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DDDDDZXDDDDD(1)D(3)DDDDDDDDDDDD? gobooooooboon
uboboobooboooo

00 3.19 C,C,c2X0000C CcCIONCGOCGIDDDD (CGOCODODOD)DDDOO
0000000000000000 (0000000oD0)0oboOO0o0ooO0oOo

00 3.20 Cc2¥0000
o(C) = NxeaFa

0000000000{F |A€A}O0CCF 000,000 F/ 000000000 0(C)OC
000 .000000000000000
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00 0002¥000¢00000000000000CCc /A O00000000000000
00000CCe(C)000000000000000000000

(i)o(C)D ¢-00000000

(i) FO ¢-0000 CCc FOOOOOo(C)cFOODODOO
()0D0DD0000 36000 (1)-(3)0000

(00D ADDDOD X,0e /000 X,0 € o(C).

(2) Aco(C)DDD000AeADDDOD AcF. /A0 o-000000 A€ FrVAeA. [
0000 A° € a(C).

(3) Apeca(C) (n=1,2,..)0000A,€ 7/, 000 UpA, € F,. 0000000 ADDOD
00000 UpA, € a(C).

0000 ¢(C)0 e-0000
(i) 0000Cc FOOOOO FO{F}00000000000000¢(C)cF. [

00 3.21 ¢(C)0COOOO0OOe-0000ODOO
000 .-000000000000000000O0O000 RO Borel(OODO)DOOOOOOO

0322 X=R'00O0OC={0OCR"|OOR"OOO0O }0000¢(C)0 BR"OOOO
R"00000000000000BRYOIODODODODODODODODODODODODODOODOOOOOOOOO
00000000000 (000 908[RY) CB(RY) 00000000000 BL(R™) C2X0
000000000000000000000

00000000000 SO0000000000000000000 ¢-0000 BorelD OO
0000%B(S)0000S000000 (3.9), (3.10) 000000

0000 3.23 X =R"000000C (i=1,...,5)00000000 ¢(C)0 BR") OO0
oooooo
(D¢ ={R"O0O0D0000}

(2) Co =A{I1lai bi] | —o0<a; <b <oo}
(3) Cg = {H?zl[ai,bi) ‘ —oo<a < bi < OO}
(4) Cy = {H?:l ai,bi] | —o<a;<b < OO}
(

(
5) Cs = {B,(a) | r00000eeR" 00 0000000000000 }. 0000 B,(a) =
{r e R" | d(z,a) < r}.

4 0000

0000000 XOOooooooo (oo)oooooooooooooooooo(@a)ooo
ooobooo

00 41 00 X,YOOO f: X >YOOOOODACXOOOO f(A):={f(z)|zcA}D A
0 f00000BCYOOOD fY(B):={zreX | f(z)eB}0 BO f0000000000
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(1) B,CY (n=1,2,..)000

FHULLBR) = Uity f (B (4.1)
FHMLBa) = MLy (Ba): (4.2)

(2) Ap C X (n=1,2,..) 0000 f(UX2,A4,) = U2, f(Ay), £F(N2,A4,) e, f(A,) 000
ooo
(3)000 BCcYODOOOO f 4B =(f4B))"

4.1 000O0OO

ubbod—-oco, o0 000000 D0O0O0OO0OODOO

00 42 (0000) (1) (X, /HOODDOODOOOOOO f:X — [—o0,+o00] 0 F-O0OOO
(F-measurable function) D00 (0O00O0OD0F-00000)00000000000OO

D00 eeROOOOOf N (a,400]) :={z € X | f(x) >a} €F

(2) X =R"0F=98R"),B,(RHO0D0DOO0OO0O0OO0OOOO,D00000DODOOOOO
00000000000000000000000RODOOO0O (D000 4o00,—co00O00O0)
000000000O00O0O0000

043 (1) FOOODOOOOOOOOOOOOOOO0O00000000000O0

(2) f:R" - RO0O000D0O0000000000OOOOO0O00 (00090

(3) Ac FOODAOODODOOODOODODOOO f:A— [—oo,400] 00000000 a€RO
000 {z€A| f(z)>a} € FODOO F-OODOOO

00 44 f:R"->RO0O0O00OO0O0OOODOOOOOfOO0ODOOODOOOOO

00 f:R*-ROOODOOO0f Y(a,4+00]) 00000000000 DO00O0O0DODOOOODO
BRHY-0O0O0O0ODODOOO [

00 4.5 f: X — [—o00,+00] 000000000 fYR), f1({+o0}), f1({—c0}) DODODO F

goono
gd
FH{Hoo}) = L, +od]) = MLy f 7 ((n, +00])
FH{=o0}) = fHOLl=o0, —n)) = MLy~ ([=o0, —n]) = Mo2y (71 ((=n, +00))”.

f(a,+o00]) € FOOOOODODODO (2),3) 00 f1({+o00}),f1({-oc}) € F. OO
FTHR) =X\ (f'({£oo})) e F. LI
0040000 464900000000
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00 4.6 (X,F) 00000000000 f:X — [~o0,+00]000000 40000 (1), (2), (3), (4)
gooooono

(1) f(z) 0000000000000 000 a € ROOOD {ze X | f(z) >a} €F

(2) 000 eeROODOOO{ze X | f(zx)<a}eF.

