R CRECRZERZF B R A5 R

2018 412 H 20 H

AT, RN EE % & T REEMHBETERRE F 3T 7V {(p(1), ¢ (1)) e RxR;z € Z,1 2 0},

dQCl‘(t) = pz(t)dt
dpz(t) = = X ez (= 2)q: (t)dt + /Y (noises)

BT ANF—DMAOEATr =GR 2 B8RS 5. Tihbb, AT =N XA—R% 0<e<1 & U7z,

lim. eﬂ%E ex(f( ))] »=e(y,t)dy

7 B AR e(y, )dy P35 N5 L5 REFERr — 1 v I f(), RO e(y,t) Ot TR HE
REKDB. 2T, pul0), 6, n(t) 1= LpalO)F =} Turg v 2l - 2aa(0) ~ (O & & HHOBIT
ORA t 1285 EEE, M@, TEALVF—%2KT. o:Z - R IZIEFHFRIOHEEHART VYV TH D,
Yea(z)=0, a(z)=a(-z),z€Z, a(z)<0,z+0 ZHzT. v>0 IERNEHOMETHS.

(1, 2] [3] T, |a(:r)| < e’C|3”| xeZ 725 C>0DPEFEL, y=€,0<8< 1,79 >0 & UTEEE AT —
NVENTOWBEAE, f(e) =7, de(y,t) = ~Cyya(-A)ie(y,t) THBIEBRINTWVS. Cpo >0 &
Yo, WL TREBDEHTH S, ZHIIHEERRT V¥ YL a PMEENRE %2 3 2546, AEMIZ nearest
neighbor interaction («(0) = 2,a(x1) = -1, a(x) = 0,]z| 2 2) DJFE LR U TRV X — 54 OZEE DB X
N5 LEFE®RLTEY, RIFEAHMZ BRI E L ThRwn.,

HHEL, a(z) = —|2[70,0>2, y=€%70,0< s < 1,79 > 0 DIFA,

6-s(6-1)

2<0<3 — f()=c =7, de(y,t)=-Cho(-A)T7e(y,1),
053 — f(O)=¢T, de(y.t)=-Cro(-A)ie(y,1),
=3 — €7 <fle)<ez2V550, de(y,t)=—-Cya(-A)ie(y,t)

ThHodIeamll. Ihhs 2<0<3 OGERREMAMPESHMNIZEEELTEY, 0 =3 054
HREMAT =V VIR TNIEL RDZ N0 D, 2<0<3 OFRFIZFRFIC, sound speed & FEIXN 2 &
jﬂ ak) = Loz a(@)e®™ ke [-1 1] 20k > 0 THRKT 2. LHOBRKKEED >3 05a,
sound speed [ XHEIZHRTH D, ZOBEHELEVP T RINF —HAOEHITHEL TV 5.

S5 3Rk
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Eigenvalue processes of Ginibre ensemble and their properties

BB 5 (TRERFR BB A 580

1 8A

Ginibre Ensemble (GE) O RHIFEREIZ & 5 EAMHEBRIZOWTHRT 4. GE X7 Y X LFHDETILT
B Y, AT HIESE 7 IR ERUIAG A S IR FMTHI T 5. GE DEAIEIXEEBAMET, T ORERD A X
BERPALIN LD —HED IR 1 TPORT 5 (1] 384 20 GE IZH§ 2 RMBRERETLVBMEINODOH
508 (12],3]), ZDETIVIFIEIERUTIITH 272, D TV I — MFFNIH§T 2 FEMEHATE RV, 2
Z CAGHE T IR RBIBGEHIC & - T Z OREA B ORERM D % BARRIZER L, T 5122 0EAN
7 MVDEAMEREORENCEEEEA S I 2R T. 20 LIFT)V I — M OEEEORHEFEREE T
IV TH 5 Dyson 777 VEBIDGZE L IFAKE S BRD.

2 SUYLITIOREERETIV

ETIEHITH O, FHZ TV I — MIFOEAHEFETH S Dyson 75 7 Vil# &2k 5. NRTILI—h
FIFMERESREFE H(t) = (hij(1))1<ij<ny ZIRDEDIZED B

Bii(t) i=j
his(t) o= § BLORIELO >0
hji(t) >

Z T By, B, Bf;(i < j) 1372 1 RGehET 5 VB TH 5.
H(t) 1% N EOEEAM N (1) > ... > An(t) 255, ZOEAMEEEIX 1 RooHEEZE T 5 0 @) & R
TEHZ RSN TNWS.

Theorem (Dyson 1962 [4]).
H(t) DEBAMEERENE) = (A(t), -+, AN (1)) IZIRDOMERM Y X 2 727

/ 1 -
dXi(t) = dBL(t) + Z ﬁdt, i=1,---,N
J(#1)
ZZT By, , By (3N 1 IR T 5 0 ViEFTH B .
Dyson 7 7 v V@B Tlk, MO FEEE L OMAEMEHAZERTZOFBOFHMB NY 7 NHIZENS.
RIZ GE ORFFIFEEE T & LT N IEEH, JEERTIERERER G(t) = (Giy(t)1<ijon BXD XS
IZED D

Gr(t) = By(t) := BE(t) + V—1B,(t), 1<k,JI<N, t>0



ZZTBE B, 1<kl < NIIMSR1UOCEET S VEBEITH D, By $EET IV VHEHTH .
Gt) X N HOEREEMEE2 DD, 20 RBABEH L FREOANIT L > TIROFEREMRS.

