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1 Introduction
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—Hyp == —A+ NU(z) (1.1)
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{(h1, ... ho}.
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(HS) hmmﬁoo U(l") > 0.

Fact 1 Ey(A\) = info(—H,y) 000000000

lim EO—(/\) = min tr\/U;

A—oo A 1<i<n

goo

tr\/U; = info(—=A+ (U(z — hy), (x —hy)))
_ %ﬂ—A+A%u@p4m4x—m») forall A\>0.  (1.2)
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gooooo
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MS! (—HA,U - 5/\) S\M, = X(—=L+Vy). (1.3)

O000L=A—2-V,0000 Ornstein-Uhlenbeck operator. 00 Vy(x) = AV (A\~Y/2x).
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2 How to prove Fact 17
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(1) Upper bound estimate

WO A
pi(z) = (det( o )) exp (_Z (\/ Ui<x_hi>’(x_hi)>)' (2.1)
0000 —Hypi(z) = MrvTpi(x), [|@illpzes =10000000000—-Hy; = -A+
0300000000000 (p;0cut-of 000000 DO0OODOOO0OOOOODOOO)O

(~Hyppn o) = MO+ / (2)pr(x) 2l
< Mry/U; + OX7V2, (2.2)

JoddddddwitaryU 0000000000000 0O0O00O00O00O00O00O0O0O0O0O0O0O0O
O00000000O0OOcurvedspaceJ 00 0O00O0OOOOOOOOOOOOO
(2) Lower bound estimate

IMS localization formula0 0000000 O (IMS=Ismagilov, Morgan, Sigal, Simon
00000000000) 0000000000 formula0 00000000 —-H,py OO
000000000 (1600000)000000000000000000000 y(z)
OROOC®000 |2/ <1/2000 x(z) =102 > 1000 y(z) =000000000
Ji(x) = x (W e — hf?) (1<i<n) Jo(z)=(1-X", L))’ 00000000046
00<6<1/300000000000AXN0000 Jo0O well-defined. DOOODOOOO
0 (IMS localization formula) 0 00 Owu e C(RHOOOOO
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(—Hyvw,u) =Y (=Hyy (Jau), Ju) =Y | [DJi(x)Pu(z)*d. (2.3)
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(—Hyu (Jiw) . (Ju)) = (=Hyi(Jiw), (Ju)) + X (Ri - (Ju), (Jiu)
> Atry/Uil| Tyl 72 — o(N) || Jiul 72 (2.4)
000 Ji(z) #0000 |X2Ri(z)| <o(AN)DDO0O0
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(a) Wiener 00 BOOOOODOODODODODOODOODOODOODOOOOOODDO (DOO
Ornstein-Uhlenbeck semigroup O hypercontractive 0 0 00000000 0O)

[ w7108 (@ /ulFs,) dué) < 2 [ 1Du@ (@) for any u < DY(B)
(2.6)

0000 Ey(\) =info(—L+Vy) (Va(¢) :=AV(\"/2¢) 00000000

Eo() > L log ( / eW%(@) 27
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(b) Wiener0 0 OO0 Laplace method D OO OO (27) 0000 AN —ococ0ODOODOO
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3 Statement of main results

Notation:

(B, H, iu): abstract Wiener space

—L = D*D: Ornstein-Uhlenbeck operator

V : continuous function on B. V\(¢) .= A\V(\"Y2¢)000000000000000
0Ly =-L+V00OO00OO(BOOO ¢0000) Ey(\) =info(—Lyy) 00000V
0000000000000 E,N)ODODDODODDOD0O0O0DO0D0 (000000000 ground
state 00 000)000000000000000OOSection20000000000
000000000000 00000b00OvVOoODOOooooOooDbOOdO ground state O
O0000000000000000 ground state00 000 explicit OO0OO0O0OOO
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Assumptions on U
(Al) mingeg U(9p) =000 UDDO0OOODOOOODOOO

N:={¢cH|U@®) =0}={hy,... h,}

(A2) VO {hy,... ,h,} 0 BOOOODO C? (00O O0OBOO continuous bilinear form
DV (h)(¢,¢) 0 HODOODOODOOODO trace class O self-adjoint operator 0 000 00
000 K,0000K, € L(B,B)0000)000 Yy + Ki(=1D*U(h))D HODODO
gooobooooobood
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Ri(6) = U(8) — 5 DU ()6~ i — ) (3.1)

h; O critical point 0000000 Ri(¢)0 BOOOOOO0O000DO
300000000 ROOOOOO
(A3(e,R)) 00 ¢(R)0O0 OO O0OVe € B with ||¢]|s < R,

|[Ri(¢)] < E(R)l6 — hal 5.
(A3(¢)) (A3(e,R)) 00000 R>0000000000

(Ad4) dp(¢) :==min{[[¢ —hil[p |1 <i<n}. ODOODO
O00e>00000,0(6)>000000 inf{U(¢) | dg(¢) >¢e,¢ € H} > 0(e).