3) 000 eeROODODOO{ze X | f(x)>a} eF.

(4) D00 acROODDOD{zeX | f(z)<a}€F

00 (1)« (2)0@3)« (1), (1)« (3) 00000000 FO ¢-000000000000 410
oooooo

(1) = (2): fH([~o0,a])
(2) = (1): f~'((a, +o0])

(3) = (4):

M ([=00,a)) = 1 ([a,400)%) = ' ([a,+00]) € F
(4) — (3)

F 1 ([a, 4+00]) = £ ([—00,a)%) = ! ([~00,a)) € F
(1) —©3)

P latod) = 77 (it 2 obod) =i (G- Lo ) € 7
(3) = (1):
7 otoc = 17 (Uala 2voo)) =Uzas ™ (ot Loo)).
L]

00 4.7 (X,F/)00000000000 f: X — [—00,400] 00000000000 (1),(2),(3)
0ooooooo

(1) f(x) 0 XO0DOOOOOO

(2) 7 ({+o0}), f1({~c}) e FOOOOOODOOOOOODOOOOOOOROOOOCOODO
000

(i
(ii

) o(C) = B(R).
)
(3) f'({+o0}) e FOOOUDDOODDDOO AecBR)ODOODO f~1(A) € F.

000 AecO0O00O f1(A4)eF.

00 (1) = (2) = (3) —» (UDDDD

(1) = (2000 f1{+c0}),f1({~x}) € FOOODODDODODOC = {(a,b] | —00 <a <
b< 400} 00000000 323 (4)00 oC) =BMR). 00, f(a,b]) = f1((a,+oc]) N
(f~Y(b,+oc])) e FOODO (H)DODODODOO0OODOCOOOO (2000000

(2

)—(3)00000000000000000000000000000000
H={A|ADRODOOODO f YA eF}
O0008BR) CcHOOODODOO0O0O0O0000HO
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(a) CCH,
(b) HO o-0DDODOO.

00000000000000000000B[R)=0¢(C)CcHOOODO(e)D ({H)0D00O00()
oooo

(MR,PeH: fFYR)=X,f0) =000 OKO

(2) AcHDODDO A°e H: YA =(f1(A) e FODOD OKO

B)A,eH (n=1,2,..)000 U2 A, € H: fH (U2 ,4,)=U2,f1(4,) € F OO OKO
O0D000HO «-000000D0

(3) = (1)0000eeRODODO f1((a,400)) = f1((a,00)) U fH({+00}) € F. [

00 4.8 f(2),9(x) 000000 +00,—cc000000000¢:R2»ROODOOO00000
hz) = ¢(f(z),9(x)) 0000000

00 aceROODO0e00000000 S, ={(z,9)]|¢(y) > 0000800000000
S,#£00000

H={(a,8) x (7,0) | @, 8,7,6 00000 (o, ) x (7,0) C Sa- }

D0D00D0000000000000000(a,8)000 (0,8) ={z|a<z<p}0O
DDDDDDDDDDDDDDDDDHZ{IiXJZ'|i:1,2,...}DDDDDDDDDDDDD
I = (i, Bi), Ji = (4,04). OO0 S, =02 [; x J; 000

{reX |h(z)>at = {zeX|o(f(z).9(x)>a} ={zeX]|(f(z)g() € S}
= UZ{z e X [ (f(2),9(x)) € I; x J;}
= U2, (' I)nf i) e F.
O]
00 480000000000000000000000O0DO00ODODO0OOODO0O0OOO

ooo
gboboobogbbooboobboobooboooboobooboboooboo

00 4.9 f,: X —»[-00,400] (n=1,2,..)0000000000000000O

(1) 00O sup,en fo(x), infreny fr(x) DO0DOO0OOO

(2) 00 limsup,,_,, fn(z), liminf,, o f,(z) D0 0000000000000 20000 limy,—00 fo(z)
0 (+o0,—co0000)0000O00OO00O0OODOOOOO

oo (1)
{re X |supfulz) <a} = MI{zeX| fulz)<aterF
neN

{ee X | inf fule) 2a} = MZi{z € X | fulz) 2 a} € F.

oboobob 46000000000

(2) limsup,, o fn(z) = infy, {sUp,,>, fm(2)}, iminf, o fu(z) = sup, {inf>pn fm(2z)} 000
(Woooooooo [
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0000 4.10 f,g: X — [~00,400] 00000000000 A={ze X | f(z) £g(z)} OO
000000000000

0000 4.11 fu(z) (n=1,2,...)0 RO0D000 (X,F)0000000000
Xo={ze€ X |limy 0 fu(z) 00000000000 }
0000 XoeFO000000000

0000 4.12 f(x) 0 [0,1]000000000000000Of(z)00000O00OOODODOO
goboobooboboobbooobooboobboob 3220000

D000 413 (1) f: X ->RODO0D0O0O0O00F :={fY4) |AeBR)} 0000 FO
c-0000 FpCcFOO0O0O0O00OOO
(2) XODOo-OOOGOOO

(i) g cF.

