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Let a, b andT be positive constants. Let
{

Ji(t) ; t ∈ [0,T]
}
(i = 1, . . . ,d) be independent

gamma processes with the parameter(a,b), that is, each processJi is a one-sided pure-jump
Lévy process without any Gaussian components with the Lévy measure

ν(dz) = g(z)I(0,+∞)(z)dz, g(z) = a exp(−bz)
/

z.

The marginalJi(t) at timet ∈ [0,T] has the density in closed form:

pJi(t)(y) = bat yat−1exp(−by)
/

Γ(at), y∈ [0,+∞).

Let A0, A1, . . . ,Ad : Rd → Rd be smooth and bounded. Suppose that the functionsAi (i =

1, . . . ,d) satisfy the invertible condition:

infy∈Rd infz∈(0,+∞)

∣∣∣det
(
Id+∂Ai(y)z

)∣∣∣> 0 (1)

for any i = 1, . . . ,d. For a non-random pointx∈ Rd, we shall consider theRd-valued process
{X(t) ; t ∈ [0,T]} determined by the stochastic differential equation of the form:

dX(t) = A0
(
X(t)

)
dt +Ai

(
X(t−)

)
dJ(t), X(0) = x, (2)

whereA =
(
A1, . . . ,Ad

)
and J(t) =

(
J1(t), . . . ,Jd(t)

)
. Then, there exists a unique solution

{X(t) ; t ∈ [0,T]} to the equation (2) such that, for eacht ∈ [0,T], the functionRd ∋ x 7−→
X(t) ∈ Rd has aC∞-modification, and its Jacobi matrix is invertible a.s. In this talk, we shall
focus on the sensitivity, and the error estimate on the densities between the solution and the
driving gamma process, which can be applied to the strict positivity of the density. This is
based upon joint work with Vlad Bally (Université Paris-Est Marne-la-Vallée, France).

Let C1 be a positive constant, andΞ ∈C∞
b

(
Rd⊗Rd ; [0,1]

)
such that

Ξ(B) = 0
(
0≤ |detB| ≤C1/2

)
, Ξ(B) = 1

(
|detB| ≥C1

)
.

The Girsanov transform on the driving process leads to get the integration by parts formula.
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Theorem 1 For Φ ∈C1
b(R

d ; R), the following equality holds:

E
[
∂kΦ

(
X(T)

)
Ξ
(
VX(T)

)]
= E

[
Φ
(
X(T)

)
Θk

(
X(T),Ξ

(
VX(T)

))]
(3)

for k= 1, . . . ,d, where VX(T) is the Malliavin covariance matrix for X(T).

Moreover, suppose that the functionsAi (1≤ i ≤ d) satisfy the uniformly elliptic condition:

infζ∈Sd−1 infy∈Rd ζ ·A(y) A(y)∗ ζ ≥C2, (4)

under which there exists aC∞-Lebesgue density forX(T). Theorem 1 enables us to see that

Theorem 2 It holds that

E
[
I(X(T)∈D)Ξ

(
VX(T)

)]
=

∫
D

d

∑
k=1

E
[
∂kQd

(
X(T)−y

)
Θk

(
X(T),Ξ

(
VX(T)

))]
dy (5)

for D ∈ B
(
Rd

)
, where Qd is the fundamental solution to the equation∆Qd = δ0.

Let C3 be a positive constant, andψ1,i ∈C∞
b

(
[0,+∞) ; [0,1]

)
(i = 1, . . . ,d) with

ψ1,i(ui) = 1
(
ui ≥C3

)
, ψ1,i(ui) = 0

(
ui ≤C3/2

)
.

Defineψ1(u) = ∏d
i=1ψ1,i(ui) for u=

(
u1, . . . ,ud

)
∈ [0,+∞)d. Rewrite (2) as follows:

X(T) =
(

x+A(x)J(T)
)
+
(∫ T

0
A0

(
X(s)

)
ds+

∫ T

0

{
A
(
X(s−)

)
−A(x)

}
dJ(s)

)
=: G(T)+R(T).

Theorem 3 It holds that

pX(T)(y)≥ p̃G(T)(y)−ET , (6)

where pJ(T)(y) is the density for J(T), ET =C4
(
|R(T)|p+∥VR̃(T)∥p+∥HR̃(T)∥p

)
, and

p̃G(T)(y) = ψ1
(
A(x)−1(y−x)

)
pJ(T)

(
A(x)−1(y−x)

)
.
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