Theorem 1 (Y).
G(t) DEREAFEEFE () = (M (8), -+, AN (2)) IFIROMERM I X %727

o= 3 OO = OO iy

1<k <N j(l;[@ (Ai(t) = (t))

T 2T Iy FBAATHIT, EHTH AT U T Ay B ADS kAT LA 2D RN TR S NS /MTHITH .
ZOFERN S GE OFEIEEERIZYVF VT — 1V Th by, MoEAMEE OMBE/ERZRTEZBETILVF v

ToVIHIZENS Z b b.

X 512 Bourgade, Dubach [3] DAER Z H\\ 5 & FHHZ T DWT

dXi, Aj)e =0, d(\i, A}); = 20;;(t)dt.
DD LD, 22T O4(t) EEARZ LD Overlap L FEIEN, FHEA T MV R;(t) € CN L EREH R
MV L) eCNizkoT

() = (B;(&) Ra(t)) (L))" La(1))
TEZRBINDIETHD. HOIEG(t) Z ERTTINZ &> THAT 2 Z & T, @A EEFEDH 25 D3EA X
I MIVONETHRTESLZ L E2RUT. 2D Overlap 2 BRI T RO L STk 5.
Proposition 2 (Y).

o) = Skt ()1 = GO NI ~ G1)),)

e [Ty M (E) = A (O

o) - Sy det ((M®Iy = GO (OIy = GO)) )
v [Ty i) = Ap(8) Ty g () = Ag (1))

UEDZ Eh 5, GE DEE Overlaps A EAEERICHEEZ X TWA Z 2 2bh 5. 2k Dyson 77
Y VEHREDIERITHIDET VTR S8 o2 2 TH Y, FFIEHITHRAEDHRKTH 5. A#HT
T EOFERD S X S ICEAHEBREORFMAFIZ L5 FRIZOVWTiwd 5. - BEEROFER [5] 1I2DoW
THEKT 5.

W
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A hypercontractive family of the Ornstein—Uhlenbeck
semigroup and its connection with ®-entropy inequalities*

Yt CRAERE)

Given a positive integer d, let 74 be the d-dimensional standard Gaussian measure. For
every p > 0, define LP(y;) to be the set of measurable functions f : R? — R such that
£ := Jga|f(2)[Pya(dz) < oo (we abuse the notation even when p < 1). We denote by

Q = {Q:}+>0 the Ornstein—Uhlenbeck semigroup acting on L!(v,): for f € L'(v4) and t > 0,

@@= [ 7 (e e+ VImeTy)quldy), z e R
R
It is well known that @ enjoys the hypercontractivity: if f € LP(y4) for some p > 1, then
1Q:f 1, < 1], for all ¢ > 0, (HC)

where q(t) = €?(p — 1) + 1. The hypercontractivity (HC) was firstly observed by Nelson
[6] and found later by Gross [4] to be equivalent to the (Gaussian) logarithmic Sobolev
inequality':

L rProglfldn< [ V52 dva+ 113108 11 (Ls1)

which holds true for any weakly differentiable function f in L?(4) with |V f| € L?(v4). Tt is
also known (see [1, Proposition 4]) that (HC) is equivalent to the exponential hypercontrac-
tivity: for any f € L'(v4) with ef € L(v4), it holds that

lexp (Quf)llze < flef ]Iy for all ¢ > 0. (¢HC)

One of the objectives of this talk is to show, by employing stochastic analysis, that two
hypercontractivities (HC) and (eHC) are unified into

Theorem 1 ([5], Theorem 1.1). Let a positive function c in C1((0,00)) satisfy
d >0 and c/c is concave on (0,00), (C)

and set
u(t,z) = / c(y)e%dy7 t>0, z>0. (1)
0

Then for any nonnegative, measurable function f on R such that

U(O,f) € Ll(')/d)a

we have

v (& [lut, Q) < v (0, [[u(0, H)lly)  for all t = 0. (uHC)

Here for every t > 0, the function v(t,-) is the inverse function of u(t,z), z > 0.

Typical examples of functions ¢ fulfilling the condition (C) are xP~! with p > 1 and e%;
in fact, they both satisfy (¢/c’)” = 0. These two choices of ¢ in Theorem 1 lead to (HC) and
(eHC), respectively. Another example of ¢ will be given in the talk.

Recall the well-known fact that differentiating the left-hand side of (HC) at ¢ = 0 yields
(LSI); the same argument enables us to obtain from (uHC) the following generalization of
(LSI):

*This talk is based on [5].
fThe Gaussian logarithmic Sobolev inequality goes back to Stam [7].