(i) fO0G-00000O

00000000000000 (000000 4790000000)0 7000000000

0000000 FOo(f)00OO0fO000000«-0000000

4.2 00O

00 4.14 (X, F) (=1,2)00000000000 f: X; - X0 F/FR-O00000000
ooooooo:
000 Ae/»00000fYA)eFm 0000

00 4.15 (X,F)000000SO000000000SO000000000000000 o-0
00 (S0000000000)B((S)000000000 (5,%8(5)00000f:X — S0
F/B(8)-00000000000000000000

0 4.16 Xo =R,/ =BR)D000FA/F-000000 4200000 /A-00000000

0000 4.17 00 f(z) = (A(x),..., fo(x)): X > R" 00000000 (1),(2)0000000
(1) fO0 F/B@RH-000000
(2)0000i0000 f;: X —RO0O0 420000 F-O0OOODOO

5 Uuoboboonod
5.1 00000000

00 5.1 (X,F/)000000000f:X ->RO000 (simplefunction) 000000000
ooooooo

(1) f000000

(2) f(x 000000000
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052 D00 ACXOOUOO X0O0O0OO Ix(x)0O

1 ifxeA,
@) =4 "7 (5.1)
0 ifxe A

0000 ADOOOO (indicator function) O 0 OO

00 5.3 f(z)000000000f00000000000000 {a1,...,a,}00 E = f'({as})
0000000000000000

(1) BieF. i#j000 B;NE; =000 U E; = X.

(2) f(z) =211 ailp,(2).

00 (2)0 e =0000000ag(zx)=00000000000000000000000
000000000000000000 530000000 f(x)DODOODOOOO

00 5.4 f(zx) 000000000000000000000 a; (i=1,...,n)0 E;e FOOO
00 f(x) = >, ailg,(z).

gooboooobooobboobboobbooobooobbooooboboooboooobo
gooobgo

00 5.5 00000 f00000 f(z) =", al(x)0000f0 X00000O

/ fl@)dm(z) = a;m(E;) (5.2)
X i=1

gobodboobbo-co=0000000

00 5.6 XOOOOOOO f(x)O
fl@) =) oilp,(x) (5.3)
=1

0000000000000000i# 000 BNE =0, UE=X,0>0(G=1,...n)0
0000000000 [y f(x)dm(z) = >, aim(E;).

00 i#j000a#e,00000000000(.3)000000000000000000
Do0o0oooo

{a1,...,a,} 000000000 {B1,...,8n} 0000N; ={i |y =8;,1<i<n}000D0
{N;}n,0{1,...,n}0000000

f(z) = ZBjIUiGNjEi
j=1
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O fO0000O00OOO0ODOO

| s@im@) = Zﬂj (Usen, Fi)
- S (5 i)

1EN.

m

= Z (Z ozim(Ei)>

j=1 \i€eN;
= Zaim(Ei) (5.4)
=1
N
gd 8.7 00000000OC0O00O0ODOOOO
() 000 ,8>00000
/X (af(z) + Bg(x))dm(z) = a /X f(@)dm(z) + B /X g(z)dm(z). (5.5)

2) f(z) = X0, aila(z) (o >01 <4 <n O000000000) 000 [, fdn =

2 ey cim(A;).
/demS/ngm- (5.6)

3)0< f(x) <g(x)ODOO
00 (1) flz) = X0 ailp,(v), g(z) = 302, bilp(z) OOOO00O000IE = 3 cicp IRinF,

I, = Zlgign Ipnp, 000 f(z) = Z@',j ailp;nr; (z), g(x) = Zm’ bjIEij (z). (,jOODOO
1<i<n,1<;j<m0O000000)000

f@) +9(@) = (ai+ b)) Ignr, (@).
1,J
Ui (B;NF) =X 00 (i,§) #(#,7)000 (BN F))n(Ey NFy)=0. 000000 5600
/X (f(z) + glx))dm(z) = Z<az +b;)m (B 1 Fj)

= Zaz (EiNFy) + > bym (BN Fj)
1,5

= Zai E)+ Y bym (Fy)
i j

— /Xf(x)dm(x)ﬂL/Xg(w)dm(m)-

2) [ @iladm = a;m(A;)0 (1) 00000000000
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(3)(1)0D00 f(z) =X, ailpnr (2), 9(z) = X bilpar () 0000000000 20000
f(z) < g(x)D00 ENF; #0000 a; <bj. 000 (i,5) # (,7) 000 (BNF)N(ExNEj) = 0
00000000

/fdm = Zal (E;NFy)
X

< ijm E; ﬂFj)

1,J

= L}mm (5.7)
L]

5.2 UO0U0OO0ObObOOOOoOoOobDbOOOo

00 5.8 [0,00]0000 ¢n(t)00000000000000N €N.

0 0<t<-O000O
on(t) = §7§%<t3@¢0<k§2NN—1DDD (5.8)
N t>NOOD

00 5.9 f(z),9(z)0 [0,+00] 00000000000000000000C
(1)

2N.N
k

en(f(z)) = Z 2WIEN,k($)v (5.9)

k=0
000 Eng=f" (& 55]) (0<k<2VN 1), Eyovy = f7H((N,00]). OO on(f(z)) O
Doooooo
(2) 000 NeN, ze XO00O0O py(f(z)) <
3) 000 2zeXODOUO limyoooon(f(z)) =
(4) f(z) <g(x) 000 on(f(2)) < onlg(z)).