(A5)) 0O p>10000,¢>0,C>0000000XA>0000000000000

E {yv (%) yp} < CO(1+ )

(A6) o >2000000000000

limsup A\~ ' log £ [B_O‘VA(@} < 00. (3.2)
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Theorem 3.1 Assume (A1),(A2), (A3(¢)),(A4),(A5),(A6). Then

mmtrG/@+4ﬂ}—hO. (3.3)
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Lemma 3.2 (Rough lower bound) Suppose (A1), (A2), (A4), (A5), (A6).

Let R > maxi<i<, ||hi||p and sssume (A3(e, R)). Let p.(¢) = kmin(dp(¢),1)?, where k
1 a nonnegative number.

(1) There exists a positive number k satisfying the following.

(a) min{U(¢) — ps(®) | ¢ € H} =0,
(b) Zero point sets of U — py, is {h1,... , hn}.
(¢) For any e > 0, inf {U(¢) — pu(@) | dp(¢) > e, € H} >0,

(d) / e~ 2K 0043511815 4 () < o0 forall1 <i<n.
B

(2) Let k be a nonnegative number satisfying the assumptions in (1). Let Ey () be the
lowest eigenvalue of a Schrédinger operator —L -+ Vy(¢) — Ape(A"Y2¢). Then it holds that

liminf Eo,x(3) > — log (Z / exp[~2(K.6,6) + 263 du(¢)> > —o0.  (34)
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1 1 -
min —tr(x/[H—k4BQ——IH> 2-—§log[§£:{deMIH—+4}Q)}U2] (3.5)
=1

1<i<n 2
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Theorem 3.1000000000000000000000 Step300000000
000000000000000000000



4 Some open problems

(1) Tunneling phenomena?
(2) How about the case where A # Iy ?
(3) Supersymmetric version of —Ly 7
(4) VDOregularity 0000000000000 (B) 0000000000
(5) Semiclassical problem on P,(M) = C([0,1] — M | v(0) = x):
The rough lower bound estimate holds on path space over Riemannian manifold. Let
(M, g) be a complete Riemannian manifold whose Ricci curvature is bounded. Let py be
the Brownian motion measure on P,(M) such that

pn (Y(t) € dzys .o y(tn) € da)

= (Hp (A_l(tl — ti—l); Ti—1, IL‘Z)) dIl R d[Em, (41)
=1

where ty = 0, 29 = x, p(t,z,y) = e*/?(x,y) and A is the Laplace-Beltrami operator.
Let us define the tangent space along v by the Levi-Civita connection and denote the
H-derivative by D. Let V be a continuous function on P,(M). Let —Ly := D7, D and
—Lyy = A"Y(—=Ly + A\?V). This operator is unitarily equivalent to —L + AV (A\~/2¢) on
L*(B, 1) when M is a Euclidean space. Let Ey(\) = inf o(—L, ). By the integration by
parts formula and the same argument as in [7], we have

B [Piog (/1)) < 3 (14 S2) B IDPOIE). 4

Here C) is a positive number depending on the norm of Ric such that lim sup,_, . C\ < oc.
When M is an euclidean space, C'y = 0. Therefore the logarithmic Sobolev constant is
approximately equal to the Gaussian’s one as A — oo (small variance). By the estimate
in Theorem 7 in [11] again, we have

A Ca
Ey\)>—2 1o / e~ AV ) 4.3
0=~ ([ ir(7) (4.3

Consequently, under suitable assumptions on V (e.g., min{}lfol 17 (6)||2dt + V(ﬂy)} —
0, nondegeneracy of the Hessian at minimizers, etc), Laplace type asymptotics formu-
lae [6],[12], [13] imply the boundedness of the right-hand side in (4.3) as A — oco. But it is
not obvious to see that limsup,_, . Fo(\) < oo under the assumption on V' above which
seems to be natural.

(6) 00000000 L(G) = C([0,1] — G | v(0) = v(1) = ) O O O heat kernel measure
000000000000 000000000 RUOo0DO0ooOooooUooooooo
000000 NOOOOODO0O0OO AN—o0o0O0OO 40000000 GaussOOO OO
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