Corollary 1 ([5], Corollary 3.1). For a function c satisfying the assumptions in Theorem 1,
set

G(a) = /0 " () dy and H(x) = /O " () log efy) dy

for x> 0. Then for any f € C} (RY) with infd f(x) >0, we have
zeR

H(dwu<y [ DN+ HoGHIGO]L). (4LS)
Rd R4

Here G~ is the inverse function of G.

It is shown in [5, Proposition 3.3] that for every function f as in Corollary 1, the validity
of (gLSI) for any positive ¢ € C1((0,00)) satisfying (C), is necessary and sufficient for that
of ®-entropy inequalities for any ® € C?((0,00)) satisfying the condition that

®” > 0 and 1/®” is concave on (0, 00). (P)

In a general setting of Markov triple (E, p,I") with associated Dirichlet form (£, D(£)) as
treated in detail in [2, Chapters 4-7], the triple is said to satisfy the ®-entropy inequality
with constant R > 0 if

/E o(f) du—<1>< /E fdu> <J /E O"(FIT(f, £) dp (@1)

for any positive f € D(£). In the setting of the present talk, namely in the case E = R?,
pu = g and I'(f, f) = |V f|?, it is known (see, e.g., [3, Section 4]) that (®I) holds with
R = 1 under the condition (P). In this talk, we show that in the present setting, the
hypercontractive family (uHC) indexed by positive ¢’s satisfying (C), is equivalent to the
family of ®-entropy inequalities (®I) with R = 1 indexed by ®’s satisfying (P). The same
reasoning applies to the general setting of Markov triple as well. For instance, if a probability
measure 4 on E = R? is in the form u(dz) = e~V ®dz with V € C?(RY) whose Hessian
matrix satisfies y-Hessy (2)y > ply|?, =,y € R?, for some p > 0, then the ®-entropy inequality
(®1) for T'(f, f) = |V f|? is known (cf. [3, Corollary 2.1]) to hold with R = 1/p, which entails
that (uHC) holds true for the semigroup generated by A — VV -V, with exponent e* in (1)
replaced by e2rt.

If time permits, we will also present a unification of (eHC) and the reverse hypercontrac-
tivity of the Ornstein—Uhlenbeck semigroup Q.
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Biased random walk
on the trace of
biased random walk

D. A. Croydon (University of Warwick)

NB. This talk is based on the forthcoming work [8], which is joint with M. P. Holmes (University
of Melbourne).

The study of stochastic processes in disordered media is an important aspect of modern proba-
bility. Models in this area for which extensive research has been conducted include the classical
model of random walk in random environment, as well as random walks on random graphs,
such as Galton-Watson trees and percolation clusters. Typical properties that one is interested
in include: (i) recurrence/transience; (ii) laws of large numbers (i.e. the existence of a deter-
ministic limiting velocity); (iii) conditions for ballisticity /sub-ballisticity (i.e. strict positivity
of the speed or not); (iv) regularity (i.e. continuity, monotonicity or lack thereof) of attributes
(e.g. the velocity) in terms of some underlying parameter; and (v) scaling limits.

In this paper, we tackle the first three of these issues for a biased random walk on a random
graph, as given by the trace of a biased random walk on Z?; we henceforth call the process of
interest the ‘biased random walk on the trace of biased random walk’ (BRWBRW). The biases
are chosen so that both the original walk (defining the graph) and the BRWBRW are transient
— somewhat remarkably, this does not mean that we necessarily require the underlying drift of
the two walks to be oriented in the same direction. By standard regeneration arguments, the
BRWBRW admits a limiting speed. Regarding the issue of ballisticity, we note that, when it
backtracks, the initial walk creates traps for the BRWBRW. We will show that the effect of
this trapping can lead to zero speeds, and in particular establish a sharp phase transition for
whether the BRWBRW is ballistic or sub-ballistic.

We conclude by briefly relating our work to other studies in which trapping has been observed
for biased random walk on random graphs. As early as the 1980s, physicists observed that such
phenomenon might be relevant when the random graphs are percolation clusters, empirically
demonstrating the non-monotonicity of the speed, and sub-ballisticity in the strong bias regime
[1]. Mathematically, a phase transition between ballisticity and sub-ballisticity was first shown
rigourously for the simpler model of random walk on supercritical Galton-Watson trees [10] (see
also [3, 5, 7] for recent work concerning more detailed properties of such processes), and has since
been confirmed to hold in the percolation setting [4, 9, 11]. A relatively up-to-date survey of
these developments is given in [2]. Qualitatively, our results match those established for Galton-
Watson trees and percolation clusters, and, although we do not confirm it rigourously, we also
observe empirically non-monotonic behaviour for the speed that is similar to the behaviour
expected for these other models. Moreover, whilst our graphs are more complex than trees, in
the sense there is not a unique shortest path between vertices and the traps are less obviously
defined, the model is still more tractable than the percolation case. As a result, we are able
to give a more concrete expression for the critical point that separates the ballistic and sub-
ballistic phase, which we are even able to evaluate explicitly in examples. Finally, we note that,



in another related work, biased random walk on an unbiased random walk has been shown to
exhibit localisation on a logarithmic scale [6].
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