00 LemmaO 0 ¢y(f(z)0 f(zx)000000000000000000000¢xN(f(z))0
000000000000000000 59 (2)000 57 (3)000< [, eon(f(z))dn(z) <
[xen41(f(2))dm(z) 0000000000 D00D00 I(f)0 f(2) 00000000000
0000000000000000 f(z 000000

on+1(f(x)).
f(z).

~ 2N.N k
fnl) = > o ley, (@) (5.10)
k=0
Eyy = fﬂoibégfﬁ (0<k<2VN-1) (5.11)
Eyony = F7HIN, o)) - (5.12)

gobooobooobobooooo
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00 5.10 [0,+00]00000 f(z)00OO

In(f) = /X on(f(2))dm(z) (5.13)
1) = Jim In()), (5.14)

oooo
00000000000
00 5.11 f(z) 0 (X,F,m)0000000000000000I(f) = [y f(z)dm(z)

00 fz) =" alp(x)0000000000000000000 Oy (f(z) =0, on(ai) g, (@).
000 In(f) = [y en(f(z)dm(z) = 37 on(a)m(E;). 000 limy_o on(a;) = a; 000
I(f) = imN—oo IN(f) = 207y aim(E;) = [ f(x)dm(z). [

000000 f00O0o0O0OO0OOUOO0I(fH)D0O0O0O00OO0OO0OOO0OOODOOUOOOOODOO
O0I(f)000000 [0,+00]0000000O0OOODOOOOOOOOOOOOOODOODODO
dooooooooobon

00 5.12 [0,+00] 00000 f(x)DODOO

/ f(@)dm(z (f) (5.15)

O000[0,400]0 0000000 (cc 00000000 ODOOODOD )0DOO0OOOODOOODO
goooo

00 5.13 0< f(z) <g(z) Vee X)0OO [y f(x)dm(z) < [y g(x)dm(z).

00 f(x) < 9(@) D00 on(f(@)) < ¢n(9(2)) 00D0D00000000D [y on(f(@))dm(z) <
fXSﬁN(g(x))dm(x).N—)ooDDDDDDDDDDDD L]

00 5.14 (000000 (Monotone convergence theorem,MCT O 00)) f(x)O [0,400]
000000000000 [0,400]0000000 {f(x)}o, 0000000000000
(1) fi(z) < foz) < ... < falz) <
(2) limp o0 fr(x) = f(2).
00000limye [y fal@)dm(z) = [y f(z)dm(z

00 00000 513000y fu(z)dm(z) 000000 limy, e [y fu(@)dm(z) < [y f(z)dm(z)
0000000000000In(),In(f)0000000000

2]\7

() = X o (E4)) (5.16)
k=1
2N.N k

In(f) = Zzwm(ENk) (5.17)
k=1



goo

By, = {meX | ox < fal2) < ’“2}1} (1<k<2V"N-1) (5.18)

EV vy = {#€X | ful2) > N} (5.19)
k k+1 N

Eng = {x€X|2N<f()§2N} (1<k<2VN-1) (5.20)

fo(z)000000000 limy e fu(z) = f(z) 0000000 31800000 limy e By =

Eyy. 000000 3.14 (2) 00 m(Exg) < liminfyeom(EY)). In(fa) 0 0000000
00000 lmy e In(f,) 00000

Jim In(fn) = liminf Iy (f)

2N.N

> Y em(Brg) = In(). (522
000000000 [y fule)dm(z) > In(f,) 000

hm-lxﬁxfﬁmﬂx)le(ﬂ- (5.23)

n—oo

000000lm, e [y fol@)dm(z) > imyeo IN(f) = [y f(z)dm(z). 0000000000
oooo L]

0 5.15 00000000 a, >0,b,>0(n=1,2,...)000
liminf(a, + b,) > hmlnf ap + liminf b,
n—oo n—oo

gobodobooooboobooon

0000 51200000000 f(»)0OODODODO0DO0DO0DO0DO0DO0DO00O0OD0OD0ODODODOOOOOOO
o0o0o00ooOOoOooooOoooMCTOOOOODOODODOOOOOODOO

0000 5.16 fO[0,+0c0]000000O00ODO

/f(a:)dm(x):sup{/ glx)dm(z) | g0 0OO0O0O0O00DO0OOOO 20 Ogg(a:)gf(x)}.
* * (5.24)
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0 5.17 (1) 00 3.13(3)0000000 {A,}, ADDDOOO fu(z) = Ia, (2), f(x) = Ia(z) OO
000 MCT OO limyseem(Ay) =m(A) 000000000000MCTOO0O 3.13 (3)00
0oooo

(2 000000000000000000000000 512000000000000000
00000000000000000000000(0000f/0000000)0000000
0000000000000000000000000000000000000000000
00000000

() 000000 fO0000000000000 fole) < fasi (@) (0> 1,Ve € X), limy oo fu(z) =
flx) 000000000limy—se [y fa(z)dm(z)0 [y f(z)dm(z) 000000

