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Let (Ω,F ,P) be a probability space hosting a spectrally negative Lévy process
X = {Xt; t ≥ 0} and Px be the conditional probability under which X0 = x. The
process X is uniquely characterized by its Laplace exponent

ψ(s) := logE0
[
esX1

]
= µ̂s+
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2
σ2s2 +

∫ 0

−∞
(esz − 1− sz1{z>−1})Π(dz), s ∈ C

where Π is a Lévy measure with the support (−∞, 0) and satisfies the integrability
condition

∫
(−∞,0)(1 ∧ z

2)Π(dz) < ∞. Our aim is to compute the joint distribution

of overshoot and undershoot (with discounting):

hq(x;A,B) := Ex
[
e−qτ

−
0 1{X

τ−0 −∈B,Xτ−0
∈A, τ−0 <∞}

]
, B ∈ B(0,∞), A ∈ B(−∞, 0)

where q > 0 and τ−0 := inf {t ≥ 0 : Xt < 0}.
We focus on the case Π has a completely monotone density and approximate

hq(x;A,B) by using the spectrally negative Lévy process of the form

Xt −X0 = µt+ σBt −
Nt∑
n=1

Zn, 0 ≤ t <∞,

for some µ ∈ R and σ ≥ 0. Here B = {Bt; t ≥ 0} is a standard Brownian motion,
N = {Nt; t ≥ 0} is a Poisson process with arrival rate λ, and Z = {Zn;n = 1, 2, . . .}
is an i.i.d. sequence of hyperexponential random variables with density function

f(z) =
m∑
j=1

pjηje
−ηjz, z ≥ 0,
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for some 0 < η1 < · · · < ηm <∞ and p1 + · · ·+ pm = 1. Its Laplace exponent is

ψ(s) = µs+
1

2
σ2s2 − λ

m∑
j=1

pj
s

ηj + s
.

In this case, the Cramér-Lundberg equation, ψ(s) = q, has a unique positive root

ζq := sup{s ≥ 0 : ψ(s) = q},

while, regarding the negative roots,

1. when σ > 0, there are m+ 1 roots −ξ1,q, . . . ,−ξm+1,q such that

0 < ξ1,q < η1 < ξ2,q < · · · < ηm < ξm+1,q <∞;

2. when σ = 0 and µ > 0, there are m roots −ξ1,q, . . . ,−ξm,q such that

0 < ξ1,q < η1 < ξ2,q < · · · < ξm,q < ηm <∞.

We let Iq be {1, . . . ,m+ 1} and {1, . . . ,m} when σ > 0 and σ = 0, respectively.

Proposition 1. Suppose B = (b, b) and A = (−a,−a) for some 0 ≤ a ≤ a and
0 ≤ b ≤ b. Then

hq(x;A,B) = λ
m∑
j=1

pj(e
−ηja − e−ηja)κj,q(x;B)

where, for each 1 ≤ j ≤ m,

κj,q(x;B) :=
eζqx

ψ′(ζq)(ηj + ζq)

(
e−(ηj+ζq)(b∨x) − e−(ηj+ζq)(b∨x)

)
+
∑
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(
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)
− 1

(ηj + ζq)

(
e−(ηj+ζq)b − e−(ηj+ζq)b

)]
,

for some constants Ci,q, i ∈ Iq.

Using this proposition, we approximate hq(x;A,B) for arbitrary spectrally neg-
ative Lévy process with a completely monotone Lévy density. We verify the effec-
tiveness of this approximation procedure through a series of numerical examples.
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