(i) ()00D000{f,})000000000000000

(i) (i), (1)0000000000000000000000

0000000000 Iy(f)00000000000000 (i) 0 (i)00000000000
00000000

000(5.24) 0000 [0,400] 00000 fO00000000000O000000O0O0O00
ooooooo

5.3 UUUobbobuoooobbbuoooon

fx)D00000C0COODOO0OOO0OOOOOODODDOOOOOOOODD

00 5.18 (1) f(x)0 (X, F,m)00D00000000f(z) :=max(f(z),0), f-(x) := max (—f(z),0)
goono

/ fr(xz)dm(x) < oo OO / f=(z)dm(x) < o0 (5.25)
X X
000 f(z)DOODODOOOOOODO

/f Ydm(x /f+ ydm(z /f x)dm(z (5.26)
gooogao

(2) Ae FOOOOf(zx)0 ADDDOOOOOOOOOOOOf(z)0 ADDDOOOOOOOO
0000 (A,F|a,ml4) 000000000000000000 [, f(z)dm(z) 00000000
Fla={BeF|BcCA}, miB)=mB)000D

0 519 000000000 [y fr(z)dm(z) = 0000 [y f-(x)dm(z) < coD 000y f(z)dm(z) =
+00. [y fr(x)dm(z) <oo OO [y f-(x)dm(z) =000000 [y f(z)dm(z) = —oc. DO ODOO
Joooooooooboboboobon

00 5.20 00 (1),(2)0000
(1) fO (52500000
2) fX |f(x)|dm(z) < oo.
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00 en(f@)]) = en(fs(@) +en(f-() DOODODDDOOD [

00 5.21 00 5200000000000 f00 (000000000000) 0 LYX,F,m)
0000000000 flf(@)ldn(@) 0 || flnxrm, Iflx 00000 f0 L'-0000000
00000000000000

00 5.22 00000000000000000
() 000020000 f(z)>0,9(x)>00000000>0,>00000

[ (@rt@)+ sg@)dmiz) = a [ f@yin@) + 5 [ gw)in(), (527)
X X X
(2) 000020000 f(x) >0,9(x)>000 f,gc L' 000 h(z) := f(z) —g(x) e L' OO0

/ /f ydm(z / g(x)dm(z). (5.28)

(3) f,ge L', a,f e RODO O af(z) + fg(x) € L' OO
/ (af(2) + Bg(e))dm(z) = o [ f(x)dm(z)+ B / g(z)dm(z). (5.29)
X X X

0 (1) fu(z),gn(x) 000000000000 f(z),¢(x)00000000000000 af.(z)+
Bgn(z) 0000000000000 af(z)+Bg(x)0000000

/ (af + Bg)dm = 1lim [ (afu+ Bgn)dm
X X

= :1:1;:{@/ fndm+5/ gndm}
- /fdm+6/ gdm. (5.30)

(2) h(z) = hi(x)—h_(2) = f(x) —g(x) 00 hy(z)+g(x) = f(@)+h_(z). 000 hy(2) < f(2)
00 h (z)<g(x). 000 hy,h € L. 00000 f—gelt. (1)0DDDODOO

/Xh+dm+/ngm:/dem+/Xh_dm. (5.31)
/ hdm = / hydm — / h_dm = / Fdm — / gdm. (5.32)

()fGLlDDDDDEIDfX dm——fodm O000oo0@®)0e,p>00000000

000af(z)+ By(z) = (afi(z) + Byt (2) — (af-(z) + Bg-(x ))- af++6g+,af7+6gf €L
000 (200000 af+pge 00

[ (@r+pyim = [ (@t +Bg.)am~ [ (af-+ By )am

() o[ o)

~ /X fdm + 8 /X gdm. (5.33)

goooo
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0 5.23 (1)0000 20000 |f(2)|<g(x)00 ge L'00D
[ gan] < [ p@anto) < [ gwin) (5.31)
00 f|fleL.

(2) f,gel'000000 20000 f(z)<g(z)000 [ fdm < [ gdm.

00 (1)00 513,00 520000000

‘/dem‘ N ‘/Xerdm_/dem‘ < ‘/X |f|dm‘ < /ngm.

(2)0000< f(z)<g(x)000000 5130000000000000000000000
00000 522(3)00 [ygdm— [y fdmn= [ (g—fldm>0000 4000000 [

00 5.24 f(z),¢(z)000000000m{zeX | f(x)#g@x)})=0000 f(z)0 g(z)O
00000000 20000000

f(x) = g(x) m— a.e. T. (5.35)
gobddae xz,m—a.s.x,as. z,ca 0000000000

00 5.25 00000000 f(x),9(x) 0 f(z)=9g(x) ae.200000

![;fdnl=1[;gdnt (5.36)

00 N={zx € X | f(z) # glx)} D0000Om(N) = 00000 f,¢g00000 f(x) =
Yoy il (z) g(x) = 370 Bilr(2) DO O Of1(2) = 31 ailpane(2), fa(z) = 2001, il gnn (2)
000 gi(z) = 305 Bilmnne(@), g2(x) = 227%, Bilpnn(z) 00000 f(z)Ine(z) = fi(x),
f(@)In(z) = fa(x), g(x)Ine(x) = g1(2), g(x)IN(x) = g2(x) OO O Of(2)Ine(x) = g(x)Ine(2) Vo €
XOOooooooooooo NOOooooooooooooo

[ f@imia) = [ f@ty@am(s / () T () dm()

= /g(:):)INc( ydm(z —i—Zaz (E;NN)
i=1

g(x)Ine(x)dm(z)

g(x)Iyn z:l: m(F;NN)
9+ f o

m(z)

T—a T T 3
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00 5.26 (1) f,g0000000000f=gaex0000 [y fdm= [y gdm.
(2) fel'00 f=gae x000geL'00 [y gdm= [y fdm.
(3) fOODOOOOOOOODO f=0ae a0 fodm:OEIDDD

00 (1) N={ze€X | f(z)#¢(x)}0000mN)=0000000000 f,0000000
f00000000000MCTOO

lim fndm:/ fdm.
X

n—oo

fa(x) = fou(z)Iye(z) 0000000 f, 000000000000 f(z)Iye(z)0000000
oo

lim fndm / fInedm.

n—oo

0000 52500 fondm:fondm. 0000

/dem:/XfIchm.

000 [ygdm = [y gIyedm. 0000 0000 f(z)Iye(z) = g(x)Ine(x) D00 [y fdm =
fngm.

(2 f=gae 2000 fr =gyae 00 fo=g_ae x. 0000 [y fedmn = [ g+dm. 00
goooooo

3) f=0ae o= [, fdm=00 (1) 0000000000A={ze€X | f(z)>0}0000
m(A)=00000000A4, ={zeX | f(z)>1/n}0000 Ay C Apsy (n=1,2,...) 00
A=U2,A, 00000000000 m(A) = limye m(4y). m(A) >000000000 n
0 m(4,)>0.0000

/ fdm >/ fIa dm >~ / Ia,dm = mdn)

n

000000000000 m(A)=0 L]

0 5.27 (1) f(z)0 [0, 0000000000000 [0 f(z)dz =00 f(z) =0 Va € [a,b] O
0000000000000 @)000000000on

() 0000000 NeFOOOOONOOOOOOOOOOOOOOOOOOOOOOO0O
DDDDD(DDDDDDDDDDDDDDDDD)DDDDDDDDDDDDDDDDDDDDD
00000000000000000000000000 [y f(z)dn(z)0000 [, f(z)dm(z)
00000000000 Fubini00000000000000000.

6 UU0OOOOOdbboOoobogd
ROODOO0OO0O0OO0O0ODO0O0O0O0O0O0O0O00O0O00O0D0O000000000 R—/f(x)dx,D
A

gooobgo L—/f(x)deDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
A
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goboobooobobooobobooobobooobuoooboooboooobooobobooboboo

o -
(DDD1DDDDD,/ S 00D000) 0000000000000 00000000D
0 x

gobooobooooboobooooboobooooboonboo

00 6.1 f(xyOOO I=[0,1]000000000000O000O0OO f(x)DOODODOOOOOO
004dL- f )dx = R /f )dz.

00 f(z) DDDDDDDDDDDDfA)f(@DDDDDDDDDDDDDDDD*:+r
000000000 AQ0O0O00 8(f,A)—s(fu, A) <S(f,A)—s(f,A) 0 Darboux 00000
00000000000000000000000f(z)>0 VYeel0,1]0000000000
00000 f(x)000000000000000000000000000

2N 1

N k k+1
fn(@) = Z sup{f(z) | 9N << ToN }IFNk( )

k=0

2! k k41
[o@) =Y mf{f(x)| o <7 < o Hey (@)

k=0

ok oktl .

Fynp = bﬁﬁﬁf)(DDDk_2—JDDDDDDDDDD)

00000000000000
(1) Fy(z),fy(@)0000000000000000000000000000000D00

(2) 0000 NOOOOOf, () <[y, (@) < Ty < Fy@).

(3) (DarbouxO O 0O)

lim R /f )z = lim B — /IfN(a:)dx:R—/If(m)dx. (6.1)

N—oo N—o0

fy(@) 00000000 f(2)0000FfN(zx) 00000000 f(z) 000000000000
(fy00000000000000000000000)0

_ /If(x)dx —L- /If(a:)dx =R- /If(a:)d:v. (6.2)

go00ooooooxelOOOn
f(x) < f(z) < f(=).
O (6.2)|:J|:|[|D 5.26 (3)|:J|:|
fl@)=f(z)=f(z) ae xzel.

f(2),f(zx)D000000000000000000 8300 f(x)0000000000000
000000000000 52600

/If(x)dx:L/If(w)deL/If(@dﬂf

00000000000000000000000000oooooo O
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0000 6200000 f(z) = f(z) = f(z) ae. 2 € I 0000000000000 f(z)00
0000000 00000000000000000000000000000000000
000000000000000000000000000000000000000000

7T oogg

71 0OO0O0O

00 7.1 (FatouDOO0) 0000000 f,(¢)00000

/liminffn(az) <11m1nf/ fu(z)dm(z (7.1)
X

n—o0 n—o0

00 gn(z) =infi>, fr(x) 00000000 20000 liminf, o fr(z) = limye0 gn(x) OO
g1(z) < g2(z) < - gn(e) <. 0000DDO0O00DDOOO

/ liminf f,,(z)dm(x) :/ lim gn(z)dm(z) = lim [ gn(z)dm(x).
X X

n—oo n—o0 n—oo X

[x gn(@)dm(z) < [ fa(z)dm(z) 000000000000 [

0000 7.2 0000 fo(z) 00000 20 f(z) 00000000 0sup, ||fallpr < oo 000
feLn I fller < liminf, oo || fullz1-

00 73 (0000000000 (Lebesgue’s dominated convergence theorem)) {f,(x)}
0O0O0ooo (1),(2)00000000

(1) lim fo@) = f(z) (v €X)
(2)00ge LYX,m)00000 |fu(x)] < g(x) (z € X).

godon
lm [ fu(e /f
n—oo X

00 00000 ()000f, € LNX,m)0OO0DO0O0OO0O(1),(2)0000000]f(z)] <
g(z) (Vz e X)OOO fe LNX,m)00000h,(z) = g(@)+ fo(x) D000 hy(z) >0 (Vo € X)
00 limy oo hn(x) = g(x) 4+ f(z). D0ODO0O0O0FatouD OODOO

/(g(:v)ﬂ—f(@)dm(m) < liminf/ hy(x)dm(x)
X X

n—oo

= /Xg(ac)dm( x) 4 lim inf fn() m(z). (7.2)

n—oo

good
/ f(z)dm(z) < hmlnf/ fn(z)dm(z (7.3)
X

f.,f000D00O —f,,—fO00000O000O0O0O0OO

—/Xf(x)dm(w) < —liﬁsogp/xfn(w)dm(ﬂﬁ)
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gooond
/ f(x)dm(x) > hmsup/ fn(z)dm(z (7.4)
X

n—oo

(7.3), (7400000000000 [

074 000000000 3133)00000000000000O0O0O0O0OODO0O0OO0 3.13(5)
gbobobobobobo

gboobobooboooooooooooooboooooooooooooboooboooonDog

0000 7.5 {z, |n=1,2,..} 00000000000 ¢€[0,1]0000 limy_e e 1 =1
000 limy, oo x,, = 0.

000D 7.6 f(z)0 [0, 0000000D0000000000F(2)= [, f(dmr(t)000
0 F(x)0x00000000000000

gooboooo v30000000o00ood

07700000 {f,(z)}000000000 ¢g(z)00000 X%, |fu()] < g(z) (z € X)O
00000 X%, fo(z) 00000

/an Ydm(x Z/fn ydm(z

0000000000000 0000000 (bOobooOOooDOoDoDUooooooOo)o

ooob 78 0 7700000000000

S an < 400, an >0 (Vo) D000 f(t,n) (t>0,neN)ODD (1),(2) 00000000
(1) lim f(t,n) = ay.

n—oo
(2) 000 t,n 0000 |f(t,n)| < an.

o0 o0
00000, f(t,n), 0% a, 0000 Dtl_iglozlf(t,n) = Zlan.
n= n=

1
0000 7.9 3°°, a, < 00, an > 0 (¥n) DDDDtgrélotz:llog(l—i—ant):ODDDD
n=

00 710 (000000000000) f(t,z) (e<t<breX)0OOOOOOOOO
(1) ft,x) 0D t0 CctOoOO
(2) 0000000 f(t,-) € LY(X,m).

(3)ge LY(X,m)0000000000O (t,x)DDDDD'gtf(t,x) < g(x).

D00O00F@) = [y f(t,z)dm(z) 0 t O ClmDDDF’(t):/gtf(t,m)dm(x).
X
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ugb ooobooooo

F(t+h)—-F(t) ft+h,z)— f(t,x)
h = /X - dm(x) (7.5)
S+ h) - f@) 9
e . AR (7:6)

DDDDDDDDDDDDDDDDDDDF@F#}%@JMm@)F@DDDDDDDDDD
oooooooooo O

72 doogOoboboOooonboo

00000000000000 20000 limpe fu(z) = f(z) (Ve € X)0OOO000000
00000000000000000000000 20000 limpe fa(z) = f(z)00000
00000000000000M@MO0000000 20000 limy e fu(z) = f(z)00000
000 (=)0 f(x)00000000000000000000

00 7.11 (1) 0000 (X,F,m)000000 f,(x)00000 f(x)00000000000
0o000000000000

m({zex| lim fu(e) # f2)}) =0

000000000 N ={z€X | limyoo fu(z) # f(z)} 0000000000000000
2)m{{zre X | f(z)>g(x)})=0000 f(z) <g(x)ae 0000

goooboooboooboobooboobooboboobooboo 730b0ooboOoooo
gobooboooboboobooog

00 712 (0000000000 (0000000000000)) {f.(x)}000000 (1),(2)
00000000

(1) nh_{go fulz) = f(z) ae xzeX.
(2)00ge lYX,m)00000 |fu()| < g(x) ae. v € X.
Doooo

lim fn(x)dm(m):/xf(x)d:c.

n—o0 X

U0 oobooooooooobo

N = {reX| lim fula) # ()}
Ne = {zeX|Ih@]>g@)  (k=12..)
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0000 m(N)=m(N,) =0 (k=1,2,...). N=NU(UZ ,N,)0OO00 m(N) = \(uyujuinin
00, fulz) = fa(@) g (), f(x) = f(2)I5.(x) 000000000 limyeo fo(z) = f(z) (Vo €
X)00O |fulz)| <g(z) (VreX). 00000000 7300000

nh_)ngo an x)dm(x / f(x)dm(z (7.8)
fn(x)—fn(a;)ae z, f(z) = ( )a.e.x00000 5.26(2)00 [y fu(x)dm(z) = [y fu(z)dm(z),
[x f(@)dm(z) = [ f(z)dm DDDDDDw&DDDDDDDDDDDDD ]

ubobooboobbdeedbooooonobooooon

o000 713 000000
(1) f(z) =g(x) a.e. 200 g(x) =h(z) a.e. 2000 f(x) = h(z) a.e. x.
(2) fi(z) =g1(x) a.e. 200 fo(z) = g2(x) ae. x 000 fi(z) + fa(z) = g1(x) + g2(2) a.e. x.

8 Uuuuuobnogoooon

gooooo

(1) OOD0DO0O00oOoO0O0O0O0D0D0D0O00OOOO0O0O0DUD0D0OOCODODODOOOOOOOo
(2) DOOU0OO0OODODOOUOOOOOO P-O000DODO0OUODOOODOO

(3) bOOoooOoUoOoOooUoOoOooOo

0000
(1)

00 8.1 00000000000000000A000000D0D0GUUOOOFOFCACG
00 mp(G\A) <e,mp(A\F)<eOOOODO

00 (1) ADDOODOODO O000O0m(4) < 0o0000000000000000
DDDDDDD{U © 0 A CUR L, Y2 mp(l) < mp(A)+ 5000000000000
I =TT, [, b HDDDDDDDDDDDDDODDDDDDDD@gDDDDJ—HZN%>
QJU+MDDDDACU%%DD

ZmL ) <mp(A) +e. (8.1)

G:UﬁlJiDDDD GO0OOOoOoDooo

mp(G\ A) =mp(G) —mp(A) <Y mp(Ji) = m(A) <e.
=1
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000000000o0000000000D0ACEDODOOOODO FOOOOB=FE\NADOOO
BOOODODODODODOD GO BCcGUO mp(G\B)<eOUOODOUOODODODOOOF=EnNGOOO
OFOOOOOFCAOO

mr(A\ F)=mp(A) —mp(F)=mg(E) —mg(B
=mr(GNE)—mr(B)

) — (mr(E) —mp(GNE))
mp(G) —mp(B) =m(G\ B) <e. (8.2)

(2) AUDODUO0OOUOOO0 DO0O0O0ODO0O0O0O0OO0O0OUOA0O000 B, 000 (By=000O

0)0A,=ANn(B,)NBS_, 0000 4,0000000000000000D00O0O000OOO

A=UX A, 00000 A4,0000 (1))0000000000000000O0O0OO0O0O0O0

(0000000000 00000000000000000000000000o0oon) O
googooo

0 8.2 00000000000 A00000000000B,COCCACBOO m(B\A)=
m(A\C)=0000000000

ugboobooobood

00 83 (1) f(x)OUR"ODDDODODODOOOOOOOODOOOOOOOg(zx)D0ODODOOODO
goog

f(z) =g(x) mr, — a.e. T. (8.3)
(2) D0JU0OOO0OOOOO0ODU0D0ODUOOOODOOOOD0ODOUOOOODOOOODODOOOOO

00 (1) f(x)OODODOOODDOOOODOO0O0OODOO0ODOOOOOOOO

2NN
k

fn(z) = 227]\[[]171\!16(3;)
k=0
k- kE+1

Eyony = [H(N,+00))
000000 limy e fn(z) = f(z) (z € RY). Ex, 0000000000000000000
~ ~ ~ ~ N
Eni0 Eng CEny 00 mp(Eng\Eny)=0000000000 fy(z) =i s QLNIEW 00
00 fy(z)0000000 fy(z) = fn(x) mp —ae. z. 0000000 U {fn(z) # fn(z)}
00000 fy(z) = fa(z) 000 imyeo fa(z) = f(2) 0000 f(z) O

. limsupy o, fn(z) limsupy .. fv(z) < +oo 000
flx) = . ~ (8.4)
0 limsupy_o fN(z) =400 000

00000 Borel DO O f(z) = f(z) mp —a.e. 2 0000
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(2) 00 f(z) D0ODD00O0D00000 ¢z) 00000 my({f(z) # g(x)}) =00000
N={zeR"| f(x)#g(x)}0000e¢ecRODOODO

{zr eR" [ f(z) >a} = ({f(z) >a} N N)U{f(x) >a}NN)
= ({9(z) > a}\ ({g(x) > a} N N)U{f(x) >a} N N). (85)

(85)00003000000000000000000 f(x)D0D0D00000O0O0O0 [
(2) LPOOO0OODODOOOOOO
ubbooboobooobaoboo

CoR) ={f:R" >R | f(x)DR"0000000 {zeR"| fz)£0} 000000000 }.
(8.6)

00 84 f € LP(R"my) (p > 1)0000000e>00000 f. € CoR)OO0O0O0OO
If = fellzr <e.

(3 O0D00D0DU0U0O0OO0OO0OOOO0O0ODU0DUOUODOODODOOODODUOODOO

00 85 ADR"OI000O0OOOODOOOOOOR"OOwOO(n)DO0TOOOOOA+Y :={z+
v|ixe A}, TA:={Tz |2 A}0000000000 m(A) =mr(A+v), mp(TA) =mp(A).
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